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STUDY OF A PREY-PREDATOR DYNAMICS UNDER THE
SIMULTANEOUS EFFECT OF TOXICANT AND DISEASE

SUDIPA SINHA!, O.P.MISRA? AND JOYDIP DHAR?*

ABSTRACT. A mathematical model is proposed to study the simultaneous ef-
fects of toxicant and infectious disease on Lotka-Volterra prey-predator system.
It is considered in the model that only the prey population is being affected by
disease and toxicant both, and the susceptible and infected prey populations
are being predated by predator. All the feasible equilibrium of the model are
obtained and the condition for the existence of interior equilibrium point is also
been determined. The criteria for both local stability and instability involv-
ing ecotoxicological and epidemiological parameters are derived. The global
stability of the interior equilibrium point is discussed using Lyapunov’s direct
method. The results are compared with the case when environmental toxicant
is absent. Moreover, threshold conditions depending upon toxicant, disease
and predation related parameters for the non-linear stability of the model is
determined. Finally, the numerical verifications of analytic results are carried
out.

1. INTRODUCTION AND PRELIMINARIES

The classical Lotka-Volterra model is well known among the ecologists. Also the
study of the epidemic models accounting for the spread of disease in a population
and the models to study the effect of pollutants emitted into environment on
existence of population has been done by previous researchers. Our purpose is
to study the combined system. There has been growing interest in the study of
disease in a prey-predator system. The invasion of a resident prey-predator or
host-parasite system by a new strain of parasite has been studied by [2]. The
conditions for long term persistence of two populations growing exponentially [§],
and each affected by disease has been studied by [16]. [5] studied the role of more
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complicated models, including multispecies interactions, where an ecological view
point is taken that the host density itself becomes a dynamical variable. The co-
existence and stability regulated by inter and intra-specific infection has been
investigated analytically by [6], but, the numerical investigations do not show ex-
istence of stable limit cycle. Some more models discussing infection in populations
are studied in [4, 6, 3], and disease transmission problems and epidemiological
models are studied in [7, 13, [17, 18, 19, 20, 1, 23]. In present days, the effect of
pollutant on the survival or persistence of the population is also a major problem.
The industrial units and many man-made projects emit pollutant in the form of
Sulphur Dioxide, Nitrogen Dioxide, Carbon Monoxide, Hydrocarbons, Fluorine,
Fly ash etc. The pollutants effect the ecosystem in general and plant in particular
[14, 24, [11]. In recent years, the effect of toxicants on biological species has also
been investigated [25, 26, 12, 27, 22, 21} 11}, [10]. The effect of toxicants shown in
various models is that, it decreases the growth rate of biological species as well
as its carrying capacity. A single species model in polluted closed environment
with toxicant input at fixed moment has been studied [21] and it has been shown
that the population will extinct if the impulsive period is less than some critical
value otherwise population will persist. Thus, to study the simultaneous effect of
pollution stress and the effect of infection in an interacting species is of a great
importance to derive the feasible situations of an ecosystem.

Keeping in view the ecological relevant questions of species-survival and the
long term behavior of the system, in the present study, we have proposed a
mathematical model which has been constructed by combining three basic models
dealing with prey-predator interaction, disease spread (SI model) and the effect of
environmental pollution on single prey species. In the SI model, it is considered
that prey-population is affected by infectious disease. This paper is organized
as follows : In section 2 we have given a sub-model, i.e., Model 1 and the main
model,i.e., Model 2. In section 3 we have done the boundedness and the dynamical
analysis of Model 1 and Model 2 respectively. In section 4, numerical results and
graphical illustration has been given. Finally, in the last section a brief conclusion
of the proposed model has also been included.

2. MATHEMATICAL MODEL

Here, we have considered a general prey-predator system, in which prey is
subjected to some disease. In this way, the prey population is subdivided into two
parts one of which is susceptible prey population and another one is infected prey
population; represented by z;(t) and xo(t) state variables respectively. Predator
population y(t) is assumed to feed on both the susceptible and infected prey
population with different predation rates. Thus, to study the effect of spread of
disease on the prey population, which is also assumed to be predated by some
predator species, we have proposed the following model:

Model 1:
dl’l

E =0-— 6.%1.’13'2 — 1Y — dl.’ll'l (21)
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d

% = 119 — oy — do (2.2)
t

d

d—i{ = a1 21y + Qazoy — dgy (2.3)

The above ordinary differential equations are associated with the following initial
conditions: z1(0) = x19 > 0,22(0) = wo9 > 0,y(0) = yo > 0; where, 0 is
recruitment rate of susceptible prey, ai, ay are the predation rates among the
susceptible and infected preys,[ is the disease contact rate, di, d3 are the natural
death rates in susceptible prey and predator populations, and d = (ds + h) is the
net death rate in infective prey population which is sum of natural and disease
induced death rates.

Now, we consider that only the prey population is being affected by toxicant
in the system described by equations (2.1)-(2.3) . Let U(¢) be the toxicant con-
centration in the population x(t) = (z1(¢t) + z2(t)). C(t) is the environmental
concentration of toxicant. After incorporating the effect of toxicant in the model
1, we get the following model:

Model 2:
d
% =0 — frizy — arzy — rUz — dima (2.4)
dl’g
E = Bx129 — qoxoy — roUxo — dxg (25)
d
d_i = a1y + apr2y — dsy (2.6)
ac
o =@ —al = 0C(z1 + ) (2.7)
d

The above ordinary differential equations are associated with the following initial
conditions: z1(0) = z19 > 0,22(0) = x990 > 0,y(0) = yo > 0,U(0) = Uy >
0, C(O) =Cy > 0.

Along with the parameters of model 1, we have following additional parameters
in model 2:
m is the natural wash out rate of the toxicant from the organism, ri, ro are
the rates at which susceptible and infected prey are decreasing due to toxicant,
0 is uptake rate of toxicant by organism, « is the natural depletion rate of the
environmental toxicant, and () is the exogenous input rate of the toxicant in the
environment. Basically, by means of above model we want to study the effect
of environmental pollution on a prey-predator system when prey population is
already subjected to some disease.

In the next section we have studied the boundedness and the dynamical be-
haviour of the both the models.
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3. BOUNDEDNESS AND DYNAMICAL BEHAVIOUR

3.1. Analysis of Model 1: In this section, it has been established that, all the
solutions of Model 1 are bounded in a positive orthant in R3. The boundedness
of solutions of Model 1 is given by the following lemma.

Lemma 3.1. All the solutions of Model 1, will lie in the region By = {(z1,x2,y) €
R2 0 <ay+mty < 9%} ast — o0, for all positive initial values (x19, Ta0, Yo) €
R%; where 6, = min(dy,d, ds).

Proof. : Let us consider the following function:
W (t) = 21(t) + 22(t) + y(t)
from equations (2.1)-(2.3), and if 6; = min(d;,d, d3) then we get:

W(t) <0—6,W
then by usual comparison theorem [Hale, 1980], we get the following expression
as t — 00:

W(t) < % , and hence, x1(t) + z2(t) + y(t) < ei

1

This completes the proof of lemma. O

Now, we will discuss the stability of the boundary equilibrium points and inte-
rior equilibrium point. Model 1 has the following set of feasible set of boundary
equilibrium points: By = (0,0,0), E; = (0/d,0,0), By = (d/B3,%=12,0), B3 =
(ds/aq, 0, %) and non-trivial equilibrium point:
ical behavior of the Model 1.

e [y is the trivial equilibrium point. Corresponding to this equilibrium
point we have the eigen values —d;, —d, —d3. Thus, this point is attracting.

e Corresponding to the equilibrium point E; we have the eigen values —dy, (50—
ddy)/dy, (a6 — dyds)/dy. This point is also stable in z; direction and may
be stable or unstable in x5 —y plane depending up on system parameters.

e The equilibrium point FEs, is feasible when 6 > %, biologically, which
means that the recruitment rate in the susceptible population should be
greater than some positive threshold value, which depends upon disease
contact rate. The eigen values corresponding to this equilibrium point in
x1 and x5 directions are real negative roots of the following characteristic

polynomial:
N+ (6T +di)A+ B(80 — did) =0
and eigen value in y direction is ay/3/d + QQW — d3. This point is
attracting in xy — x5 plane if 50 > dd;.
e The equilibrium point Fj is feasible when 6 > d;—‘fi” and corresponding to
this point, we get the following characteristic equation:

(A + (g + di)A + afir §) (A — (1 — azf — d)) =0

. Now, we will discuss the dynam-

36
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Ej5 is attracting in x; — y plane and may be stable or repulsive in x»
direction depending up on system parameters.

e Finally, the equilibrium point E, is feasible when ds > asx3, Bds > doy +
Pagxy, and (B + dy + acy)ds > fag and corresponding to this point, we
get the following characteristic equation:

N+ a N +a)+az3=0
where a; = (8% + ay* + dy), ax = (B*xix} + a2xjy* + adaby*) and
az = airsy*(Brs + ayy* + dp). Then, by Routh-Hurwitz criteria Ej is
locally asymptotically stable if a; > 0, as > 0, ag > 0 and aja3 — as > 0.

Now, we will discuss the global stability of interior equilibrium point F,.The
global stability has been achieved using Lyapunov’s direct method. The global
stability of interior equilibrium point Ej is determined by the following theorem.

Theorem 3.2. The interior equilibria E, of the system described in Model 1, is
globally asymptotically stable for all positive initial values (19, Z20, o) € R3.

Proof. Let we consider the following positive definite function :

2
€T * *
Vi(zy, 0,y) = sz(ifz -z — :cfln;) +ws(y—y* —vy ln%) (3.1)

i=1 i
then the time derivative of above function is given as:
m(t) = wlzl—l —+ w2z2—2 + U}ngy (32)
1 L2 Y
where, 21 = (21 — 3), 20 = (xo — x3), and 23 = (y — y*).
Now from equations (2.1)-(2.3) and from equation (3.2), we get:

2
Ow, 23

Vi(t) = — — Bw 2129 — aywy 21 23+ Pwoz1 29 — Qe 29 23 + (1 W3 21 23 + W3 2923

(3.3)
Now, choosing wy = wy = w3 = 1, and putting these values in equation (3.3), we
get:

127

) 022
V= ——L < (3.4)

Ill'l

It is clear, by LaSalle’s invariance principle, that {E,} is the only invariant set
in B C R3. Thus, by LaSalle-Lyapunov theorem Ej is globally asymptotically
stable. This completes the proof of theorem. |

Remark 3.3. Equation (3.4) represents that Vi(t) = 0 on the set where z; =
x3. Since, £1(t) # 0 on x; = 2} unless x5 = z} and y = y*, thus the largest
positive invariant set is equilibrium point (zf, 2%, y*). So that the Lyapunov-
LaSalle theorem (Hale, 1980) implies that (z7,x3,y*) is globally asymptotically
stable in R?.

Now, we come to our original model, i.e., Model 2; where we will discuss the
boundedness and the dynamical behaviour of the Model 2.



PREY-PREDATOR DYNAMICS WITH EFFECT OF TOXICANT AND DISEASE 107

3.2. Analysis of Model 2: Now, we will show that all the solutions of the
Model 2 are bounded. The boundedness of the solutions can be achieved by the
following lemma.

Lemma 3.4. All the solutions of the Model 2 will lie in the following region as
t — 00!
By = {(z1,22,y,C,U) € R}, : 0 <1 +x2+y < My,m3 <C < My,my <U <
M3,z > my, z1 + 12 > ma}
where M; (i=1, 2, 3) and m; (j=1, 2, 3, 4) are given in proof of the lemma.

Proof. Let us consider the following function:
W(t) = z1(t) + xa(t) + y(t)
then from equations (2.4)-(2.6), we get:

W(t) S 60— dlxl — d.’L'Q — dgy

if 01 = min(dy, d, ds) then by usual comparison theorem, we get following expres-
sion as t — 00:

0
w < = My(say)
th

hence
nt) +aalt) + 90 < 5
From equation (2.7) and equation(2.8) we obtain:
4 <Q—aC
and
U< 5My My — mU

then by usual comparison theorem,we get the following expressions as t — 00:

C(t) < 2 = My(say)
and M M.
0ty < 2y ay)
Again from equation(2.1)),we get
dx
d_tl >0 —ma
where 56 9 0
aq A
=—+—+—+d
m 9, + 0, + 0, + d;
then we have 4

hence
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Similarly, we can calculated the minimum values for z1+x5, C, U . The calculated
minimum values of 1 + x5, C' and U are given as:

Timin + T2min = 3—772 = my(say)
(0,
Cmin > e =
Z 550+ ap, ~ "W
Unmin 2 =
= B, my(say)
where,
T2 = max{dl, d7 A Ymazs O2Ymaz, T'1 Umax; T2Um(zm}

This completes the proof of the lemma. 0

Now, we will discuss the feasibility and local stability of boundary equilibrium
points and global stability of interior equilibrium point of the Model 2. We have
considered the following set of equilibrium points: Ey(0,0,0,C,0), E1(z1, Z2,¥,0,0),
E*(x3, x5, y*,C*, U*) and local behavior of equilibrium points Ey and F is given
as follows:

e F4(0,0,0, %, 0) is always feasible. Corresponding to this equilibrium point
we have the eigen values —d;, —a, —m, 0,0.Thus Ej is unstable.

o [y(Z1,%9,7,0,0), the feasibility of this point is obvious. The characteristic
equation corresponding to the equilibrium point F; is given as:

N4+ AN + BN+ CN + DA+ E =0

where,
A:ﬁx2+a1y+d1—l—oz—l—m—i—é(xl—i-xg)
B = (Bxs +ary+di)(a+m+0(x1 + x2)) + m(a+ 0(x1 + 22)) + a3zoy +
BPr1xe + 321y
C = (Bzg + ary + di)(am + dm(zy + 22) + a329y) + (Qdwoy + [2r175 +
ajziy)(a+m+ (2 + z2))
D = a2xoy(Bry + ary + dy)(a +m + 6(z1 + 22)) + m(adzyy + [Primy +
ajrry)(a+ d(xy + 22))
E = a3zoym(Bry + ary + dy)(a + 5(z1 + 2)).

For the convenience, we have dropped the bars from x;, x5 and y. It is clear
that all the coefficients of characteristic equation are positive. Thus, by Routh-
Hurwitz criteria F; is locally asymptotically stable if the following conditions

hold:

A C FE
A>O,’fg>0, 1 B D|>0
0 A C

Now, we will show the existence of the interior equilibrium point E* for the
Model 2. The non-trivial positive equilibrium point can be found by the following
system of equations:

0 — Bxixy — aqziy* — Uz — dix] =0
By — agriy* —rU* —d =0
o] + agry —ds =0



PREY-PREDATOR DYNAMICS WITH EFFECT OF TOXICANT AND DISEASE 109
Q—C*a—0(x;+25)=0
0C* (] +a5) —mU* =0
Thus on solving the above set of equations we get the positive interior equilibrium
point E* = (af, x5, y*, C*,U"), where :

C ﬁ:* a4 (x+w%)
and on solving the following isoclines, we can find 3 and U*:
F(I’Q,U) :k1$2+k2U—|—k3U{E2—k4 =0 (35)
G(CL’Q, U) = llU + ZQCL’QU + l3l’2 — l4 =0 (36)
where klz%—d—f'dlﬂ kQZM_M_TQ k3:T1a2 k4:—%+2%—
’ a1 ay (%) a1 ’ oy ! [ 3R (o)

Gds g 1) = ma+ 28" ) = md — ™92 [y = §Q(%2 — 1) and I, = 22,
From the equations (3.5) and (3.6) we obtain :
1(a) F(x2,0) = 01i.e. x5 = ky/k1 = S11 (say)
1(b) F(O, U) =0ie U*= k’4//{52 = 5’12 (Say),
and
2(a) G(x,0) =0 ie. a5 =14/l3 = So (say)
Q(b) G(O, U) =01ie U*= l4/l1 = 522 (S&y)
Thus two isoclines intersects in positive phase space if either of the following
case holds:
(a) S11 >S9 and Sio < Sos
(b) Sn < 521 and 512 > SQQ
The intersection of these two isoclines in positive phase space ensures the existence
of (x5, U*) and this point is unique if U’(x3) < 0; hence, E* exists in positive phase
plane [see, Figure 1].

X, X,
A A
S11 SZl
521 Sll
U U
S Sn Sz Si
Figure 1

Now, we will discuss the global stability of the interior equilibrium point E*
by Lyapunov’s direct method. This result has been established in the following
theorem.
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Theorem 3.5. E* is globally asymptotically stable if B < B*, an < af, ag < a3,
0<%, <ry,ry<ry, Q< Q, and m > m*, where 3*, af, ai, 6%, ri, ri, Q*
and m* are given in proof.

Proof. Let we consider the following positive definite function'

1 1
Va(z1,2,y,C,U) = §($1 —$T)2+§($2—952) ( y*)? + (3.7)
1
S(C—CY 4 (U Uy
then the time derivative of above equation is given as:
‘/2(15) = Zlﬂfl + 221:2 -+ Zgy -+ 240 -+ Z5U (38)
where, 21 = (21 — 7), 22 = (22 —23), 3 = (y —y"), 24 = (C — ("), and
(-0
Now, from equations (2.4)-(3.1) and from equation (3.8) we get:
Va(t) = Var + Vo + Vg + Vau + Vas (3.9)
where

Vor = —{(Bra + cny + U + di)2f + Brizize + aqaizi2s + 112125}
Voo = —{(d + gy + 12U — Br1)22 — Briz1ze + QoTiza23 + roThza2s}
Vaz = —{(ds — a1z1 — agr9) 25 — any 2123 — oy 2023}
Voy = —{(a+ 0(x1 + 19))23 + 0C* 2124 + 6C* 2924 }
Vos = —{mz2 — §(x1 + T2)z425 — 6C* 2125 — 6C* 2925 }
thus we can write equation (3.9) in the following form:
Vy = —{(1112% + 122122 + A132123 + Q152125 + (12225 + Q232223 + Q252225
tas32s + Quuzs + Q142124 + Q42024 + as525 + agszazsy (3.10)

where,
ayy = (Bry + ary + U +dy), aip = B(a] — 23), a13 = ar(2] — y*), as = 6C7,
als = (7”1.%'1 — 5C*>, 99 = (d+ QY +7"2U — ﬁ%l), 93 — 062(.%; ) Aoy = 50*,
ags = (roxy — 6C%), ass = (ds — oqxy — ox2), ayy = (o + 5(901 + T2)), as5 =
—0(z1 + 22), ass = m.

Now, we see that by Sylvester’s criteria under the following conditions VQ(t) is
negative definite.

(1) 4&%2 < a11a99, (11) 2&%3 < aj1ass, (111) 3@%4 < 11044 (1V> 3&%5 < aiiass,
(V) 261,%3 < Q92a33, (Vl) 3&%4 < A92Q44, (Vll) 3&%5 < 92055, (Vlll) 9ai5 < 40,440,55

Clearly, by Lyapunov’s direct method E* is globally asymptotically stable.
Further, the above conditions (i)-(viii), obtained using Sylvester’s criteria, can
be rewritten respectively in the following form:

4ﬁ2(l’){ - m;)? < (6m2max + X1 Ymax + TlUmazL‘ + dl)(d + A2Ymax + T2Umaaz - ﬁxlmin

20‘%(1'){ - y*)Q < (ﬂZL‘Zmaw + r1 Umax + A1 Ymax + dl)(dS — 1 T1min — a2x2min) (
3520*2 < (ﬁmeax + 7 Umam + A1 Ymax + d1>(CY + 5(x1max + x2mam)) (313
3(7011; - 50*)2 < m(ﬁmeaw + TlUmaz + A1Ymaz + dl) (
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20% (x5 — y*)? < (d+ roUnmaz — BT1min + @2Ymaz) (ds — 01T 1min — 0aTamin) (3.15)
30°C*? < (d + @2¥maz + T2 Umaz — BT1min) (@ + 0(T1maz + T2maz)) (3.16)
(3.17)

(3.18)

where T1mazs Tmazs Ymaz, Cmazs Umaz, Timin, Tomin, Cmin can be obtained from
region of attraction in lemma 3.2. Here, we have taken above inequalities in such
a way that left hand side becomes minimum and the right hand side becomes
maximum. This particular case represents the weakest situation for the inequali-
ties to be held and ,moreover, if inequalities are dissatisfied in this situation then
the paths starting in By will not go to interior equilibrium point. Thus, under this
particular situation we will break the above inequalities (3.11)-(3.18) to obtain
the threshold conditions depending upon toxicant, disease and predation related
parameters.

Now, on rearranging inequality (3.11), we obtain:

f1(B) =187 + T2 — M3 <0 (3.19)

3(7"21'; - 50*)2 < m(d + Q2Ymazx + T2Umam - ﬁmlmzn)

952 (xlmin + $2min)2 < 4ma + 4m5(xlmax + meax)

where,

T = 4(1['){ - l;)? + T1minT2maz,

T2 = xlmin(alymam + TlUmaaz + dl) - x?mam(d + A2Ymazx + T2Uma:c)

13 = (d + Q2Ymaz + TZUmax)(alymaz + 71 Umaz + dl)

by theory of equations there exists a positive root of fi(3) = 0, say it is 8 = *.
Then, clearly inequality (3.19) holds when § < §*.

Now, on rearranging inequality (3.12), we obtain the following result:

fQ(Oq) = 7T210(% + Too(V1 — Tog < 0 (320)

where,

o1 = 2(33'1( - y*)2 + T1minYmaz

T2 = wlmin(ﬂmeax + rlUmaz + dl) - ymax(d?; - a2x2min)

23 = (ﬁmeaa: + 11Unae + d1)<d3 - a2x2min)

by theory of equations there exists a positive root of fo(ay) = 0, say it is a3 = af.
Then, clearly inequality (3.20) holds when o < af.

Now, on rearranging inequality (3.13), we obtain:

f3(8) = m310% — m5p6 — 733 < 0 (3.21)

where,

31 = 30*2

23 = (6$2max + A1 Ymaz + 7 Umax + dl)(xlmaac + mZmaz)

33 = a(ﬂx2max + 1 Ymaz + TlUma:L‘ + dl)

by theory of equations there exists a positive root of f3(d) = 0, say it is 6 = §*.
Then, clearly inequality (3.21) holds when ¢ < §*.

Now, on rearranging inequality (3.14), we obtain that inequality (3.14) holds
when r; < r], where

TT = %{(m(ﬁl’gmax + A1 Ymax + TlUmam + dl)/3>1/2 + 50*}
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Now, on rearranging inequality (3.15), we obtain the following result:
f4(0&2> = 7T4106§ + Tag0rg — T3 < 0 (322)

where,

41 = 2(1‘; - y*)2 + YmazTomin

Ty2 = J:szn(d + T2Umam - 6x1mzn) - yma:p(dS - O‘lxlmin)

Tz = (d + 12Unmaz — B%1min) (ds — 01T 1min)

by theory of equations there exists a positive root of fi(ag) = 0, say it is ay = .
Then, clearly inequality (3.22) holds when ay < .

Now, on rearranging inequality (3.16), we obtain that inequality (3.16) holds
when ) < QQ*, where

Q* = (O‘/é—i_m}f+x;){((d+a2ym(w}+r2Umax_ﬁzlmin)<a+5($lma:c +$2max))/3)}1/2

Now, on rearranging inequality (3.17), we obtain that inequality (3.17) holds
when ry < 13, where

Ty = é{(m(d + Ymaz + "1 Umaz — BTimin)/3)/? + 6C*}
Now, on rearranging inequality (3.18), we obtain that inequality (3.18) holds
when m > m*, where

* 952 (mlmin+$2min)2

m =
4a+46(x1maz +m2maz)

Its clear that E* is globally asymptotically stable if 5 < 8%, oy < af, as < a3,
<o, rp<ri,rp<ry, Q<@ and m >m*.
This completes the proof of the theorem. O

Remark 3.6. Biologically, we can say that if the disease contact rate, predation
rates among susceptible and infected prey populations, toxicant uptake rate by
prey population, rates at which susceptible and infected prey populations are
decreasing due to toxicant and exogenous input rate of toxicant in environment
are under upper threshold values; and natural wash-out rate of the toxicant from
the organism is higher than the lower threshold value then interior equilibria of the
system given by model 2 is globally asymptotically stable. The threshold values
that we have obtained in the above theorem are important to ensure the global
stability of the interior equilibrium point. If any one of the threshold conditions
is disturbed then paths starting in interior of the region B, can approach to the
boundaries.

4. NUMERICAL EXAMPLE

We consider the following set of parameters:
0 =50, a, = 0.01,as = 0.02,3 = 0.01,7; = 0.001,75 = 0.01,d, = 0.01,d = 0.1,
dy=1,Q0=10,a=02 6 =0.1,m =02
Then we get the following results:
(1) Region of attraction for the Model 1 is:

By = {(z1,72,y) € R} : 0 < @y + 25 +y < 500}
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and the interior equilibrium point of Model 1 is E4 = (9.9010, 45.0495, 44.5050)
[see Figure 3].
(2) Region of attraction for the Model 2 is:
By = {(z1,22,y,C,U) € R}, : 0 < 1 + x5 +y <500,0 < C+ U <50}
and corresponding interior equilibrium point is E* = (10.2994, 44.8528, 22.3470,
1.7499, 48.2509). From theorem 3.2, E* is globally asymptotically stable if 5 < 5%,
ap <af, e <ol 0 <6, r <rj,rg <1y Q<Q@Q* and m > m*, where
g% =1.0229, of = 1.0229, 6* = 1.0e + 003 % 6.0034, r7 = 0.2032, o = 0.3554,
Q* =1.0708e + 003, r; = 0.0226, m* = 0.000623

Hence, E* is globally asymptotically stable [see Figure 2]. All the feasible local
and global stability conditions have also been verified by these numerical values.
For this example, both the systems are long term persistent under the basic
results given by Theorem (3.1) and Theorem (3.2).

Remark 4.1. By the analysis of both the Model 1 and the Model 2, it is clear
that due to adverse effect of toxicant the equilibria level of prey-predator system,
when prey is infected due to some disease, decreases.

Remark 4.2. Numerically, it has been observed that both the susceptible and
infected prey population can not increase simultaneously; on the account of this
fact, we can say that if susceptible prey population increases then correspondingly
infected prey population will decrease and vice-versa [see Figure 2 and Figure 3].
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40 4

35
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20

15

10

sl

o 5 10 15 20 25 30 35 40 45 50
Time — >

Figure 2(a)

Infected Pery
20 25 30 35 40 a5 50

Time —

Figure 2(b)

5. CONCLUSION

We have proposed a mathematical model to study the effect of toxicant in prey-
predator system when the prey population is already subjected to some disease.
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It has been determined that when the effect of toxicant is not considered in the
prey species, Model 1 is globally asymptotically stable, for any positive non-zero
recruitment rate in susceptible population. Further, the interior equilibrium point
of the Model 1 is the only invariant set in solution space in positive phase plane.
Again, when we consider the effect of toxicant in prey population then it has been
observed that the interior equilibrium point is the only invariant set in solution
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Time — >
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space, but, global stability of the system is now depending upon system param-
eters. Moreover, it has been observed that when the disease contact rate (i.e.,
3), predation rates among susceptible and infected prey populations (i.e., ; and
as), toxicant uptake rate by prey population (i.e., §), rates at which susceptible
and infected prey populations are decreasing due to toxicant (i.e., r; and ry) and
exogenous input rate (i.e, Q) of toxicant in environment are under upper thresh-
old values; and natural wash-out rate of the toxicant from the organism (i.e, m)
is higher than the lower threshold value then prey and predator population can
survive for long period. Finally, numerical verifications of analytic results have
shown in figures 1-3.
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