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CONVERGENCE OF FIXED POINT OF ASYMPTOTICALLY
QUASI-NONEXPANSIVE TYPE MAPPINGS IN CONVEX

METRIC SPACES

GURUCHARAN SINGH SALUJA

Abstract. In this paper, we give some necessary and sufficient conditions for
three-step iterative sequence with errors for asymptotically quasi-nonexpansive
type mapping converging to a fixed point in convex metric spaces. The results
presented in this paper extend the corresponding results of Kim et al. [9, 10] and
many others. Also the corresponding results in [1, 2, 3, 6, 12, 13, 14, 16, 18, 20]
are spcial cases of our results.

1. Introduction and preliminaries

Throughout this paper, we assume that E is a metric space, F (T ) and D(T )
are the set of fixed points and domain of T respectively and N is the set of all
positive integers.

Definition 1.1 ( [4]): Let T : D(T ) ⊂ E → E be a mapping.

(1) The mapping T is said to be L-Lipschitzian if there exists a constant L > 0
such that

d(Tx, Ty) ≤ L.d(x, y), ∀x, y ∈ D(T ).
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(2) The mapping T is said to be nonexpansive if

d(Tx, Ty) ≤ d(x, y), ∀x, y ∈ D(T ).

(3) The mapping T is said to be quasi-nonexpansive if F (T ) 6= ∅ and

d(Tx, p) ≤ d(x, p), ∀x ∈ D(T ), ∀p ∈ F (T ).

(4) The mapping T is said to be asymptotically nonexpansive if there exists a
sequence kn ∈ [1,∞) with limn→∞ kn = 1 such that

d(T nx, T ny) ≤ knd(x, y), ∀x, y ∈ D(T ), ∀n ∈ N.

(5) The mapping T is said to be asymptotically quasi-nonexpansive if F (T ) 6= ∅
and there exists a sequence kn ∈ [1,∞) with limn→∞ kn = 1 such that

d(T nx, p) ≤ knd(x, p), ∀x ∈ D(T ), ∀p ∈ F (T ), ∀n ∈ N.

(6) T is said to be asymptotically nonexpansive type, if

lim sup
n→∞

{ sup
x,y∈D(T )

{d(T nx, T ny)− d(x, y)}} ≤ 0,

(7) T is said to be asymptotically quasi-nonexpansive type, if F (T ) 6= ∅ and

lim sup
n→∞

{ sup
x∈D(T ),p∈F (T )

{d(T nx, p)− d(x, p)}} ≤ 0, (1.1)

Remark 1.1: It is easy to see that if F (T ) is nonempty, then nonexpan-
sive mapping, quasi-nonexpansive mapping, asymptotically nonexpansive map-
ping, asymptotically quasi-nonexpansive mapping and asymptotically nonexpan-
sive type mapping all are the special cases of asymptotically quasi-nonexpansive
type mapping.

In recent years, the problem concerning convergence of iterative sequences (and
sequences with errors) for asymptotically nonexpansive mappings or asymptot-
ically quasi-nonexpansive mappings converging to some fixed points in Hilbert
spaces or Banach spaces have been considered by many authers.



134 GURUCHARAN SINGH SALUJA

In 1973, Petryshyn and Williamson [16] obtained a necessary and sufficient con-
dition for Picard iterative sequences and Mann iterative sequences to converge
to a fixed point for quasi-nonexpansive mappings. In 1994, Tan and Xu [20] also
proved some convergence theorems of Ishikawa iterative sequences satisfies Opial’s
condition or has a Frechet differential norm. In 1997, Ghosh and Debnath [6]
extended the result of Petryshyn and Williamson [16] and gave a necessary and
sufficient condition for Ishikawa iterative sequences to converge to a fixed point of
quasi-nonexpansive mappings. In 2001, in [1, 2, 3] the auther proved some another
kinds of necessary and sufficient conditions for Ishikawa iterative sequences with
errors for asymptotically nonexpansive mappings to converge to a fixed point.
Also in 2001 and 2002, Liu [12, 13, 14] obtained some necessary and sufficient
conditions for Ishikawa iterative sequences or Ishikawa iterative sequences with er-
rors to converge to a fixed point for asymptotically quasi-nonexpansive mappings.

In 2000, Noor [15] introduced a three step iterative scheme and studied the
approximate solution of variational inclusion in Hilbert spaces by using the tech-
niques of updating the solution and auxiliary principle. Glowinski and Le Tal-
lec [7] used three step iterative schemes to find the approximate solution of the
elastoviscoplasticity problem, liquid crystal theory, and eigenvalue computation.
It has been shown [7] that three step iterative scheme gives better numerical re-
sults than the two step and one step approximate iterations. Thus we conclude
that three step scheme plays an important and significant role in solving various
problems, which arise in pure and applied sciences. Recently, Xu and Noor [18]
introduced and studies a three step scheme to approximate fixed points of asymp-
totically nonexpansive mappings in Banach space. In 2004, Cho et al. [5] extended
the work of Xu and Noor [18] to the three step iterative scheme with errors in
Banach space and gave weak and strong convergence theorems for asymptotically
nonexpansive mappings in a Banach space. In 2004, Kim et al. [10] gave the nec-
essary and sufficient conditions for asymptotically quasi-nonexpansive mappings
in convex metric spaces and generalized and improved some previous known re-
sults.

The purpose of this paper is to study the convergence problem of three-step
iterative sequences with errors for asymptotically quasi-nonexpansive type map-
pings in convex metric spaces and give some necessary and sufficient conditions
to converge to fixed point for above said mappings. The results presented in the
paper extend and improve the corresponding results of Liu [12, 13, 14], Ghosh
and Debnath [6], Petryshyn and Williamson [16], Tan and Xu [20], Chang [1]- [3]
and Kim et al. [10]. Our results also contain the corresponding results of [1]-
[6], [12]- [16], [4], [18] as its special cases.

For the sake of convenience, we first recall some definitions and notations.

Definition 1.2: Let (E, D) be a metric space and I = [0, 1]. A mapping
W : E3× I3 → E is said to be a convex structure on E if it satisfies the following
condition:
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d(u,W (x, y, z; α, β, γ)) ≤ αd(u, x) + βd(u, y) + γd(u, z),

for any u, x, y, z ∈ E and for any α, β, γ ∈ I with α + β + γ = 1.

If (E, d) is a metric space with a convex structure W , then (E, d) is called a
convex metric space and denotes it by (E, d,W ).

Remark 1.2: It is easy to prove that every linear normed space is a convex
metric space with a convex structure W (x, y, z; α, β, γ) = αx + βy + γz, for all
x, y, z ∈ E and α, β, γ ∈ I with α + β + γ = 1. But there exist some convex
metric spaces which can not be embedded into any linear normed spaces (see,
Takahashi [17]).

Definition 1.3: Let (E, d,W ) be a convex metric space, T : E → E be an
asymptotically quasi-nonexpansive type mapping and let x0 ∈ E be a given point.
Then the sequence {xn} defined by

xn+1 = W (xn, T
nyn, un; an, bn, cn),

yn = W (xn, T
nzn, vn; a′n, b

′
n, c

′
n), (1.2)

zn = W (xn, T
nxn, wn; a′′n, b

′′
n, c

′′
n), n ≥ 0,

is called the three-step iterative sequence with errors for the mapping T , where
{an}, {a′n}, {a′′n}, {bn}, {b′n}, {b′′n}, {cn}, {c′n} and {c′′n} are nine sequences in
[0, 1] satisfying the following conditions:

an + bn + cn = a′n + b′n + c′n = a′′n + b′′n + c′′n = 1, ∀n ≥ 0,

and {un}, {vn}, {wn} are three bounded sequences in E.

In order to prove our main theorem of this paper, we need the following lemma:

Lemma 1.1 [19]: Let {an}, {bn} be sequences of nonnegative real numbers
satisfying the inequality

an+1 ≤ an + bn, n ≥ 1.

If
∑∞

n=1 bn < ∞. Then

(a) limn→∞ an exists.
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(b) If lim infn→∞ an = 0, then limn→∞ an = 0.

2. Main results

In order to prove our main result, we will first prove the following important
lemma.

Lemma 2.1: Let (E, d,W ) be a convex metric space, T : E → E be an asymp-
totically quasi-nonexpansive type mapping. For any given x0 ∈ E, let {xn} be
the three-step iterative sequence with errors defined by (1.2). If the sequences
{bn} and {cn} appeared in (1.7) satisfying the following conditions:

(i)
∑∞

n=1 bn < ∞,

(ii)
∑∞

n=1 cn < ∞.

Then

(a) For any given ε > 0, there exists a positive integer n0 and M > 0 such that

d(xn+1, p) ≤ d(xn, p) + Mbn + cnd(un, p), ∀p ∈ F (T ), n ≥ n0,

(b) d(xn+m, p) ≤ d(xn, p) + M
∑n+m−1

k=n bk +
∑n+m−1

k=n ckd(uk, p), ∀p ∈ F (T ),
n ≥ n0, ∀m ≥ 1, where

M = 3ε + sup
n≥0

d(vn, p) + sup
n≥0

d(wn, p) < ∞,

(c) limn→∞ D(xn, F (T )) exists.

Proof: (1) Let p ∈ F (T ), it follows from (1.1) that

lim sup
n→∞

{ sup
x∈E,p∈F (T )

{d(T nx, p)− d(x, p)}} ≤ 0.

This implies that for any given ε > 0, there exists a positive integer n0 such that
for n ≥ n0 we have

sup
x∈E,p∈F (T )

{d(T nx, p)− d(x, p)} < ε. (2.1)

Since {xn}, {yn}, {zn} ⊂ E, we have
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d(T nxn, p)− d(xn, p) < ε, ∀p ∈ F (T ), ∀n ≥ n0

d(T nyn, p)− d(yn, p) < ε, ∀p ∈ F (T ), ∀n ≥ n0 (2.2)

d(T nzn, p)− d(zn, p) < ε, ∀p ∈ F (T ), ∀n ≥ n0.

Thus for each n ≥ 0 and for any p ∈ F (T ), using (1.2) and (2.2), we note that

d(xn+1, p) = d(W (xn, T
nyn, un; an, bn, cn), p)

≤ and(xn, p) + bnd(T nyn, p) + cnd(un, p)

≤ and(xn, p) + bn[d(yn, p) + ε] + cnd(un, p)

≤ and(xn, p) + bnd(yn, p) + bnε + cnd(un, p) (2.3)

and

d(yn, p) = d(W (xn, T
nzn, vn; a′n, b

′
n, c

′
n), p)

≤ a′nd(xn, p) + b′nd(T nzn, p) + c′nd(vn, p)

≤ a′nd(xn, p) + b′n[d(zn, p) + ε] + c′nd(vn, p)

≤ a′nd(xn, p) + b′nd(zn, p) + b′nε + c′nd(vn, p) (2.4)

and

d(zn, p) = d(W (xn, T
nxn, wn; a′′n, b

′′
n, c

′′
n), p)

≤ a′′nd(xn, p) + b′′nd(T nxn, p) + c′′nd(wn, p)

≤ a′′nd(xn, p) + b′′n[d(xn, p) + ε] + c′′nd(wn, p)

≤ (a′′n + b′′n)d(xn, p) + b′′nε + c′′nd(wn, p)

= (1− c′′n)d(xn, p) + b′′nε + c′′nd(wn, p)

≤ d(xn, p) + b′′nε + c′′nd(wn, p). (2.5)

Substituting (2.5) into (2.4), we have

d(yn, p) ≤ a′nd(xn, p) + b′n[d(xn, p) + b′′nε + c′′nd(wn, p)]

+b′nε + c′nd(vn, p)

≤ (a′n + b′n)d(xn, p) + b′nε(1 + b′′n) + b′nc
′′
nd(wn, p) + c′nd(vn, p)

≤ (a′n + b′n)d(xn, p) + b′nε(1 + b′′n) + b′nc
′′
nd(wn, p) + c′nd(vn, p)

≤ (a′n + b′n)d(xn, p) + 2b′nε + b′nc
′′
nd(wn, p) + c′nd(vn, p)

= (1− c′′n)d(xn, p) + 2b′nε + b′nc
′′
nd(wn, p) + c′nd(vn, p)

≤ d(xn, p) + 2b′nε + c′′nd(wn, p) + c′nd(vn, p). (2.6)

Again substituting (2.6) into (2.3), we have
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d(xn+1, p) ≤ and(xn, p) + bn[d(xn, p) + 2b′nε + c′′nd(wn, p) + c′nd(vn, p)]

+bnε + cnd(un, p)

≤ (an + bn)d(xn, p) + bnε(1 + 2b′n) + bn[c′′nd(wn, p) + c′nd(vn, p)] + cnd(un, p)

≤ (an + bn)d(xn, p) + bn[3ε + c′nd(vn, p) + c′′nd(wn, p)] + cnd(un, p)

= (1− cn)d(xn, p) + bn[3ε + c′nd(vn, p) + c′′nd(wn, p)] + cnd(un, p)

≤ d(xn, p) + bn[3ε + c′nd(vn, p) + c′′nd(wn, p)] + cnd(un, p)

since {vn} and {wn} are bounded sequences in E, and so {d(vn, p)} and {d(wn, p)}
are also bounded sequences in [0,∞). Let

M = 3ε + sup
n≥0

d(vn, p) + sup
n≥0

d(wn, p) < ∞.

Therefore

d(xn+1, p) ≤ d(xn, p) + Mbn + cnd(un, p), ∀n ≥ n0, ∀p ∈ F (T ).

This completes the proof of part (a).

(b) It follows from conclusion (1) that for any m ≥ 1, we have

d(xn+m, p) ≤ d(xn+m−1, p) + Mbn+m−1 + cn+m−1d(un+m−1, p)

≤ d(xn+m−2, p) + Mbn+m−2 + cn+m−2d(un+m−2, p)

+Mbn+m−1 + cn+m−1d(un+m−1, p)

≤ d(xn+m−2, p) + M [bn+m−1 + bn+m−2] + cn+m−1d(un+m−1, p)

+cn+m−2d(un+m−2, p)

≤ . . .

≤ . . .

≤ d(xn, p) + M.

n+m−1∑

k=n

bk +
n+m−1∑

k=n

ckd(uk, p), ∀n ≥ n0, ∀p ∈ F (T ).

This completes the proof of part (b).

(c) Again from conclusion (1), we have

inf
q∈F (T )

d(xn+1, q) ≤ inf
q∈F (T )

[d(xn, q) + Mbn + cnd(un, p)]

≤ inf
q∈F (T )

d(xn, q) + Mbn + cnd(un, p), ∀n ≥ n0,

where p ∈ F (T ) is some given point. Therefore we have
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D(xn+1, F (T )) ≤ D(xn, F (T )) + Mbn + cnd(un, p), ∀n ≥ n0, p ∈ F (T ).

By condition (i) and (ii),
∑∞

n=1[Mbn + cnd(un, p)] < ∞. Hence from Lemma 1.1
we know that the limn→∞ D(xn, F (T )) exists. This completes the proof of (c).

Theorem 2.1: Let (E, d,W ) be a complete convex metric space, T : E → E be
an asymptotically quasi-nonexpansive type mapping which satisfies the Lipschitz
condition. For any given x0 ∈ E, let {xn} be the three-step iterative sequence
with errors defined by (1.2). If the sequences {bn} and {cn} appeared in (1.2)
satisfying the following conditions:

(i)
∑∞

n=1 bn < ∞,

(ii)
∑∞

n=1 cn < ∞.

Then {xn} converges strongly to a fixed point of T in E if and only if

lim inf
n→∞

D(xn, F (T )) = 0,

where D(y, S) denotes the distance from y to the set S i.e. D(y, S) = infs∈S d(y, s).

Proof: The necessity is obvious. Now, we prove the sufficiency. Suppose that
the condition lim infn→∞ D(xn, F (T )) = 0 is satisfied. Then from Lemma 2.1(c)
and 1.1, we have

lim
n→∞

D(xn, F (T )) = 0. (2.7)

First, we will prove that {xn} is a Cauchy sequence E. By the conditions (i), (ii)
and (2.7), for any given ε > 0, there exists a positive integer n1 ≥ n0 (where n0

is the positive integer appeared in Lemma 2.1) such that for any n ≥ n1, we have

D(xn, F (T )) < ε, (2.8)(a)

and

∞∑
n=n1

Mbn < ε and
∞∑

k=n1

ckd(uk, p) < ε. (2.8)(b)

By the definition of infimum, it follows from (2.8)(a) that for any given n ≥ n1

there exists an p(n) ∈ F (T ) such that

d(xn, p(n)) < 2ε. (2.9)
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On the other hand, it follows from Lemma 2.1 that for the given ε > 0 and for
any n ≥ n1 ≥ n0, we have

d(xn+m, xn) ≤ d(xn+m, p(n)) + d(xn, p(n))

≤ d(xn, p(n)) + M.

n+m−1∑

k=n

bk +
n+m−1∑

k=n

ckd(uk, p) + d(xn, p(n))

= 2d(xn, p(n)) + M.
n+m−1∑

k=n

bk +
n+m−1∑

k=n

ckd(uk, p), m ≥ 1.

Therefore from (2.8)(a), (2.8)(b) and (2.9) and the above inequality, we have

d(xn+m, xn) < 4ε + ε + ε = 6ε, m ≥ 1.

This implies that {xn} is a Cauchy sequence in E. Since E is complete, there
exists p∗ ∈ E such that xn → p∗ as n →∞.

Now, we will prove that p∗ is a fixed point of T in E.

Since xn → p∗ and D(xn, F (T )) → 0 as n →∞, for given ε > 0, there exists a
positive integer n2 ≥ n1 ≥ n0 such that for n ≥ n2, we have

d(xn, p
∗) < ε and D(xn, F (T )) < ε. (2.10)

It follows from the second inequality in (2.10) that there exists q ∈ F (T ) such that

d(xn2 , q) < 2ε. (2.11)

Moreover, it follows from equation (2.1) that for any n ≥ n2, we have

d(T np∗, q)− d(p∗, q) < ε. (2.12)

Therefore from (2.10)-(2.12), for any n ≥ n2, we have

d(T np∗, p∗) ≤ d(T np∗, q) + d(p∗, q)

≤ d(p∗, q) + ε + d(p∗, q)

= ε + 2d(p∗, q)

≤ ε + 2[d(p∗, xn2) + d(xn2 , q)]

< ε + 2(ε + 2ε) = 7ε.
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This implies that

T np∗ → p∗ as n →∞.

Again since for any n ≥ n2, we have

d(T np∗, Tp∗) ≤ d(T np∗, q) + d(Tp∗, q)

≤ d(p∗, q) + ε + d(Tp∗, q)

≤ d(p∗, q) + ε + Ld(p∗, q)

≤ d(p∗, xn2) + d(xn2 , q) + ε + L[d(p∗, xn2) + d(xn2 , q)]

< ε + 2ε + ε + L(ε + 2ε)

= 4ε + L(3ε).

This shows that T np∗ → Tp∗ as n → ∞. From the uniqueness of limit, we have
p∗ = Tp∗. This completes the proof.

From Theorem 2.1 we can easily obtain the following theorem:

Theorem 2.2: Let (E, d,W ) be a complete convex metric space, T : E → E
be an asymptotically nonexpansive mapping with F (T ) 6= ∅. Let {xn} be the
three-step iterative sequence with errors defined by (1.2) satisfying the condi-
tions (i) and (ii) in Theorem 2.1. Then {xn} converges strongly to a fixed point
T if and only if

lim inf
n→∞

D(xn, F (T )) = 0.

Proof: In order to prove Theorem 2.2, it is sufficient to show that all condi-
tions in Theorem 2.1 are satisfied. Since T is asymptotically nonexpansive with
F (T ) 6= ∅, there exists a sequence {kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

d(T nx, p) ≤ knd(x, p), ∀p ∈ F (T ), ∀x ∈ E, n ≥ 1. (2.13)

Taking n = 1 and L = k1, we have

d(Tx, p) ≤ Ld(x, p), ∀p ∈ F (T ), ∀x ∈ E.

This implies that the condition Lipschitz is satisfied. On the other hand, from
(2.13) we have

d(T nx, p)− knd(x, p) ≤ 0, ∀p ∈ F (T ), ∀x ∈ E, n ≥ 1.

Therefore we have
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lim sup
n→∞

{ sup
x∈E,p∈F (T )

{d(T nx, p)− d(x, p)}} ≤ 0.

This implies that T : E → E is an asymptotically quasi-nonexpansive type map-
ping. Therefore all conditions in Theorem 2.1 are satisfied. The conclusion of
Theorem 2.2 can be obtained from Theorem 2.1 immediately.

By using the same method in Theorem 2.1, we can easily obtain the following
theorem.

Theorem 2.3: Let (E, d,W ) be a complete convex metric space, T : E → E
be a quasi-nonexpansive mapping. Let {xn} be the three-step iterative sequence
with errors defined by (1.2) satisfying the conditions (i) and (ii) in Theorem 2.1.
Then {xn} converges strongly to a fixed point T if and only if

lim inf
n→∞

D(xn, F (T )) = 0.

From Theorem 2.1, we can also obtain the following:

Theorem 2.4: Let E be a Banach space and T : E → E be an asymptotically
quasi-nonexpansive type mapping which satisfies Lipschitz condition. Let {xn}
be the three-step iterative sequence with errors defined by

x0 ∈ E,

xn+1 = anxn + bnT
nyn + cnun,

yn = a′nxn + b′nT
nzn + c′nvn, (2.14)

zn = a′′nxn + b′′nT
nxn + c′′nwn, n ≥ 0

where {un}, {vn} and {wn} are three bounded sequences in E and {an}, {bn},
{cn}, {a′n}, {b′n}, {c′n}, {a′′n}, {b′′n}, and {c′′n} are the nine sequences in [0, 1] sat-
isfying an + bn + cn = a′n + b′n + c′n = a′′n + b′′n + c′′n = 1, ∀n ≥ 0 and

∑∞
n=1 bn < ∞,∑∞

n=1 cn < ∞. Then {xn} converges strongly to a fixed point of T in E if and
only if

lim inf
n→∞

D(xn, F (T )) = 0.

Proof: Since E is a Banach space, it is a complete convex metric space with
a convex structure W (x, y, z; α, β, γ) := αx + βy + γz, for all x, y, z ∈ E and for
all α, β, γ ∈ [0, 1] with α + β + γ = 1. Therefore, the conclusion of Theorem 2.4
can be obtained from Theorem 2.1 immediately.

Remark 2.2: (1) We would like to point out that Theorem 2.1, 2.2 and 2.3
of this paper generalize and improve the corresponding results of Liu [12]- [14],
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Petryshyn and Williamson [16], Tan and Xu [20], Ghosh and Debnath [6] and
Chang [1]- [3]. Our results also contain the corresponding results of [1]- [6], [12]-
[16], [4], [18] as its special cases. Especially Theorem 2.4 generalizes and improves
the result of Liu [14] in the following aspects:

(i) The condition that ”E is a compact subset of a uniformly convex Banach
space” is removed. We only assume that E is a general Banach space.

(ii) The asymptotically quasi-nonexpansive mapping in [14] is extended to
asymptotically quasi-nonexpansive type mapping.

(iii) The condition ”(L, α)-uniformly Lipschitz” in [14] is replaced by ”Lips-
chitz” which is more weaker than above.

(iv) The two-step iteration scheme is extended to three-step iteration scheme.

(2) Our results also extend and improve the corresponding results of Kim et
al. [10] to the case of more general class of asymptotically quasi-nonexpansive
mappings.

(3) Our results also extend the corresponding results of Chang et al. [4] to
the case of (L, 1)-Lipschitz asymptotically quasi-nonexpansive type mapping and
three-step iteration scheme.
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