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ON 2-STRONG HOMOMORPHISMS AND 2-NORMED
HYPERSETS IN HYPERVECTOR SPACES

P. RAJA! AND S. M. VAEZPOUR?"*

ABSTRACT. In this paper the notion of a 2—normed hyperset in hypervector
spaces is introduced. Also we construct some special 2—normed hypersets
of strong homomorphisms over hypervector spaces. Among other results we
consider 2—strong homomorphisms and investigate some of their properties.

1. INTRODUCTION AND PRELIMINARIES

In 1964, Gdahler introduced the definition of a 2—norm space, see [1]. Subse-
quently, many authors worked on this new construction and proved many theo-
rems about it, see for example [5], [6], and [11]. In 1999, Lewandowska gave a
generalization of Gdhler’s 2—norm in [2] as following:

Let X and Y be real linear spaces and D a non-empty subset of X x Y such
that for every x € X and y € Y the sets

D,={yeY : (z,y) €D} and D ={xe€ X : (z,y) € D}

are linear subspaces of the space Y and X, respectively.
A function ||., .|| : D — [0, co) will be called a generalized 2—norm on D if
it satisfies the following conditions:

(i) ||z, ay|| = |a|||z, y|| = ||az, y||, for any real number a and all (x, y) € D,
(i) [[z, y+2]l < llz, vl H[z 2II. for = € Xy, = € ¥ such that (z, ). (z, =) €
D,
(iil) ||z+y, 2|| < ||z, y||+]||w, y||, forz, y € X, y, z € Y such that (x, z), (y, 2) €
D.
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Some of mathematicians worked on this construction and found some generaliza-
tions of classic theorems. In 1988, Scafati Tallini defined the concept of hyper-
vector spaces and recently, we have proved some theorems about them, see [7],
[8], and [9].

Let P(X) be the power set of a set X, P*(X) = P(X)\{@}, and K a field. A
hypervector space over K that is defined in [7], is a quadruplet (X, +, o, K) such
that (X, +) is an abelean group and

o: K x X — P*(X)

is a mapping that for all a, b € K and z, y € X the following properties holds:

(i) (a+b)oxzC(aox)+ (bo x),
(ii) ao (x+y) C (a0 z)+ (a0 y),
(iii) ao (bo x) = (ab) o x, where ao (bo z) ={aoy : ye€bo x},
(iv) (a)o z =ao (—x),
(v) zelo z.
A non-empty subset of a hypervector space X over a field K is called a subspace
of X if the following hold:
(i) H—HCH,
(ii) ao H C H, for every a € K.
Let (X,+,0,K) be a hypervector space. Suppose that for every a € K, |a|
denoted the valuation of @ in K. A norm on a hypervector space ,X, is a mapping

|.]]: X —R

that for all a« € K and z, y € X has the following properties:

(i) ||z|| = 0 if and only if z = 0,
(i) llz + 1l < |fal| + 1]
(iii) sup[la o z[| = [al [|],

Let (X, 41,01, K) and (Y, 42, 09, K) be two hypervector spaces. A strong homo-
morphism between X and Y, is a mapping

f: X —Y

such that for all a € K and z, y € X the following hold:
() fz+1y) = f(2) +2 fy),
(ii) f(aoy &) =aoy f(x).

For more details see [7], [8], and [10].

Remark 1.1. Let X = (X, +1,01,R) and Y = (Y, +3, 02, R) be real hypervector
spaces. Assume that L(X, Y) denotes the set of all strong homomorphisms from
X toY. Forevery f, g€ L(X,Y), « € R, and z € X, suppose that:

() (f +9)(x) = f(x) +2 g(x),
(i) aof ={he L(X,Y) : h(z) € f(aw 0oy ), for every z € X}.

It is not hard to see that (L(X, Y'), +, o, R) is a real hypervector space.
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In this paper the notion of a 2—normed hyperset in hypervector spaces is
introduced. Also we construct some special 2—normed hypersets of strong homo-
morphisms over hypervector spaces. Among other results we consider 2—strong
homomorphisms and investigate some of their properties.

2. MAIN RESULTS

Let X = (X,41,01,R) and Y = (Y, +9,09,R) be real hypervector spaces,
and D a non-empty subset of X x Y. Put D, = {y €Y : (z,y) € D} and
DV={zeX :(x,y) €D}, foreveryzr e X andy €Y.

Definition 2.1. Let X = (X, +1,01,R) and Y = (Y, 42, 05, R) be real hypervec-
tor spaces. Let D be a non-empty subset of X x Y.

A function ||., .|| : D — [0, 00) is called a generalized 2—norm on D if for
all x, w € X, y, z € Y such that (z, y), (z, 2), (w,y) € D, and a € R, the
following hold:

(i) sup |z, a oy y|| = |e[|z, y|| = sup [laroy z, yl],
(i) [lz, y +2 2| < |z, yl| + [z, 2l],

(i) [z 41w, yl| < |z, yl] + lJw, yl|

Moreover if D, and DY are subspaces of the hypervector spaces Y and X, re-
spectively, for every x € X, y € Y, then the set D is called a 2—normed hyperset.
In particular, if D = X x Y, the function ||., .|| is called a generalized 2—norm on
X x Y and the pair (X x Y, |[|., .||) a generalized 2—normed hypervector space.
Also if X =Y, then the generalized 2—normed hypervector space is denoted by

(X5 ] 1)

Definition 2.2. Let X = (X, +, o, R) be real hypervector space. Let D be a non-
empty subset of X x X such that D = D!, where D! = {(y, z) : (z, y) € D},
and the set DY is a subspace of X, for every y € X.

A generalized symmetric 2—norm on D is a generalized 2—norm on D such
that ||z, y|| = ||y, z||, for every (z, y) € D.

The set D is called a generalized symmetric 2—normed hyperset. Specially, if
D = X x X, the function ||., .|| is called a generalized symmetric 2—norm on X
and the pair (X, ||., .||) a generalized symmetric 2—normed hypervector space.

Example 2.3. Let S be the set of all sequences of real numbers. For every
{r,}, {sn} € S and a € R, define:

(1) {rn} + {sa} = {rn + s},

(il) ao {s,} = {{t.} : t, is in the segment between zero and as,, for n €
N}.
It is easily check that (S, 4, o, R) is a hypervector space. Let

[{su}s {radll =D Isallral,

flor a.ll {rn}, {snt € S. D ={({rn}, {sn}) € 5% : |{rn}, {sn}|| < o0}, then we

(i) D=D",
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(ii) D} is a subspace of S for every {s,} € S.
So ||, .|| : D — [0, o) is a generalized symmetric 2—norm on D, and D is a
symmetric 2—normed hyperset.

In this section we will consider bounded 2—strong homomorphisms defined on
a 2—normed hyperset into a normed hypervector space.

Definition 2.4. Let X = (X, 44,01, R) be a hypervector space, D C X x X
a 2—normed hyperset, and Y = (Y, 43,09, || . ||, R) be a normed hypervector
space. An operator F': D — Y is said to be a 2—strong homomorphism if the
following hold:

(i) Fla4+¢, b+d) = F(a, b)+ F(a, d)+ F(c, b)+ F(c, d), for a, b, ¢, d € X
such that a, ¢ € D* N D,

(ii) F(aoy a, oy b) = (af) oy F(a,b), for o, B € R, (a, b) € D.

A 2—strong homomorphism is called bounded, if there is M > 0 such that
[|F(a, b)[] < M||a, b]],
for every (a, b) € D. In this case we define
||F|| =inf{ M >0 : Y(a, b) € D ||F(a, b)|| < Ml|l||a, b|| }

as the norm of the F'.
Theorem 2.5. Let X = (X, 41,01, R) andY = (Y, +2, 09, ||.||, R) be hypervector

spaces, and D C X x X a 2—normed hyperset. If ' : D — Y is a bounded
2—strong homomorphism, then we have the following:

Q) |IF|]| < M, for M € PY), where PY) = {K > 0 : ||F(a, b)|| <
K||a, b|| for all (a, b) € D},
(i) |[F(a, D) < [[F|ll|a, Ol|, for every (a, b) € D
(iii)
IFl[ = sup{|[F(a, b)[| : (a, b) €D, |la, b|| < 1}
I
= sup{———— : (a,b) € D, ||a, b]| #0}.
|la, 0|

Proof. The proofs of (i) and (ii) are obvious.
To prove (iii), by condition (ii), we have

[|F(a, b)I]
e, Bl
Let a = sup{||F'(a, b)|| : (a, b) € D, ||a, b]| < 1}. Then

a = sup{[|F(a, b)]| : (a,b) €D, [la, b|| <1}

: (@, 0) €D, [la, o] # 0} <[|F]].

F(a, b

< s @ e Dol < 1)
F(a, b

< sup{% : (a,b) € D, |la, b|]| #0}
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Let (a, b) € D be such that ||a, b|| # 0. Since sup ez le 1 a, bl| = Ha1b||||a, bl| =
1, then we have ||c, d|| < 1, for every (¢, d) € (H 57 °1 @ b) and so

o1 a, b)|| < a.

1 1
[ (a, )] = sup [[ 7= 02 F(a, b)[| = sup || F(—
|la, bl |la, bl la, b||

On the other hand if (a, b) € D and |la, b|| = 0, then 0 < ||F(a, b)|| <
l|1F|||a, b]| = 0 and so ||F(a, b)|]| = 0. Hence ||F(a, b)|| < «fl|a, b, for every
(a, b) € D, and therefore « € PU). So ||F|| < a. This completes the proof. [
Remark 2.6. Let X = (X, 4,01, R) and Y = (Y, +2, 09, R) be hypervector
spaces, and D C X x X a 2—normed hyperset. Denote by Ls(D, Y') the set of all
bounded 2—strong homomorphisms from D into Y. For every F, G € Ly(D, Y),
a € R, and (a, b) € D, suppose that:

(i) (F 4 G)(a, b) = F(a, b) +2 G(a, b),
(i) c o F ={H € Ly(D,Y) : H(a, b) € aoy F(a,b), for every (a, b) € D}.
It is not hard to see that (Lo(D, Y), +, o, R) is a real hypervector space.

Theorem 2.7. Let X = (X, 441,01, R) and Y = (Y, 42,09, || . ||, R) be hyper-
vector spaces, and D C X x X a 2—normed hyperset. If we define

|F|| = inf{ M >0 : V(a, b) € D |[F(a, b)[| < Mll|a, b]| },

for every F € Ly(D,Y), then (Lo(D, Y), +, o, || . ||, R) is a normed hypervector
space.

Proof. I ||F|| = 0, then ||F(a, b)|| = 0, for every (a, b) € D. Thus F(a, b) = 0,
for every (a, b) € D. Conversely, if F is the zero 2—strong homomorphism, then
||| = sup{|[F'(a, D)|| : (a, b) € D, ||a, b <1} =0.

Now, suppose that F, G € Ly(D, Y). We have
I(F'+G)(a, b)|| = [|F(a, b) +G(a, b)]
< [F(a, )| + |G(a, b)]]
< [IF[la, bl + |G|, b]]
(IET +1GIDla, b,

for every (a, b) € D. So ||F + G|| < ||F|| + ||G]].
Finally, suppose that o € R. We have

sup||(a o F)(a, b)|| < sup|lacy Fa, b)|[ < [af|[F(a, b)]] < [al|[F]]]a, b]],
for every (a, b) € D. So sup ||ao F|| = |a|||F||. Now, assume that o # 0, then

1 1
I|1F|| < Sup||ao (o F)|| < sup|a|||ao F||.

Hence [af||F|| < sup||a o F||, and therefore sup||a o F|| = |a||F||, for every
a # 0. On the other hand it is obvious that this equality is true for a = 0. So
the proof is complete. O

We recall that if X = (X,+,0,R) is a real hypervector space, then (X x
X, +,0,R) is also a hypervector space with the following operations:
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(i) z4+y = (21 +1y1, T2 +1 42),
(ii) ao (x1, x2) = (awoy 71, @01 T3),
for © = (21, z2),y = (y1, ¥2) € X x X and a € R.

Let X and Y be hypervector spaces. Clearly, if F': X — Y X Y is a strong
homomorphism, then there are f, g € L(X, Y') such that F'(z) = (f(x), g(x)), for
every z € X. Also the function F': X — Y x Y defined by the formula F(x) =
(f(x), g(x)), for every x € X, where f, g € L(X, Y), is a strong homomorphism.

Now, we are going to construct two 2—normed hypersets of L(X, Y)?2.

Definition 2.8. Let X = (X, +1, 01, ||.||1, R) be a real normed hypervector space,
Y a real hypervector space, and )JJ C Y X Y a 2—normed hyperset. The set
My C L(X, Y)?is aset that (f, g) € My if for every x € X, the following hold:

(i) (f(z), g(x)) €V,
(i) There is M > 0 such that || f(x), g(z)|| < M]||z|3.

Lemma 2.9. Let X = (X, 41,01, ||.|[1, R) and Y = (Y, +2, 02, R) be hypervector
spaces. The set My, for Y CY x Y has the following properties:

(i) If Y is a symmetric 2—normed hyperset, then My = ./\/15,1,

(ii) The sets M5, = {h € L(X,Y) : (h,g) € My} and (My); = {h €
L(X,Y) : (f, h) € My} are subspaces of the hypervector space L(X, Y),
for every f, g € L(X,Y).

Moreover, if Y is a symmetric 2—normed hyperset, we have (My); = M§,

Proof. Clearly, (i) is a consequence of the definition of M.

To prove (ii), let ¢ : X — Y be a strong homomorphism. Assume that
h : X — Y is a strong homomorphism such that h(z) = 0, for every z € X.
We show that if H is a subspace of Y, then 0 € H. Since H is a subspace, then
H # @, so suppose that y € H. Now, we have —y € (—1) o y and therefore
0=y—y€e H+(-1)oyy C H+ H C H. Since for every z € X, the set
V9(®) is a subspace of Y, then h(z) = 0 € V9@, for every z € X. Therefore
(h(z), g(x)) € Y, for every x € X. Also if M > 0, then

[1h(2), g(x)[| = 110, g(x)|] = 0 < M||z|[7,
for every x € X. So H € M$, and M, # @.
Now, let fi, fo € M3, Therefore (fi(z), g(x)), (f2(z), g(x)) € Y and so
fi(@), fo(z) € V9@, Since Y9 is a subspace of Y, then fi(x) + fo(z) € V9@,
and we have (fi + fo)(z, g(x)) € Y, for every € X. Moreover there are

My, My > 0 such that [|f1(x), g(x)|| < Mill2|[f and ||f2(2), g(x)|| < Mol
for every z € X. Hence

1f1(2) + fa(x), g(@)| < Ifs(@), @)l + [ fa(@), g(@)]] < (M + My)l|][7,

for every x € X. Therefore fi + fo € M5,
Suppose that a € R, f € Mj,. It shows that (f(z), g(z)) € Y and conse-
quently, f(x) € V9@ for every x € X. Since Y9 is a subspace of Y, then
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aoy f(x) C Y9@) and therefore

(aoy f(x), g(x)) = {(t, g(x)) : t € oy f(x) = flaor x))} C I,
for every x € X. Moreover, there exists M > 0 such that || f(z), g(x)|| <
for every x € X. Hence for h € a o f, we have

17(2), g(@)l| < sup|laoy f(z), g(@)]] = lalllf(2), g(@)l| < ol M]|z|]:,

for every » € X. Therefore a o f C M5, So Mj, is a subspace of L(X, Y).
Similarly, it can be shown that (My) is a subspace of L(X, Y'). The condition

(i) implies the equality (My); = /\/l;’; This completes the proof. O

Definition 2.10. Let X = (X, 41,01,]|.||1, R) and Y = (Y, +2, 02, R) be hyper-
vector spaces and (f, g) € My, for Y CY x Y. Define

1£, gll = inf{M >0 [|f (), g(2)]| < M||z|[} for all 2 € X}

Theorem 2.11. Let X = (X, +1,01,]||.|li, R) and Y = (Y, 42,09, R) be hyper-
vector spaces and (f, g) € M, for Y CY x Y. Then the following hold:

() [If, gll < M, for every M € PY:9)  where
PUD ={K >0 |[|f(x), 9(x)|| < Klz|[} for all 2 € X},
(i) [If(z), @) < [If, gllllz|[}, for every z € X,

(i)

M||[[3,

1 gll = sup{[lf(x), g(@)I| : =€ X, [[z][y <1}
sup{M cx e X, ||z||1 # 0}

[|=[[F
(iv) If Y is a symmetric 2—normed hyperset, then ||f, g|| = ||g, fl|, for every
(f7 g) € M)}-
Proof. The proofs of (i), (ii), and (iv) are obvious.
To prove (iii), by condition (ii), we have
sup{[|f(z), g(z)[| : z € X, [[z[ly <1} <[/, gl|. (2.1)
Let a = sup{||f(x), g(x)|| : v € X, ||z||s < 1}, and x € X with x # 0. Then

1f (@), 9(@)I| = Sup||(|‘xﬁllxlll)02 f(=), (|| m [|z[[1) o2 g(2)]]

1 1
= sup ||[|z|[1 o2 f(m o; x), ||z[]1 o2 g(m o )|
1
o1 7).

1

= el sup [|f (77 o1 @), 9(7—
' 1E1 1E1

Ify € o1 @, then ||yl| < Land [|f(y), 9(y)| < a. Thus ||f(2). g(2)]| < allz|f3,

for z # 0. Also ||f(z),g(z)]| = 0 < af|z||?, for x = 0. Therefore || f(z), g(z)|| <

al|z||?, for every # € X, and it means that o € P9, By (i), we have || f, g|| < a
and by (1), we conclude that || f, g|| = sup{||f(x), g(z)|| : z € X, ||z|]] < 1}.
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Now, suppose that 0 # x € X. By (ii), we have
|1f (), g(2)]]

<

and so

{||f($),g(l‘)|\
IEdis

So it we put 9 = sup{ L5+ o ¢ X, lall, # 0}, then || f(z), g(@)l| < Bllal 2,

for every x # 0. On the other hand if x = 0, then ||f(z), g(z)|| = 0. Thus

1f(x), g()|| < B||z|]?, for every z € X, which means that 3 € PY9 and
£, g|| < . This completes the proof. O

Theorem 2.12. Let X = (X, +1,01,]||.|l1, R) and Y = (Y, 42,09, R) be hyper-
vector spaces. The set My, for Y CY XY, is a 2—normed hyperset with the
following 2—norm:

1S5 gll = sup{[[f(z), g()I| - = € X, [[a][y <1},

for (f, g) € My. Moreover, if Y is a symmetric 2—normed set, then the set My,
18 also symmetric.

sup cx e X, |zl £ 0} < IS gll-

Proof. Suppose that (f, g) € My. It means that there is M > 0 such that
| f(x), g(x)|| < M||z||?, for every x € X. Therefore

sup{[|f(z), g(z)[| : = € X, [[z][; <1} < M < o0,

and so the function [|., .|| has finite non-negative values. Moreover we have the
following:

(i) If x € X, ||z|]| £ 1, @ € R. Then

sup|[|f(z), (o g)(@)l] < supl[f(z), ao g(z)]

|l f (), g(@)|

|l sup{[[f(z), g(a)I| v € X, [lz[[y <1}
Il gll;

N

and consequently, we have

sup||f, aco gl < lell[f, gl|- (2.2)
Now, let o # 0. Using (2), we have
1 1
1f, gll < suplIf, (Za) o gll < —suplf, ao gll,
and |af||f, gl| < sup||f, a0 g||, for @ # 0. On the other hand if o = 0,

then [a|l|f, gl| = 0 = sup||f, a o g||. So [all[f, 9|l < sup|[f, ao g]|, for
all @ € R, and by using (2), we have

sup [[f, avo gl| = |al[[f, gl
Similarly, we can show that sup |[|a o f, g|| = |a|||f, 9]l
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(ii) Suppose that f, g, h € L(X,Y) such that (f, g), (f, h) € My. Let
x € X be such that ||z|] < 1. Then we have

1f (@), (g +h) @) = lf(2), g(x) + h@)]] <[If(x), g(@)|] + [1f(x), h(z)]]

sup{|[f(z), g(@)| : v € X, [lz[[, <1}

sup{[[f(z), h(2)|] - = € X, [lz|ly <1}

1S5 gl + 11 Rl

+ A

It implies that
Lf, g+ A< IS5 gll + (1S, Rll.
(iii) In a similar way we may prove that
Lf + g, bl <[, Il + llg. Al|.

Now, suppose that ) is a symmetric 2—normed hyperset. Then My, = ./\/lg,1 and
we have

1f, gl = sup{l[f(2), g(2)I| : = € X, |lz][y <1}
= sup{[lg(z), f(o)]| : z € X, [zl <1} = g, flI
Therefore || ., . || is a generalized 2—norm on My,. Moreover by Lemma 2.9, the

set (My); and (My)/ are subspaces of L(X, Y), for every f € L(X, Y). So the
set My is a symmetric 2—normed hyperset and this completes the proof of the
theorem. n

X, Y), then the map (f, g) :

Let X and Y be hypervector spaces, and f, g € L(
= (f(x), g(x)), for every z € X, is

X x X — Y x Y which is defined (f, g)(x)

a strong homomorphisms as above.

Definition 2.13. Let X = (X, 41,01, |[.][1, R) and Y = (Y, 42, 09,]|.||]2, R) be
normed hypervector spaces, and ) C Y x Y a 2—normed hyperset. The set
Ny C L(X,Y)? is a set that (f, g) € Ny if for every € X and y € Y, the
following hold:

(i) (f(x), 9(y)) € Ny,
(ii) There is M > 0 such that ||f(z), g(y)|| < M||z|]1||yl|2-

Similar to Theorem 2.11 and Theorem 2.12, we have the following theorems.
So their proofs are omitted.

Lemma 2.14. Let X = (X, 41,04, ||.|[1, R) and Y = (Y, 42, 09,]|-|]2, R) be
normed hypervector spaces. The set Ny, for Y CY XY has the following prop-
erties:
(i) If Y is a symmetric 2—normed hyperset, then Ny = ./\/'371,
(ii) The sets Ny = {h € L(X,Y) : (h,g) € Ny} and (Ny); = {h €
L(X,Y) : (f, h) € Ny} are subspaces of the hypervector space L(X,Y),
for every f, g € L(X,Y).

Moreover, if Y is a symmetric 2—normed hyperset, we have (Ny)s = ./\/3’;

The proof is similar to the proof of Lemma 2.9, so we omit it.
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Definition 2.15. Let X = ()(,—’—1,017 ||||17 R) and Y = (Y, +27027 ||||27 R) be
normed hypervector spaces, and (f, g) € Ny, for Y CY x Y. Define

1, gll = mf{M >0 : Ve e X,y e Y||f(z), 9|l < M|lx|l1lly[l2}

Theorem 2.16. Let X = (X,+1,01,]||.|[1, R) and Y = (Y, +2,09,]||.||]2, R) be
normed hypervector spaces, and (f, g) € Ny, for Y CY x Y. Then the following
hold:

(i) |If. gll < M, for every M € RYV9), where
RV ={K >0 : ||f(x), )|l < K|lz[l1|lyll2 for every = € X, y € Y},

(W, I < 7. il for every » € X and y <Y,
111

I1F, gl = sup{l[f (@), g - z € X,y €Y, s, |lylla < 1}

W@ 9@ e x ey, fall, lyll # 0.

sup
1Edi

(iv) If Y is a symmetric 2—normed hyperset, then ||f, g|| = ||g, fl|, for every
<f7 g) € Ny'

Theorem 2.17. Let X = (X, 41,01, |[||1, R) and Y = (Y, 42,09, ||.||2, R) be
normed hypervector spaces. The set Ny, for Y CY xY, is a 2—normed hyperset
with the following 2—norm.:

£, gll = sup{[|f(2), 9W)I| : z € X, y €Y, ||z[], [|yll < 1},
for (f, g) € Ny. Moreover, if Y is a symmetric 2—normed set, then the set Ny
18 symmetric, too.

Remark 2.18. Note that the 2—normed hypersets (My, ||., .||a1,,) and (Ny, ||, -||n3)
have the following properties:

(1) Ny - My,
(i) [1f, gllamy < If, gllay, for every (f, g) € Ny.
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