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SEVERAL DISCRETE INEQUALITIES FOR CONVEX
FUNCTIONS

XINKUAN CHAI', YONGGANG ZHAO? AND HONGXIA DU?*

ABSTRACT. In this paper, we establish some interesting discrete inequalities
involving convex functions and pose an open problem.

1. INTRODUCTION

The following problem was posed by Qi in his article [13]: “Under what condi-
tion does the inequality

/ NG (/ b f(:c)dx)tl (1)
hold fort > 12”.

There are numerous answers and extension results to this open problem [I} 2]
3, 4, 5, 6 [7, &, 11, 12, 14, 15, [16]. These results were obtained by different ap-
proaches, such as, e.g. Jensen’s inequality, the convexity method [16]; functional
inequalities in abstract spaces [1, 2]; probability measures view [4, [7]; Holder in-
equality and its reversed variants [2 [12]; analytical methods [11, [15]; Cauchy’s
mean value theorem [3| [14].

In [9], the authors introduced the following discrete version of (1.1) as follows,
“Under what condition does the inequality

n n B
Zx?ai > (Z xiai> (1.2)
i=1 i=1
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hold for o, 3 > 0%2”. (For the infinite series, the same method in the above finite
series can be discussed.) Very recently, some similar discrete inequalities were
developed (for instance, the reference [10]). In the paper, based on the results in
[5], we will establish some discrete type inequalities and pose an open problem.

2. MAIN RESULTS

Before starting the results for convex function, we firstly show the following
results.

Theorem 2.1. Let {x;,i = 1,...,n}, {y;,i = 1,...,n} be two sequences of
nonnegative real numbers such that x; < y; for all 1 < i < n,

x xr x
_12_22...2_nand x1§x2§..‘§xn_
Y1 Y2 Yn

22:1 Li > Zlﬁ:l x; (2.1)
Do Yi D Vi

Then we have

forallp > 1. If

DT <™ and a2y,
AR D) Yn
for all 1 < i < n, then the inequality in (2.1) reverses.

Proof. Let z; = xf_l, then z; < 29 < --- <z, by p > 1. From the assumptions
of Theorem 2.1, we have

(2 — 2) (ﬁ - ﬂ) >0, forall 1<i,j<n. (2.2)
Y5 Y
Firstly we need to prove

21:1 Ty > Zzﬁ:l xizi' (2.3)
> i1 Yi > i YiZi

This is to say

n n n n
E X E Yizi > E Yi E TiZ;
=1 =1 =1 =1

which is equivalent to

D .= Z sz(xi?/j — yzﬂﬁj) > 0.
i=1 j=1
Noting
D= Z Z zi(T5y; — ;i)
i=1 j=1

then we have .
2D =" (2 — ) (@ — yjwi)

i=1 j=1

:zn:zn:yiyj(zi - 2j) (& - %)

i=1 j=1 Yi
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which yields the inequality (2.3) by the condition (2.2). Since z; < y; for all

1 <i <n, then
Doimt Ti o D Tii
Do Vi Dimy Yi%i
_ Z?:l xy > E?:l Ty
Z?:l yixf_l - Z?:l y;

which is the first result. The proof of the other result is similar to (2.1). O

Next, we give some inequalities involving convex function.

Theorem 2.2. Let {z;,i =1,...,n}, {y;,i = 1,...,n} and be two sequences of
nonnegative real numbers such that x; < y; for all 1 <i < n,

x x x
_12_22..2_nand 1’1§$2§"'§In'
o Y2 Yn
Assume that ¢(z) is a convex function with ¢(0) = 0. Then we have

Dic1 Ti Zz L 9(s)
Zz 1Yi Zz 1 ¢<y1)
oz

Proof. Since ¢(x) is convex with ¢(0) = 0, then (7 is increasing. Hence from
x; <y; for all 1 <i < n, we have

i) oY)
Li Yi
Let g(x) = @, then g(x) is also increasing. So we have

Z?:l o(;) :Z? L Zig (i)
Z?:l ¢(yz) Zz 1 Y9 (yz)
o) _ L
T vig(w) T Z?:l Yi
Here the last inequality stems from the similar proof of Theorem 2.1. |

Theorem 2.3. Let {x;,i =1,...,n}, {y;i,i=1,...,n} and {z;,i =1,...,n} be
three sequences of nonnegative real numbers such that x; < y; for all 1 <1 <mn,

(2.4)

forall 1 <i<n.

I T Tn
— 2> =22 — <2< <xpand 2z <2< <z
o Y2 Yn
Assume that ¢(z) is a convex function with ¢(0) = 0. Then we have
Zl lxz ZZ 1¢( Z) (2 5)
Zz 1 Yi Zz 1¢(y2)21

Proof. The proof is similar to Theorem 2.3. We have
n n o(z;
Zi:1 () z; Zz 1 (xl )l’zzz

D i1 O(Yi)2i B Yoy Myzzz

Yi
> i ¢Evii)xizi < Doy T
_Z?:l ¢(zii)yizi - Z?:l Yi
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At last, we give an open problem as follows.

Open Problem 1. Suppose that ¢(z) is a convex function with ¢(0) = 0. Under
what conditions does the inequality

D ic1 Ti > (> im Gb(%)zz)d
i (0 dlyi)z)

hold for 9, \?
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