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ON THE STABILITY OF SOME QUADRATIC FUNCTIONAL
EQUATION

M. ADAM!

This paper is dedicated to the 60th Anniversary of Professor Themistocles M. Rassias

ABSTRACT. In this paper we establish the general solution of the functional
equation which is closely associated with the quadratic functional equation
and we investigate the Hyers-Ulam-Rassias stability of this equation in Banach
spaces.

1. INTRODUCTION AND PRELIMINARIES

The quadratic functional equation

Qxr+y)+Q(z —y) =2Q(x) +2Q(y) (1.1)

and its generalizations has been studied by many authors in various classes of
functions (see, e.g., [4, 6] 8]). For more general information on the stability
of functional equations, refer to [3, 5, [7, 9, 10, 11, 12, 13, 15]. The quadratic
functional equation was also used to characterize inner product spaces (see [1, 2,
14]). It is well known that a square norm on an inner product space X satisfies
the important parallelogram equality

Iz + yll* + llo — yll* = 2[lz]* + 2lly [, 2,y € X.

It is easily to check that a square norm also satisfies the equality

2

x+y_ ) xay7Z€X'

1
||90—ZH2+||?J-Z||2=§||93—y||2wL2 z
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Motivated by this result we consider the following functional equation

flo=2)+ 5y -2 = a2 (T30 2) (12)
and its pexiderized version
f(x—z)—i—g(y—z):h(ac—y)—i-k(x;y—z). (1.3)

Clearly, the mapping R 3 z — ax® € R, a € R, satisfies (1.2). Our purpose
is to determine all solutions of equations (1.2), (1.3) and investigate the Hyers-
Ulam-Rassias stability of equation (1.2).

2. GENERAL SOLUTIONS OF EQUATIONS (1.2) AnD (1.3)

Throughout this section we assume that X and Y are uniquely 2-divisible abelian
groups.

Theorem 2.1. In the class of functions f: X — Y equations (1.1) and (1.2) are
equivalent.

Proof. Assume that Q: X — Y is a solution of equation (I.I). Then @ is even
and Q(0) = 0. Setting y = z in (L.1) we get Q(2x) = 4Q(x), hence

Q(z) = 4Q <§> , zeX. (2.1)

Replacing z and y by = — z and y — z in (1.1)), respectively, we obtain

Qxr+y—22)+Q(xr—y)=2Q(x —2)+2Q(y — 2), =z,y,z€ X.

Therefore on account of (2.1) one can easily check that @) is a solution of (1.2).
Assume that f: X — Y is a solution of equation (1.2). Putting x =y =2 =0
in (1.2) we obtain f(0) = 0. Setting y = z = 0 in (1.2) we get

%f(x)sz (g), x e X.

Replacing x by z 4+ y in the above equality we obtain

1
§f(x—|—y):2f($—;y), z,y € X. (2.2)
Setting z = 0 in (1.2) we have

F)+ 1) = yfe - +2f (T5) . myex

which means by virtue of (2.2) that f satisfies (1.1). O

Theorem 2.2. Let functions f,g,h,k: X — Y satisfy (1.3). Then there exist
a quadratic function QQ: X — Y, two additive functions E,F: X — Y and
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constants Cy,Cy, Cs3, Cy such that Cy + Cy = C3 + Cy and
f(z) = Q(z) + E(z) + Ch,

o) = Qo) + Fla) + C
W) = 5Q() + 5B () — 5F () +Cs
K(r) = 2Q(x) + B(x) + F(x) + C;

forallz € X.

Proof. Since the group Y is uniquely divisible by 2 (i.e. themap X > x — x+z €
Y is bijective), then we may split f into its even and odd parts f, f,: X — Y by

r)+ fl—x r)— fl—x
PR LC L R YR (L [
Clearly, f. is even, f, is odd and f = f. + f,. Similarly we define g., g,, he, ho,
ke, ko. Obviously f,(0) = ¢,(0) = ho(0) = k,(0) = 0. Since functions f, g, h,k
satisfy (L1.3), then

fe(w = 2) + ge(y — 2) = he(z —y) + ke (%Ly

—z), x,y,z € X, (2.3)

2
folx —2) + go(y — 2) = holz —y) + ko (x_—i-y - z) , x,y,2 € X. (2.4)
C

2
Let Cy := f.(0), Cy := g.(0), C3 := he(0), Cy := k.(0). Setting x =y =2=01n
(2 ‘3) we get Cl + CQ 03 + 04 Let

fi(z) = fe(zx) — Cn,
91(x) = ge(w) — Co,
hi(z) := he(x) — Cs,
ki(z) = ke(z) — Cy

for all x € X. Then fi, g1, hi, k1 are also even and f1(0) = ¢1(0) = hy(0) =
k1(0) = 0. Moreover

ﬁ@—a+m@—@=mm—w+m(ﬁ;hw),xwxex (25)

Setting, successively, y =z, z=0and z =z =0 and y = z = 0 in (2.5), we get

fi(@) + g1(x) = k() (2.6)
g1(@) = ha() + k1 () (2.7)
fil@) = h@) + & (5) (2.8)
for all x € X. Comparing (2.7) and (2.8) we arrive at
filr)=gi(z), zeX. (2.9)

Applying (2.9) to (2.6) one gets
ki(z) =2fi(x), =€ X. (2.10)
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Replacing = by § in (2.10) we obtain

kl( >_2f1< ) v € X. (2.11)
From (2.8) and (2.11) we have
fi(2) = (@) + 2, (g) , zEX. (2.12)
Setting y = 0 and z = £ in (25) we get
fi (g) + o (g) = hy(z), z€X. (2.13)
Applying (2.9) to (2.13) one gets
ha(z) = 2/, (%) , z€X. (2.14)

Comparing (2.12) and (2.14) we arrive at
1
hi(z) = §fl($), reX.

Therefore I
fi(z) = g1(z) = 2hy(z) = §k1(:c), r e X.

Hence f; satisfies (1.2) and on account of Theorem 2.1 we define fi(z) := Q(z)
for all x € X, where (): X — Y is a quadratic function. Thus

fe(z) = Q(x) + Cy,
ge(r) = ( ) + Ca,
6(1‘) ( )+O3’
ke(z) = ( )+l

for all x € X.
Setting, successively, y =z, z=0and z = z =0 and y = z = 0 in (2.4), we
get

folx) + go(z) = ko(x), (2.15)
9ol) = —ho(w) + ko (5 ) (2.16)
fo(®) = ho(z) + kK, (g) (2.17)
for all z € X. Comparing (2.15), (2.16) and (2.17) we arrive at
ko(2) = 2k, (%) . zeX. (2.18)
Putting y = 0 and z = ¢ in (2.4) we have
f (g) _ (g) — ho(z), =€ X. (2.19)

From (2.16) and (2.17) we obtain
fo() — go(x) = 2ho(x), =€ X, (2.20)
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hence
PE) () = (L), rex 2
Comparing (2.19) and (2.21) we see that
ho(x) = 2h, (g) , reX. (2.22)

Setting z = 0 in (2.4) we get

+
fo(@) + go(y) = ho(z — y) + ko (x ; y) , 1y €X. (2.23)
Interchanging the roles of variables in (2.23) we obtain
_l’_
Foy) + go(2) = —ho(x — y) + K, (w 5 y) , oz € X, (2.24)

Adding (2.23) and (2.24), and applying (2.15) and (2.18)) we get
ko() + ko(y) = fol®) + go() + foly) + go(y)

— 9%, (xﬂ/)
2

:ko(z—i_y)? x7y€X>

i.e. k, is an additive function. Subtracting (2.24) from (2.23) and applying (2.20)
we have

2ho(x) = 2ho(y) = fo(x) = go() = fo(y) + go(y)
ZQhO(x_y)a %CUEX»
hence replacing y by —y in the above equation we see that h, is also an additive

function. Since the functions h, and k, are additive, then (2.17) and (2.16)
immediately imply that the functions f, and g, are also additive. Let

fo(x) := E(x), go(x) :=F(z), z€X,

where F, F': X — Y are additive functions. Therefore from (2.20) and (2.15) we
have
1 1
ho(z) = SE(2) — 5F(z), w€X,
ko(z) = E(x) + F(z), z€X.

Finally, since f = f. + f,, then
flz) =Qx) + E(x) + C1, zeX.

Similarly
9(z) = Q(z) + F(z) + Cq,
h(x) = 5Q() + 5 B(x) — F(x) + Cs,

k(@) = 20(x) + B(z) + F(z) + Cy
for all z € X, which completes the proof. O
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3. STABILITY OF EQUATION (1.2)

Throughout this section we assume that X is a uniquely 2-divisible abelian group
and Y is a Banach space. By N we denote the set of positive integers. Theorem 2.2
allows us to prove the Hyers-Ulam-Rassias stability of equation (1.3). However,
in this paper we will only prove the stability of equation (1.2).

Theorem 3.1. Let f: X — Y be a function satisfying the inequality

1 ]
re=2 5= - g1 - -2 (T2 2| < vtens) )
for all z,y,z € X, where p: X x X x X — [0,00) is a function fulfilling the
following conditions
. p(2mx, 2My, 272)
lim =0, =z,v,2z¢€ X,

n—oo 4n

= 2k, 2k, 2k
77/)($)Z:2§ ( e )<oo, r e X.
k=1

Then there exists a unique quadratic function QQ: X — Y such that

1f(x) — Q(x)|| < ¥(x) +2¢(0), =€ X.

Proof. Putting z =y = 2z = 0 in (3.1) we obtain
| £(0)]] < 2¢(0,0,0). (3.2)

Replacing = by 4z and setting y = z = 2z in (3.1) we get

H%f(?x)—l—f(())—Qf(IE) < p(4zx,2x,2z), x€ X.

Defining a new function f1: X — Y by fi(z) := f(z) — 3f(0) for all z € X and
dividing the above inequality by 2 we have

fi(z) — %fl(Zx) < %cp(élx, 2x,2z), x€ X. (3.3)

Now we show by induction that

n

(28 1y, 2ky 2k )

<2 o ,

k=1

r e X. (3.4)

file) = 3 hi(2')
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For n = 1 we have (3.3). Assume the validity of the inequality (3.4) for some
n € N and for all x € X. We will prove it for n + 1. Thus

) = @0 < 560 - o) | + 1A - paner-20

IN

1 1 n 80(2k+21', 2k+1$, 2k+1$)
< golde,2,22) + 5 ; o

n+1 2k+137 le’ 2k )

:22 , xT€eX,

which proves (3.4) for all n € N. Hence by (3.4) we obtain that

f[@2M) - fi(27) fi2" ) m
o 4m qn— - f1(2"z)

4m
2k+m+1x 2k+mx 2k:+m )

2nm
4_; 4k

B QO(Qk-H% Qkx 2k )
22 o

IN

k=m+1
for all x € X and m,n € N with n > m. Since the right-hand side of the above

inequality tends to zero as m — oo, then {f 1&2” x)} is a Cauchy sequence for

eN
all z € X and thus converges by the completeness of Y. Therefore we can define
a function @): X — Y by

Q(z) = lim #, r e X.

n—oo

Note that Q(0) = 0 and @ is even. Replacing x,y, z by 2"z, 2"y, 2"z in (3.1)
and dividing both sides by 4", and after then taking the limit in the resulting
inequality as n — oo, we have

Qo —2)+ QU —2) - 500 ) - 20

Therefore on account of Theorem 2.1 a function @) is quadratic.
Taking the limit in (3.4) as n — oo, we obtain

o k+1 k k
Ihi() - Q| <23 EE B2 - x

x—l—y

) =0, =x,y,z2¢€X.

Ak
k=1
i.e. from (3.2) and the definition of f; we get
2k 2k 2
|£@) - Q@) < 22 PR TD 2 p)

< da )+490(0 0,0)
e )+2¢( ), X (3.5)
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To prove the uniqueness, let )1 be another quadratic function satisfying (3.5).
Thus we have

Q@) — Qu(@)]| <

HQ(Qn f1 (2"

Q1 2"x f1(2"x)
471

_ 4i [HQ(2%) - ﬁ(z%)H + HQl(Z”x) - fl(gngg)H]

2
< [v(2"2) + 49(0)], =€ X.
Taking the limit as n — oo, we conclude that Q(x) = Q;(x) for all x € X, which
completes the proof. |

Theorem 3.2. Let f: X — Y be a function satisfying the inequality
1 «
foma+ i - gfa-n -2 (T s )| < elwns) 6o

for all x,y,z € X, where p*: X x X x X — [0,00) is a function fulfilling the
following conditions

lim4”g0*<x g Z):O, x,y,2 € X,

. 1 & LT x T
V@)= 5> 4 (G g i) <00 TEX. (3.7)
k=1
Then there exists a unique quadratic function QQ: X — Y such that

1f(z) = Q(z)|| < v*(x), =€ X

Proof. Setting x = 0 in (3.7) we get Z 4%4%(0,0,0) < oo, hence ©*(0,0,0) = 0.

Putting z = y = z = 0 in (3.6) we obtaln Hf || < 2¢%(0,0,0) =0, i.e. f(0)=
Replacing = by 2x and setting y = z = z in (3.6), and multiplying both sides of
the resulting inequality by 2 we get

Hf(x)—élf (g)” <2¢p*(2z,x,7), z€X. (3.8)
An induction argument implies easily that
el T 1 i sl T x x
[ s ()| <354 (7o mrgm) ceX 69

Proceeding similarly as in the proof of Theorem 3.1, we easily have that
{4” f (%)}neN is a Cauchy sequence for all x € X and we can define a func-
tion Q: X — Y by

Qz) = hm4"f< ), x e X.

Note that Q(0) = 0 and @ is even. Taking the limit in (3.9) as n — oo, we obtain

[f(2) = Q(z)]| < %Zzﬂ“s@* (2,3;_2,2,35_1,2,?_1) —*(z), r€X. (3.10)
k=1
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As we did in the proof of Theorem 3.1, we can similarly show that @) is a unique
quadratic function satisfying (3.10). The proof is completed. O

Corollary 3.3. Let ¢ > 0 and p # 2 be fixed real numbers. Assume that a
function f: X —'Y satisfies the inequality
<<l + P + 1)

flo= o)+ fl=2) = 50 -2 (52 2)
(3.11)

forallz,y,z € X (x,y,z € X\{0} ifp <0). Then there exists a unique quadratic
function QQ: X — Y such that

[f(z) = Q)] <

271 (2P + 2)el|z|”

. zeX.
4= 2] !

Proof. We apply Theorems 3.1 and 3.2l with ¢ (z,y, 2) = ¢*(z,y,2) := e(||z[|? +
|yl|? + [|z]|P) for all z,y,z € X (z,y,z € X\{0} if p < 0). It is not hard to check
that these Theorems can be applied to the above function with p < 2 and p > 2,
respectively. If p < 2, we have

L (28, 2k, 2k )
Y(z) = 22 Ak
k=1

=2(2"+2)) 250 ez|P
k=1
_2PHL(2P 4 D)e x| |P
B 4—2p
forall z € X (x € X\{0} if p < 0). If p > 2, we have

N 1 & E «f T x x
V() = 524 ¥ <2k—272k—1’2k—1>
k=1

= 2P71(27 4 2) Z 2RE=P)g || 2||P

k=1
_ 2FH(2P + 2)e|z|?
B 2 — 4
for all x € X. Thus applying Theorems 3.1 and 3.2 to the two cases p < 2 and
p > 2, respectively, we obtain easily the result. O

Corollary 3.4. Let € > 0 be fized real number. Assume that a function f: X —
Y satisfies the inequality

flo=2)+ fl-2) =yt 2 (52 -2)

for all x,y,z € X. Then there exists a unique quadratic function QQ: X — Y
such that

<e (3.12)

[f(z) = Q(z)]| <26, zeX. (3.13)
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Proof. Putting ¢(z,y, z) := ¢ in Theorem [3.1, we get immediately the result. O

Remark 3.5. Observe that the estimation (3.13) in Corollary 3.4/ cannot be sharp-
ened. To see that, fix a vector e € Y from the unit ball, and define a func-
tion f: X — Y by the formula f(z) = 2ce for all x € X. Then inequality
(3.12)) is satisfied, so there exists a quadratic function @): X — Y such that the
condition (3.13) holds. Since the function f is bounded, then @@ = 0. Thus
| f(z) — Q()|| = [|2e¢|| = 2¢ for all z € X.
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