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EXISTENCE, UNIQUENESS AND STABILITY RESULTS OF
IMPULSIVE STOCHASTIC SEMILINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH INFINITE DELAYS

A. VINODKUMAR!*

ABSTRACT. This article presents the results on existence, uniqueness and sta-
bility of mild solution for impulsive stochastic semilinear functional differential
equations with non-Lipschitz condition and Lipschitz condition. The results
are obtained by using the method of successive approximation and Bihari’s
inequality.

1. INTRODUCTION

Impulsive differential equations are suitable for mathematical model to simulate
the evolution of large classes of real processes. These processes are subjected to
short temporary perturbations. The duration of these perturbations is negligible
compared to the duration of whole process. These perturbations occurs in the
form of impulses (see [B, [@]). There is much notice in the field of impulsive
differential equations [0, @] and the references therein.

The study of impulsive stochastic differential equations (ISDEs) is a new area of
research. There are few publications in the theory of ISDEs. Jun Yang et al.[[3],
studied the stability analysis of ISDEs with delays. Zhiguo Yang et al.[[d], studied
the exponential p- stability of ISDEs with delays. In [, [3], Sakthivel and Luo
studied the existence and asymptotic stability in p-th moment of mild solutions
to ISDEs with and without infinite delays through fixed point theory. In [B],
the author studied the impulsive stochastic partial neutral functional differential
equations under non-Lipschitz condition and Lipschitz condition. Motivated by
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B, [, [, we will generalize the existence and uniqueness of the solution to
impulsive stochastic partial functional differential equations (ISFDEs) under non-
Lipschitz condition and Lipschitz condition. Moreover, we study the stability
through the continuous dependence on the initial values by means of Corollary
of Bihari’s inequality. Further, we refer B, B, B, A].

The paper is organized as follows. In section 2, we recall briefly the notations,
definitions, lemmas and preliminaries which are used throughout this paper. In
section 3, we study the existence and uniqueness of ISFDEs by relaxing the
linear growth conditions. In section 4, we study stability through the continuous
dependence on the initial values. Finally in section 5, an example is given to
illustrate our results.

2. PRELIMINARIES

Let X, Y be real separable Hilbert spaces and L(Y, X) be the space of bounded
linear operators mapping Y into X. For convenience, we shall use the same
notation ||.|| to denote the norms in X, Y and L(Y, X) without any confusion.
Let (€2, B, P) be a complete probability space with an increasing right continuous
family {B;}:>o of complete sub o-algebra of B. Let {w(t) : ¢ > 0} denote a Y-
valued Wiener process defined on the probability space (2, B, P) with covariance
operator (), that is

E<w(t),z>y<w(s),y>y=(tAs)<Qx,y>y, forallz,y €Y,

where () is a positive, self-adjoint, trace class operator on Y. In particular, we
denote w(t), t > 0, a Y- valued Q- Wiener process with respect to {B;}i>o.

In order to define stochastic integrals with respect to the Q)- Wiener process
w(t), we introduce the subspace Yy = QY2(Y) of Y which, endowed with the
inner product
< u,v >y, =< Q7 V?u, Q7% >y is a Hilbert space. We assume that there exists
a complete orthonormal system {e;};>1 in Y, a bounded sequence of nonnegative
real numbers \; such that Qe; = Ne;, i = 1,2,..., and a sequence {f;};>1 of
independent Brownian motions such that

<w(t),e >:Z\/x-<ei,e>ﬁi(t), eey,
n=1

and B, = B}’, where B}’ is the o-algebra generated by {w(s) : 0 < s < t}.
Let LY = Ly(Yp, X) denote the space of all Hilbert- Schmidt operators from Y,
into X. It turns out to be a separable Hilbert space equipped with the norm

||,u||%8 = tr((uQY?)(uQ'?)*) for any p € LY. Clearly for any bounded operator

€ L(Y, X) this norm reduces to ||u||%8 = tr(pQu*).

We now make the system (E) precise: Let A be the infinitesimal generator of a
strongly continuous semigroup {S(t), ¢t > 0} defined on X. Let the functions f :
RExD—> X:a: RV xD — L(Y, X), where ®T = [0, 00), are Borel measurable.
Here D = D((—o0, 0], X) denotes the family of all right piecewise continuous func-
tions with left-hand limit ¢ from (—o0, 0] to X. The phase space D((—o0,0], X)
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is assumed to be equipped with the norm ||¢||; = sup |p(f)]. We also as-
—00<6<0

sume DY ((—00,0],X) to denote the family of all almost surely bounded, By-
measurable, D- valued random variables. Let L, = Ly(€2, B, X) denote the
Hilbert space of all B- measurable square integrable random variables with val-
ues in X. Further, let By be a Banach space By ((—o0,T], Ls), the family of all
By-adapted process o(t, w) with almost surely continuous in ¢ for fixed w € €
with norm defined for any ¢ € By

lells, = (sup El|g|7)"?.
0<t<T

In this article, we will examine impulsive stochastic semilinear functional differ-
ential equations of the form

dr(t) = Ax(t)+f(t,xt)]dt+a(t,xt)dw(t), t£t, k=12 . .m,

Az(ty) = 2(t) —2(ty) = Lu(z(tr)), (2.1)
x<t) = ()OED%O((—OO,O],X),

where 0 <t < T'. The fixed moments of time t satisfies 0 < t; < ... <t, <T,
z(t) and z(¢; ) represent the right and left limits of z(t) at ¢ = tx, respectively.
And Az(ty,) = z(t]) —xz(t; ), represents the jump in the state = at time ¢;, with I
determining the size of the jump. The notation A is the infinitesimal generator

of strongly continuous semigroup of bounded linear operators {S(¢), ¢t > 0} with
D(A) C X.

Lemma 2.1.% Let T > 0 and ug > 0, u(t),v(t) be the continuous functions on

[0,T]. Let K : R — R* be a concave continuous and nondecreasing function
such that K(r) >0 forr > 0. If

t
u(t) < g +/ v(s)K (u(s))ds for all0 <t <T,
0
then

u(t) < G7! <G(uo) + /tv(s)ds> for all t € [0,T) such that
0

G (ug) +/0 v(s)ds € Dom(G™1),

where G(r) = flr Kdé) forr >0 and G~ is the inverse function of G. In partic-
ds

ular, moreover if, ug = 0 and [, Ry = 00 then u(t) =0 for allt € [0,T].

In order to obtain the stability of solutions, we use the following extended
Bihari’s inequality

Lemma 2.2.™ Let the assumptions of Lemma 2.1 hold. If

u(t) < up+ /TU(S)K(u(S))dS forall0 <t <T,
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then
T
u(t) < G71 (G(Uo) +/ U(S)dS) for all t € [0,T] such that
¢
T
G(up) +/ v(s)ds € Dom(G™1),
¢

where G(r) = || % forr >0 and G™* is the inverse function of G.

Corollary 2.3.™ Let the assumptions of Lemma 2.1 hold and v(t) > 0 for
t € [0, T]. If for all € > 0, there exists t; > 0 such that for 0 < ug < e,

fgv(s)ds < f:o Kd(ss) holds, then for every t € [t;,T], the estimate u(t) < € holds.

Lemma 2.4.% For any r > 1 and for arbitrary LS- valued predictable process
®()

S

sup Bl | @(udw(u)[¥ = (r(2r = 1)) ( / (Bl @(s)|2%)ds )

s€(0,t] 0

Definition 2.5. A semigroup {S(¢), ¢ > 0} is said to be uniformly bounded if
1S(¢)|| < M for all t > 0, where M > 1 is some constant.

Definition 2.6. A stochastic process {z(t) € By, t € (—00,T1},(0 <T < 00) is
called a mild solution of the equation (ET) if

(i) z(t) € X is B;- adapted;

(ii) x(t) satisfies the integral equation

Qp(t)v . te (_0070]7

() = S(t)go(O)jL/O S(t—s)f(s7:c5)d8+/0 S(t—s)a(s, xzs)dw(s) (2.2)
+ Y S(t—t)Iu(x(ty)), as t€[0,T].

0<tp<t

3. EXISTENCE AND UNIQUENESS

In this section, we discuss the existence and uniqueness of mild solution of the
system (). We use the following hypotheses to prove our results.
Hypotheses:

(Hy) : A is the infinitesimal generator of a strongly continuous semigroup S(t),
whose domain D(A) is dense in X.
(Hy) : For each x,y € D and for all t € [0, 7], such that,

1f(te) = F(&yo I V lla(t, ze) — alt, ) 1* < K([la = yl?),

where K (-) is a concave non-decreasing function from R+ to R, K(0) = 0, K (u) >

0,foru>0andfo+%:oo.

(Hs) : The function I € C'(X, X) and there exists some constant hy, such that
1e(e(t) — L(y@)I? < helle—yl?, foreach o,y € D, k=1,2...,m.
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(Hy) : For all t € [0,T], it follows that f(¢,0),a(t,0),x(0) € L? for k =
1,2...,m such that

LF & 07V llat, 0)[1* v [1(0)I* < ko,

where kg > 0 is a constant.
Let us now introduce the successive approximations to equation (E22) as follows

oy J () fort € (—o0,0],
v(t) = { S(t)e(0) for te0,T). (3.1)
and, forn=1,2,...,
o(t) forte (t—oo,O], t
P (t) = S(t)p(0) +/0 S(t —s)f(s, 2" Y)ds +/0 S(t — s)a(s, 22 M dw(s)
+ > S(t—to) k(2" (t) for as t€[0,T],

0<tp<t
(3.2)
with an arbitrary non-negative initial approximation x° € By.

Theorem 3.1. Assume that (H,) — (Hy) hold. Then the system (EJ) has unique
mild solution x(t) in By, provided there is M > 1 such that ||S(t)|| < M and

o 1
M? § hy < =.
mk:l ’ 3

Proof : Let 2° € By be a fixed initial approximation to (B3). First observe
that by (Hy) - (Hy), [|S(¢)|| < M for some M > 1 and all t € [0,7]. Then for
any n > 1, we have,

lz" @17 < 40 [lp(0)]

ST / (17 (5,27 = £(5, 0)[12 + £ (5. 0)|"] ds

802 / [la(s. 2771 = a(s, 0)|° + [la(s, 0)[*]ds
+8Mm 3 ("™ (1) = O+ W)

Thus,

t
B} < QueSMAT+VE [ K(Jo"2)ds
0

+8M2m2hk{E||x"*1||f},
k=1

where, Q1 = 4M?(E|@(0)|]> +2(T(T + 1) + m > -, ki) ko).
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Given that K(-) is concave and K(0) = 0, we can find a pair of positive
constants a and b such that

K(u) < a+ bu, for all u>0.

Then we have,

t
Ellz"? < Q2+8M2(T+1)b/ E|2"""|ds (3.3)
0
+8MPm > B || 7} n=1,2,...
k=1
where, Qs = Q; + 8M?*(T + 1)Ta.
Since
2
E|2°]; < M*E |0(0)|* = @5 < oc. (3.4)
Thus,
Eljz"|? < Q4 < oo, foralln=0,1,2,... and t € [0, T]. (3.5)

This proves the boundedness of {z"(t),n € N}.
Let us next show that {z"(t)} is Cauchy in Br. For this, for n,m > 1, we have

2

[ (t) — 2™ (@) < 3M2(T+1)/0 K([|z"(s) — 2™(s)|1*)ds

+3MPm Y |2 () — 2™ (t)])*.
k=1

Thus,

t
n m 2 n m
sup EHx +1_ +1HS < Q5/0 K(OiL:ESEHx —x ||§>ds (3.6)

0<s<t o

+Qs sup Ella" — ™7,
0<s<t

where Q5 = 3M*(T + 1) and Q¢ = 3M>*m Y -, hg.
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Integrating both sides of equation (BM) and applying Jensen’s inequality gives
that

t t s
/ sup EHQS”H —$m+1Hl2d3 Q5/ / K( sup Eljz" —xm||f>dlds
0 0<I<s 0 Jo 0<r<i
t

+Q6/ sup Ela" — 2™|?ds,
0

0<i<s

IN

t s 1
< Q5/ s/ K( sup E||$”—xm||3>—dlds
0 0 0<r<l s
¢
—|—Q6/ sup Elz" —melzds,
0 0<i<s
t S 1
< Q5t/ K(/ sup E||x”—xm||§—dl>ds
0 0 0<r<i S
t
+Q6/ sup E|jz" —:vm||l2ds.
0 0<I<s
Then,
t
\Iln+1,m+1(t) S QS/ K<\Pn,m<3)>ds+Q6\Ijn,m(t)a (37)
0
where

t
/ sup E||z™ — z™|?ds
0 0<I<s

Vom(t) =

t
From (B3), it is easy to see that

sup U, (1) < o0.

n,m

So letting W(t) = limsup,, ,, o, Ynm(t) and taking into account the Fatou’s
lemma, we yield that

Qs
1 - Qs
Now, applying the Lemma P, immediately reveals W(t) = 0 for any ¢t € [0,T].

This further means {z"(t),n € N} is a Cauchy sequence in Br. So there is an
x € By such that

U(t) = Q/OtK(‘I/(S))dS, where Q =

T
lim sup E|z" — z||?dt = 0.

n—oo 0 0<s<t

In addition, by (B3), it is easy to follow that E||z||? < Q4. Thus we claim that
x(t) is a mild solutions to (Z). On the other hand, by (H) and letting n — oo,
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we can also claim that for ¢ € [0, T]

E||/ t—s 1)—f(s,xs)}ds||2 =0,

E||/ S(t—s) a(s,x’;_l)—a(s,xs)}dw(s)HQ — 0
and E| Y S t—tk[ "‘1(tk))—lk(x(tk))]\|2 0.

O<trp<t
Hence, taking limits on both sides of (B3),

z(t) = S(t)p(0) —I—/O S(t— s)f(s,:vs)ds—i—/o S(t — s)a(s, zs)dw(s)
+ > S(t—te) I(w(te)-

0<tp<t

This certainly demonstrates by the Definition B8 that x(¢) is a mild solution to
(D) on the interval [0, T7).

Now, we prove the uniqueness of the solutions of (E3). Let z1,z9 € Br be
two solutions of (EXI) on some interval (—oo,T]. Then, for ¢ € (—oc,0], the
uniqueness is obvious and for 0 <t < T, we have

Elzi— 2l < QeEllv: — aaf?

t
e / K(Ella: — a]2)ds
0

Thus,
o — @|7)ds
Thus, Bihari’s inequality yields that
sup Ellay —xl} = 0, 0<t<T.
te[0,T
Thus, z1(t) = x5(t), for all 0 < t < T. Therefore, for all —c0 < t < T
x1(t) = xo(t). This achieve the proof. O

4. STABILITY

In this section, we study the stability through the continuous dependence on
initial values.

Definition 4.1. A mild solution z(t) of the system (E1) with initial value ¢ is
said to be stable in the mean square if for all € > 0, there exists d > 0 such that

E||lz — 2||? < € whenever E||¢ — ¢||*> < 6, for all t € [0,T]. (4.1)
where #(t) is another mild solution of the system (ET) with initial value ¢.

Theorem 4.2. Let x(t) and y(t) be mild solutions of the system (EX) with initial
values @1 and @9 respectively. If the assumptions of Theorem 3.1 are satisfied,
then the mild solution of the system () is stable in the mean square.
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Proof: By the assumptions, x(¢) and y(t) are two mild solutions of equations
(E0) with initial values ¢; and ¢y respectively, then for 0 < ¢ < T

w(t) = y(t) = S(t)[p1(0) — ¢2(0)] +/0 S(t —s)[f(s,25) — f(s,95)]ds
—i—/o St — s)[a(s, zs) — a(s, ys)|dw(s) + Z St —ty) [Te(z(tr)) — Lu(y(ts))] -

So, estimating as before, we get

t
Elle—yl? < 4ME|gr — pof® + AM(T + 1) / K(E|z - y|?)ds
0

HAM*m Y |z — y|2.

k=1
Thus,
4M>
E . 2 < E - 2
o=yl < —grme Pl —
AM?(T +1)
K(E||z —
s [ KBl -yl

Let Ki(u) = _ M) g (u), where K is a concave increasing function

1—20M2m S
from R+ to R such that K(0) = 0, K(u) > 0 for u > 0 and [, % = +o00.
So, Ki(u) is obviously, a concave function from Rt to ¥ such that K;(0) = 0,

Ki(u) > K(u), for 0 <u <1 and f0+K(u) +00. Now for any € > 0, elzée,

“c du
we have lim = 00. So, there is a positive constant § < €, such that
50 Kl(u)

€1 du

5 Fu(w) 2 T.

Let

up = EH% — ol
—4M*m Y0 h

u(t) = E||x—y||t, ()—17
when ug < 0 < €;. From Corollary E23 we have

4 du 4 du /T
> >T = v(s)ds.
o Fal) = Sy Falw) , V)

So, for any ¢ € [0,T], the estimate u(t) < € holds. This completes the proof. [

Remark 4.3.
If m = 0 in (E3I), then the system behave as stochastic partial functional
differential equations with infinite delays of the form

{ dr(t) = [Ax(t) n f(t,xt)}dtm(t,xt)dw(t), 0<t<T,

(4.2)
() = e Dl ((—o0,0],X).
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By applying Theorem 3.1 under the hypotheses (H;) — (Hs), (H4) the system
(E32) guarantees the existence and uniqueness of the mild solution.

Remark 4.4.
If the system (E3) satisfies the Remark 4.1, then by Theorem 4.1, the mild
solution of the system (E22) is stable in the mean square.

5. AN EXAMPLE

We conclude this work with an example of the form

Ou(t, x)

0x?

du(t,z) = [ + H(t,u(tsint, x))] dt + o G(t,u(tsint, x))ds(t),
t#ty, 0<t<T, 0<z<m (5.1)

together with the initial conditions

u(ty) —u(ty) = (1+bpulz(ty)), t="t, k=1,2,...m, (5.2)
u(t,0) = wu(t,m) =0, (5.3)
u(t,z) = P(t,x), 0<z<m, —oo<t<0. (5.4)

Let X = L*([0,7]) and Y = R, the real number o is magnitude of continuous
noise, (t) is a standard one dimension Brownian motion, ® € DY ((—o0,0], X),
by >0for k=1,2,...,mand ), by < co.

Define an operator A on X by Au = % with the domain

P 2
wand = are absolutely continuous, (‘3_7; €X, u(0)=u(r)=0 }
T

ox

It is well known that A generates a strongly continuous semigroup S(¢) which is
compact, analytic and selfadjoint. Moreover, the operator A can be expressed as

D(A) = {uex

Au = Zn2 < Uy Uy > Uy, u € D(A),

n=1
where u,(¢) = (%)% sin(n¢), n = 1,2, ..., is the orthonormal set of eigenvectors
of A, and
o
2
S(tyu = Ze_” <y uy > Uy, u € X,
n=1

Then the problem (B)—(5.4) can be modeled as the abstract impulsive stochastic
semilinear functional differential equation of the form (E), as follows
f(t,zy) = H(t,u(tsint,z)), a(t,z;) = o G(t,u(tsint,x))
and Ip(z(tr)) = (14 bp)u(z(ty)) for k=1,2,...m.
The below results are consequence of Theorem 3.1 and Theorem 4.1 respec-

tively.

Proposition 5.1. If the hypotheses (Hy) — (Hs) hold, then there exists a unique
mild solution u of the system (BI) — (5.4).



246

A VINODKUMAR

Proposition 5.2. If all the hypotheses of Proposition Bl hold, then the mild
solution u of the system (Bl) — (5.4) is stable in the mean square.
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