Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 5 (2012), 161-173

Research Article

Journal of Nonlinear Science and Applications

Print: ISSN 2008-1898 Onlin=: ISSN 2008-1901

JNSA

Some further applications of KKM theorem in
topological semilattices

Nguyen The Vinh**
?Department of Mathematical Analysis, University of Transport and Communications, Hanoi, Vietnam.

This paper is dedicated to Professor Ljubomir Cirié

Communicated by Professor V. Berinde

Abstract

In this paper, we obtain some further applications of KKM theorem in setting of topological semilattices such
as Ky Fan-Kakutani type fixed point theorem, Sion-Neumann type set-valued minimax theorem, set-valued
vector optimization problems.(©2012 NGA. All rights reserved.

Keywords: generalized Ky Fan minimax inequality, set-valued mapping, topological semilattices,
C'a-quasiconvex, upper (lower) C-continuous, fixed point, Nash equilibrium.
2010 MSC: Primary 47H10; Secondary 47H04.

1. Introduction
In 1961, Ky Fan proved the following famous result:

Theorem 1.1. Let C be a nonempty subset of a Hausdorff topological vector space X and let T : C — 2%
be such that

1. T s a KKM map, i.e,
conv{xy, T2, ..., xn} C Ui T (z;)

for every finite subset {1, x2,...,zn} C C;
2. T(z) is closed for all x € C;
3. T(x) is compact for some xy € C.
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Then () T(x) # 0.
zeC

This important result includes several fundamental mathematical problems, like, Ky Fan minimax in-
equality, optimization, variational inequality problems and fixed point theorems (see [2]).

In 1996, Horvath and Llinares Ciscar [6] proved topological semilattices version of KKM theorem and
gave some applications. Since then, KKM theory is continued in topological semilattices with some papers
of Luo [10}, 11, Vinh [I7, 17, 18].

In this paper, we will continue to study some further applications of KKM theorem in some aspects as
Sion-Neumann type set-valued minimax theorem, set-valued vector optimization problems.

The paper is organized as follows. After introduction and preliminaries, in section 3 we prove that
Browder-Fan theorem is equivalent to KKM theorem. Section 4 is devoted to a set-valued form of Ky Fan
minimax inequality and a set-valued form of Sion-Neumann type minimax theorem. In section 5 we prove
an existence result of Pareto equilibria of constrained multiobjective games. The last section is concerned
with a Kakutani-Ky Fan type fixed point theorem in topological semilattices with uniform structure.

2. Preliminaries

Definition 2.1. (J6]) A partially ordered set (X, <) is called a sup-semilattice if any two elements z,y of X
have a least upper bound, denoted by sup{z, y}. The partially ordered set (X, <) is a topological semilattice
if X is a sup-semilattice equipped with a topology such that the mapping

XxX—=X

(z,y) — sup{z,y}

is continuous.

We have given the definition of a sup-semilattice, we could obviously also consider inf-semilattices. When
no confusion can arise we will simply use the word semilattice. It is also evident that each nonempty finite
set A of X will have a least upper bound, denoted by sup A.

In a partially ordered set (X, <), two arbitrary elements x and 2’ do not have to be comparable but, in
the case where x < x/, the set

7,2/ ={ye X 2 <y <2}

is called an order interval or simply, an interval. Now assume that (X, <) is a semilattice and A is a
nonempty finite subset; then the set

A(A) = U [a,sup A]
acA

is well defined and it has the following properties:

1. AC A(A);
2. if A C A, then A(A) C A(A").

We say that a subset £ C X is A-convex if for any nonempty finite subset A C E we have A(A) C E.

Example 2.2. We consider R? with usual order defined by
(a,b), (c,d) € R?, (a,b) < (¢,d) & a < ¢ b<d.

Clearly, (R2, <) is a topological semilattice.

1. The set
X={(z,1):0<z<1}U{(Ly):0<y <1}

is A-convex but not convex in the usual sense.
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2. The set
X=A(z,y):0<z<1l; y=1—12x}

is convex in the usual sense but not A-convex.

Definition 2.3. Let X be a topological semilattice or a A-convex subset of a topological semilattice, Y
be a topological vector space, C C Y be a closed, pointed and convex cone with intC' # (). A mapping
F: X —2Y\ {0} is said to be a

1. type I Ca-quasiconvex mapping if, for any pair 21,22 € X and for any x € A({x1,x2}), we have either
F(z)C F(z1) - C
or
F(z) C F(xz2) — C,

2. type II Ca-quasiconvex mapping if, for any pair z1,22 € X and for any x € A({x1,z2}), we have
either
F(.’L’l) CF(CL’)+C

or

F(xg) C F(l’) +C.
We use € instead of C when F' is single-valued.
Example 2.4. Let X = [0,1] x [0,1]. We set 2! < 22 denoting that 2% € z! + R2,Vz' 22 € X, where
R2 = {(y1,y2) € R? 1 y1 > 0,y2 > 0}. It is obvious that (X, <) is a topological semilattice, in which

2

2t v 2? = (max(zl, 2?), max(z}, 23)), Vo' = (2%, 2) € X, i =1,2.

Let F,G: X — R and C' = —R such that
F(IE) = [(1 _‘Tl)(l - $2)7+OO)7 Vo = (Cﬂl,xg) e X.

G(x) = (o0, (1 —x1)(1 — x2)], V& = (z1,22) € X.

Then F is type II Ca-quasiconvex mapping and it is not type I Ca-quasiconvex, G is type 1 Ca-
quasiconvex mapping and it is not type II C'a-quasiconvex.

Remark 2.5. f Y = R = (—o0,+00) and C = [0,+0), and F' = ¢ is a real function, then the C-A-
quasiconvexity of ¢ is equivalent to the A-quasiconvexity of ¢ (see [10]).

Definition 2.6. ([8], Definition 2.2) Let X be a topological space, Y a topological vector space with a cone
C. Given a subset D C X, we consider a multi-valued mapping F : D — 2¥. The domain of F is defined
to be the set domF = {z € D : F(x) # 0}.

1. F is said to be upper (lower) C-continuous at Z € domF if for any neighborhood V' of the origin in Y’
there is a neighborhood U of z such that

F(z) CF(z)+V +C (F(z) C F(z)+V — C, respectively)

holds for all x € domF NU.

2. If F' is upper C-continuous and lower C-continuous at Z simultaneously, we say that it is C-continuous
at z; and F is upper (respectively, lower) C-continuous on D if it is upper (respectively, lower) C-
continuous at every point of D.

3. If F is single-valued, then the upper C-continuity and the lower C-continuity of F' at & coincide and
we say that F' is C-continuous at Z.
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Remark 2.7. If Y = Rand C =Ry ={z € R:2 >0} (or C =R_ ={z € R: 2z <0}) and F is
C-continuous at Z, then F' is lower semicontinuous (upper semicontinuous, respectively) at Z in the usual
sense.

Definition 2.8. (Luc [9]) Let Z be a real topological vector space, C' C Z be a pointed closed convex cone
with intC' # (), and A be a nonempty subset of Z.

1. For 21,29 € Z, denote z1 < zo if and only if z0 — 21 € C, and 21 < 29 if and only if 29 — 21 € intC.

2. A point z € A is said to be a vector minimal point (respectively, weakly vector minimal point) of A if
forany z € A, z — z ¢ —C '\ {0} (respectively, z — zZ ¢ —intC'). Moreover, the set of vector minimal
points (respectively, weakly vector minimal points) of A is denoted by mén(A) (respectively, wrgin(A)).

Lemma 2.9. (Luc [9]) Let A be a nonempty compact subset of a real topological vector Z and C C Z be a
closed convex cone with C # Z. Then m(}n(A) # 0.

Definition 2.10. Let X,Y be two topological spaces; F' : X — 2Y is said to have open lower sections if
Fly)={re€X:yec F(x)}is open for any y € Y.

3. The equivalence of KKM theorem with Browder-Fan fixed point theorem
Let us recall two fundamental results of the KKM theory in topological semilattices.

Theorem 3.1. (Horvath and Ciscar [6]) Let X be a topological semilattice with path-connected intervals,
C C X a nonempty subset of X, and T : C — 2% be such that:

(1) T has closed values;

(2) T is a KKM mapping;

(3) There ezists xo € C' such that the set T(xq) is compact.
Then we have the set NyecT (x) is not empty.

Theorem 3.2. (Luo [10]) Let X be a topological semilattice with path-connected intervals and T : X — 2%
be such that:

(1) For each x € X, the set T'(x) is not empty and A-convex;

(2) For each y € X, the set T~1(y) is open;

(3) There exists xo € C such that the set X \ T~(xg) is compact.
Then there exists x* € X such that z* € T'(x*).

To prove the equivalence of these theorems we need some auxiliary results. In what follows, we denote
by (B) the family of all finite subsets of B.

Let C be the family of all convex subsets of a semilattice X and A is an arbitrary subset of X. We set
COa(A)=n{EeC:ACE}

One can see without difficulty that a subset E of X is A-convex if and only if COA(E) = E. The proof
of Lemma 2.1 in [14] can be modified accordingly to obtain its version in semilattices as follows:

Lemma 3.3. Let X be a semilattice and E be a nonempty subset of X. Then
(1) COA(E) is a A-convex subset of X;
(2) COA(E) is the smallest A-convex of X containing E;
(3) COA(E) = U{COa(A): A€ (E)}.

Proof. (1) Let A € (COA(FE)). Let D be any A-convex subset of X containing F. Then A C COA(FE) C D,
so A € (D) and hence A(A) C D. Thus

A(A) c {D: D is a A-convex subset of X containing E'} = COA(E).
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Therefore COa(E) is A-convex.

(2) It is clear from the definition of COA(E) and (1).

(3) Let M =U{COA(A): Ac (E)}. By (1), M C COA(E). On the other hand, it is clear that E C M.
Thus to complete the proof, it suffices to show that M is A-convex. Indeed, let B = {z1,z2,...,x,} € (M)
be given. Then for each i = 1,2, ..., n, there exists A; € (E) with z; € A(4;). Let A =U' | A;, then A € (E)
and B C U A(A;). Since A(A) is A-convex, A(B) C A(A) C M. Hence M is A-convex. O

Lemma 3.4. Let X be a topological space and Y be a semilattice. Suppose the mapping ¢ : X — 2V \ {0}
is such that for eachy € Y, ¢~ (y) is open in X. Define ¢ : X — 2¥ \ {0} by ¢(x) = COa(d(z)) for each
x € X. Then for each y €Y, ¥~ (y) is open in X.

Proof. Let y € Y be given. By Lemma 3.1, if z € ¢~!(y), then
y € Y(x) = COa(g(x)) = U{A(A) : A € (4(x))}.
Let A = {a1,a2,...,an} € (¢(z)) be such that y € A(A). Then z € N™_,¢ *(a;) which is an open neigh-

bourhood of . Let U = N™_ ;¢ *(a;), then for each z € U, a; € ¢(z) for each i = 1,2,...,n so that
y € A(A) C COA(é(2)) = 9¥(2). Hence z € 1~ (y) for each z € U and hence x € U C ¢~ !(y). Therefore

¥~ 1(y) is open in X. O
Now, we are in a position to state the first new result of this paper.
Theorem 3.5. Theorems and[3.9 are equivalent.

Proof. Theorem — Theorem Let us assume that the conditions of Theorem hold. We
define G : X — 2% by G(y) = X \ T~!(y) for each y € X. We have

NGy =x\{JT =0

yeX yeX

Therefore, G is not a KKM mapping. Hence, there exists A = {x1,z9,...,2,} C X such that A(A) ¢
UzeaG(x). We infer that there exists z* € A(A) such that z* ¢ G(z;) for all ¢ = 1,2,....n. Thus
x* € T~Y(x;) for all i = 1,2, ...,n. It follows that z; € T(z*) for all i = 1,2,...,n. Then z* € A(A4) C T(z*).

Theorem [3.2] = Theorem [3.1 We assume that the conditions of Theorem [3.1] hold. For a con-
tradiction, asumme that, NyecT(z) = (. Then we can define a set valued mapping ¢ : X — 2% by
o(x)={y e C:x ¢&T(y)}. Clearly ¢(z) is a nonempty subset of X for each z € X. It follows that for
each y € X, ¢~ *(y) = X \ T(y) is open in X. Let ¢ : X — 2% be the set-valued mapping defined by
Y(z) = COap(x) for each z € X. Thus for each x € C, ¢(x) is a nonempty A-convex subset of X and by
Lemma ¥~ Y(y) is open for each y € X. Finally, X \ ¢~ (zo) C X \ ¢ 1(w0) = T(x0) is compact. Hence
by Theorem there exists a point * € X such that

7' € h(a") = COxd(a") = U{A(A) : A € (9(a"))}.

This implies that there exists A = {1, 29, ...,7,} € (¢(x*)) such that 2* € A(A). Then z* € ¢ (z;) =
X\ T(z;) for i = 1,2,...,n. This means that z* ¢ T'(z;) for i = 1,2,...,n, ie, * ¢ U T (z;), which
contradicts the hypothesis (2) of Theorem Hence NyecT(x) # 0. O]

4. Ky Fan inequality and Sion-Neumann minimax theorem for set-valued mappings

We shall denote by sup A (resp. inf A), where A C Y, the set of all efficient points of the set A (the
closure of A) with respect to C' (resp. with respect to —C), i.e.,
supA={a€A:(a+C)NA={a}};
infA={a€A:(a—C)NA={a}}.
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Recall that A is bounded with respect to C, if the set (a+ C)N A is bounded for every a € A. A classical
lemma of R. Phelps [I3], which we shall use in the sequel, states that if A is bounded with respect to C
(resp. with respect to —C'), then sup A # 0 (resp. inf A # (}) and

ACsupA—C (resp. ACinf A+ C).

We shall say that a set-valued mapping F : X — 2¥, where X is a topological space, is bounded with
respect to C, if for every € X and every y € F(x) the set (y + C) N F(x) is bounded.
We have the following result (see [I7, Theorem 3.5] for more general case).

Theorem 4.1. Let K be a nonempty compact A-convex subset of a semilattice X with path-connected
intervals, Y a topological vector space, C a closed convex pointed cone with intC # O and F : K x K — 2Y
a set-valued mapping. Assume that

1. For each x € K, F(z,x) C —C;
2. For each y € K, F(.,y) is lower C-continuous;
3. For each x € K, F(x,.) is type II —Ca-quasiconvez.

Then the solution set
S={reK:F(x,y) C —C, foralye K}

s a nonempty compact subset of K.

Proof. We define T : K — 25 by

T(y)={x € K : F(x,y) C —C}, for each y € K.

We show that T'(y) is closed for each y € K. Taking # € T'(y), the closure of T'(y), we shall deduce that
z € T(y). By (2), the lower C-continuity of F'(.,y) implies that for any neighborhood V' of the origin in ¥’
there is a neighborhood U(Z) of Z such that

F(z,y) C F(z,y)+V —C, forallz € U(z).
Let {z4} be any net in T'(y) converging to Z, hence there exists 8 such that z, € U(Z), Ya > 8 and then
F(z,y) C F(za,y) +V - C, Ya > [

and so
F(Z,y) C F(za,yi)) +V -CC-C+V—-CcC—-C+YV foralV.

Since C'is closed, the last inclusion shows F(Z,y) C —C. Therefore, € T'(y) and T'(y) is closed.

We shall show that for each xz € K, P(x) = {y € K : F(z,y) ¢ —C} is A-convex. Suppose that there exists
an 2’ € X such that P(2') is not A-convex; then there exist y',3? € P(z') such that A({y!,v?}) ¢ P(2),
i.e., there exists a z € A({y',y?}) and z ¢ P(2'); hence F(2',z) C —C. By (3), we have either

F(a',y') c F(a/,2) - C

or
F(z',y?) c F(a',2) - C.

Consequently, we have either
F(a',y')c F(a',2)-Cc-C—-Cc-C

or

F@',9?)Cc F(a!,2)—Cc-C—-Cc —C,
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which is a contradiction. Therefore, for any x € X, P(x) is A-convex.
Finally, we prove that T is a KKM mapping. Suppose on the contrary that 7" is not KKM. Then there
exists A = {y1,v2,...,yn} C K such that

n

A4) ¢ |7

=1

Thus there exists z € A(A) such that z & |J;"; T'(y;). Hence z & T(y;) for all i = 1,2,...,n. It follows that
y; € P(z) for all i = 1,2,...,n. Since P(z) is A-convex, we have z € A(A) C P(z), i.e., F(z,2z) ¢ —C, which
contradicts the hypothesis (1). Then 7" is a KKM mapping. By Theorem we infer that

(T #0
yeK

and the solution set S = {z € K : F(x,y) C —C, for all y € K} is a nonempty compact subset of K. O

Theorem 4.2. Suppose that X,Y are compact topological semilattices with path-connected intervals, C is
a closed convex pointed cone with intC # () in a topological vector space and F,G : X xY — 2F are
two set-valued mappings such that the set Uycy sup Uzex F(x,y) is bounded with respect to —C' and the set
Ugex inf Uyey G(x,y) is bounded with respect to C. Suppose that F' and G satisfy the following conditions:

1. F(z,y) — G(x,y) C =C for everyx € X,y € Y;

2. G(z,.) is C-A-quasiconcave on'Y for every x € X and F(.,y) is —C-A-quasiconcave on X for every
yey;

3. G(.,y) is lower —C-continuous for every y € Y and F(z,.) is lower C-continuous for every x € X.

Then there exist two points
21 € sup Ugex inf Uyey G(z,y)

and
29 € inf Uye g sup Ugex F(x,y)

such that z1 — z9 € C.

Proof. Define the mapping H : X x Y x X xY — 2F by
H(&,9,2,y) = F(z,9) — G(Z,y).
Applying Theorem for H we obtain that there exist xg, yo such that
H(xo,y0,2z,y) C —C, Yre X, Vy ey,
whence
sup Uzex F(,90) — inf Uyey G(x0,y) C —C. (4.1)
Using Phelps lemma stated at the beginning of this section, we have
sup Ugex F'(w,y0) C inf Uyey sup Ugex F(2,y) + C

and
inf Uyey G(x0,y) C sup Uzex inf Uyey G(z,y) — C.

Therefore, by (4.1)) there exist

21 € sup Ugex inf Uyey G(z,y), ¢1 € C
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and
2o € inf Uyeg sup Ugex F(z,y), c2 € C

such that
29+ co — (Zl — Cl) e —C,

which implies
z21—z20€Ci4+c14+c2CC.

O

Remark 4.3. Theorem is a set-valued version of Ky Fan minimax inequality, while Theorem is a
set-valued form of Sion-Neumann type minimax theorem in topological semilattices.

5. The existence of (weak) Pareto equilibria

The following theorem, the proof of which is contained in the proof of Theorem 3 of Horvath and Llinares
Ciscar in [6], will be the basic tool for our purpose.

Theorem 5.1. Let X be a compact topological space, Y be a topological semilattice with path-connected
intervals and T : X — 2Y have nonempty A-convex values and open lower sections. Then there is a
continuous selection f: X =Y of T such that f = goh where g: A, =Y and h: X — A, are continuous
mappings and n is some positive integer.

Lemma 5.2. Let I be an index set and for each i € I, let X; be a nonempty, compact and A-convex subset
of a topological semilattice with path-connected intervals and X = [[,c; X;. For eachi € I, letT; : X — 2Xi
be a set-valued mapping such that

1. T; has nonempty A-convex values;
2. T; has open lower sections.

Then there exists a point v € X such that v € T(x) := [[,c; Ti(x); that is, x; € T;(x) for each i € I, where
x; = mi(x) is the projection of x onto X; for each i € I.

Proof. By Theorem for each i € I, there exists continuous mappings g; : A,, = X; and h; : X — Ay,
such that f; = g;oh; is a continuous selection of T;, where n; is some positive integer. Now let S = Hz‘e 1Ay,
For each i € I, let E; be the linear hull of the set {eg,ei,...,e,,}, then E; is a locally convex topological
vector space as it is finite dimensional and A, is a compact convex subset of E;. Let E = [[..; E;, then E
is also a locally convex topological vector space and S is also a compact convex subset of E.

Now define continuous mappings g : S — X and h: X — S by

g(t) = [[9i(mi(¥)), vt € S and h(z) =[] hi(x), ¥z € X,

i€l iel

i€l

where 7; : S — A, is the projection of S on A,,, for each ¢ € I. By Tychonoff fixed point theorem [I5], the
continuous mapping hog: S — S has a fixed point ¢t € S, i.e., t = ho g(t). Let T = ¢(t), then we have

r=gon@ =g [[1)
i€l
= Hgi (ﬂ'i < H hz(x)>> = Hgi o hxf)
i€l i€l i€l
It follows that Z; = g¢; o h;(%) € T;(%) for each ¢ € I. This completes the proof. O

From Lemma [5.2], we have the following fixed component theorem in topological semilattices.
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Theorem 5.3 ([18]). Let {X;}icr be a family of compact A-convex sets each in a topological semilattice
with path-connected intervals, X = [[;c; Xi, and {T; : X — 2XiYicr a family of mappings satisfying the
following conditions:

1. each T; has A-convex values;

2. each T; has open lower sections.

3. for each x € X, there exists i € I such that T;(x) # (.

Then there exists x = (x;)ie; € X and i € I such that z; € T;(x).

It is easy to see that Theorem is equivalent to the following maximal element theorem for a family
of mappings.

Theorem 5.4. Let {X;}icr be a family of compact A-convex sets each in a topological semilattice with
path-connected intervals, X = [[;c; Xi, and {T; : X — 2XiYicr a family of maps satisfying the following
conditions:

1. each T; has A-convex values;

2. each T; has open lower sections.

3. for each x = (x;)ier € X and i € I,z; & T;(x).

Then there exists T € X such that T;(Z) =0 for alli € 1.

The above theorem will be used in the main result of this section.
Let (X;,<;),i € I, be a family of topological semilattices, and let X and X_; be the product spaces with

the product topology, i.e.,
X=][xi X.:= ][] X
il Jje\{i}
For x,2" € X := [[;c; Xy, define 2 < 2’ if and only if x; <; 2}, then (X, <) is a topological semilattice with
[sup{z, 2'}]; = sup{z;, 2]} for each i € I (see [6]). For any x € X, x = (z_;,x;), where z; € X;, z_; € X_;.
Let Y be a Hausdorff topological vector space. For each i € I, let A; : X — 2% be the ith constraint
correspondence and Fj : X — 2Y the ith pay-off mapping. The following result is Theorem 4.1 in [18].

Theorem 5.5. Let I be any index set and for each i € I, X; be a nonempty compact A-convex subset of a
topological semilattice with path-connected intervals,

X=]]x xa= [] X

iel JEN{i}

For each i € I, let Y; be a locally convex topological vector space and A; : X — 2%, Fy : X — 2% Cj a
closed, pointed and convex cone in Y; with intC; # (). Assume that

1. Vi € I, A; has open lower sections and nonempty A-convexr values;
Viel, the set B, ={v € X : x; € A;(x)} is closed;

Vi € I, F; is upper Ci-continuous with closed values;

Vie I, Fi(zx_;,u;) is lower —Cj-continuous in x_;;

ARl

Vi€ I, for any x—; € X_;, the function Fi(x—;,.) is type II C;a-quasiconvez.
Then there exists x* € X such that for each i € I,

x; € Ai(x™), Fi(a;,u;) C Fi(z*,,z]) + C;, Yu; € Aj(x").
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Let I be any (finite or infinite) index set and for each ¢ € I, X; be topological semilattices. We still use
the following notations X, X_; as in Theorem For each = € X, x; and z_; denote the projection of z
on X; and X_; respectively. Write x = (z_;, x;).

Let I be any set of players. Each player i € I has a strategy set X;, a constrained correspondence A; :
X — 2% apayoff F; : X x X; — 2%, where Y; is a Hausdorff topological vector space, C; is a pointed closed
convex cone in Y; with intC; # () and C; # Y;. A generalized constrained multiobjective game (GCMOG)
I' = (X, A, F;, Cy)ier is a family of ordered quadruples (X;, A;, F;, C;). A point 2* = (z*,,z}) € X is said to
be a Pareto (resp., weak Pareto) equilibrium point of I' if for each i € I, there exists a point 2z} € F(z*,, x})
such that

x; € Ai(z"), z—z & —Ci\ {0}, Vz € Fi(a¥;,u), u; € Ai(z")

(resp.,z; € Aj(x*), 2z —z & —intCy, Vz; € Fi(a®,;,w;), u; € Ai(z™))

Since —intC; C —C; \ {0}, it is easy to see that each Pareto equilibrium point of the GCMOG must be
a weak Pareto equilibrium point of the GCMOG.

Theorem 5.6. Let I be any index set and for each i € I, X; be a nonempty compact A-convex subset of a
topological semilattice with path-connected intervals, Y; be a locally convex topological vector space, C; be a
closed, pointed and convex cone in 'Y; with intC; # 0 and C; #Y;. Let T’ = (X;, A;, F;, C;) be a generalized
constrained multiobjective game. For each i € I, let A; : X — 2%i Fy : X — 2Yi satisfying the following
conditions:

Vi € I, A; has open lower sections and nonempty A-convex values;
Vie I, the set B, ={x € X : x; € A;(x)} is closed;

Vi € I, F; is upper C;-continuous with compact values;

Viel, Fi(x_i,u;) is lower —Cj-continuous in x_;;

Gl =

Vi e I, for any x_; € X_;, the function F;(x_;,.) is type II C;a-quasiconvez.

Then there exists x* € X such that for each i € I, there exists a point z} € F(x*) satisfying
x; € Ai(x"), zi—z & —C; \ {0}, Vz € Fi(a¥,,u;), u; € A;(z")

i.e., x* € X is a Pareto equilibrium point of the GCMOG and so x* € X is also a weak Pareto equilibrium
point of the GCMOQG.

Proof. First, we prove that there exists 2* = (z*;,z}) € [[;,c; Xs such that for each i € I,

x; € Ai(x"), Fi(x™;, z}) ﬂmmF( Ai(x")) # 0. (5.1)

If it is false, then for each x € [[,.; X;, there exists i € I such that either

x; & Ai(x)
or
Fi(z_;,z;) N rr(ljiinFi(x_i, Ai(z)) =0.
But, by Theorem there exists z* = (z*;,27) € [[;,c; Xs such that for each i € I,
xf € Ai(z") and Fy(z;,w;) C Fi(a*,,x}) + Ci, Yu; € Aij(x™). (5.2)

Hence we have

Fi(z*;,z7) N HélIlF( i Ai(z™)) = 0. (5.3)
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By the condition (3), F;(z*,, z}) is compact in Y;, it follows from Lemma 2.2, r%inF( *oxr) # 0. Let

—17 "1

2) € ming, Fy(z* ;, x7) C Fi(z*,,2}). Tt follows from that
S ¢ rrgnFi<mt@-,Ai<x*>>.

k3

Hence, there exist u} € A;(z*;) and 2} € Fj(z*,;,u}) such that
20 € 2 4+ 0\ {0}. (5.4)

By (5.5), there exists z; € F;(x* ;, x7) such that

—1 Z

Z;k €z + . (55)

By (5.4) and (j5.5)), we have

Z?—Zi:ZZQ—Z;—i-Z;‘—Z@'ECZ'\{O}-FCi:Ci\{O}.

—17

and (5.1)) that there exists z* = (m*z, x}) € X such that for each i € I, there exists 2z} € Fj(z*,,z})
satisfying

which contradicts the fact that 2 € minF (x*,,z7). Therefore 1D is true. It follows from Definition

x; € Ai(x™), zi—z7 & —C;\ {0}, Vz € Fi(z¥,,u;), u; € Aj(x"),
i.e., ¥ € X is a Pareto equilibrium point of the GCMOG and so x* € X is also a weak Pareto equilibrium
point of the GCMOG. O

6. Ky Fan-Kakutani type fixed point theorem in topological semilattices

This section is concerned with a Kakutani-Ky Fan type fixed point theorem in topological semilattices
with uniform structure.

Definition 6.1. (Kelly [7]) A uniformity for a set X is a non-void family U of subsets of X x X (called
entourages) such that

1. each member of U contains the diagonal Q = {(z,z) € X},
2. iff U €U, then U! e U, where U= = {(y,7) € X x X : (z,y € U)},
3. ifU elU, then VoV CU for some V € U, where

VoV ={(z,2): Jy € X such that (x,y) € V, (y,2) € V},

4. if U and V' are members of U, then U NV € U, and
5.ifUelUand U CV C X x X, then V € U.

The pair (X,U) is called a uniform space. For each V' € U, we define a neighborhood of = as V[x] :=
{y € X : (z,y) € V}. An entourages V is called symmetric if V' = V=L, In this case, we have

yeVz] e xzeVy.

Let
O ={G C X : for each z € G there exists V € U such that V[z] C G}.

Then O is a topology on X, and it called the topology induced by the uniformity ¢«. Moreover, (X, Q) is
called a uniform topological space.
The uniform space (X,U) is said to be separated if

(V:Vveur=0

in this case (X, O) becomes a Hausdorff space.
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Definition 6.2. A topological semilattice X is said to be a locally A-convex space if X is a uniform
topological space with uniformity & which has an open base § := {V; : i € I'} of symmetric entourages such
that for each V' € j3, the set Vx| is a A-convex for each z € X.

We shall assume that locally A-convex spaces also satisfy the following condition:
Condition (H): {x € X : KN V[x] # (0} is A-convex for any A-convex subset K of X and V € 3 (see,
Horvath [5, Definition 2, p. 345]).

Definition 6.3. (Berge [I]) Let X and Y be two Hausdorff topological spaces and F : X — 2¥ be a set-
valued mapping, then F' is upper semicontinuous at ¢ € X if for each open set U in Y with U D F(zg), there
exists an open neighborhood O(xg) of xg such that U D F(z) for any x € O(x); F is upper semicontinuous
on X if F' is upper semicontinuous at every point in X.

We need the following result.

Theorem 6.4. (Horvath and Ciscar [6]) Let X be a topological semilattice with path-connected intervals,
C C X a nonempty subset of X, and T : C' — 2% be such that:

1. T has closed [resp., open] values;
2. T is a KKM mapping, i.e., for each A € (X),

A(A) c | T(x).

z€A

Then the family {T(x) : x € C} has the finite intersection property.

Theorem 6.5. Let X be a separated compact locally A-convex space with path-connected intervals satisfying
the condition (H) and T : X — 2% be an upper semicontinuous set-valued mappings with nonempty closed
A-convex values. Then T has a fived point, i.e, there exists xg € X such that xo € T'(z).

Proof. Fix an element V of the base 3, then for each x € X, V[z] is an open neighborhood of x. Since T'(X)
is compact, there exists an M = {y1,y2,...,yn} C X such that T(X) C Uyep V[y].

For each y; € M, let G(y;) == {xz € X : T(z) N V[y;] = 0}. Since T is upper semicontinuous and V[y] is
closed, by a standard argument, we can prove that each G(y;) is open. Moreover, since T'(X) C U, V]yil,
we have

n

() Gw) = {xeX:T(m)ﬂUV[yi] :@} = 0.
=1

i=1
Therefore, by Theorem G : M — 2% cannot be a KKM map; that is, there exist an N € (M) and an
zy € A(N) such that zy & G(N) = UyenG(y). Hence T(zy) N V]y] # 0 for all y € N, and

NcL:={yeX :T(xy)NV[y] #0}.

Since T'(xy) is A-convex set and X satisfies the condition (H), L is A-convex. Therefore, zy € A(N) C L
and hence T'(zy) N V[zy] # 0.

So, for each basis element V', there exist zy,yy € X such that yy € T'(xy) and yy € V]zy]. Since T'(X)
is compact and  forms a directed set ordered by inclusion, we may assume that the net {yy} converges to
some xg € K. Since X is Hausdorff, 1 also converges to xg. Since T is upper semicontinuous with closed
values, the graph of T is closed in X x T'(X), and hence we have zy € T'zg. This completes our proof. [
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