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Abstract

This paper is mainly concerned with the existence of solutions for fractional impulsive neutral functional
integrodifferential equations with nonlocal initial conditions and infinite delay. The results are obtained by
the fixed point theorem. (©2012. All rights reserved.
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1. Introduction

Fractional Calculus deals with the generalization of integrals and derivatives of noninteger order. Frac-
tional calculus involves a wide area of applications by bringing into a broader paradigm concepts of physics,
mathematics and engineering [11], [13]. Infact fractional differential equation is considered as an alternative
model to nonlinear differential equations [8]. In [2] [12], the authors have proved the existence of solutions of
abstract fractional differential equations by using fixed point tecniques. In consequence, the subject of frac-
tional differential equations is gaining much importance and attention. For details, see [14} 15, [16] and the
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references therein. Subsequently several authors have discussed the problem for different types of nonlinear
differential and integro differential equations including functional differential equations in Banach spaces.

The theory of impulsive differential equations has undergone rapid development over the years and
played a very important role in modern applied mathematical models of real processes arising in phenom-
ena studied in physics, population dynamics, chemical technology and economics. In [Il [7], Benchohra et
al. established sufficient conditions for the existence of solutions for a class of initial value problems for
impulsive fractional differential equations involving the Caputo fractional derivative of order 0 < ¢ < 1 and
1 < ¢ < 2. In [10], Mophou proved the existence and uniqueness results of a mild solution to impulsive frac-
tional semilinear differential equations. Anguraj and Karthikeyan [3] proved Existence for impulsive neutral
integrodifferential inclusions with nonlocal initial conditions via fractional operators. Benchohra and Seba
[6] studied the existence of fractional impulsive differential equations in Banach spaces while Balachandran
and Kiruthika [5] discussed the existence of nonlocal cauchy problem for semilinear fractional evoluation
equations. Balachandran and Trujillo [4] investigated the nonlocal Cauchy problem for nonlinear fractional
integrodifferential equations in Banach spaces.

In this paper, we consider the following fractional impulsive neutral integrodifferential systems with
infinite delay

DH(z(t) — u(t,zy)) = A(t, z)(z(t) — u(t,z)) + f(t, 2, fg h(t,s,xs)ds),
tGJ:[O,b], t#tk

A$|t:tk :Ik(l‘(t;)), t:tk, k= 1,2,...,7’L

2(0) +9(x) = ¢, ¢ € By

where 0 < ¢ < 1 and the state x(.) belongs to Banach space X endowed with the norm ||.||. Operator A
generates a strongly continuous bounded linear operator on a Banach space X. D{ is the Caputo fractional
derivative. u and f are two given continuous functions, Ij, : X — X, Az(ty) = z(t]) — z(t;,) with z()) =
limy, o+ z(tx + h),.l‘(t;) =limj,_,o- z(tx + h), k=1,2,3,..... n, 0=ty <ty <ty <..<tp,<ths1 =0 Let
x¢(.) denote z4(0) = z(t +6), 6 € (—o0,0].

The rest of this papper is organized as follows. In Section 2, some preliminaries are presented. In Section
3, we study the existence and the uniqueness of solutions for the impulsive fractional system In Section
4, an example.

(1.1)

2. Preliminaries

In this section, we shall introduce some basic definitions, notations, lemmas and proposition which are
used throughout this paper.

Assume that 9 : (—00,0] — (0, +00) is a continuous function satisfyi £ = fi)oo Y(t)dt < +o0. The Banach
space (By, ||.||s,) induced by the function 9 is defined as follows

B - ¥ (—00,0] — X = for any ¢ >0, ¢(0) is a bounded and
v measurable function on [—c,0] and fi)oo I(t)supi<p<o | (0)| dt < 400

endowed with the norm |[j¢f| 5 = ffoo V(s)sups<g<o |¢(0)| ds.
Let us define the space

B 0 (—00,b] - X : ¢ € C(Jp, X), k=0,1,2,...n and there exist
9 = _ . _
p(ty Jand o(t; Jwith(ty) = ¢(t;), o =¢(0) + () = ¢ € By

where ¢y, is the restriction of ¢ to Jy, Jo = [0,t1], Jx = (t,tks1], & = 1,2,...n. Denote by |[|.||B,,, a
seminorm in the space B, which is defined by
el = llells, + maz|leklls,, k=1,2,..n where |[¢g|ls, = supe s, [lor(s)]]-
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Definition 2.1. A function z : (—oo, b] — X is said to be a solution of system [L.1]if 2(0)+g(z) = ¢ € By the
impulsive condition Ax|i—y, = Ii(z(t;)), k = 1,2,...,n is verified, the restriction of x(.) to the interval
Ji(k=0,1,2,...n) is continuous and the following integral equation holds for ¢ € J,

[6(0) — g(x) — u(0, ¢)] + u(t, z)
Jr1“((1) Yoctpet S (b — 8)T A(s, 2)a(s)ds
ot Ju (090" LA(s,)a(s)ds

( Do<ty<t Lik (e — 8)T L A(s, 2)u(s, xs)ds

2(t)=4 TW@ (2.1)
F(q) ftk (t — )7~ 1A(3 x)u(s, xs)ds
+1-(q) Zo<tk<t ‘ftk ) q 1f 8 :L‘s,fo S, T, xT)dT)dS
+F(q j;k 5)1~ 1f (s xs,fo 8,7, 1, )dT)ds

+ 20<tk<t Ii(x ( k)

Definition 2.2. The Riemann - Liouville fractional integral operator of order ¢ > 0 of function f € L'(R")
is defined as

1 t
I7 f(t :/ t—s) 1 f(s)ds, t>0
810 = i [ (=97
where T'(.) is the Euler gamma function.

Definition 2.3. The Caputo fractional derivative of order ¢ > 0, n — 1 < g < n, is defined as

=y (= )N O 5)ds, ¢ >0

0T = 10 =)

where the function f(t) has absolutely continuous derivatives up to order (n-1).
If 0 < ¢ <1, then

t
DL S(0) = = [ (= 9D s

F(l—q 0

where f(1)(s) = Df(s) = 42

We shall state some properties of the operators I, and D,

Lemma 2.4. . For a, 8> o0 and f as a suitable function, we have
(i) I°I°f(t) = I+ f(t)
(ii) I°I°f(t) = IP1°f (1)
(i) I*(f(8) +g(t)) = I f(t) + [%g(t)
(iv) I® <DYf(t) = f(t) — f(0),0 < < 1
(v) “DI*f(t) = f(t)
(vi) cDf(t) = I'=9Df(t) = I f'(t),0<a<1,D=4

(vii) D™ °DF f(t) # <D HH) f(t)
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(viii) ¢D* ¢DPf(t) # °DP ¢Df(t)

Zhang and Xiyue Huang [18] proved the existence and uniqueness of mild solutions for impulsive frac-
tional equations with nonlocal conditions and infinite delay , in which A is a infinitesimal generator of
strongly continuous semigroup. But in [4], Balachandran and Trujillo observed that both the R - L and
the Caputo fractional differential operators do not possess neither semigroup nor commutative properties,
which are inherent to the derivatives on integer order.

Theorem 2.5. ([17])
Let B be a convex, bounded and closed subset of a Banach space X and N : B — B be a condensing map.
Then N has a fixed point in B.

Lemma 2.6. ([9))
Assume that x € By then, fort € J, xy € By. Moreover

Uz < llzells, <0llB, + € supseio

|z (s)]]-

3. Main results

For ¢ € By, we define gE by

then é € By. R
Let z(t) = y(t) + ¢(t), —oo <t < b.
It is evident that y satisfies yo =0, ¢ € (—o0,0], and

w(t) = [=g(y + ) — u(0,9)] + ult, ye + J)

tk N
b X[ =T Ay + )+ B)(s)ds

1 t —5)7 A(s ) 5)(s)ds
g L 9 A+ )+ )
1

tk ~ ~
Ly / (t — 5)" " As,y + D)uls, ys + bs)ds

I'(9) o<tj<t”th-1

1 t A A
_ I‘(q)/; (t — S)q_lA(S,y + gb)u(s’ys + ¢S)ds
1 178 ) 5 )
+ = (t - S)q—lf(says + QZ)S, h(577-’ Yr + ¢7)d7')d8
0,2, I /
+ I‘(lq) /t:(t — S)q_lf(Says + QQ)S, /OS h(s, 7,y + éT)dT)dS
Y Ilylt) + (), o
0<trp<t

if and only if x satisfies x(t) = ¢(t), t € (—o0,0] and x satisfies equation
For brevity let us take

H(zy) = /0 (s, an)dr

We assume the following conditions to prove the existence of solution of the equation [L.1
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(H1) A:Jx By — B(X) is a continuous bounded linear operator and there exists a constant M > 0, such
that [|A(t,x) — A(t,y)|| < M|z — y||B,, for all z,y € By.

(H2) The function u : J x By — X, and there exist two positive constants A; and Ay such that the function
satisfies the Lipschitz condition

[luls, 2e) = uls, y)ll < Aalllwe — well By, ), A2 = supees||u(t, 0)]|.

(H3) f:Jx Bygx X — X | and there exist two positive constants K7, K2 such that

I[f(t, b1, 01) — f(t, b2, y2)|| < Ki([|o1 — b2llB, + [y — v2l]),
K2 = SuptEJHf(taOaO)H'

(Hy) h: A x By — X |, where A = {(t, 5):0<s< b} , equipped with positive constants P;, P, satisfying
||h(t’57¢1) - h(t’sagb?)H < P1(||¢1 - ¢2HBW)7 Py = Sup(t,s)Hh(tv 570)”‘

(Hs) I, : X — X are continuous, and there exists a constant p > 0 such that
[ Ik(z) — I(y)|| < pllz—vyll, k=1,2,3,...n.

(Hg) g: By — X is continuous and there exist some positive constantdy, o such that
lg(@) — 9| < d1llz — yllp, and [|g(@)]| < d1l|z[|p; + d2.

(Hz) [01L + 02 + M(L1 + [l B,) + 20 + T+ pn(r + 7 |¢l |, + [6(0)))] <r
where T = T U (ML + K)(L+ M L1+ A) + K1 Ly + Kib(PL Ly + Py) + K|
and L =1 +||¢||p, +|¢(0)] , L1 = £(r +[¢(0)]) + ||| 5,

Theorem 3.1. Suppose that conditions (Hy) — (Hz) are satisfied with 6 + M { < 1 then system[1.1] has a
solution.

Proof 1. Define © : By: — By by
Oy(t) = 0, t € (—o00,0]

Oy(t) = [~g(y+9) —u(0,9)] +ult,ye + )

Loy /'“ (th — )T A(s,y + ) (y + ) (s)ds

I'(q) 0<tr<t’th—1
+I‘(1q) /t (t—s5)1 A(s,y + 0)(y + ¢)(s)ds
o<tp<t”’th-1
r(lq)/t (t — $)7 A(s,y + D)uls, ys + ds)ds

1 P o1 . .
T/ - S S99 S S d
ﬂmmggl;ﬁkS)f@w+¢ H(ys + d.))ds

1

+H@A}@WV@%+@WW%+@mw

+ Y Lyt + o), teld

O<tp<t

Clearly, y is a fixed point of © then y +g§ is a solution of the system We shall show that © satisfies the
hypotheses of Theorem
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Define the Banach space (Byw, ||.||B,,) induced by By ,

By = {y € By : yo = 0 € By} with norm ||y||s, = sup{|y(s)|: s € [0,b]} .
Set B, = {y € By : ||yl|B, < r} for some r > 0 then B, for each r, is bounded, closed convex subset of X.
For any y € B,, by Lemma [2.6] we have

lye + dellB, < [1éllB, + £lr + |6(0)]],

ly +dlls, < r+118lls, +16(0)],

IN

supies [y(t) +6(0)] < r+6lls, +16(0)].

Now we proceed in Two steps.
Step I:We claim that there exists a positive integer r € N such that ©(B,) C B;.

There exists a positive number r such that B, is clearly a closed bounded convex set in By.
For each positive integer r, there exist y, € B, and t(r) € (—o0, b] such that

10N EDI < [I[=9(y" + &) = (0, H)]l| + [[ult(r), Yur) + Bur))]

g X A 4 O+ )

['(q) O<tpet(r) th1
1 [t . o
+r<q>/tk (t(r) = )" M| A(s,y" + O) (" + 6)(s)l|ds

1 b
Loy / (ts — )T | A(s, 5" + d)u(s, yf + &s)]|ds

P(q O<tp<t(r)” th=1

1 t(r) - ) ) ) )
F(Q)/tk (t(r) —s)? 1HA(s,y + )uls,y! + bs)||ds

1 ty 1 R N
LSS / (t — )T 1 (5,5 + oy H(E + )| ds
F(q) th—1

0<tp<t(r)

1/%@() T\ f (5,95 + be Hyh + 69)lld
T tk r) = 8)T S (s, y5 + ¢ H(ys + 6s))llds

+ > L) + o)
0<ty<t(r)
L+ 52+ M(Li +|9llB,) + 2X2
bi(n+1)
_1_7
I'(g+1)
+E1b(PLLy + Py) + Ko + pn(r + €7 |¢]| 3, + [6(0)])
< r
where L =1+ |[¢]|B, + [¢(0)] , L1 = £(r + |6(0)]) + [[¢]|B,-
Using (Hr7) , for some positive integer r , ©(B,) C B,.
Step II:Now we claim that the operator © = ©1 + O, is condensing , that is ©1 is a contraction and Os is
compact.
The operators ©1 and ©4 are defined on B, respectively by,

IN

[(ML+ K)(L+MLi+ M)+ K1L;

0, t € (—o0,0]
(©1y)(t) =

[—g(y + &) — w(0, )] + u(t,yi + 1), tel.
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0, t € (—o0,0]
zkﬁqﬁflm $)ILA(s, y + B)(y + ) (s)ds
)ft )L A(s, y + ) (y + ) (s)ds
(©2y)(t) = O 20<tk<t f%k (te = 8)T VA, y + )uls, ys + ds)ds
raﬁ D AG Y+ Duls,ys+ dods
(1q) Z0<tk<t ftk 1 tk - S)q 1f(8 Ys + ¢sa (Z/s + ¢s))d$
1 j;,k t_s)q lf(s y8+¢877 (y5+¢8))d8
{ + ZMN Ky(to) + o(t)), ted.
We take y1,y2 € B, arbitrarily.
By (H2) and (Hg), we have
1(©1y1)(t) — (©ry2) Il < dullyr — yallBy + Alllyr — v2llBy,
since |[y||B, < Cl|yl|B,,
1(©1y1)(t) — (Cry2) Il < (31 + MO)ly1 — v2llB,,
< ly1 —v2llB,,
since 01 + A\f < 1. Therefore ©1 is a contraction.
Next, we prove that ©s is continuous on B,.
Let {ym},_, € By, with y, — y in B, . By (H1), (H3), (H4) and (H5) we have
1 173 1 o o
1(©2y)(t) — (O2ym)(B)]| < > / (tk —s)" [|A(s,y + &) (y + &)(s)
F(Q) 0<tj<t”th-1
—A(8,Ym + 6)(ym + &) (s)||ds
1 / 1 N N
+—— t— )T |A(s,y + &) (y + &) (s
) tk( )7 A(s, y + 0)(y + 0)(s)
—A(s, ym + &) (ym + 0)(s)||ds
1 b _ . .
+m Z (tk _S)q 1|’A(Say+¢)u(37ys+¢s)
1) o gpet/thm
—A(8, ym + D)u(s, yms + Ps)||ds
1 /t . ) .
T t—s)T|[A(s,y + d)u(s, ys + és
F(Q)tk( ) A(s, y + )uls, y )
_A(S Ym + (25) (S Yms T ¢s)”d$
1
o) (11— )71 (5,5 + s H (s + 1))
) 0<tj<t”th—1

—f (8, Yms + ¢87 H (yms + ¢S))||ds

t ~ ~
+]/@—W*W@%+%H%+@D

F(q) tr
_f(syyms + és: ) H(yms + (ng))HdS

+ > Hly(ty) + 0(8)) = Inlym () + d(t)]]

O<trp<t
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(n+1)b
Tlar 17 (M + 11611z, + 16(O)] + K)(1+ )

+M(r + [¢(0)] + |, + M le(r +[4(0)])

Pib
+|8l]B,] + A2) + K1£(1 + m)my — Yml|B,

+ > Iy(t) + o(8) = Iulym(t) + ().

O<tp<t

[1(©2y)(t) = (O2ym)(t)]| = 0 as m — oo

Thus , ©5 is continuous.
Next, we prove that {@2y Ty € Br} is a family of equicontinuous functions.
Let 0 < t; <ty <b. Then

1(©2y)(t2) — (O2y)(t1)|| < Li+Ia+Is+Is+ 15+ I + Iy

where

I

I

I3

1y

I

1 tr — ~
@[H 3 / (te — )7 " A(s,y + &) (y + ¢)(s)ds

O0<tr<to tk—1

S / C (b — 8)T A,y + ) (y + 8)(s)ds]]],

0<tj<ty Y th—1
f (1 [ 9 A+ D+ d)s — [0 Ay + D)+ Dshas]
F(Q) t ? ’ e ’ ’
L[H Z / ' (tr — $)T A(s,y + d)u(s, ys + ds)ds

(Q) 0<tp<ty  th—1

_ Z / * (t — s)qflA(S, Y+ q@)u(s, Ys + <£8)d5”]7

0<tp<ty k-1

L] A O R O R Ty R O e R e e
tr R R

LTSS e )T s, + by s+ )

L'(a) 0<tj<ty” k-1

N Z /k (tk_S)q_lf(373/s+<Z>SaH(ys+<l§S))dsH}7

0<tp<t; ’th—1

1 " q— f 5 f — ~ .
) [|| 5 (ta — 8)17 L f(s,ys + s, H(ys + ¢s))ds — /tk (t1 — $)I7 L F (s, ys + bs, H (ys + qbs))ds!l],
1> Lyt +t0)) — > Ilylty) + o )|l-

0<t<ta 0<tp<ti

Clearly 11, I, I3, 14, I, I, I7 tends to 0 when t1 — to.
Therefore, we conclude that lim;, 4, I; = 0,1 =1,2,3,4,5,6,7. Hence ©O2B, is equicontinuous.
Next , we claim that ©9 B, is precompact.



A. Anguraj, M. Latha Maheswari, J. Nonlinear Sci. Appl. 5 (2012), 271-280 279

Let 0 <t < b be fixed and let € be a real number satisfying 0 < e < b. For y € B, , we define

©5)(t) = F(lq) 3 / "t — )T A,y + D)y + B)(s)ds
O<tr<t”th—1
Y 3 . R
i / (t— )T A,y + B)(y + &) (s)ds
1

12
— 51y 2 . As
T 0;@ /t“(t’f s)TAls, y + P)u(s, ys + ¢s)ds

1 / - (¢ — 8T A(s, y + B)uls, s + Bs)ds
F(q) 'Y y Ys s
b O /tk (tr = )77 (5,55 + b, H(ys + ¢5))ds
F(q) i - k y Ys Sy Ys s
+1/t e(t*S)q‘lf(s + b5, H(ys + ¢5))ds
F(q) tk 7y8 Sy ys S
+ ) Lyt + o))
0<tp<t

since the operator A(t,x) is compact for ¢t > 0, for every e sufficiently small, 0 < e < b,

1(©29)(t) — (©39) (B[] = |l

1 t _ a1 A R N o)ds
r<q>/t_ﬁ )1 A(s,y + 0)(y + B)(s)d

1 t X A
_@ /t (t — S)qflA(S,y —+ ¢)U(S,y5 + Qbs)dS
1 ' 1 ~ .
+W /t_ (t—8)T"f(5,ys + Ps,, H(ys + ¢s))ds||
< F(qlJrl)[(MLJr K)(07 Ly + MLy + o)

+(K 1Ly + K1b(P1Ly + P>) 4+ Ko)le?

Therefore, letting e — 0, we see that there are relatively compact sets arbitrarily close to the set {(@gy)(t) :
y € BT}. Hence {(@w)(t) RS BT} is relatively compact in By.

As a consequence of the above steps and the Arzela-Ascoli Theorem, we can conclude that ©, is a
compact operator. These arguments enable us to conclude that ® = ©; + O, is a condensing map on B,
and Theorem gives the conclusion that the system has a solution.

4. An Example

Consider the following fractional integrodifferential equation with impulsive condition of the form

—ty

- e tx x
D (z(t) — 7(9-1-@75)( )) = %smx(t)[x(t) — (9+et)(1+x)] + (t+12) 1-|F|‘37| i fo
_ l=3)
Al‘|t:% Tl (4.1)

z(0) + 5+$ = g

where 0 < ¢ <1 Take J=1[0,1],b =1

Let A(t,z) = 3sinz(t) , H(zs) = [ e 3 ds
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Ftw H(ws)) = g ey + 4 Jo e s

u(t,z) =

et

m,wheretEJ,xeX:R.

If x,y € X and t € J then we have

1A(t, ) = At )l < glle = yll, [[H (2s) — H(ys)l] < 3llz = yll,

1t 2, Hxs)) = f(ty, H(ys))l| < 3llle —yll + |1H (zs) — H(ys)[],

|[Tx(z) —
here P; =

Y
%7 Klziu ,U':%a Alzﬁa 51:%
Let 9(t) = e!, therefore £ = fi)oo I(t)dt = f?oo eld

L)l < gllz —yll, [[ult 20) = ult, y)ll < tollze = well, [lg(2) — 9wl < 3llz = yll.

t=1<+o0

hence §; + M4 = 1% < 1.
For some ¢ € [0, 1], all the hypotheses of the Theorem are satisfied. Hence the problemhas a solution.
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