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Abstract

In this paper, we prove, via new projection algorithm, the existence of solutions for functional differential
inclusion governed by state dependent sweeping process with perturbation depending on all variables and
with delay. (©2014 All rights reserved.
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1. Introduction

Functional differential inclusions with delay, express the fact that the velocity of the system depends not
only on the state of the system at a given instant but depends upon the history of the trajectory until this
instant. The class of differential inclusions with delay encompasses a large variety of differential inclusions
and control systems. In particular, this class covers the differential inclusions, the differential inclusions
with delay and the Volterra inclusions. A detailed discussion on this topic may be found in [I].

Let H be a real separable Hilbert space with the norm || - || and scalar product (-,-), I an interval of R and
T a positive scalar. Denote by C(I,H) the Banach space of continuous functions from I into H. By C; we
mean the Banach space C([—7,0]) with the norm ||¢||, := n[aax | lle(s)]l-

se[—T1,0

For T > 0, z € C([r,T],H) and for any ¢ € [0,7] we define the map 7 (¢) from C([—7,T],H) into C; as
follows
T(t)x := (2)t, (2)e(s) =x(t+s), forallse[—7,0].
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T (t)z represents the history of the state from the time ¢t — 7 to the present time ¢.
In this paper, we present an existence result for functional differential inclusion governed by state dependent
sweeping process
—ﬂ(t) S NC(t,u(t)) (u(t ) + F(t, T(t)u) a.e. on [O, T],
u(t)) € C(t,u(t)), for all ¢t € [0,T], (1)
u(s) = T(0)u(s) = p(s) forall se[—T,0], '
p(0) = a € C(0,a),

where C : [0, T] x H — 2 is a set-valued mapping taking values in a Hilbert space H and F : [0, 7] xC, — 2%
is a set-valued mapping with convex weakly compact values. Here Ne ;1)) (u(t)) denotes the convex normal
cone to C(t,u(t)) at u(t).
Such problems with delay and convex compact valued upper semicontinuous perturbations have been studied
[5, 16, [§] in the case when C' does not depend on the state u € H.
Recently, in [4], the authors have obtained an existence result for (i.e C depends on the time ¢ € [0, 7]
and state u € H) via an implicit discretization technique based on the fixed point theorem. The main purpose
of this paper is to give a new proof of the the existence of solutions for . Our proof is different from
those given in [4], the main difference concerns with the convergence of a new explicit projection algorithm
to a solution of . The problem is motivated by some applications in mathematical economics,
mechanics, control theory and viscosity, see ([2, [3} 10, O 1T, 12]).

The paper is organized as follows. In section 2, we recall some definitions needed in the sequel of the
paper. Section 3 is devoted to prove the existence of solutions of .

2. Notation and preliminaries

In the sequel, H denotes a real Hilbert space with the norm || - || and scalar product (-,-). Let S be a
closed subset of H. We denote by B(z,r) the closed ball centered at z with radius r > 0 of H and by dg(.)
the usual distance function associated with S, i. e. dg(x) := ing |z — u|| (x € H).We need first to recall

ue

some notations and definitions needed in the paper.
Let £([0,T]) be a o— algebra of Lebesgue measurable subsets of [0,7] and let B(X) be a Borel tribe
of the topological space X. A set-valued mapping F : [0,7] — 2% is measurable if its graph belongs to
L([0,T]) ® B(H).
Let ¢ : H — RU {400} be a convex lower semicontinuous (l.s.c) function and let 2 be any point where ¢ is
finite.

We recall that the subdifferential Op(x) (in the sense of convex analysis) is the set of all £ € H such that

(€,2" —x) < p(2’) — p(x),for all x € H.
By convention we set dp(x) = 0 if p(z) is note finite. The support function of a convex C' C H defined as

0*(z,C) =sup < x,c >, for z € H.
ceC

Let S be a nonempty closed convex subset of H and = be a point in S. The convex normal cone of S at x
is defined by (see for instance [I}, [6])

Ng(z) ={£ € H, (£,2' — x) <0 for all 2’ € S}.

It is well known (see for example [6]) that Ng(x) the normal cone of a closed convex set S at x € H can be
defined in terms projection operator Projg(-) as follows

Ng(x) = {£ € H, there exists r > 0 such that z € Projg(z 4+ r§)}.

A convex weakly compact valued mapping F : X — 28 defined on a topological space X is scalarly upper
semicontinuous if for every x € H, the scalar function §*(z, F'(.)) is upper semicontinuous on X (see [7]).
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3. Main results
The following existence theorem establishes our main result in this paper.

Theorem 3.1. Let H be a separable Hilbert space, and let C : [0,T] x H — 2" e a set-valued mapping with
nonempty closed convex values satisfying the following assumptions:
(H1) C is lipschitz continuous with constants L1 > 0 and 0 < Ly < 1, i.e for all t,s € [0,T] and z,u,v € H
we have

|do(tu) () — dogswy (@) < Laft — s| + Laflu —vlf;

(H2) for any convergent sequence (t,,) in [0,T] and for any bounded subset A C H, | J C(ty, A) is ball-compact,
that is the intersection of |JC(tn, A) with any closed ball of H is relatively compact in H.

n
Let F:[0,T] x C; — 2" be a scalarly upper semicontinuous set-valued mapping with nonempty convex
weakly compact values in H such that F(t, ) C B(0,L) for all (t,) € [0,T] x Cy, for some L > 0.
Then, for any ¢ € Cr with p(0) = up € C(0,up), there exists a continuous mapping u : [—7,T] — H such
that

u(t) = T(O)u(f) =(t) on[-7,0],
u(t) = up + [u(s)ds, Vt € [0,T],
0

with @€ LgP([0,T]) and wu(t) € C(t,u(t)) forall t€0,T],
—u(t) € Nogu) (ut)) + F(t, T(tu) a.e. onl0,T].

(P)

Proof. We proceed by approximation: a sequence of continuous mappings (u,) in C([—7,T],H) will be
defined such that a subsequence of it converges uniformly in [—7,T] to a solution of (P). The sequence is
defined via a new projection algorithm. We give the proof in three steps.

Step 1.Construction of approximants. For each n € N*, we consider the following partition of the interval
[0,T] by points

T
i =ipn; 0<i<n—1,pu,:=—.
n

We put
T0)u, :==¢ on [—7,0]. (3.1)

Let f:[0,7] x C; — H be a scalarly B([0,7] x C;)-measurable selection of F. Let uff = ug = ¢(0) €
C(th,uo),t € [tg, 7] and let us set

the existence of projection is ensured since C has closed convex values. Here T (tf)un := (un)wm where

(un)en (s) = un(t§ + s) = @(s) for all s € [—7,0]. Then u} € B(uo, Lll_JrLiLMn) Indeed, we have

o =l < i = (= o 88 T (8 ) |+ (85 T (85|
= degp g (U8 — 1nf (8 T un) ) + lanf (25, T ()|
eep up) (W) + 20 L £ (45, T (28 Yun)

The initial condition uf € C(t},ug) and (H1), imply that

[uf —ugll < dowpup)(ue) — dep ug) (ug) + 2pn L
< Lipn +2p,L
< L1 + 2L

1_L2 /J’TL'
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For each ¢ € [t], 1], set
ul —ug

un(t) = + () (¢~ 1),

Hn

where u = ug = ¢(0) € C(0,up). By construction we have u} € C(t},un(t(})) and for a. e. t € [tg, 7],

n n

— U

. u n n n
—Up(t) = — IM C € Newn ey (un(t7)) + FE7, T(t5)un) (3.2)
with Ly +2L
n n 1
luy =gl < =7 =t (3.3)

By induction for 0 < i <n — 1, we assert that there exists ul'; € B(uf, L1+%L2 ftn) such that

wyy = Projeq, ap (W = inf (6, T () )un) )

Here T'(t])upn := (un ) with (un)er(s) = un(t} + s) for all s € [-7,0]. Indeed, the Lipschitz property of C
ensures that

e I D B PP G G D]
= dogery ) (W = Ao G T un) ) + piall F(E T )|
< dogp, (W) = dogr ) (4F) + 20l (T )
< Lfthyy = 6]+ Lolluf =l + 20 L. (3.4)
We have also
o =iyl < =y Tl 4 o f (G T )]
= dop ) (w1 = Hnf 0 T un) ) + sl T )|
< dC(t ul 1)( uiy) — dc(tf u? )( im1) T 20 || f (G, T (1) ua) |
< Laftf = 6] + Lefluiy - i—2H+2MnL-

By induction we obtain

||uzn - uznfl” Lyup + 2pnL + Lo <2UHL + Lypn + L2”u?72 - u?{%”)

Llﬂn(l + LZ) + 2NnL(1 + L2) + L%HU?,Q - U?,3||

Lipn (14 Ly + L3+ -+ + L ?) '
20 L(1+ Lo+ L3 + -+ + Ly %) + Ly uf — ug].

IN

(3.3) entails
Ju =yl < Lupn (14 Lo+ L3+ o+ 152 4+ L

< Mn(L1+2L)(1—|—L2—|—L%++L12—2_|_L22—1)

< pn(La+2L) (14 Lo+ L3+ + L2 4 157, (3.5)
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Hence and imply that
lufyy =il < pn(Ln +2L)
+ (L +2L)(L2+L§+---+L§*1+Lg)
= pin(Ly+2L) (14 Lo+ L3+ -+ Ly + L),

Using the fact that Lo < 1, we get

no—ul| < (D4 2L) (D
Huz‘+1 Uu; | < :un( 1+ ) L2 .

Li1+2L
(12

Ui T (t — ).

()

IN

Now, for ¢ € [t}*, ¢} [, 0 <7 <n —1, we define

Then for ¢ € [t, 7, [, we have

min(t) =~ € Ny (un(t8) T T (),

Hn, ¢

with the estimate
il —uy Li+2L
= < (5-%)

Now, let us define the step function from [0, 7] to [0,T] by

Qn(t) = tn te ]tz ’t?ﬂ]
5n(t) = z+1’ te ]t?7t?+1]
0,,(0) = 6,(0) = 0.

We set f(t) = f(0n(t), T (0n(t))uy) for all t € [0,T]. Then we have

—a,(t) €N ( )(un(én(t))) + fa(t) a.e. on|0,7]

Cn(t),un(On(t)

and
U (T < @ a. e. on|0,7].
1-L,
Step 2. The convergence of (u,) and (fy).
Ly +2L
1—Ly~

||U?—U?f1|| < (%)Nm

By (3.7)), the sequence (uy,(t)) is equi-lipschitz with constant

We iterate the estimate

fori=1,2,--- ,n, we get

o gl < (422

)Z,U/nv

and so

L L
Il < Juoll + (55T =

By construction

Un (6n(t)) € C (6, (1), un(6n(t))) NB(O, ),

(3.8)
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so that u,(0,(t)) is relatively compact for every t € [0,7] in H, because
= (JC(n(8), un (0 (1))

is ball-compact thanks to (H2) and (3.8)). Furthermore, (3.7)) gives

Jun (50(8)) = wa (0] < 22220500 1,
i (50(1)) — (1) = 0. (39)

n—o0

So by (3.9) (un(t)) is relatively compact too. Therefore (uy(-)) is relatively compact in C([0,7],H). Hence
we may suppose that (i,) o(L([0,T],H), L}([0,T],H)) converges in L>([0,T],H) to a function v with
Ly + 2L

lo(@)] <

1 _
that

for a. e. t € [0,7], and (uy) converges in C([—r,T],H) to a continuous function u such

u(t) =uo+ [ u(s)ds, Vte[0,T]
/

with & = v and u = ¢ on [—r,0].

As ||fn@®)|| < L for all n € N* and for all ¢ € [0,7T], we may assume that the sequence f,(t) =
F(0,(t), T(0n(t))un) o(L>([0,T],H), L*([0,T],H)) converges to a function f € L*®([0,T],H) with || f(¢)|| <
La. e te|0,T]

Since lim 6,(t) = lim 6,(t) =t, we have

n—-+oo n—-+oo

ngrfooun(en(t)) = ngrfooun(‘sn(t))
:nlj)g_looun(t) = u(t) (310)

uniformly on [0, 7.
Step 3. Existence of solutions.
By construction we have

Un (0, (t)) € C(0n(t), un(0,(t))), forall t € [0,T] and for all n € N*.

Then (H;1), and ( entail

dC(t,u(t))(u(t)) = d¢ tu(t))(u(t ) — #)tn (00 (1)) (Un (60 (1))
= deue) (u(t) — )stn (00 (1)) (Un (On (1)) — u(t) + u(t))
< un(dn(?)) — u()\|+L1lt— n(t)]
+  Lo||un(0,(t)) — u(t)|loo — 0 as n — oo,

and so the closedness of the set C(¢,u(t)) ensures that

u(t) € C(t,u(t)) for all t € [0,T].

Now, we prove that f(t) € F(t,T (t)u) a.e. t € [0,T]. Let ¢t € [0,T]. We have
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[T (On(t))un = T ()ullc, < IT(E)un =T @ullcy + sup [un(On(t) +5) — un(t + s)||

s€[—r,0]
<T@ un = T()ulle, + sup [un(s1) — un(s2)|l
{s1,s2€[—r1],|s1—s2|<pn}
<T@ un = T()ulle, + sup [un(s1) — un(s2)|]
{s1,82€[—1,0],|s1—s52|<pn}
+ sup [un(s1) — un(s2)||
{s1,52€[0,1],|s1—s2|<pn}
< NT(@un — T (t)ulle, + sup [p(s1) — (s
{s1,52€[—7,0],|s1—s52|<pn}
+ sup l[un(s1) — un(s2)|l
{s1,52€[0,1],|s1—s2|<pn}
Li+2L
< [T @un = T()ulle, + sup lp(s1) = e(s2)ll + =7 —hn.
{s1,52€[—7,0],|s1—s52|<pn} -2
The continuity of ¢ and the uniform convergence of w,, to u give
lim [|7(0,(t)un — T (t)ul|c, = 0. (3.11)
n—oo

As
fa(t) = f(0(0), T (0n(t))un) € F(0n(t), T(On(t))us).

Using(3.11)) and invoking the scalarly upper semicontinuity of F' on [0, 1] x C; and a closure type lemma in
([7], Theorem VI-14) we get f(t) € F(t, T (t)u) a.e. t € [0,T].
Recall that the inclusion

—Un(t) € N8, () un (00 (1)) Un (0n(t)) + fr(t)

is equivalent to

5*( — Un(t) = fu(t), C(‘Sn(t)7un(en(t)))) + (Un(t) + fn(t), un(6n(t))) < 0 a. c.
By integrating on [0, 7] we get

T
/ 5 (= () = fult), C(6a(8), un (B (1)) dt + /<un<t>+fn<t>7un<an<t>>>dtso.
0

Since the sequences (f,,), (1t,) o(L>([0,T], H), L*([0,T],H)) converge to f and 1 respectively, then

T T
/ (iin(t) + Fa(£), wn (B ()}t = / (alt) + £(t), u(b)d.
0 0

Furthermore, from (1), we get the estimate
T

J 18 (= @) = Fult), OO0 un(Ba(21) = 5 = i) = Ful0), Ot u(t)) et

0

T
S/ll —Un(t) = fa) (L1l (t) — t] + La|lun(0a(t)) — u(t)l])dt

T

Li+2L

<( 11_L2 /Lllé ) — ] + Lo|lun(0n(t)) — u(t)||)dt
0
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By passing to the limit when n goes to oo in the preceding estimate and taking account into (3.9) and (3.10J),
we see that the integral

T
/w%/%mnwﬁ®ﬁMM%mmy(qMﬂﬁ@@@WmW”
0

goes to 0 when n goes to oco. Using the classical lower semicontinuity of convex integral functionals (see e.g.
[2] Theorem 8.1.6), we have

T T
linrggf/é*( — U (t) — fu(t), C(t, u(t)))dt > /5*( —a(t) — f(t),C(t, u(t)))dt.
0 0
Hence we deduce that
T T
lygf6%—%@—mwﬁ@ﬁmmawmﬁz/ﬁ«ww—ﬂmcwmmwt
0 0
so that . .
/(5*( —u(t) — f(t), C(t,u(t)))dt + /(u(t) + f(t),u(t))dt <O0.
0 0

As u(t) € C(t,u(t)) for all t € [0,T], the last inequality is equivalent to
—iL(t) S NC(t,u(t))u(t) + f(t), a. e te [O,T].
The proof is therefore complete since f(t) € F(t, T (t)u) for a. e. t € [0,T].
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