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Abstract

In this paper, we give three main theorems which are new generalizations of Banach fixed point theorem,
Kannan fixed point theorem and Chatterjea fixed point theorem in the context of the ordered metric space.
(©2015 All rights reserved.

Keywords: Fixed point, Chatterjea fixed point theorem, Kannan fixed point theorem, contraction
mappings
2010 MSC: 41A65, 41A15, 47TH09, 47H10, 54H25.

1. Introduction and Preliminaries

A mapping T : X — X where (X, d) is a metric space, is said to be a contraction if there exists k € [0, 1)
such that for all z,y € X,
d(Tz,Ty) < kd(z,y).
Banach proved that a contraction mapping has a unique fixed point in a complete metric space (X, d)
[1] (see also [2, 5, 6, 9]).
In [11], Ran and Reurings established the Banach fixed point theorem in the context of ordered metric
spaces.

Theorem 1.1 ([11)). Let (X, <) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Furthermore, every pair z,y € X has a lower bound and an upper bound. If f : X — X is a
continuous, monotone (i.e., either order-preserving or order-reversing) map from X into X such that

d0<c<l:d(fz, fy) <cd(z,y),z>y
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and
drg € X 129 < fxg or zg > fxo,

then f has a unique fized point T. Morever, for every x € X li_>m ffr=T.
n oo
Nieto and Lépez [10] gave an alternative condition for the continuity of the mapping f as following;

”if any nondecreasing sequence {z,} in X converges to z then z,, < z for all n > 0”

Also, to guarantee the uniqueness of the fixed point, Nieto and Lépez [10] gave an alternative condition
met the requirement of ” every pair x,y € X has a lower bound and an upper bound” as following;

"for every x,y € X; there exists z € X which is comparable to z and y 7. (1.1)

Theorem 1.2 ([10]). Let (X, <) be an ordered set endowed with a metric d and the mapping f : X — X be
given. Suppose that the following conditions hold:

i) (X, d) is complete;

ii) if any nondecreasing sequence {xn} in X converges to z, then x, < z for all n > 0;

iit) f is nondecreasing;

iv) there exists xo € X such that xo < Txo;

v) there exists a constant k € (0,1) such that for all z,y € X with x > y,

d(fz, fy) < kd(z,y).

Then f has a fized point. Moreover, if for all (x,y) € X x X there exists a z € X such that x < z and
y = z, then the fized point is unique.

Two of the well known fixed point theorems are Kannan fixed point theorem and Chatterjea fixed point
theorem.

Theorem 1.3 ([4]). If a mapping T : X — X where (X,d) is a complete metric space, satisfies the
mnequality
d(Tz,Ty) < ald(z,Tz) +d(y,Ty)] (1.2)

where a € [0, %) and x,y € X, then T has a unique fized point. The mappings satisfying (1.2) are called

Kannan type mappings.

Theorem 1.4 ([3]). If a mapping T : X — X where (X, d) is a complete metric space, satisfies the inequality
d(Txz,Ty) <bld(z,Ty) +d(y, Tz)]
such that b € [O, %) and x,y € X, then T has a unique fized point.

Also, in 2011, Moradi and Davood introduced a new extension of Kannan fixed point theorem on
complete metric space as following;

Theorem 1.5 ([8]). Let (X,d) be a complete metric space and T,S : X — X be mappings such that T is
continuous, one to one and subsequentially convergent. If u € [O, %) and r,y € X,

d(TSz, TSy) < p[d(Tz, TSy) + d(Ty, TSz)],

then, S has a unique fized point. Also, if T is sequentially convergent then for every xo € X the sequence of
iterates {S"xo} converges to the fized point.
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Definition 1.6 ([8]). Let (X, d) be a metric space.

i) A mapping T : X — X is said to be sequentially convergent if we have, for every sequence {y,}, if
{Ty,} is convergence then {y,} is also convergence.

ii) T is said to be subsequentially convergent if we have, for every sequence {y,}, if {Ty,} is convergence
then {y,} has a convergent subsequence.

In 2014, Mustafa et. al., [7] introduced fixed point theorems for weakly T-Chatterjea and weakly
T-Kannan-contractive mappings in complete b— metric spaces.

In this paper we have three main theorems which are new generalization of Banach fixed point theorem,
Kannan fixed point theorem and Chatterjea fixed point theorem in the context of the ordered metric space.

2. Main Results

For the simplicity in writing, we will use the following symbols. We donote by ¥ the set of all functions
F :]0,00) — [0, 00) satisfying:
F1) F is continuous and monotone nondecreasing,
F2) F (t) =0 if and only if ¢ = 0.

Also, we denote by SSC (X) the set of all mappings 7' : X — X such that 7" is one to one, continuous,
subsequentially convergent and preserve the order, by SC (X) the set of all mappings 7' : X — X such that
T is one to one, continuous, sequentially convergent and preserve the order.

Theorem 2.1. Let (X,=) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T € SSC (X), F € V. For all
x,y € X withz <y, a €l0,1),

F(d(Tf2,Tfy)) < aF (d (T, Ty)).

Also, suppose that either

C1) f is continuous or C2) Assume that if any nondecreasing sequence {x,} in X converges to z, then
Tn =z for alln > 0.

If there exists xg € X with xg =X fxo, then f has a fixed point in X. Moreover, if for each x,y € X there
erists z € X which is comparable to x and y, then the fixed point is unique.

Proof. Let zp € X be an arbitrary point such that z,, = fx,—1 = f"x9,n =1,2,3,---. As f is nondecreasing
and zg = fzg, we have
Taxo = Tfro 2 Tf*xo X Tfowg =+ X TfMwg < -+ (2.1)

Since Txy 2 Txpq,

F(d(Txp, Tont1)) = F(d(Tfrn-1,Tfzn))
< aF (d(Tzp-1,Txy))

o"F (d (T.’I,'(),Txl)) . (22)

IN

Letting n — oo in (2.2), then we have

F(d(Txzy, Tzpe1)) — 07, asn — oc.

d(Tzy,Trpy1) — 0, as n — 0.

Also, for m,n € N,ym >n
Fd(Tzn,Try)) < a"F(d(Tzo, Tm—n)) (2.3)
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letting m,n — oo (2.3), we get
d(Txy, Txm) — 0.

Thus, we obtain that {T'z,} is Cauchy sequence. As (X,d) is complete, there exists v € X such that
lim Tz, = v. (2.4)

n—oo

Note that T'€ SSC (X), then {x,} has a convergent subsequence, so there is u € Xsuch that

lim 2, = . (2.5)

k—o0

Also, T' is continuous and )y — u, therefore

lim 7w,y = Tu. (2.6)

k—o0
and
Jim d (T k), Tu) = 0.

Now, we will show that u € X is a fixed point of f. In here we have two cases.
Case 1: Let C1) holds. From the continuity of f, we have

Tu= lim Tz, = lim T =T fu.
u= lim T, = Im Tfz, -1 =Tfu

since, T' is one to one we get fu = u, namely u € X is a fixed point of f.
Case 2: Let C2) holds. Since {Tmn(k)} converges to Tu € X, for all § > 0 there is V1 € N such that for
all n (k) > Ny, we have
€
d (Txn(k),Tu) < 3
Also, as {Txn(k)} converges to Tu. From C2), we get Txyy = Tu and we have

F <d (Tf"(k)+1x, Tfu)) <aF (d (Tf”("“')m, Tu>) : (2.7)

Letting k — oo in (2.7), we have

F(d(Tu, T fu)) <0 (2.8)

The inequality (2.8) implies that Tu = T fu. As, Tis one to one we get u € X is a fixed point of f.
Adding the condition (1.1), we show the uniqueness of the fixed point. We will do this by showing that

lim f"*z = u
k—oo

for every x € X. Here we have two cases.
Firstly, let z and x¢p be comparable, then x < zg or 9 < x. In both cases, we have f"(k)x = f"(k)xo or
)z < k)2 Hence, we have

F(d(Tf" W, Tf"Pag) ) < a"®F (d (T, Tay))

letting £ — oo in the last inequality, we have

lim "™z = lim ™z = u.
k—o0 k—o0

Secondly, let x and zy are not comparable and let x1, resp. x2, be an upper bound, resp. a lower bound,
of r and x¢.That is x1 = = > x9 and x1 = g = x2. Thus we have

lim "Mz = lim "%z = w.
k—o0 k—o0

Hence, the proof is completed. O
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Remark 2.2. The case of T € SC (X), the proof of the Theorem 2.1 takes place analogously by replacing
{n} with {n (k)}.

Corollary 2.3. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f: X — X be a monotone nondecreasing mapping and T € SSC (X). For all z,y € X
with <y, a € [0,1),

d(Tfz,Tfy) < ad (Tz, Ty).

Also, suppose that the condition C1) or C2) holds. If there exists xo € X with xg = fxo, then f has a fized
point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the fized
point 1S unique.

Corollary 2.4. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and F € V. For oll x,y € X with
x <y, a€l0,1),

F(d(fz, fy) < aF (d(z,y)).

Also, suppose that the condition C1) or C2) holds. If there exists xy € X with xo = fxo, then f has a fized
point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the fized
point 18 unique.

Corollary 2.5. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be mappings such that f is monotone nondecreasing. For all x,y € X with
x =2y, a€l0,1),

d(fz, fy) < ad(z,y).

Also, suppose that the condition C1) or C2) holds. If there exists xy € X with xg = fxo, then f has a fized
point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the fized
point 1S unique.

Corollary 2.6. Let (X, <) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T € SSC (X). For all x,y € X
with x <y, a € [0,1),

d(T fz,T fy) d(Tz,Ty)
/ p(t)dt < a/ @ (t)dt, (2.9)
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which summeble ( i.e., with finite integral ) on
each compact subset of [0,00), nonnegative, and such that for each € > 0, foe o (t)dt > 0.

Also, suppose that the condition C1) or C2) holds. If there exists xg € X with xy X fxo, then f has a
fixed point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the
fized point is unique.

Corollary 2.7. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be mappings such that f is monotone nondecreasing. For all z,y € X with

r Xy, a€cl0,1),
=7 o) d(fz,fy) d(z,y)
/ p(t)dt < a/ @ (t)dt, (2.10)
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which summeble ( i.e., with finite integral ) on
each compact subset of [0,00), nonnegative, and such that for each € > 0, fOE o (t)dt > 0.
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Also, suppose that the condition C1) or C2) holds. If there exists xog € X with xo =< fxg, then f has a
fized point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the
fized point is unique.

Theorem 2.8. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T € SSC (X), F € V. For all
rz,y € X withx Xy, B € [0,%),

F(d(Tfx, Tfy)) < BIF (d(Tx,Tfx))+ F(d(Ty, Tfy))].

Also, suppose that

C1) f is continuous or C2) Assume that if any nondecreasing sequence {xy} in X converges to z, then
T, =Xz for allmn > 0.

If there exists xg € X with xg = fxo, then f has a fized point in X. Moreover, if for each x,y € X there
exists z € X which is comparable to x and y, then the fized point is unique.

Proof. Let xg € X be an arbitrary point such that x, = fr,—1 = f"zg, n =1,2,3,.... As f is nondecreasing
and xg =X fxo, we have
Txo =T fag < Tf2xqg < T 320 < - <Tflag =< --- (2.11)

Since Txy = Txpiq
Fd(Txp,Trpt1)) = FATfrp—1,Tfxy))

< BIF(d(Tzn_1,Trn)) + F (d(Ton, Tons1))]. (2.12)
From, (2.12), we get
F(d(Tzp, Trps1)) < &F (d(Tzp-1,Txy)) . (2.13)
Also, by continuing the process (2.13), we obtain that
F(d(Txp, Trpe1)) < <1—ﬁ5> F(d(Txo,Tx1)) . (2.14)

Letting n — oo in (2.14), we obtain that
F(d(Tzp, Txpi1)) — 07 as n — oco.

Again using (2.14), for all m,n € N, taking m > n, we have
Fd(Txp,Tzy)) = F(d(Tf zo, Tf™xp))
ﬁ " m—n
< (1_5 F (d (Too, TS ")) (2.15)

Letting m,n — oo in (2.15) ,we have
F(d(Txzy, Tzy)) — 0Tas m,n — co.

So, we have d (T'xy, Tzy,) — 0 as, m,n — oo.

In the next stage, by using similar methods in Theorem 2.1, we obtain that {T'z,} is Cauchy sequence
in complete metric space (X, d) and there exist u € X such that {T'z,} converges to Tu € X. Now, we will
show that u € X is a fixed point of f. In here we have two cases.

Case 1: Let C1) holds. From the continuity of f, we have

Tu = kli_}r{.loTxn(k) = kli_}r{)lonxn(k),l =T fu.
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Since, T is one to one we get that u € X is a fixed point of f.
Case 2: Let C2) holds. Since {1z, } converges to Tu € X, for all § > 0 there is N1 € N such that for all
n > N1, we have

d(Tan, Tu) < %

Also, as {T'x,} converges to T'u, From C2) we get T'z,, < T'u and

F(d(Tu,Tfu)) < F(d(Tu,Tz,)+d(Tx,,Tfu))
= F(d(Tu,Txy,) +d(Tf"zo, T fu))
< Fd(Tu,Txy) +d(Tf"xo, Tf"x1) +d(Tf"x1, T fu))
= F(d(Tu,Txy) +d(Tfon, T o) +d(Tfr,, Tfu)). (2.16)
Letting n — oo in (2.7), we have
F(d(Tu, Tfu)) <0 (2.17)

The inequality (2.17) implies that Tu = T fu. As, T' is one to one we get u € X is a fixed point of f. Adding
the condition (1.1), we show the uniqueness of the fixed point.

Let v/ € X be another fixed point of f. From the (1.1), there exists an element z in X such that z
comparable to u and u’.The monotonicity of f implies that f™z comparable to f"u = u and f"u’ =« for
alln e N. As, T € SSC (X)) , then Tf"z is comparable to Tu and Tu'. Also, F' € ¥ we have

F(d(Tu,Tu)) < F(d(Tu,Tf"2)+d(Tf"z,Tu'))
= F(d(Tf"u,Tf"2))+F (d(Tf"z,Tf "))
B'F (d(u,2)) + B"F (d (z,u)) . (2.18)

Letting n — oo in the inequality (2.18),

IN

F (d(Tu,Tu')) <0.
The last inequality implies Tu = Tu'. As T is one to one we get u = u’. Hence, the proof is completed. []

Remark 2.9. The case of T € SC (X), the proof of the Theorem 2.8 takes place analogously by replacing
{n} with {n (k)}.

Corollary 2.10. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T' € SSC (X). For all xz,y € X
with x <y, B € [O,%),

d(Tfx,Tfy) <Bld(Tz, Tfx)+d(Ty, Tfy)].

Also, suppose that

C1) f is continuous or C2) Assume that if any nondecreasing sequence {x,} in X converges to z, then
T, =z for alln > 0.

If there exists vy € X with xg =X fxg, then f has a fixed point in X. Moreover, if for each x,y € X there
exists z € X which is comparable to x and y, then the fixed point is unique.

Corollary 2.11. Let (X, <) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and F € V. For all x,y € X with

xjyaﬁe [07%)7

F(d(fz, fy)) < BIF (d(z, fz)) + F (d(y, fy))]-
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Also, suppose that

C1) f is continuous or

C2) Assume that if any nondecreasing sequence {x,} in X converges to z, then x, = z for all n > 0.

If there exists xg € X with xg = fxo, then f has a fized point in X. Moreover, if for each x,y € X there
exists z € X which is comparable to x and y, then the fized point is unique.

Corollary 2.12. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete

metric space. Let f : X — X be a monotone nondecreasing mapping. For all x,y € X withx <y, f € [O, %),

d(fz, fy) < Bld(z, fz) +d(y, fy)].
Also, suppose that
C1) f s continuous or
C2) Assume that if any nondecreasing sequence {x,} in X converges to z, then x, = z for all n > 0.
If there exists xg € X with xg = fxo, then f has a fized point in X. Moreover, if for each x,y € X there
exists z € X which is comparable to x and y, then the fixed point is unique.

Remark 2.13. The Corollary 2.12 is Kannan fixed point theorem in the context of ordered metric space.

Corollary 2.14. Let (X,=) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T' € SSC (X). For all xz,y € X

with x <y, B € [O, %),
d(T fz,T fy) d(Tz,T fx)+d(Ty,T fy)
/ pdt<s | o (t)dt, (2.19)
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which summeble ( i.e., with finite integral ) on
each compact subset of [0,00), nonnegative, and such that for each € > 0, fOE w(t)dt > 0.

Also, suppose that the condition C1) or C2) holds. If there exists xg € X with xy X fxo, then f has a
fized point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the
fized point is unique.

Corollary 2.15. Let (X, =X) be a partially ordered set endowed with a metric d and (X,d) be a complete

metric space. Let f : X — X be a monotone nondecreasing mapping. For all x,y € X withx <y, f € [O, %),

d(fz,fy) d(z,fz)+d(y,fy)
/ w@ﬁéﬁ/ o (1) dt, (2.20)
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which summeble ( i.e., with finite integral ) on
each compact subset of [0,00), nonnegative, and such that for each € > 0, foe e (t)dt > 0.

Also, suppose that the condition C1) or C2) holds. If there exists xy € X with xo = fxg, then f has a
fixed point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the
fized point is unique.

Remark 2.16. Also, by taking ¢ (t) = 1 in Corollary 2.15, we obtain Kannan fixed point theorem in the
context of the ordered metric space.

Theorem 2.17. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T € SSC (X),F € V. For all
z,y € X withe 2y, u € [0,%),

F(d(Tfz,Tfy)) < p[F(d(Tz,Tfy))+F(d(Ty,Tfz))].
Also, suppose that
C1) f s continuous or C2) Assume that if any nondecreasing sequence {xy,} in X converges to z, then
Tn =z for alln > 0.
If there exists xg € X with xg X fxo, then f has a fixed point in X. Moreover, if for each x,y € X there
erists z € X which is comparable to x and y, then the fized point is unique.



M. Kir, H. Kiziltunc, J. Nonlinear Sci. Appl. 8 (2015), 529-539 537

Proof. Let x¢g € X be an arbitrary point such that x,, = fx,_1 = f"x9, n =1,2,3,.... As f is nondecreasing
and zg = fzg, we have
Txo < Tfarg < Tf?xg < Tf30<---<Tflog=<--- (2.21)

Considering F' € ¥ and Tx, 2 Txp
F(d(Txp, Txnt1)) Fd(Tfrp-1,Tfx,))
wlF (d(Txp-1,TTps1)) + F(d(Txy, Txy)))
wlF (d(Txp-1,Txy)) + F (d(Tzp, Trpi1))] - (2.22)

<
<

From inequality (2.22), we have

F(d(Tap, Tans1)) < —— F (d (Tan_1, Tay)),

L—p

and we get

F(d(Tan, Tns1)) < (”)np (d (Txo, T1)) . (2.23)

I—p
Letting n — oo in (2.23), we obtain that
F(d(Tzy, Tzns1)) — 07, (asn — o00).

Also, using (2.23), for all m,n € N, taking m > n, we have

F(d(Txp,Tzy)) = F(d(Tf xo, Tf™x0))
(1) F @ Trma)) (2.24)

IN

I—p
Letting m,n — oo in (2.24), we have
F(d(Tzy, Tzy)) — 07 as m,n — oo.

The last inequality implies d (Tx,,Txy) — 0 as, m,n — oo. we obtain that {Tx,} is Cauchy sequence
in complete metric space (X, d) and there exist u € X such that {T'z,,} converges to Tu € X. In the next
stage, by using similar methods in Theorem 2.1 or Theorem 2.8, the proof can be completed. O

Corollary 2.18. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f: X — X be a monotone nondecreasing mapping and T € SSC (X). For all z,y € X
with x <y, u € [0, %),

d(Tfx,Tfy) < pld(Tx, Tfy) +d(Ty,Tfx)].

Also, suppose that

C1) f is continuous or C2) assume that if any nondecreasing sequence {x,} in X converges to z, then
T, X z for alln > 0.

If there exists xg € X with xg =X fxo, then f has a fixed point in X. Moreover, if for each x,y € X there
exists z € X which is comparable to x and y, then the fived point is unique.

Corollary 2.19. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and F € V. For all x,y € X with

z =y, pel0,3),

F(d(fx, fy) < plF(d(z, fy) + F(d(y, fz))].



M. Kir, H. Kiziltunc, J. Nonlinear Sci. Appl. 8 (2015), 529-539 538

Also, suppose that

C1) f is continuous or C2) Assume that if any nondecreasing sequence {xy} in X converges to z, then
T, =Xz for alln > 0.

If there exists xg € X with xg <X fxo, then f has a fized point in X. Moreover, if for all (x,y) € X x X
there exists a z € X such that x < z and y < z, then the fixed point is unique.

Corollary 2.20. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete
metric space. Let f: X — X be a monotone nondecreasing mapping. For allz,y € X withx <y, u € [O, %),

d(fz, fy) < pld(z, fy) +d(y, fz)].

Also, suppose that

C1) f s continuous or C2) Assume that if any nondecreasing sequence {xy,} in X converges to z, then
Tn =z for alln > 0.

If there exists xg € X with xog =X fxo, then f has a fixed point in X.Moreover, if for each x,y € X there
erists z € X which is comparable to x and y, then the fixed point is unique.

Remark 2.21. The Corollary 2.20 is Chatterjea fixed point theorem in the context of ordered metric space.

Corollary 2.22. Let (X, =) be a partially ordered set endowed with a metric d and (X, d) be a complete
metric space. Let f : X — X be a monotone nondecreasing mapping and T € SSC (X). For all x,y € X

with x <y, p € [0, %),

d(Tfz,T fy) d(Tz, T fy)+d(Ty,T fz)

/ ptdt <y | o () dt, (2.25)
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which summeble ( i.e., with finite integral ) on
each compact subset of [0,00), nonnegative, and such that for each € > 0, fg‘ e (t)dt > 0.

Also, suppose that the condition C1) or C2) holds. If there exists xy € X with zog = fxg, then f has a
fixed point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the
fized point is unique.

Corollary 2.23. Let (X, =) be a partially ordered set endowed with a metric d and (X,d) be a complete

metric space. Let f: X — X be a monotone nondecreasing mapping. For allz,y € X withx <y, u € [0, %),

d(fz,fy) d(z, fy)+d(y,fz)
/ p(t)dt < p/ v (t)dt, (2.26)
0 0

where ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which summeble ( i.e., with finite integral ) on
each compact subset of [0,00), nonnegative, and such that for each ¢ > 0, foe e (t)dt > 0.

Also, suppose that the condition C1) or C2) holds. If there exists xg € X with xy = fxg, then f has a
fized point in X. Moreover, if for each x,y € X there exists z € X which is comparable to x and y, then the
fixed point is unique.

Remark 2.24. Also, taking ¢ () = 1 in Corollary 2.23, we get Chatterjea fixed point theorem in the context
of ordered metric space.
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