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Abstract

A stochastic three species predator-prey time-delay chain model is proposed and analyzed. Sufficient condi-
tions for persistence in time average and non-persistence are established. Numerical simulations are carried
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1. Introduction

The most exciting modern application of mathematics is used in biology. The continuing health of
mathematics and the complexity of the biological sciences make interdisciplinary involvement essential. In
the past few decades, mathematical biology research has opened up a new exciting cornucopia of challenging
problems for the mathematicians. On the other hand, mathematical modeling offers another research tool
commensurate with new powerful laboratory techniques for the biologists.

As we know, two species systems such as predator-prey, plant-pest systems et cetera have long been
one of the dominant themes in both ecology and mathematical ecology due to its universal importance.
After that, the predator-prey chain model is the typical representative. To the best of our knowledge, it
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was only in the late 70s that some interest in the mathematics of tritrophic food chain models (composed
of prey, predator and superpredator) emerged [5l [6]. Three-species systems like plant-herbivore-parasitoid,
plant-pest-predator et cetera are emerging in different branches of biology in their own right. One of the
most famous models for population dynamics is the Lotka-Volterra predator-prey system which has received
plenty of attention and has been studied extensively, refer to [3], 10} [18]. Specially persistence and extinction
of this model are interesting topics.

The three species predator-prey chain model is described as follows:

71 (t) = 21(t) (a1 — br1w1(t) — braza(t)),
Ga(t) = wa(t) (—az + by 1 () — baswa(t) — bazzs(t)) (1.1)
Z3(t) = z3(t) (—as + baawa(t) — baszs(t)),

where z;(t) (i = 1,2, 3) represents the densities of prey, mid-level predator and top predator species at time
t, respectively. The parameters aj,az,as, by (i = 1,2,3) are positive constants that stand for intrinsic
growth rate, predator death rate of the second species, predator death rate of the third species, coeflicient
of internal competition respectively. bo1, b3 represent saturated rate of the second and the third predator,
b12, bas represent the decrement rate of predator to prey. System describes an three species predator-
prey chain model in which the latter preys on the former. From a biological viewpoint, we not only require
the positive solution of the system but also require its unexploded property in any finite time and stability.

We know that the global asymptotic stability of a positive equilibrium z* = (x7, 25, %) holds and is
global stability if the following condition holds:

a1 — fbiibaraz — fb11ba + bi2ba1barbsaas > 0,

which could refer to [9].

In recent times, it is well understood that many of the processes, both natural and man-made, in
biology, medicine et cetera involve time-delays. Time-delays occur so often, in almost every situation, that
to ignore them is to ignore reality. Kuang [I7] mentioned that animals must take time to digest their
food before further activities and responses take place. So, any model of species dynamics without delays
is an approximation at best. Criteria for three classes of models of single-species dynamics with a single
discrete delay to have a globally asymptotically stable positive equilibrium independent of the length of
delay was established by Freedman and Gopalsamy [4]. By constructing appropriate liapunov functionals
for the models, Ma [25] studied the global stability of volterra models with time delay. Hence, we introduce
time-delays in system and assume that the mid-level predator species need time 7 to possess the ability
of predation after it was born and it captures only the adult prey species with maturation time 7, while
the top predator species need time 7 to possess the ability of predation and it captures only adult mid-level
predator species with maturation time 7 ([8, 13| 20]). Then we get

:ﬁl (t) = xl(t) (a1 — bllml(t) — b12$2(t — T)) s
.Z'é(t) = .%'Q(t) (—ag + bglxl(t — T) — 622332(15) — bggxg(t — 7')) R (1.2)
.T.g(t) = $3(t) (*ag + 632332(75 - ’7') — bgg:ﬂg(t)) .

However, population dynamics in the real world is inevitably affected by environmental noise(see, e.g. [7,[8]).
Parameters involved in the system are not absolute constants, they always fluctuate around some average
values. The deterministic models assume that parameters in the systems are deterministic irrespective of
environmental fluctuations imposes some limitations in mathematical modeling of ecological systems. So we
can not omit the influence of the noise on the system. Recently many authors have discussed population
systems subject to white noise (see, e.g. [12] 14, 21]). May (see, e.g. [23]) pointed out that due to continuous
fluctuation in the environment, the birth rates, death rates, saturated rate, competition coefficients and all
other parameters involved in the model exhibit random fluctuation to some extent, and as a result the
equilibrium population distribution never attains a steady value, but fluctuates randomly around some
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average value. Sometimes, large amplitude fluctuation in population will lead to the extinction of certain
species, which does not happen in deterministic models.

Therefore, Lotka-Volterra predator-prey chain models in random environments are becoming more and
more popular. Ji et al. [14], 15] investigated the asymptotic behavior of the stochastic predator-prey system
with perturbation. Liu and Chen introduced periodic constant impulsive immigration of predator into
predator-prey system and gave conditions for the system to be extinct and permanence. Polansky [24]
and Barra et al. [I] have given some special systems of their invariant distribution. After that, Gard [9]
analyzed that under some conditions the stochastic food chain model exists an invariant distribution. Mao
and Yuan[22] have discuss non explosion, persistence, and asymptotic stability of the stochastic differential
delay equations, they reveal that the noise will not only suppress a potential population explosion in the
delay Lotka-Volterra model but will also make the population to be stochastically ultimately bounded.
However, seldom people investigate the persistent and non-persistent of the food chain time-delay model
with stochastic perturbation. I have studied the food chain model with stochastic perturbation in [19], and
this paper is a continuation of the previous article.

In this paper, we introduce the white noise into the intrinsic growth rate of system , and suppose

a; — a; +0;B;(t) (i = 1,2,3), then we obtain the following stochastic system

d.ilfl(t) = .’El(t) (a1 — bu:):l(t) — b12$2(t - 7')) dt + Ul-%'l(t)dBl(t),
dxa(t) = xo(t) (—ag + bar1x1(t — 7) — bagwa(t) — bazxs(t — 7)) dt — oaxa(t)dBa(t), (1.3)
d.l‘g(t) = xg(t) (—CL3 + ngxQ(t — 7’) — 633$3(t)) dt — ngg(t)ng(t),

where B;(t) (i = 1,2,3) are independent white noises with B;(0) = 0,067 > 0 (i = 1,2, 3) representing the
intensities of the noise.

The aim of this paper is to discuss the long time behavior of system by stochastic comparison
theorem which is different from Mao and Yuan [22]. We have mentioned that z* = (x7, 23, 23) is also the
positive equilibrium of system . But, when it is suffered stochastic perturbations, there is no positive
equilibrium. Hence, it is impossible that the solution of system will tend to a fixed point. In this paper,
we show that system is persistent in time average. Furthermore, under certain conditions, we prove
the population of system will die out in probability which will not happen in deterministic system and
could reveal that large white noise may lead to extinction.

The rest of this paper is organized as follows. In Section 2, we show that there is a unique non-negative
solution of system . In Section 3, we show that system is persistent in time average. While in
Section 4, we consider three situations when the population of the system will be extinction. In Section 5,
numerical simulations are carried out to support our results.

Throughout this paper, unless otherwise specified, let (€2, {F;}+>0, P) be a complete probability space
with a filtration {F;}+>0 satisfying the usual conditions (i.e. it is right continuous and Fq contains all P-null
sets). Let Ri denote the positive cone of R3, namely Ri ={zeR:2;,>0, 1<i<3}, Ri ={zeR?:
x; >0, 1<4i<3}.

2. Existence and uniqueness of the nonnegative solution

To investigate the dynamical behavior, the first concern thing is whether the solution is global existence.
Moreover, for a population model, whether the solution is nonnegative is also considered. Hence, in this
section we show that the solution of system is global and nonnegative. As we have known, in order for
a stochastic differential equation to have a unique global (i.e. no explosion at a finite time) solution with
any given initial value, the coefficients of the equation are generally required to satisfy the linear growth
condition and local Lipschitz condition (see, e.g. [20]). It is easy to see that the coefficients of system
is locally Lipschitz continuous, so system has a local solution. In the following we will show the global
existence of this solution.

Let N(t) be the solution of the non-autonomous logistic equation with random perturbation

AN (t) = N(8)[(a(t) — bE)N(1))dt + a(t)dB(t)], (2.1)
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where B(t) is one-dimensional standard Brownian motion, N(0) = Ny > 0 and Ny is independent of B(t).

Lemma 2.1 (see [16]). There exists a unique continuous solution N (t) of ([2.1) for any initial value N(0) =
Ny > 0, which is global and represented by

_ exp{fylals) — 75 )ds + o(s)dB(s)}
1/No + fo exp{fo T) — UT(T)]dT + O'(T)dB(T)}dS’

t>0. (2.2)

In order to get the conclusion, we should introduce two systems first.

d(pl(t) (t) (CL1 — bu(I)l( )) dt + O'1(I)1< )dBl(t),
dq)z(t) P (t) ( a9 + b21<1>1(t — 7') — b22(1)2( )) dt — O'Qq)g(t)ng(t), (2 3)
d‘I’g(t Pg t) ( as + bgg‘bg(t ) — b33q)3( )) dt — qu)g(t)ng(t), )
O,(t) =¢&(t) e C([-7,0;Ry) i=1,2,3,
and
dIl(t) = Il(t) (al — bllfl(t) — blgq)g(t — T)) dt + Ulfl(t)dBl(t),
dIQ(t) = IQ(t) (—a2 + lefl(t — 7') — b22[2(t> — bgg‘bg(t — 7')) dt — JQIQ(t)dBQ(t), (2 4)
dI5(t) = I3(t) (—az + byalo(t — ) — basI3(t)) dt — o3I3(t)dBs(t), '
Ii(t) = &(t) € C([=7, 0l Ry)  i=1,2,3,
where

D(t) = (®1(t), @2(t), 3(t))T, I(t) = (L1(2), L2(t), I3(t))T,

are the solutions of the above stochastic differential equations with time delay.

Theorem 2.2. For any initial data x(t) = {(&1(t),&(t),&5(t)) : —7 <t <0} € C([-7,0]; RY), the positive
solution of system (1.3) has the property that

i.e.,

where
q’(t) = (®1(t), ®a(t), ®3(¢))T, I(t) = (L1(t), Ia(t), I3(1))T,
are solutions of system (2.3)) and (| .

Proof. Let z(t) = %(t) Then, by Itd’s formula, we have

don (1) =d <:1:11(t)>
—_ K @ b”“(&)— 7) —b11> dt + ()dBl( )] g

T . z1(t)
bioxa(t —7)
xl(t)] dt — 0121 (1)dBy (1)

— [(0% — a1)dt — o1dBy ()] 21(t) + <bn N W) "

= [(0% —a1)z1(t) + b1 +

That is

dz1(t) = [(0F — a1)dt — o1dBy(t)]21(t) + (bu + 17129;21(@)_7)) dt.
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Then

¢ ﬁfa s—o s t N . o2
z1(t) :efo( ' 1>d e [ 1 +/ <b11 + bl?wQ(tT)) edo (al_zl)dT-&-mdBl(T)ds}
z1(0)  Jo w1 (t)

ﬁ—a —o t — a —ﬁ o
:e( 2 1)t 1B1(t) [ 1 +/ <b11 n biawa(t 7’)) e( 1= >$+ 131(8)dS]
0

8

1(0) z1(1)

ﬁ—a —0a
Z€< 3 1)t 1B1(t) [ 1 N
1(0)

S~

blle(aloﬁ)ermBl(s)dS]
=1 (1)-
By Lemma we obtain that ®;(t) is the solution of the following equation
d®q(t) = ®1(t) (a1 — b11P1(t)) dt + 01 P1(t)dB1(t).

Hence, we have
xl(t) S (I)l(t>, a.s..

On the other hand, let z9(t) = ﬁ(t) Then, by Itd’s formula, we could derive that

dzo(t) =d (x;(t)>

_ (a2 | bam(t-—r7) boszg(t—7)\ 02 o3
- [( o T ) (1) )dt 20220 T 5w

[(0’% + CLQ)ZQ(t) + bag — b21$1(t — T)Zg(t) — b23$3(t — T)ZQ t) dt + O'QZQ(t)dBQ(t)
[(0’% +as — b21$1 (t - T) - bggxg(t — T))dt + O'QdBQ(t)] Z9 t) + bggdt,

dt

(
(

then

2
1 e(%Jrag)tJrang(s)fbm fg x1(s—7)ds+bag fot z3(s—7)ds

b /t 6(a2+§)(t—s)+a2(Bz(t)—B2(s))—b21 JL @1 (p—r)dp+bas [7 afg(u—T)dudS
0

1 (éJraz)tJrUsz(S)*bm J§ w1(s—7)ds
(&
~x2(0)

I NV
+ bgg/ e( 2t )(t )+02(B2(t)—Ba2(s))—ba1 fs D1 (p )d'uds
0

=0, 1(t).

Therefore
xo(t) < Do(t), a.s..

By Lemma we obtain that ®4(t) is the solution of the following equation
d@g(t) = @2(15) (—ag + bglq)l(t — 7') - bQQ(I)Q(t)) dt — JQ@Q(t)dBQ(t).

At last, let z3(t) = ﬁ(t) Then, by Itd’s formula, we could derive that

dzs(t) =d (x;(t))
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_ _ as b32$2(t—7’)_ _& 0'2
[( ) T as) b33> S L] R

=[(03 + as)za(t) + bss — bsawa(t — 7)23(t)]dt + o323(t)dBs(t)
[(0’% + a3z — bggl'z(t — T))dt + O'Qng(t)]Zg(t) + b33dt,

then

2
]_ <%+a3)t+0333(s)7b32 f(f xg(sz)dS

t (a5t %3 ) (t—s)to e (e
+b33/ e( 3t )(t )+os(Bs(t)—Bs(s))—bsz [, z2(u )duds
0

1 (L§+a3)t+o3B3(s)—b32 fg Do (s—7)ds
e
_.733(0)
! (a3+§)(t78)+03(BS(t)*BS(S))*bSQ [F®o(u—T7)dp
+b33/ ¢ ’ ds
0

=3(1),
then, it is easy to see that ®3(¢) is the solution of the following equation
dq)g(t) = (I)g(t) (—ag + bggq)g(t - T) - bggq)g(t)) dt — qu)g(t)ng(t),

and
z3(t) < ®3(t), a.s..

In the same method, we could derive that

x;i(t) > Li(t) a.s.. i=1,2,3,

where I(t) = (I1(t), I2(t), I3(t))T is the solution of system (2.4)). O

Remark 2.3. From Lemma [2.1] we know

1 1 (ﬁfm)tfalBl(t) t (éfm)(tfs)fal(Bl(t)fBl(s))
= —c¢ + b11 e ds,
®1(t)  x1(0) 0
2
1 _ 1 e(zj—i-az)t—i-ang(t)—bm Jo ®1(s=r)ds 4 /t 6(072“2)(t—5)+02(Bz(t)—B2(S))—bzl I Pl
Da(t)  x2(0) 0 ’
1 1 (§+a3)t+0’333(t)—b32 fg Do (s—7)ds t (%g-‘rag) (t—s)+o3(Bs(t)—Bs(s))—bs2 fst Qo (u—T)dp
= ——ce¢ + b33 e ds;
D3(t)  x3(0) 0
and
1 1 (?—al)t—OjBl(t)-i-blz f(f CI>2(8—7‘)d8 t (é—al)(t—s)—al(Bl(t)—Bl(s))—l—blz f(f QQ(M—T)CZ,LL
= e + b11 e ds,
Ii(t)  z1(0) 0
1 1 (é—i—ag)t—l—ang(t)—bgl f(f I1(S—T)d8+b23 fot @3(8—7’)d8
= e

L(t)  x2(0)

t
+ b22/ e(é‘f‘aa)(t—5)+0'2(B2(t)—BZ(S))—bQI JE (p—7)dp+bas [y ‘I>3(M—T)dud5’
0
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From the representations of ®;(¢) and I;(¢), (i=1,2,3), Theorem tells us the species will not reach zero
in finite time.

1 1 <§+a3)t+0333(t)7b32 fot I>(s—7)ds bas /t e(éJrag) (t—s)+o3(B3(t)—Bs(s))—bs2 fst Is (Mfr)duds'
0

From now on, we denote the unique global positive solution of system ([1.3) with the given initial data
€= {&(t) = (&(t),&(1),&(t) « —7 <t < 0} € C([-7,0]; RY) by z(t,£). In the same way, we define the
solutions of system ([2.3) and ({2.4)) by ®(t,£), I(t,€).

3. Persistent in time average

There is no equilibrium of system . Hence we can not show the permanence of the system by proving
the stability of the positive equilibrium as the deterministic system. In this section we first show that this
system is persistent in mean. Before we give the result, we should do some prepare work.

Chen et al. in [2] proposed the definition of persistence in mean for the deterministic system. Here, we
also use this definition for the stochastic system.

Definition 3.1. System (|1.3)) is said to be persistent in mean, if

1 t
liminft/ x3(s)ds >0, a.s..
0

t—o0
Before give the result, we do some prepare work.

Lemma 3.2 ([20]). Let f € C(]0,+00) x Q,(0,400)), F € C([0,400) x Q, R). If there exist positive
constants Ao, A, such that

t
logf(t) > At — )\0/ f(s)ds+ F(t), t>0 a.s., (3.1)
0
and li>m @ =0 a.s., then
liminfl/tf(s)ds>>\ a.s (3.2)
minf s | >3y O )

From Lemma [3.2] it is easy to see that we could get Lemma [3.3] and Lemma [3.4] with the same method.

Lemma 3.3. Let f € C([0,4+00) x Q,(0,+00)), F € C([0,+00) x Q, R). If there exist positive constants
Ao, A, such that

t
logf(£) < M — )\0/ f($)ds+F(t), t>0 as., (3.3)
0
and tli}rn @ =0 a.s., then
, I A
limsup— [ f(s)ds < —, a.s.. (3.4)
t—soo T 0 )‘0

Lemma 3.4. Let f € C (]0,+00) x Q,(0,400)), F € C (]0,+00) x Q, R). If there exist positive constants
Ao, A, such that

t
logf(t) = At — )\0/0 f(s)ds+ F(t), t>0 a.s., (3.5)

and tlim @ =0 a.s., then
—00

1 [ A
t~>oot/0v f(s)ds = N a.s.. (3.6)

lim
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Assumption 1.
2 2

o or
r1 — fbiibo1rma — fb11b22 + b12b21b21b3ars >0, 71 = a1 — ?1 >0, r;=a;+ ?’ i=2,3.

Lemma 3.5. If Assumption 1 is satisfied, the the solution ®(t,&) of system (2.3) has the following property:

log ®;(t 1/t
lim log () =0, lim - [ ®i(s)ds=M;, a.s., (3.7)
t—o00 t t—o0 0
where b b bo1b b11b b11b
M, = r1 My = r1021 — 72 11’ My = 71021532 = 12011032 — 13011022
bll bll b11b22b33

Proof. From the result in [15] and Assumption 1 is satisfied, we know

2

log @ (¢ 1/t -4
im 28210 _ o L Oy (s)ds =22 =" _ppas, (3.8)
t—o00 t t—oo t 0 bll b11

besides, according to It6’s formula, the second population of system ([2.3) is changed into
dlog ®3(t) = (—r2 + b21P1(t — 7) — bpaPa(t))dt — 02dBa(t).

It then follows
t t
log ‘I)Q(t) = log (192(0) — T‘Qt + b21 / (1)1(5 - T)dS — b22 / ‘I)Q(S)ds - O'QBQ(t). (39)
0 0

Notice that

/Otél(S—T)ds_/t_TCIn(S)ds— i{l(s)ds%—/ot@l(s)ds—/tt By (s)ds, (3.10)

-7 —T
and from the second equation of (3.8), we get tlg& % ftt_T ®(s)ds = 0, dividing the equation (3.10) both
sides by t, and taking ¢t — oo, yields
I I
lim = [ ®1(s—7)ds= lim = [ ®1(s)ds = M,

t—oo t 0 t—00 0

so
"1

log ®2(0) — ot + bay [y @1(s — 7)ds — 02 Balt
lim 0g $5(0) — 72 21 fo (s = 7)ds = o2B5(t) = —7T9 4+ by —.
=0 ¢ b
With Lemma [3.4 and Assumption 1 we could get

1 t —rg + 1721;71 legl — 7‘2()11
lim — P ds = L = = My > 0. 3.11
tlglo t 0 2(8) 5 bos b11b99 2 ( )
Let (3.9) divide ¢, and t — oo, together with (3.8)) and (3.10]), consequently
lim 108 %2() _ o
t—00 t

Similarly, according to Ito’s formula, the third population of system ([2.3]) is changed into

dlog @3(t) = (—r3 + b32P2(t — 7) — bss3P3(t))dt — o3dBs(1),
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it then follows
t t
log (I’g(t) = log ‘133(0) — 13t + bgz/ @2(8 — T)ds — b33/ @3(8)(18 — Ung(t),
0 0
and

1 ft — g 4 bagT1b21=r2biy log Bt
lim = [ ®3(s)ds = ST bubm Ms; > 0,, lim L?’()
t—o00 t

=0.
t—oo ¢ 0 b33

From this, together with Theorem [2.2] and Lemma the following result is obviously true.

Theorem 3.6. If Assumption 1 is satisfied, the the solution x(t,&) of system (L.3|) has the following property:

log x;(t)
t

lim sup
t—o0

<0, i=1,2,3. (3.12)

Above all, we could get

Theorem 3.7. If Assumption 1 is satisfied, the the solution x(t,&) of system (L.3|) has the following property:

1 t
. . - > ~ %
htrgclgf ; /0 x3(s)ds > 73, a.s., (3.13)

where T* = (Z], &5, 73%) is the only nonnegative solution of the following equation,

r1 — b1z — bigze =0,
—19 + ba1x1 — boowa — bozwz = 0,
—r3 + b3axo — bgzrs = 0.

Proof. From system (|1.3]), such that

log x1(t) — log x1
t

UlBl (t)
t

1 t 1 0 t
=r — bnt/ x1(s)ds — blgz ( &a(s)ds — / xg(s)ds)
0 —T t—1

I B
— b127 / IEQ(S)dS + a1 1(t),
t Jo t

I I
(0) =7r; —bi1— / $1(8)d8 — bio— / xQ(S — T)dS +
t Jo t Jo

Similarly,

log z2(t) — log z2(0) !

1t 1 /0 1
= —7r9 + by — X1 (s)ds +bo1 [ — 51 (s)ds - —
t tJo tJ_; tJy

1 t
xl(s)ds> — bQQt/ xo(s)ds
-7 0
1 [t 1 /0 1 [t Bs(t
— b23t/ .Ig(s)ds — b23 (t gg(S)dS — t/ l‘g(s)ds) — O'QtZ()’
0 —T t—T1

and

log 25(t) — 1 1 I 1/
0g 75(t) ; 0g3(0) _ _ r3 + b32t/ z2(s)ds + bsa <t §2(s)ds — t/ xQ(S)dS)
0 t—1

I Bs(t
—b33/ 333(8)(18—03753().
0

t
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Hence

c1(logx1(t) —log 21(0)) 4+ c2(log z2(t) — log x2(0)) + c3(log x3(t) — log x3(0))
t

1 t
= |:(T161 — TroCo — 7“363) + (*bncl + bglcg)t/ T (S)ds
0

Sl e

/0 t w3(s)ds

1 t
+ (—bi2c1 — bagea + b3203)t/ xa(s)ds — (bazca + bascs)
0

1 0 t 1 0 1 t (314)
_ Clblzg < &a(s)ds —/ xg(s)ds> + caboy <t &1(s)ds — t/ xl(s)ds)
—T t—r —T t—T1
1 /O 1 [t 1 /[0 1 [t
— ¢obos (t &3(s)ds — t/ .1‘3(8)d8> 4 c3b3o <t &a(s)ds — t/ m(s)ds)
-7 t—7 -7 t—7
Clo'lBl(t) _ CQUQBQ(t) _ 630'333(t)
t t t '
From Theorem we get
then
1 t
lim — z;i(s)ds = 0. (3.15)

t—oo t -

Let ¢y = ba1, co = b11, ¢3 = fb11bag + b1abo1bso, together with Assumption 1, we know

r1C1 — T9C2 — 13C3 > 0.

According to Theorem and equation (3.15)), together with tlim Bit(t) =0, (i=1,2,3), we could get
—00

lim sup - (log z1(t) —logz1(0)) + ca(log z2(t) — log #2(0)) + c3(log x3(t) — log x3(0))

t—o00 t

1 t
= (1"161 — T9Cy — 7‘303) — (Czbgg + 63b33) lim inf / :Eg(s)ds < 0.
t—oo T Jq

Such that,

.1t r1€1 —T2C2 —T3C3
liminf = [ z3(s)ds > = I3,
t—oo t Jo cobo3 + c3b33

where 7* = (27,735, 2%) is the only nonnegative solution of the following equation when Assumption 1 is
satisfied,

r1 — bnwy — bows =0,

=712 + bo1w1 — bagra — bazzz = 0,

—r3 + b3axo — bgzrs = 0.

4. Non-persistence

In the previous section, we show the solution z(t,§) of system is stable in time average, and in
this section, we discuss the dynamics of system when the white noise is getting larger. we show the
situation when the population of system will be non-persistent of the white noise is large, which does
not happen in the deterministic system in three cases.
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Definition 4.1. System (1.3)) is said to be non-persistent, if there are positive constants ¢;, (i = 1,2, 3) such

that
3

: Ci(p) —
tlggo lxi (t) =0 a.s..
1=

Now we present conditions for all species or some species of ([1.3]) to be extinct. Consider the case
case (i): 7 < 0.

According to It6’s formula, the first population of system (2.3) is changed into
leg (I)l(t) S (7“1 — bllcbl(t))dt — O'ldBl(t).

If r1 < 0, we could get

log @4 (¢
lim sup gil() =r <0 a.s.,
t—o0 t
from the stochastic comparison theorem, we have
log 1 (t
lim sup gil() <0 a.s.,
t—00 t

hence

tlggo z1(t) =0, a.s..

From the second population of system (2.3|) and equation (3.10)), we have

log ®5(t) — log ®2(0 1/t dBo(t
08 a(t) — log B(0) < —ry +b21/ Oy(s—71)ds — o2dB5(t) a.s., (4.1)
t tJ t
hence
log ®o(t 1 [t
lim sup LQ() < —rg + by limsup — / Oy(s—71)ds
t—o0 t t—00 t 0
1 t
= —r9 + by limsup / Dy(s)ds = —ry <0 a.s..
t—o0 t 0
Similarly,
log ®5(t
lim sup L?’() =-r3<0 a.s.,
t—o00 t
and
lim z;(t) =0 a.s.. i=2,3.
t—o0

case (ii): r1 >0, r| — %7’2 < 0.

It is clear that from the equation (4.1)) and (3.8]), we get

log @4 (¢
lim sup M < —r9 + b21r—1 <0 a.s..

t—00 b11

Similarly
log ®3(t 1/t

lim sup M < —rg + b3o limsup / Dy(s)ds = —r3 <0 a.s.,
t—o00 t t—00 t 0
thus,

lim z;(t) =0 a.s., i=2,3.

t—o00
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Above all, and from the conclusion in [13], we could easily know that the distribution of x;(¢) converges
weekly to the probability measure with density

f*(g) _ 00C2T1/U%_16_2b11</0%,

where Cy = (2b11/0%)2’"1/“%/F(2r1/0%), and

t

Am g | o(s)ds =g

"1
a.s..

case (iii): T — fb11b217"2 — fb11b22 + b12b21b21b32r3 < 0.

It is clear that from (3.14), let ¢; = ba1, co = b1y, c3 = fb11b2a + b12bo1bs2, with lim B"t(t) =0,7=1,2,3,
t—o0

we get

c1(logz1(t) — logx1(0)) 4 co(log za(t) — log 22(0)) + c3(log x3(t) — log x3(0))

lim sup
t—o0 t
t (4.2)
= (7’101 — T2Cy — 7“363) — (C2b23 + C3b33) liminf / xg(s)ds
< ric1 — T2C2 — 1363,
moreover,
1 () a2 () xS (t
lim sup og z7! ()5’ (t)5’ (¢) <16y — Tocy — r3e3 < 0,
t—o00 t
then
tliglo M (H)xZ (t)xP (1) =0 a.s..
Therefore, by the above arguments, we get the follow conclusion.
Theorem 4.2. Let x(t,&) be the solution of system (1.3), the following conclusion is founded:
(1) If 1 <0, then
tliglo z(t)=0 as., =123 (4.3)
(2) If ry >0, m — %Tg <0, then
tliglo zi(t)=0 a.s., 1=2,3, (4.4)
and the distribution of x1(t) converges weekly to the probability measure with density
f*(C) — COCQH/U%flebeHC/Uf
where Cy = (2b11/02)21/7% JT(2r1/02), and
i L [ ey (s)ds — 1L
Jim - ; x1(s)ds = . a.s.
(3) If r1 — fbuibaira — fbi1bag + bi2b21barbsars < 0, then
lim 27" (t)z32 (t)x53 (t) =0, a.s., (4.5)

t—o0
where c1 = ba1, ca = b11, c3 = fbi1baa + b12b21b32.

That is to say, the large white noise will lead to the population system non-persistent.
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5. Numerical simulation
In this section, we give out the numerical experiment to support our results. Consider the equation

d.ilfl(t) = xl(t) (a1 — blll‘l(t) — b12$2(t - 7')) dt + Ull’l(t)dBl(t),
dxo(t) = xo(t) (—ag + ba1x1(t — 7) — bagwa(t) — bagxs(t — 7)) dt — ooxa(t)dBa(t), (5.1)
d.l‘g(t) = .Tg(t) (—ag + bgzl’g(t — 7’) — 633$3(t)) dt — ngg(t)ng(t).

By the method in [II], we have the difference equation

ot (2
T = T1p + 21k | (01 — bz g — biowo k- m) At + o161 VAL + T (€] LAt — AL
Topt1 = Tog + Dok |(—a2 + b2121 fom — b2aTa g — b33 ko) AL — o2€2 VAL + %(egkﬁt - At)} ;
2
T3 1 = T3 + T3k |(—a3 + b32Ta fm — b33x3 k) At — o3€3 VAL + 5 (€3 At — At)} ,

2
where € ;, €2, and €3,7 = 1,2,3 are the Gaussian random variables N(0,1), r1 = a1 — %1 >0, r =

a; + %12 (i = 2,3), m represents the integer part 7//At — 1. Choose (x1(0),22(0),23(0)) € RY, t € [-7,0],
and suitable parameters, by Matlab, we get Figure 1 , Figure 2 and Figure 3.

In Figure 1, when the noise is small, choose parameters satisfying the condition of Theorem the
solution of system will persist in time average.

In Figure 2, we observe case (iii) in Theorem and choose parameters r; > 0, r; — %7’2 < 0. As
Theorem indicated that two predators will die out in probability. The prey solution of system (|1.3]) will
persist in time average.

In Figure 3, we observe case (i) in Theorem [4.2/and choose parameters r; < 0. As Theorem [4.2findicated
that not only predators but also prey will die out in probability when the noise of the prey is large, and it
does not happen in the deterministic system. These simulated results are consistent with our theorems.

091
3.5

0.251
0.8

25F

1.5 (1)

0.5-

0.1

Figure 1: The solution of system (1.2) and system (1.3) with (x1(0), z2(0),z3(0)) = (0.9,0.3,0.2), t € [-7,0], a1 = 0.7, a2 =
0.3, as = 0.1, bi1 = 0.3, b12 = 0.2, ba1 = 0.3, b2z = 0.5, bag = 0.3, bsa = 0.4, b33 = 0.8. The blue lines represent the solution
of system (|1.2), while the red lines represents the solution of system (1.3) with o1 = 0.02,02 = 0.01, 03 = 0.01.
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1k ]
Wm&m 01k il
0.05F
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0.05- B
0 L ol 0
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t t t

Figure 2: Two of the species will die out in probability. The solution of system (1.2)) and system (1.3) with (z1(0), z2(0), z3(0)) =
(0.9,0.3,0.2),t S [77’, OL ay = 0.5, a2 = 0.3, asz = 0.17 b11 = 0.67 b12 = 0.2, b21 = 0.3, b22 = 0.5, b23 = 0.3, b32 = 0.4, b33 =0.8.
The blue lines represent the solution of system (1.2]), while the red lines represents the solution of system (1.3) with o1 =
0.02,02 = 0.01,03 = 0.01.

1.5 0.57
0.45- B
025
0.4r q
0351 b
1 0.2
0.3 B
0.25 1 0.15
0.2 B
0.5 X, (t) e X (t 01F X5(t)
0.15 o 1
01 1
0.05F
0.05- B
0 y 0" ) 0
0 50 100 0 50 100 0 50 100

t t t

Figure 3: One of the species or both species will die out in probability. The solution of system and system with
(561(0),1‘2(0),$3(0)) = (0.9,0.3,0.2), t e [—’T, 0], al = —-0.7 a2 = 0.37 asz = 0.17 b11 = 0.3, b12 = 0.27 b21 = 0.3, b22 = 0.57 523 =
0.3, b3z = 0.4,b33 = 0.8. The blue lines represent the solution of system , while the red lines represents the solution of
system with o1 = 0.02,02 = 0.01,03 = 0.01.

References

[1] M. Barra, D. G. Grosso, A. Gerardi, G. Koch, F. Marchetti, Some basic properties of stochastic population models, Springer,
Berlin-New York, (1979), 155-164.[1]

[2] L. S. Chen, J. Chen, Nonlinear biological dynamical system, Science Press, Beijing, (1993).[3]

[3] H. I. Freedman, Deterministic mathematical models in population ecology, Marcel Dekker, New Work, (1980).

[4] H. I. Freedman, K. Gopalsamy, Global stability in time delayed single species dynamics, Bull. Math. Biol., 48 (1986),
485-492.[1

[5] H. I. Freedman, J. So, Global stability and persistence of simple food chains, Math. Biosci., 76 (1985), 69786.

[6] H. I. Freedman, P. Waltman, Mathematical analysis of some three-species food-chain models, Math. Biosci., 33 (1977),
257-276.01



J. Fu, H. Li, Q. Han, H. Li, J. Nonlinear Sci. Appl. 9 (2016), 553-567 567

T. Gard, Persistence in stochastic food web model, Bull. Math. Biol., 46 (1984), 3577370.

T. Gard, Stability for multispecies population models in random environments, Nolinear Anal., 10 (1986), 1411—1419.
T. Gard, Introduction to stochastic differential equations, Marcel Dekker, New Work, (1988).

K. Gopalsamy, Global asymptotic stability in a periodic Lotka-Volterra system, J. Austral. Math. Soc. ser. B, 27 (1985),
66-72.00

D. J. Higham, An algorithmic introduction to numerical simulation of stochastic differential equations, STAM Rev., 43
(2001), 5257546.

Y. Z. Hu, F. K. Wu, Stochastic Lotka-Volterra model with multiple delays, J. Math. Anal. Appl., 375 (2011), 42757.

C. Y. Ji, D. Q. Jiang, Dynamics of a stochastic density dependent predator-prey system with Beddington-DeAngelis func-
tional response, J. Math. Anal. Appl., 381 (2011), 4417453.

C.Y. Ji, D. Q. Jiang, X. Y. Li, Qualitative analysis of a stochastic ratio-dependent predator-prey system, J. Comput. Appl.
Math., 235 (2011), 132671341‘

C.Y. Ji, D. Q. Jiang, N. Z. Shi, Analysis of a predator-prey model with modified Leslie-Gower and Holling-type II schemes
with stochastic perturbation, J. Math. Anal. Appl., 359 (2009), 4827498.

D. Q. Jiang, N. Z. Shi, A note on nonautonomous logistic equation with random perturbation, J. Math. Anal. Appl., 303
(2005), 164-172.21]

Y. Kuang, Delay differential equations with applications in population dynamics, Academic Press, New York, (1993).

Y. Kuang, H. L. Smith, Global stability for infinite delay Lotka- Volterra type systems, J. Differential Equations., 103 (1993),
221-246.]

H. H. Li, F. Z. Cong, D. Q. Jiang, H. T. Hua, Persistence and non-persistence of a food chain model with stochastic
perturbation, Abst. Appl. Anal., 2013 (2013), 9 pages.

X. Mao, Stochastic differential equations and applications, Horwood, Chichester, (1997).

X. Mao, Delay population dynamics and environment noise, Stoch. Dyn., 52 (2005), 1497162.

] X. Mao, C. G. Yuan, J. Zou, Stochastic differential delay equations of population dynamics, J. Math. Anal. Appl., 304

(2005), 296732().

R. M. May, Stability and complexity in model ecosystem, Princeton University Press, New Jersey, (2001).

P. Polansky, Invariant distribution for multipopulation models in random environments, Theoret. Population Biol., 16
(1979), 25-34.[1]

X. Q. Wen, Z. E. Ma, H. I. Freedman, Global stability of Volterra models with time delay, J. Math. Anal. Appl., 160 (1991),
51-59.0

P. Y. Xia, X. K. Zheng, D. Q. Jiang, Persistence and nonpersistence of a nonautonomous stochastic mutualism system,
Abstr. Appl. Anal., 2013 (2013), 13 pages.



	1 Introduction
	2 Existence and uniqueness of the nonnegative solution
	3 Persistent in time average
	4 Non-persistence
	5 Numerical simulation

