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Abstract

An iterative algorithm is presented to find the fixed points of a quasi-asymptotic pseudo-contraction in
Hilbert spaces. It is shown that the proposed algorithm converges strongly to the fixed point of a quasi-
asymptotic pseudo-contraction. c©2016 All rights reserved.
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1. Introduction

Throughout, we assume that H is a real Hilbert space equipped with inner product 〈·, ·〉 and norm ‖ · ‖,
respectively. Let ∅ 6= C ⊂ H be a closed and convex set.

Definition 1.1. An operator T : C → C is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that

‖Tnx− Tny‖ ≤ L ‖x− y‖
for all x, y ∈ C and for all n ≥ 1.

Definition 1.2. An operator T : C → C is said to be asymptotically nonexpansive if there exists a sequence
{kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn ‖x− y‖ (1.1)

for all x, y ∈ C and for all n ≥ 1.
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The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [3] in 1972.
They proved the following result.

Proposition 1.3. Let X be a uniformly convex Banach space. Let ∅ 6= C ⊂ X be a bounded, closed and
convex set. Let T : C → C be an asymptotically nonexpansive mapping. Then, the set F (T ) of fixed points
of T is nonempty, closed and convex.

Since then, a large number of authors have devoted to study the weak and strong convergence problems
of the iterative algorithms for such a class of mappings (see, e.g., [1, 5, 8]and [7, 10, 15–17]). In particular,
the following two algorithms have been studied extensively in the literature.

Algorithm 1.4. For arbitrary x0 ∈ C, compute the sequence {xn} by the manner

xn+1 = (1− αn)xn + αnT
nxn, ∀n ≥ 1.

Algorithm 1.5. For arbitrary x0 ∈ C, compute the sequence {xn} by the manner{
yn = (1− βn)xn + βnT

nxn,

xn+1 = (1− αn)xn + αnT
nyn, ∀n ≥ 1.

(1.2)

Definition 1.6. An operator T : C → C is called asymptotically pseudo-contractive if there exists a
sequence {kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

〈Tnx− Tny, x− y〉 ≤ kn‖x− y‖2 (1.3)

for all x, y ∈ C and for all n ≥ 1.

Remark 1.7. It is easy to check that (1.3) equals

‖Tnx− Tny‖2 ≤ (2kn − 1) ‖x− y‖2 + ‖(x− Tnx)− (y − Tny)‖2 (1.4)

for all x, y ∈ C and for all n ≥ 1.

The class of asymptotic pseudo-contractions was introduced by Schu [6] in 1991. We know that the class
of asymptotic pseudo-contractions contains properly the class of asymptotically nonexpansive mappings as
a subclass.

To compute the fixed point of asymptotic pseudo-contractions, Schu [6] demonstrated the following
convergence theorem.

Theorem 1.8. Let H be a real Hilbert space and ∅ 6= C ⊂ H a closed and convex set. Let T : C → C be
a uniformly L-Lipschitzian and asymptotic pseudo-contraction with {kn}∞n=1 ⊂ [1,∞) and {xn} a sequence
generated by (1.2). Suppose the following conditions are satisfied:

(i) C is bounded and T is completely continuous;

(ii)
∑∞

n=1(kn − 1) <∞;

(iii) 0 < κ1 ≤ αn ≤ βn ≤ κ2 <
√
1+L2−1
L2 for all n ≥ 1.

Then the sequence {xn} generated by (1.2) converges strongly to some fixed point of T .

Further, Chidume and Zegeye [2] introduced the following algorithm.

Algorithm 1.9. For given x1 ∈ C, compute the sequence {xn} by the manner

xn+1 = λnθnx1 + (1− λn − λnθn)xn + λnT
nxn,∀n ≥ 1, (1.5)

where the sequences {λn} ⊂ (0, 1) and {θn} ⊂ (0, 1) satisfy
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(i) λn(1 + θn) ≤ 1 and
∑∞

n=1 λnθn =∞;

(ii) limn→∞ θn = limn→∞
λn
θn

= limn→∞
kn−1
θn

= limn→∞
θn−θn−1

λnθ2n
= limn→∞

kn−kn−1

λnθ2n
= 0.

Furthermore, Chidume and Zegeye showed the strong convergence of the above algorithm (1.5) under
some more assumptions on the mapping T in Banach spaces.

Definition 1.10. An operator T : C → C is said to be quasi-asymptotically pseudo-contractive if F (T ) 6= ∅
and there exists a sequence {kn} ⊂ [1,∞) with limn→∞ kn = 1 such that

〈Tnx− p, x− p〉 ≤ kn ‖x− p‖2 (1.6)

for all x ∈ C, p ∈ F (T ) and for all n ≥ 1.

Remark 1.11. It is easy to check that (1.6) equals

‖Tnx− p‖2 ≤ (2kn − 1) ‖x− p‖2 + ‖x− Tnx‖2 (1.7)

for all x ∈ C, p ∈ F (T ) and for all n ≥ 1.
Thus, every asymptotically pseudo-contractive mapping with F (T ) 6= ∅ is quasi-asymptotically pseudo-

contractive, but the converse may not be true.

Recently, Zhou and Su [19] established a demi-closedness principle for quasi-asymptotic pseudo-contract
-ions in Hilbert spaces. By utilizing the demi-closedness principle, they suggested a CQ algorithm and
proved its strong convergence. Some related work, please refer to [11–14].

Inspired by the results in the literature, the main purpose of this article is to construct an iterative method
to find the fixed points of quasi-asymptotically pseudo-contractive mappings. We suggest an algorithm based
on the algorithms (1.2) and (1.5). Under some mild conditions, we prove that the suggested algorithm
converges strongly to the fixed point of quasi-asymptotically pseudo-contractive mapping T .

2. Lemmas

In Hilbert spaces, the following results are well known.

Lemma 2.1. Let H be a Hilbert space, then we have

‖u+ u†‖2 ≤ ‖u‖2 + 2〈u†, u+ u†〉 (2.1)

and
‖δu+ (1− δ)u†‖2 = δ‖u‖2 + (1− δ)‖u†‖2 − δ(1− δ)‖u− u†‖2 (2.2)

for all u, u† ∈ H and δ ∈ [0, 1].

Lemma 2.2 ([18]). Let C be a nonempty bounded and closed convex subset of a real Hilbert space H. Let
T : C → C be a uniformly L-Lipschitzian and asymptotically pseudo-contraction. Then I − T is demiclosed
at zero.

Lemma 2.3 ([4]). Let {σn}n≥1 be a sequence of real numbers. Assume {σn} does not decrease at infinity,
that is, there exists at least a subsequence {σnk

} of {σn} such that σnk
≤ σnk+1 for all k ≥ 0. For every

n ≥ N , define an integer sequence {τ(n)} as

τ(n) = max {i ≤ n : σni < σni+1} .

Then τ(n)→∞ as n→∞, and for all n ≥ N

max
{
στ(n), σn

}
≤ στ(n)+1.
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Lemma 2.4 ([9]). Let {ζn} ⊂ [0,∞), {ςn} ⊂ (0, 1) and {%n} be three sequences such that

ζn+1 ≤ (1− ςn)ζn + %n, ∀n ≥ 1.

Assume the following restrictions are satisfied

(i)
∑∞

n=1 ςn =∞;

(ii) lim supn→∞
%n
ςn
≤ 0 or

∑∞
n=1 |%n| <∞.

Then limn→∞ ζn = 0.

3. Main results

In the sequel, let C be a nonempty, closed and convex subset of a real Hilbert space H, let T : C → C be
a uniformly L-Lipschitzian and quasi-asymptotic pseudo-contraction with coefficient {kn} and f : C → C a
ρ-contractive mapping. Let {αn}, {βn} and {γn} be three real number sequences in [0, 1].

Algorithm 3.1. For x1 ∈ C, define the sequence {xn} by{
yn = (1− γn)xn + γnT

nxn,

xn+1 = αnf(xn) + (1− αn)[(1− βn)xn + βnT
nyn],∀n ≥ 1.

(3.1)

Next, we prove our main result as follows.

Theorem 3.2. Suppose F (T ) 6= ∅ and I − T is demiclosed at zero. Assume the sequences {αn}, {βn} and
{γn} satisfy the following conditions:

(i) limn→∞ αn = 0 and
∑∞

n=1 αn =∞;

(ii) βn ≤ γn, 0 < lim infn→∞ βn and
∑∞

n=1(kn − 1) <∞;

(iii) 0 < a ≤ γn ≤ b < 1√
k2n+L

2+kn
for all n ≥ 1.

Then the sequence {xn} defined by (3.1) converges strongly to u = PF (T )f(u), which is the unique solution
of the variational inequality 〈(I − f)u, x− u〉 ≥ 0, ∀x ∈ F (T ).

Proof. Note that u = PF (T )f(u) is unique due to the mapping f being contractive. From (3.1), we have

‖xn+1 − u‖ = ‖αnf(xn) + (1− αn) [(1− βn)xn + βnT
nyn]− u‖

= ‖αn(f(xn)− u) + (1− αn) [(1− βn)(xn − u) + βn(Tnyn − u)]‖
≤ αn ‖f(xn)− u‖+ (1− αn) ‖(1− βn)(xn − u) + βn(Tnyn − u)‖ .

(3.2)

By (2.2), we get

‖(1− βn)(xn − u) + βn(Tnyn − u)‖2 = (1− βn) ‖xn − u‖2 + βn ‖Tnyn − u‖2

− βn(1− βn) ‖xn − Tnyn‖2 .
(3.3)

Choosing y = u in (1.7) to derive

‖Tnx− u‖2 ≤ (2kn − 1) ‖x− u‖2 + ‖x− Tnx‖2 (3.4)

for all x ∈ C.
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From (3.1), (3.4) and (2.2), we obtain

‖Tnyn − u‖2 ≤ (2kn − 1) ‖yn − u‖2 + ‖yn − Tnyn‖2

= (2kn − 1) ‖(1− γn)xn + γnT
nxn − u‖2 + ‖(1− γn)xn + γnT

nxn − Tnyn‖2

= (2kn − 1) ‖(1− γn)(xn − u) + γn(Tnxn − u)‖2

+ ‖(1− γn) (xn − Tnyn) + γn(Tnxn − Tnyn)‖2

= (2kn − 1)
[
(1− γn)‖xn − u‖2 + γn‖Tnxn − u‖2 − γn(1− γn)‖xn − Tnxn‖2

]
+ (1− γn)‖xn − Tnyn‖2 + γn‖Tnxn − Tnyn‖2 − γn(1− γn)‖xn − Tnxn‖2

≤ (2kn − 1)
[
(1− γn)‖xn − u‖2 + γn(2kn − 1)‖xn − u‖2 + γn‖xn − Tnxn‖2

− γn(1− γn)‖xn − Tnxn‖2
]

+ (1− γn)‖xn − Tnyn‖2 + γn‖Tnxn − Tnyn‖2

− γn(1− γn)‖xn − Tnxn‖2.

(3.5)

Observe that
‖xn − yn‖ = γn‖xn − Tnxn‖. (3.6)

Since T is uniformly L-Lipschitzian, from (3.5) and (3.6), we deduce

‖Tnyn − u‖2 ≤ (2kn − 1)[(1− γn)‖xn − u‖2 + γn(2kn − 1)‖xn − u‖2 + γn‖xn − Tnxn‖2

− γn(1− γn)‖xn − Tnxn‖2] + (1− γn)‖xn − Tnyn‖2

+ γnL
2‖xn − yn‖2 − γn(1− γn)‖xn − Tnxn‖2

= (2kn − 1)[(1− γn)‖xn − u‖2 + γn(2kn − 1)‖xn − u‖2 + γn‖xn − Tnxn‖2

− γn(1− γn)‖xn − Tnxn‖2] + (1− γn)‖xn − Tnyn‖2 + γ3nL
2‖xn − Tnxn‖2

− γn(1− γn)‖xn − Tnxn‖2

= [1 + 2(2knγn − γn + 1)(kn − 1)] ‖xn − u‖2 + (1− γn)‖xn − Tnyn‖2

− γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2.

(3.7)

By condition (iii), we know that γn ≤ b < 1√
k2n+L

2+kn
for all n ≥ 1. Then, we deduce that

1− 2knγn − γ2nL2
n > 0 for all n ≥ 1. Thus, compute (3.7) to deduce

‖Tnyn − u‖2 ≤
[
1 + 2(2knγn − γn + 1)(kn − 1)

]
‖xn − u‖2 + (1− γn)‖xn − Tnyn‖2. (3.8)

Substituting (3.8) into (3.3) to get

‖(1− βn)(xn − u) + βn(Tnyn − u)‖2 ≤ βn[1 + 2(2knγn − γn + 1)(kn − 1)]‖xn − u‖2

+ (1− γn)βn‖xn − Tnyn‖2 + (1− βn)‖xn − u‖2

− βn(1− βn)‖xn − Tnyn‖2

= [1 + 2βn(2knγn − γn + 1)(kn − 1)]‖xn − u‖2

+ βn(βn − γn)‖xn − Tnyn‖2

≤ [1 + 2βn(2knγn − γn + 1)(kn − 1)]‖xn − u‖2.

So,

‖(1− βn)(xn − u) + βn(Tnyn − u)‖ ≤
√

1 + 2βn(2knγn − γn + 1)(kn − 1) ‖xn − u‖
≤ [1 + 2βn(2knγn − γn + 1)(kn − 1)] ‖xn − u‖.

(3.9)

Since kn → 1, without loss of generality, we assume that kn ≤ 2 for all n ≥ 1. It follows from (3.2) and (3.9)
that

‖xn+1 − u‖ ≤ αn‖f(xn)− u‖+ (1− αn) [1 + 2(2knγn − γn + 1)(kn − 1)] ‖xn − u‖
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≤ αn‖f(xn)− f(u)‖+ αn‖f(u)− u‖+ (1− αn) [1 + 2(2knγn − γn + 1)(kn − 1)] ‖xn − u‖
≤ αnρ‖xn − u‖+ αn‖f(u)− u‖+ (1− αn) [1 + 2(2knγn − γn + 1)(kn − 1)] ‖xn − u‖
≤ αn‖f(u)− u‖+ [1− (1− ρ)αn] ‖xn − u‖+ 2 (2knγn − γn + 1) (kn − 1)‖xn − u‖

≤ (1− ρ)αn
‖f(u)− u‖

1− ρ
+ [1− (1− ρ)αn] ‖xn − u‖+ 10(kn − 1)‖xn − u‖.

An induction induces that

‖xn+1 − u‖ ≤ [1 + 10(kn − 1)] max

{
‖xn − u‖,

‖f(u)− u‖
1− ρ

}
≤

n∏
i=1

[1 + 10(ki − 1)] max

{
‖x0 − u‖,

‖f(u)− u‖
1− ρ

}
.

This implies that the sequence {xn} is bounded by the condition
∑∞

n=1(kn − 1) <∞.
From (2.1) and (3.1), we have

‖xn+1 − u‖2 = ‖(1− αn)(xn − u)− βn(1− αn)(xn − Tnyn) + αn(f(xn)− u)‖2

≤ ‖(1− αn)(xn − u)− βn(1− αn)(xn − Tnyn)‖2 + 2αn〈f(xn)− u, xn+1 − u〉
= (1− αn)2‖xn − u‖2 − 2βn(1− αn)2〈xn − Tnyn, xn − u〉

+ β2n(1− αn)2‖xn − Tnyn‖2 + 2αn〈f(xn)− u, xn+1 − u〉.

(3.10)

From (3.7), we deduce

2〈xn − Tnyn, xn − u〉 ≥ γn‖xn − Tnyn‖2 + γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2

− 2(2knγn − γn + 1)(kn − 1)‖xn − u‖2

≥ γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2 + γn‖xn − Tnyn‖2.
(3.11)

By condition (ii), we have γn ≥ βn ≥ 0 for all n ≥ 1. Hence, by (3.10) and (3.11), we get

‖xn+1 − u‖2 ≤ (1− αn)2‖xn − u‖2 − βnγn(1− αn)2‖xn − Tnyn‖2 + β2n(1− αn)2‖xn − Tnyn‖2

− βn(1− αn)2γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2 + 2αn〈f(xn)− u, xn+1 − u〉
≤ (1− αn)‖xn − u‖2 + 2αn〈f(xn)− u, xn+1 − u〉
− βn(1− αn)2γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2.

(3.12)

It follows that

‖xn+1 − u‖2 − ‖xn − u‖2 + βn(1− αn)2γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2

≤ αn
(
2〈f(xn)− u, xn+1 − u〉 − ‖xn − u‖2

)
.

Since {xn} and {f(xn)} are bounded, there exists M > 0 such that

sup
n

{
2〈f(xn)− u, xn+1 − u〉 − ‖xn − u‖2

}
≤M.

So,
βn(1− αn)2γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2 + ‖xn+1 − u‖2 − ‖xn − u‖2 ≤ αnM. (3.13)

Next, we consider two possible cases.

Case 1. Assume there exists some integer m > 0 such that {‖xn − u‖} is decreasing for all n ≥ m.
In this case, we know that limn→∞ ‖xn − u‖ exists. From (3.13), we deduce

βn(1− αn)2γn(1− 2knγn − γ2nL2)‖xn − Tnxn‖2 ≤ ‖xn − u‖2 − ‖xn+1 − u‖2 +Mαn. (3.14)
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By conditions (ii) and (iii), we have lim infn→∞ βn(1 − αn)2γn(1 − 2knγn − γ2nL2) > 0. Thus, from (3.14),
we get

lim
n→∞

‖xn − Tnxn‖ = 0. (3.15)

It follows from (3.6) and (3.15) that
lim
n→∞

‖xn − yn‖ = 0. (3.16)

Since T is uniformly L-Lipschitzian, we have ‖Tnyn−Tnxn‖ ≤ L‖xn−yn‖. This together with (3.16) imply
that

lim
n→∞

‖Tnyn − Tnxn‖ = 0. (3.17)

Note that
‖xn − Tnyn‖ ≤ ‖xn − Tnxn‖+ ‖Tnxn − Tnyn‖. (3.18)

Combining (3.15), (3.17) and (3.18), we have

lim
n→∞

‖xn − Tnyn‖ = 0. (3.19)

From (3.1), we have

‖xn+1 − xn‖ ≤ αn‖f(xn)− xn‖+ (1− αn)βn‖Tnyn − xn‖.

Therefore,
lim
n→∞

‖xn+1 − xn‖ = 0. (3.20)

Since T is uniformly L-Lipschitzian, we can derive

‖xn+1 − Txn+1‖ ≤ ‖xn+1 − Tn+1xn+1‖+ ‖Tn+1xn+1 − Tn+1xn‖+ ‖Tn+1xn − Txn+1‖
≤ ‖xn+1 − Tn+1xn+1‖+ L‖xn+1 − xn‖+ L‖Tnxn − xn+1‖
≤ ‖xn+1 − Tn+1xn+1‖+ 2L‖xn+1 − xn‖+ L‖Tnxn − xn‖.

(3.21)

By (3.15), (3.20) and (3.21), we have immediately that

lim
n→∞

‖xn − Txn‖ = 0. (3.22)

Since {xn} is bounded, there exists a subsequence {xnk
} of {xn} satisfying

xnk
⇀ x̃ ∈ C,

and
lim sup
n→∞

〈f(u)− u, xn − u〉 = lim
k→∞
〈f(u)− u, xnk

− u〉.

By the assumption of Lemma 2.2 and (3.22), we obtain

x̃ ∈ F (T ).

So,
lim sup
n→∞

〈f(u)− u, xn − u〉 = lim
k→∞
〈f(u)− u, xnk

− u〉

= 〈f(u)− u, x̃− u〉
≤ 0.

Returning to (3.12) to obtain

‖xn+1 − u‖2 ≤ (1− αn)‖xn − u‖2 + 2αn〈f(xn)− u, xn+1 − u〉
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= (1− αn)‖xn − u‖2 + 2αn〈f(xn)− f(u), xn+1 − u〉
+ 2αn〈f(u)− u, xn+1 − u〉
≤ (1− αn)‖xn − u‖2 + 2αnρ‖xn − u‖‖xn+1 − u‖

+ 2αn〈f(u)− u, xn+1 − u〉
≤ (1− αn)‖xn − u‖2 + αnρ(‖xn − u‖2 + ‖xn+1 − u‖2)

+ 2αn〈f(u)− u, xn+1 − u〉.

It follows that

‖xn+1 − u‖2 ≤ [1− (1− ρ)αn]‖xn − u‖2 +
2αn

1− αnρ
〈f(u)− u, xn+1 − u〉. (3.23)

Applying Lemma 2.4 to deduce xn → u.

Case 2. Assume there exists an integer n0 such that ‖xn0 − u‖ ≤ ‖xn0+1 − u‖. In this case, we set
ωn = {‖xn − u‖}. Then, we have ωn0 ≤ ωn0+1. Define an integer sequence {τn} for all n ≥ n0 as follows:

τ(n) = max {l ∈ N|n0 ≤ l ≤ n, ωl ≤ ωl+1} .

It is clear that τ(n) is a non-decreasing sequence satisfying

lim
n→∞

τ(n) =∞

and
ωτ(n) ≤ ωτ(n)+1

for all n ≥ n0. From (3.22), we get
lim
n→∞

‖xτ(n) − Txτ(n)‖ = 0.

This implies that ωw(xτ(n)) ⊂ F (T ). Thus, we obtain

lim sup
n→∞

〈f(u)− u, xτ(n) − u〉 ≤ 0. (3.24)

Since ωτ(n) ≤ ωτ(n)+1, we have from (3.23) that

ω2
τ(n) ≤ ω

2
τ(n)+1 ≤ [1− (1− ρ)ατ(n)]ω

2
τ(n) +

2ατ(n)

1− ατ(n)ρ
〈f(u)− u, xτ(n)+1 − u〉.

It follows that

ω2
τ(n) ≤

2

(1− ατ(n)ρ)(1− ρ)
〈f(u)− u, xτ(n)+1 − u〉. (3.25)

Combining (3.24) and (3.25), we have
lim sup
n→∞

ωτ(n) ≤ 0,

and hence
lim
n→∞

ωτ(n) = 0. (3.26)

From (3.23), we obtain

‖xτ(n)+1 − u‖2 ≤ [1− (1− ρ)ατ (n)]‖xτ(n) − u‖2 +
2ατ(n)

1− ατ(n)ρ
〈f(u)− u, xτ(n)+1 − u〉.

It follows that
lim sup
n→∞

ωτ(n)+1 ≤ lim sup
n→∞

ωτ(n).
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This together with (3.26) imply that
lim
n→∞

ωτ(n)+1 = 0.

Applying Lemma 2.3 to get
0 ≤ ωn ≤ max{ωτ(n), ωτ(n)+1}.

Therefore, ωn → 0. That is, xn → u. The proof is completed.
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