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Abstract

This paper aims to investigate the existence of solutions for fractional integral boundary value problems
(BVPs for short) with p(t)-Laplacian operator. By using the fixed point theorem and the coincidence degree
theory, two existence results are obtained, which enrich existing literatures. Some examples are supplied to
verify our main results. (©2016 All rights reserved.
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1. Introduction

In the recent years, fractional differential equations have been applied in many research fields (see [4, 20,
23, 241, 30]). For example, Leszczynski and Blaszezyk [23] discussed the following fractional mathematical
model which can be used to describe the height of granular material decreasing over time in a silo:

“Dg_Dh*(t) + BR*(t) =0, t€[0,T),

where CD%_ is the right Caputo fractional derivative, D%, is the left Riemann-Liouville fractional derivative,
a € (0,1). Furthermore, some valuable results which are related to the stability of fractional functional
equations (see [10l 17, 28]) and the existence and multiplicity of solutions for fractional boundary value
problems (see [IH3], 5] [6, [15] [18]) have been achieved by some scholars. For example, Cabada and Wang [6]
considered the existence of positive solutions for the following fractional integral BVP by Guo-Krasnoselskii
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fixed point theorem:
CD(t) 4+ f(t,z(t)) =0, te€(0,1),
z(0) =2"(0) =0, =z(1)= )\fol x(s)ds

where 2 < o < 3,0 < A < 2, “ D% is a Caputo fractional derivative, f : [0, 1] x [0, 00) — [0, 00) is continuous.

It is well-known that p-Laplacian operator is a nonlinear operator and occurs in the course of considering
glacial sliding (see [27]), torsional creep (see [19]), porous medium (see [22]), etc. For solvability of BVPs
for integer differential equations with p-Laplacian operator, we provide readers with some articles (see
[T, (13, [14]).

Recently, some scholars have paid more attention to fractional p-Laplacian equations and got some
interesting results (see [7, 9, [16, 25]). For example, Chen and Liu [9] investigated the existence of solutions
for the anti-periodic BVP of fractional differential equation with p-Laplacian operator by Schaefer’s fixed
point theorem:

{ DL, op(D3 (1) = f(ta(t), te[o,1],
z(0) = —z(1), D0+$(O> = D0+x( )
where 0 < 8, a <1, 1 <a+ 3 <2, Dj, is a Caputo fractional derivative, ¢,(-) is a p-Laplacian operator,
f:10,1] x R — R is continuous.

Mahmudov and Unul [25] studied the existence and uniqueness of solutions for integral BVP of fractional

differential equation with p-Laplacian operator by Green’s functions and some fixed point theorems:

170+¢p(l?0+$()) —»f( () 170+1( ), tel0,1],
x(0) + prx(l) = 0y fo ))ds,

2'(0) + poa’ (1) = o2 fo ))ds,

Dgy2(0) = 07 D x(1) = 1/D0+x(n),

where 1 <a <2, 0<B3,7<1,0<n<1,vu,0 >0 (i=1,2), D is a Caputo fractional derivative,
©p(+) is a p-Laplacian operator, f, g, h are continuous.

Motivated by the work above, our paper aims to investigate the existence of solutions for the following
fractional integral BVP with p(t)-Laplacian operator under the non-resonance case and resonance case:

{ D€+(pp(t)(D8+x(t)) + f(t,l‘(t)) =0, te (07 1)7 (1 1)
z(0) =0, Dg‘jlflj(l) = ’Yfgfll'(n)a D3+x(0) =0, ‘

where Df, is a Riemann-Liouville fractional derivative, 1 < a < 2,0 < g <1, v > 0,0 <n <1,
f:10,1] x R — R is continuous. ¢, (-) is a p(t)-Laplacian operator, p(t) > 1, p(t) € C*[0,1].

Noting that the p(¢)-Laplacian operator is the non-standard growth operator which arises from nonlinear
electrorheological fluids (see [29]), image restoration (see [§]), elasticity theory (see [32]), etc. There are
many valuable results with respect to this type problems (see [12], BI] and references therein). Compared
with constant growth operator, it will bring many difficulties. It can turn into the well-known p-Laplacian
operator when p(t) = p, so our results extend and enrich some existing papers. Moreover, there are almost
no papers which considered fractional integral BVPs with p(t)-Laplacian operator. For the non-resonance
case, by constructing the Green function, we show a new existence result for BVP by the Schaefer’s
fixed point theorem. For the resonance case, by investigating the following equivalence problem (see Lemma

73
D()er tP 0+f t T )2a (071)7
z(0) =0, 3+ a( g2t z(n),
we obtain a new existence result for BVP (L.1)) by the coincidence degree theory of Mawhin (see [26]).

2. Preliminaries

For basic definitions of Riemann-Liouville fractional integral and fractional derivative, please see [20].
Here, we show some important properties, lemmas and definitions as follows.
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Lemma 2.1 ([31]). For any (t,x) € [0,1] X R, @4 (x) = |z[P()=22 is a homeomorphism from R to R and
strictly monotone increasing for any fixed t. Moreover, its inverse operator cp;é)(-) is defined by

1 2—p(t)
oo @) = o2, 2 e R\ {0},

P (0) =0, z=0,
which is continuous and sends bounded sets to bounded sets.

Definition 2.2 ([26]). Let X and Y be real Banach spaces and let L : domL C X — Y be a Fredholm
operator with index zero. Let P: X — X, @ : Y — Y be continuous linear projectors such that ImP =
KerL, Ker@Q =ImL, X = KerL ® KerP, Y =ImL © Im@Q. It follows that L|jom;~Kerp : domL N KerP —
ImL is invertible. Its inverse is defined by Kp. If €2 is an open bounded subset of X, and domL N # &, the
map N : X — Y will be called L—compact on Q if QN : Q — Y is bounded and KpoN := KP(I — Q)N :
Q — X is compact.

Lemma 2.3 ([%6]) Let L : domL C X — Y be a Fredholm operator of index zero and N : X — Y be
L—compact on Q. Assume that the following conditions are satisfied:

(i) Lz # ANz for every (x,\) € [(domL \ KerL)] N 02 x (0,1);
(ii) Nx & ImL for every x € KerL N OS);
(iil) deg(QN|gepr, KerL N Q,0) # 0, where Q :' Y — Y s a projection such that ImL = KerQ). Then the
equation Lx = Nx has at least one solution in domL N Q.

Lemma 2.4 ([20]). Some properties for the Riemann-Liouville fractional integral and fractional derivative
are as follows:

i) fa>0,A>-1, A 4a—1, i=1,2,...,[a] + 1, we have

_ P()‘+ 1) t)\—a
'A—a+1) '

Moreover, D8‘+ta_i =0,i=1,2,.., o] + 1.

(ii)) Ifa >0, A > —1, we have
F(A+1) Ao
'A+a+1) '

Lemma 2.5. If y(t) € C[0,1] and 0 < yn**~2 < T'(2a — 1), the unique solution of

{ Dy op() (D5 (D) +y(t) = 0, ¢ € (0,1),
2(0) =0, Dy'a(1) =I5 a(n), Dgx(0) =0,

Igﬁrt)\ ==

can be expressed as the following integral equation

1
o) = [ Gl (eus)is, 2.1)

where

t* P (2a=1) 4t (n—s)2* "2 —(t=5)*" (L (2a=1)—yn**"?)
L(a)(N(2a—1)—yn?*=2) ’

17 (2a—1)—4t* 1 (n—s5)2>—2
L(a)(T(2a=1)—yn?>=2)

0<t<s<n<l,

t*~ 10 (2a—1)—(t—s)*~ L (D(2a—1) —yn2*—2)
I'(a)(T(2a—1)—yn2a=2) 5

0<n<s<t<Ll,

t*~17(2a—1)
\ T(o)T(2a—1)—n2a-2)> 0<t<s< 1> 5> n.
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Proof. Based on the definitions of Riemann-Liouville fractional integral, we have
epry(DGra(t)) = —I0, y(t) + ct’~1, c e R.

Combining with D, 2(0) = 0, for fixed ¢ = 0, we have ¢ = 0 and

2(t) = —— ) /O (t =) o b (Igy(s))ds + et 4 ot 2,

INGe
where ¢; € R,7 =1,2. By (0) = 0, we obtain ¢o = 0. In view of Lemma it follows that

1

107 a(t) = “T3a=T /0 (t— 5722 L (1), y(s ))ds+clr(§éa_) 1)t2”—2,

and .
DEla(t) = — /0 el (U0 y())ds + e @),
Based on the boundary value condition Dgflm(l) = ylgflx(n), it follows

I'2aa—1 U n o
= F(a)(F(QOE —1) _)7772042) [/0 ¥ (1)( oﬁ+y( ))ds — I‘(ch—l)/o (n— 5)2 290 (1)(Ig+y( s))ds

Thus, we have

t a—1 o — 1
o)==y | =9 e oD + st | [ (0 vteds

r(2a7—1>/0n("8)2a2 ooy ())ds]'

Therefore, (2.1)) holds. O

Lemma 2.6. If 0 < yn?**~2 < T'(2a — 1), G(t, s) satisfies the condition
'2a—1)
P(a)(T(2a = 1) —yn*—2)’

T'(2a-1)
(@)(T'(2a=1)—n

0 <Gt s) < Vs,t € (0,1).

Proof. By definition of G(t, s), it is clear that G(t,s) <
hand, if s <t, s <, then set

7=y for all s,t € (0,1). On the other

g(t,s) =t*7I0(2a — 1) —yt* 1 (n — 8)2272 — (t — ) H(T(2a — 1) — yn**72).
We can obtain
gt,s) >t 'T(2a — 1) — t* L2 — (t — ) 1 (D (2a — 1) — vp?*2)
= (T(2a — 1) = yp? [t — (t — 5)*71
> (D(20— 1) =y )t ! — (¢ — ts)°7]
=t (D20 —1) — m** )1 — (1 —5)*1] > 0.

For other situations, it is clear that G(t¢,s) > 0, so we omit the proof. O

Remark 2.7. Noting that if y7?*~2 = I'(2a — 1), BVP (1.1]) is the resonance case. However, the Mawhin’s
continuation theorem is not suitable for the nonlinear operator case. Thus, we need the following lemma to
turn the nonlinear operator case into the linear operator case.
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Lemma 2.8. BVP (1.1)) is equivalent to the following problem

Dhua(t) =~ (I3, 6 2(01), ¢ € 0,1), 09)
b0) =0, DEL(h) = 415t
Proof. On one hand, based on the boundary condition Df,z(0) = 0, we conclude (2.2) from (L.1). On
the other hand, if D, x(t) = —gogé) (.754r f(t,z(t)), substituting ¢ = 0 into the above equality, we obtain

D8‘+:L“(O) = 0. Moreover, applying the operator gogé) and D§+ to the both side of above equality, we have
D0+g0p( y(Dgyw(t)) + f(t,2(t)) = 0. Thus, the claim is proved. O
3. Main result

3.1. The non-resonance case

Let X = C[0,1] with norm ||z||,, = max,c(o ) |2(t)]. In the sequel, we assume that 0 < a2 <
I'(2a — 1). Furthermore, in order to state Theorem let Pp, := mingg(o 1) p(t), Pam = maxeo 1 p(t)-
Theorem 3.1. Assume that the following condition holds.

(Hy) There exist constants a,b > 0 such that

1f(t,z)| <a+Ddz’ !, 1<60<Pp.
Then BVP (1.1) has at least one solution, provided that

Qﬁr@a -1) max{bﬁ,b#}
1
(T(B+ 1)) P (a)(T(2a — 1) — yn2e-2)
Proof. The operator T : C[0,1] — C|0, 1] is defined by

<1. (3.1)

1
:/o G(t, 8) g, (I F(5,(5)))ds.

By the continuity of f, it is easy to find that 7" is continuous. Let 2 be any bounded open subset of C[0, 1].
Since Lp;é)(-) and f are continuous, there exists a constant M > 0 such that |<p;é)(fg+f(t, z(t)))| < M on

[0,1] x Q. Thus, we can obtain

B ! MT (200 — 1) B MT (20 — 1)
7= i 71 < | ey 1y T~ 1

'llhus, T is uniformly bounded. On the other hand, for all t;, to € [0, 1], assume that ¢; < to, for any
z € ), we have

ﬁ " _Safl_ _Safl S % "2 —Sails
Sr(a)/o[(tz () *r(oo/tl (t2 = )

* T@)M @) — @a Dz & 07
_ P (C(2) +yn** )M w1 acl
- Tla+1) =i I'(o)[T(200) — (2 — 1)yn?2—2] (5~ — 7).
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Thus, one has
|Tx(t2) — Tz (t1)| — 0 uniformly as t; — ta.

Therefore, T is equicontinuous on . By the Arzeld-Ascoli theorem, we can obtain T is completely
continuous. Define
V=A{zeX|z=N\Nz, \€(0,1)}.

According to Schaefer’s fixed point theorem, we just need to prove that V is bounded. For x € V| we
have

2] < pogs [ =) (st

(8)

b ' — s 2()19 N ds
< 5 [, (= @ bla(e) )
1 _
< sy e+ Helsh).

By the basic inequality (z + y)P < 2P(aP 4 yP) for x,y,p > 0 (see [21]), we have

o1 = ATa(0] < [ Gl )ty (U575,

I'(2a —1) /1 27G)-1 1 1 s
< - [ (@PO=T + bre=T [z]| 5" )]ds.
P(@)(TQ2a—=1) = m*72) Jo "(1(g 4+ 1))@

Since p(et;il € (0,1], by the basic inequality " < x + 1 for x > 0,k € (0, 1], we have

271120 — 1)
(D(B+ 1)) =T D(a)(D(2a — 1) — 7

By (3.1)), there exists a constant M; > 0 such that ||z|| < M;. Thus, the operator T" has a fixed point,
which implies BVP (|1.1) has at least one solution. O

[]loo <

1 1 1
/ [P 4 b7 (g + 1)]ds.
2c 2) 0

Example 3.2. Consider the following BVP:

{ Dys 9 oDy, a(t) + f(t,2(0)) =0, te (0,1)
z(0) = 0, D0+x(1) =312 2(%), DZx(0)=0,

0+
where a = 3, B3 =3 p(t) =12 +2,0=2,n=3, v =3, f(t,a(t) = %xQ, a=0, b= Z. Clearly, (Hy)
holds. Moreover, in view of (3.1)), we have
1
3 . <1
I'(5)T(3))?

Thus, it has at least one solution.

3.2. The resonance case

In this part, let X =Y = C[0,1] with the norm |[z|oe = max,eo 1) |2(t)|. Noting that if yn**~2 =
I'(2ae — 1), BVP (|1.1)) turns into resonance case.

By Lemma the original problem can be turned into the following problem:

{Dgax@) epiy Ig-F 0 2(0)). £ (0.1),
2(0) =0, Dylw(1) =I5 x(n).
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Define the operator L : domL C X — Y by
Lx = D, ,
where
domL = {z € X|D§,z(t) € Y, 2(0) =0, Dg‘jlx(l) = ’ng‘flx(n)}.
Let N : X — Y be the Nemytski operator
Na(t) = =4 (I f(t2(t), Vte[0,1].
Then BVP (|1.1)) is equivalent to the operator equation
Lz = Nz, z € domlL.

It is clear that
Kerl = {z € X|z(t) = ct® !, Vt € [0,1], ¢ € R},

1
ImL ={y € Y!/O y(s)ds — ﬁ /On(n — 5)2972y(s5)ds = 0}.

Define the linear continuous projection operators P: X —» X and Q: Y — Y

D7 tz(0
Px(t) = 0 (0 s

IN() ’

1
Qy(t) = Al /D y(s)ds — ﬁ /0 "5 sy2y(s)ds], vt € [0,1],

vt € [0, 1],

where

A I'(2a) _ I'(2a) _ 2a-1 -0
" T (2a) —yn2e-1 T(2a) —nl'2a—1) 2a—1-n"

It is easy to find that P2 = P, Q% = Q,

X =KerL ® KerP, and Y =ImL ® ImQ.

Noting that
dim KerL = dim Im(Q) = codim ImZL = 1.

Thus, L is a Fredholm operator of index zero. Let Kp : ImL — domZL N KerP, which can be given by
Kpy = I y. Kp is the inverse of L], ~Kerp: Since f and gogé)(‘) are continuous, it is easy to obtain

that N is L-compact on § whose proof is similar to some parts of Lemma 3.3 in [I5], so we omit it here.

Theorem 3.3. Assume that (H1) and the following condition hold.

(Hg) there exists a constant B > 0 such that if |z(t)| > B for any t € [n,1], either

sgn{x(t) }QN (x(t)) <0,

sgn{x(t)}QN (z(t)) > 0.
Then BVP (1.1) has at least one solution, provided that

b26(1 _,_na—l)@—l
LB+ 1)(T(a+ )pe-t)e-t

<1 (3.2)
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Proof. Let
O ={z € domL \ KerL | L = ANz, A € (0,1)}.

Since x € 4, we have Nz € ImL = KerQ. Thus, QNz = 0. By (Hz), there exists a constant £ € [n, 1]
such that |z(£)| < B. By z(0) = 0, we have

z(t) = I8 DYy a(t) + et ™t
Hence, we can obtain

1 1 o 1 1 N
1] < =101+ 1y / (€= 97 DG (s)lds] < i (B gy 106 o),

and )
14+n* B
< ———— |1 Df
o < g 1yt 108+

Based on Lu = ANwu, we can get

(3.3)

a—1"

Dgat) = Mgyt (12, f(t,2(1))):

Applying the operator gp;é) to the both side of above equality, one has

eple) (D5 (1)) = = XN, f(t, 2(1))).
From (H;) and A € (0,1), we have

_ I _ 1 _
\D(()lﬂﬁ(t)’p(t) t< P(ﬂ)/o (t— )" f(t,2(t))|ds < m(aerHxHiol)-
In view of (3.3]), we have
a 1 1+t B g1
‘D0+x(t)‘p < F(ﬁ-}- )[a+b(r(a+1) a—1 HD CEH T]afl) ]

By the basic inequality (z + y)P < 2P(2P 4+ yP), x,y,p > 0, we have
ID§ a(®)PO! < Ay + Ag | DG %

where
b(2B)971 + an(a71)(971)

L8+ e DD

b2971(1 + 7,’0471)071

A= (B + (T (a+ e 17T

Ay =

Hence, we can obtain

1 1 1
D5 < 27T (AT 4 AT g ).

. o—
Since p(t)il € (

0, 1], by the basic inequality 2" < x 4+ 1 for x > 0,k € (0, 1], we have

1 1 1
DG, x|, < 270-TAJOT 4 2,,(,5)4/\5& "(IDgx| 4+ 1).
In view of (3.2)), we can obtain that there exists a constant M > 0 such that

1+ﬁ%1 B
T M = Ms.
o = F(a—i—l) 2+na_1 3

DG+ 2l o < M2, ]
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So, €1 is bounded. Let
Qg = {z|r € KerL, Nz € ImL}.

For z € Q, we have z(t) = ct® !, ¢ € R and Nz € ImL. Thus, we can obtain QN (ct*~ 1) = 0, which
together with (Hg) implies |¢| < 77&%. Hence, €9 is bounded. Let

Q3 ={x e KerL| = AJzx+ (1 - N)QNz =0, A€ [0,1]},

where J : KerL — ImQ is defined by J(ct®~!) =¢, ¢ € R ,t € [0,1]. Thus, we have

1
e+ (1—A)A [ /0 e (12 f (s, c5°Y)) ds - ﬁ /0 " 922071 (12 f(s,es°))ds| = 0. (3.4)

If A = 0, by the first part of (Hz), we have |c| < %. If A € (0,1], we can also obtain || < £+

na—l .
Otherwise, if |c| > 77"%’ in view of the first part of (Hz), one has

1
Asgn(ct® e+ (1 — X)Asgn(ct®™ ) {/ cp;é)(l(if(s,csa_l))ds
0

n
TG T /0 (= 5)** i) (g S s, csa*))ds] >0

for any ¢ € [n, 1]. Thus, by choosing ¢t = 1, we obtain
1
Asgn(c)e+ (1 — X)Asgn(c) [/0 Lp;(ls) (I§+f(s, cs®1))ds

F(20é _ 1) /0 (77 3) Qpp(s)(10+f(5,68 ))d5:| >0,

which contradicts to (3.4)). Thus, 3 is bounded. Let
h={z e KerLINJz + (1 = N)QNz =0, A€ [0,1]}.

Similarly, we can prove that % is bounded by the second part of (Hz).
Let Q@ = {z € X|||z|lcc < max{Ms3, n"‘%} + 1}. Since L is a Fredholm operator of index zero and N is

L-compact on Q, then by the previous proof, we have
(i) Lx # ANz, for every (x,\) € [(domL \ KerL) N of] x (0,1).
(ii) Nz ¢ ImL, for every = € KerL N 9.

Let
H(x,\) =+AJ(x)+ (1 —N)QNx.

We can obtain H(z, \) # 0 for x € KerL N 0S). Therefore,
deg(QN|Kerr, 2N KerL,0) = deg(H(-,0),2 N KerL,0)

=deg(H(-,1),2NKerL,0)
= deg(+J,2NKerL,0) # 0.

Hence, the conditions of Lemma [2.3] are satisfied. Therefore, we can obtain that Lz = Nz has at least
one solution in domZ N ). Then BVP (|1.1)) has at least one solution. O
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Example 3.4. Consider the following BVP:

where p(t) = 12 + 2, a =
choosing vy =2, n= %, B

3

2 3
Dy oD al®) + 15 — halt) =

0
1 1
x(0) =0, Dgx(l) =~I5z(n), Dg

3 8=20=2, f(t,z(t)) = & — L|z(t)] a = b = L. Clearly, (H;) holds. By
2 3 10 10 10
= 20, it is easy to verify I'(2a — 1) = yn?**~2. Moreover, if z(t) > 20, we have

Cf(t () = —— + —Ja(t)] > 0.

2
Thus, we obtain Nz(t) = —@&%H)(I&f(t,x(t))) > 0 and

: :
QNz(t) = A[/O Nz (s)ds — 11(22)/0 (% — s)Nz(s)ds]

1 :
= A[/O Nz(s)ds — /0 (1 —2s)Nz(s)ds]

1 3
N / Na(s)ds + /0 [ — (1 — 29)|Na(s)ds} > 0.

Hence, we have

we have

sgn{z(t)}QN (z(t)) > 0. (3.5)
If 2(t) < —20, it can be found that (3.5]) is also true. Thus, the first part of (Hz) holds. In view of (3.2)),
242
ST e <
5I(3)0(3)

Therefore, it has at least one solution.
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