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Abstract

We investigate the global asymptotic stability and Naimark-Sacker bifurcation of the differ-

ence equation
F

2 )
brpzy,_1 +ex, 1+ f

Tyl = n=0,1,...

with non-negative parameters and nonnegative initial conditions z_1,xg such that brox_; +
cx? |+ f > 0. By using fixed point theorem for monotone maps we find the region of parameters
where the unique equilibrium is globally asymptotically stable.
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1 Introduction and Preliminaries

In this paper we investigate the global dynamics of the following difference equation

F —
brnTp_1+cx |+ f

Tn41 = H(zp,2p-1), n=0,1,... (1)

where
F,b,c, f€(0,00),
and where the initial conditions z_; and z( are arbitrary nonnegative real numbers. Equation (1)
is the special case of a general second order quadratic fractional equation of the form
Axi + Br,xp—1 + C’xi_l + Dxy, + Expy1 + F
ax? + brnr,—1 + cx%fl +dx, +exn—1+ f

Tptl = , n=0,1,... (2)
with non-negative parameters and initial conditions such that A+ B+C > 0, a+b+c+d+e+f >0
and am% + bxrpxn—_1 + cx%_l +dr, +exn—1+ f>0,n=0,1,.... Several global asymptotic results
for some special cases of Eq.(2) were obtained in [4, 5, 6, 15]. The systematic theory of the linear
fractional difference equation

Dx, + Evp1+ F
dz, +exn_1+ f ’

T+l = n=20,1,... (3)
with non-negative parameters and initial conditions such that D + E+ F > 0, d+e+ f > 0
and dz, + ex,—1 + f > 0,n = 0,1,... was presented in [7] where it was shown that Eq.(3) does
not exhibit Naimark-Sacker bifurcation and can only exhibit either conservative chaos or period
doubling bifurcation, see [7, 10, 11]. In the case of quadratic fractional difference equation (2) we
showed that Naimark-Sacker bifurcation is very common, see [12]. First systematic study of global
dynamics of a special case of Eq.(2) where A =C = D = a = ¢ = d = 0 was performed in [1, 2].

The global attractivity result in [7, 9], which is the fixed point theorem for monotone maps that
will be used here is the following result.

Theorem 1 Assume that the difference equation
Tnt1 = G(Tp,. .., Tpk), n=0,1,..., (4)

where G is nondecreasing functions in all its arguments has the unique equilibrium T € I, where I
is an invariant interval, that is G : I¥T1 — I. Then T is globally asymptotically stable.

In this paper we perform the local stability analysis of the unique equilibrium and give the
necessary and sufficient conditions for the equilibrium to be locally asymptotically stable, a repeller
or a non-hyperbolic equilibrium. The local stability analysis indicates that some possible dynamic
scenarios for Eq.(1) include Naimark-Sacker bifurcation. We apply Theorem 1 in the part of the
region of local asymptotic stability to obtain global asymptotic stability result. In the complement
of the parametric region where the equilibrium is locally stable the equilibrium becomes repeller
with two characteristic values to be complex conjugate numbers and on the boundary of this region
two characteristic values are complex conjugate numbers on the unit circle. We show that in this
case Eq.(1) exhibits Naimark-Sacker bifurcation resulting in the existence of locally stable periodic
solution of unknown period.



2 Linearized Stability Analysis

In this section we present the local stability of the unique positive equilibrium of Eq.(1).
In view of the above restriction on the initial conditions of Eq.(1), the equilibrium points of
Eq.(1) are the positive solutions of the equation

R )
T=-———> -,
(b+c)z%+ f
or equivalently
(b+ )T+ fT— F =0. (6)

By Descartes rule of sign Eq.(6) has the unique positive solution T given as

o= e (F+ VP + il ) - ! . 7)
\/2(b+ ) 27(b+c) vosl 1 (pofrar AP
3(b+0) ¥ | 300y | FHV 2+ 27000)

Now we investigate the stability of the positive equilibrium of Eq.(1). Set

F
H -
(u,v) buv + cv? + f
and observe that
—bF —F (b 2
H (u,0) = v HY ) = —— (bt 2e0)

(buv 4 cv? + f)* (buv 4 cv? + f)*

If T denotes an equilibrium point of Eq.(1), then the linearized equation associated with Eq.(1)
about the equilibrium point T is
Znt+l = S2Zp +12n—1

where
s=H!(z,7) and t=H,(Z,7).

Theorem 2 The unique equilibrium point T of Eq.(1) given by (7) is:

3 AF?
1) locally asymptotically stable i > —
) y asymp y ff 01207
3F2
ii) a repeller if f3 < 67;
) arepeller if f7 < Gm R

3F?

i) a non-hyperbolic point of elliptic type if f> = —.
(b+ 2¢)



Proof. A straightforward calculation yields

_ = 13
s=H.(7,7) = biT 5 = bz <0
((b+ )2 + f) r
and 5
t— H (7.7) = —F(b+2c)T :—(b+2c)f <0
o (b+)z2+ f)° F

Thus s —¢ > 0 and
S—(1-t)=(s+t—1)(s—t+1) <0,
ie.
|s| <1 —¢.
The unique equilibrium point T is a non-hyperbolic point of elliptic type for t = —1. Eigenvalues
are given by
—b+i\/4(b+2c)* — b2

A2 = 8
12 2(b+2¢) ’ (8)
and so |\ 2| = 1. Hence, for
—(b+2¢) 73 _ 4] F
t=—1 - ler=
F o b+ 2c
Thus 5o
F c’F
b+c +fi———-F=0&f= ——
( )b+2c ! b+ 2c / (b—i—2c)2
S1)
F 7 7\
T = 3 = — d = 3 .
T Ve \/: and  f c( b+ 2c
Then
—bz3  —-b F b
S = = — = —
F F b+2c b+ 2c
and .
M+ ——A+1=0
3 +2c * ’
B2
which solutions are given with (8). If f3 > m the equilibrium point Z is locally asymp-
+ 2¢
. o o3 AF? S o
totically stable (¢t € (—1,0)), and if f° < b1 20 the equilibrium point 7 is a repeller (¢ < —1).
AF?

Finally, if f2 = (1)72, then |A1 2| = 1. .
_|_

2¢)



3 Global Asymptotic Stability

In this section we give global asymptotic stability result for Eq.(1). We show that the unique
equilibrium point is globally asymptotically stable in the subregion of the parametric region of
local asymptotic stability.

Theorem 3 The unique equilibrium point T of Eq.(1) is globally asymptotically stable if the fol-
lowing condition holds

1
2> Tiies c)F2. (9)
Proof. Every solution of Eq.(1) satisfies the fourth order difference equation

Tn+l1 = H(«Tny xn—l) = H(H($n_1, xn—2)a H(xn—Qy xn—3)) = Hl<xn—17 Tn—2, xn—?))a n= 07 oo
(10)
where H; is increasing function in all its arguments. Simplifying the right hand side of Eq.(10) we
obtain

Tpiq = FD(xn—lv xn—2)D<xn—27 mn—3)2
n+ bF2D<xn—27 xn—3> + CF2D<xn—17 xn—?) + fD(:BTL—17 xn—Q)D(xn—Q; xn—3)2,

(11)

where
D(u,v) = buv 4+ v* + f.

The equilibrium solution of Eq.(11) satisfies the equation
(b+)F2+ f((b+c)z® + )2z — F((b+ )z + f)? = 0. (12)
Since the left hand side of Eq.(12) can be factored as
(b+c)z® + fx — F) ((b+c)fa® — (b+c)Fz + f?)

we conclude that the equilibrium solutions of Eq.(11) are either equilibrium solutions of Eq.(1) or
the solutions of the quadratic equation

(b+c)fa* — (b+c)Fx + f* =0. (13)
Equation (13) has no real solutions under the condition (9). Now in view of the fact that [0, ?] is
an invariant interval for H and so for Hi, an application of Theorem 1 completes the proof. O

Remark 1 By Theorem 2 the equilibrium point ¥ is locally asymptotically stable if
AE?

3
> —, 14
/ (b+2c)? 14
and by Theorem 3 the equilibrium point Z is globally asymptotically stable if the condition (9)
holds. It can be shown that condition (9) implies (14), that is global asymptotic stability implies

the local. We conjecture that the converse is true.

Conjecture 1 The equilibrium point T of Eq.(1) is globally asymptotically stable if it is locally
asymptotically stable.



4  Naimark-Sacker Bifurcation for Eq.(1)

In this section we consider bifurcation of a fixed point of a map associated to Eq.(1) in the case
where the eigenvalues are complex conjugate numbers on the unit circle.

The Naimark-Sacker bifurcation occurs for a discrete system depending on a parameter, A, with
a fixed point whose Jacobian matrix has a pair of complex conjugate eigenvalues p(A), () which
cross the unit circle transversally at A = Ag

For the sake of completeness we include the Naimark-Sacker bifurcation theorem of the interior
fixed point. See [3, 8, 13, 14, 16| for detailed description and especially [13] for the detailed proof
of the result.

Theorem 4 (Poincare-Andronov-Hopf bifurcation or Naimark-Sacker bifurcation for Maps) Let
F:RxR?*=R?% (\z)— F(\2)
be a C* map depending on real parameter \ satisfying the following conditions:

(i) F(X,0) =0 for A near some fized Ao;

(i) DF(X,0) has two non-real eigenvalues p(X) and p(X) for X near Ao with |p(Xo)| = 1;
(iii) g5|nN)] = d(Xo) # 0 at A = Xo;
(iv) uF(No) # 1 for k =1,2,3,4.

Then there is a smooth A-dependent change of coordinate bringing f into the form
F(\z) = F(\z)+O(||z|]°)

and there are smooth function a(X),b(\) and w(X) so that in polar coordinates the function F(\, x)

s given by
(?”) _ < [1(N)]r = a(A)r? > (15)
0 0+ w(A) +b(A\)r2)’
If a(Xo) > 0, then there is a neighborhood U of the origin and a § > 0 such that for |A — Xo| < &
and xo € U, then w-limit set of xo is the origin if A < \g and belongs to a closed invariant C!
curve I'(X) encircling the origin if X\ > \g. Furthermore, T'(X\g) = 0.
If a(M\g) < 0, then there is a neighborhood U of the origin and a 6 > 0 such that for |\ — Ao| < 0

and xo € U, then a-limit set of xq is the origin if X > \g and belongs to a closed invariant C*
curve I'(X) encircling the origin if X < X\o. Furthermore, I'(Ag) = 0.

Consider a general map F' (A, x) that has a fixed point at the origin with complex eigenvalues

(N = a(A) +i8(A\) and p()) = a(X) — i8(\) satisfying ((N))? + (B(A))? = 1 and B(\) # 0. By
transforming the linear part of such a map into Jordan normal form, we may assume F' to have the
following form near the origin

ron= (50 o ) (5)+ (b ). 19




Then the coefficient a(Ag) of the cubic term in Eq.(15) in polar coordinates is equal to

_—2
a(Xo) = Re ((1 — 2 (Aozi\ )( 0) §11§20> + % 11> + |€o2]” — Re (M (>\0)€21) , (17)

where
_ 1 (9*q1(0,0) &° 91(0 0) 9%g2(0 0) 8292(0 0 & 92(0 0) 9%g1(0,0)
520 8 ( ox? o2 +2 0x10x2 ox32 -2 0x10x2 ’ (18)
_ 9%g1(0,0) 91 0 0) 82g2(0 0) 9%g2(0,0)
511 — 1 ( 31: + + t 8:1:2 ) (19)
1 {9%41(0,0) 92g1(0,0)  59%g2(0 0) 8292(0 0) 9 92(0 0) 9%g1(0,0)
602 ) ( ax% - 8x% 6931(9272 Z 2 + 2 0x10x9 ) (20)
and 3 3 3 3
1 (9°g1 g 3go 892 gs  _ _Bg _ Bg
&21 = 1 (Bm + By a2 8:1:26962 da? 8:1:189: da2dxy  Ox3 )) : (21)

0 10

Figure 1: Bifurcation diagrams in (F, x) plane for b = 4.8,¢ =1, f = 1.9, generated by Dynamica
3 [8].

Theorem 5 Assume that b,c, f > 0 and

NIbt2) o VT
cve Ve

i) If0<b< ( +4cos it 3 (arctan 107)) ¢, then there is a neighborhood U of the equilibrium
point T and a p > 0 such that for |F — Fy| < p and xo,x_1 € U, then w-limit set of solution
of Eq(1), with initial condition xg,x_1 is the equilibrium point T if F < Fy and belongs to a
closed invariant C' curve T (Fy) encircling the equilibrium point T if F' > Fy. Furthermore,
I'(Fy) = 0.

Fy =

i) If b > ( +4cos L 3 (arctan 107)) ¢, then there is a neighborhood U of the equilibrium point
T and a p > 0 such that for |F' — Fo| < p and xo,x—1 € U, then a-limit set of xo,x_1 is the
equilibrium point T if F > Fy and belongs to a closed invariant C' curve T' (Fy) encircling the
equilibrium point T if F < Fy. Furthermore, I' (Fy) = 0.



(]}
1

Figure 2: Phase portraits when FF = 17 < Fy(c = 1,f = 1.9,b = 48 > 2/3 +
cos((1/3)arctany/107/53), x_1 = x¢9 = 1.4 (green), z_1 = xo = 3.1 (red), generated by Dynamica
3 [8].

Proof. In order to apply Theorem (4) we make a change of variable y,, = x, — Z. Then, the
new equation is given by

F _
Yn+1 = — — — -
bW T W +F) F ey + )+ S
Set
Up = Yn—1 and v, =y, forn=0,1,...
and write
Unp+1 = U
Un—i— B n P . (22)
"t (0n4T) (un +T) +c(un +3) 2+ f ’
where

v
F (u,v) = ( F = ) .
b(v+T) (u+T) +c(u+T) %+ f

Then F' (u,v) has the unique fixed point (0,0). The Jacobian matrix of F' (u,v) is given by

0 1
Jr (u,v) = ( —F(b(v+7T)+2c(u+T)) —Fb(u+T) > ,
(b(v4@) (utB)+e(utD)>+f)°  (bv+E) (ut@)+e(ut)+f)”



(]}
1

L1 1 2 3 4

Figure 3: Phase portraits when F = 194 > Fy(c = 1,f =

&
&4

= 48 > 2/3 +

cos((1/3)arctany/107/53), z_1; = x9p = 1.4 (green) x_; = xo = 3.1 (red), generated by Dynamica 3

[8].

and its value at the zero equilibrium is

0 1 0
Jo = Jr (0,0) = —F(b+20) —Fbz = ( —(b+20) -3

(v +cz+f)”  (@2+ca?+f)” F

The eigenvalues are p (F') and p (F) where

—bz?® + i\/f3 (4F (b+ 2c) — b?73)
2F ’

p(F) =

and

AF (b+2c) — b*7° =4 ((b+ ) Z* + fT) (b+ 2¢) — b°F° >

u '\ 0 1 U f1(F u,v)
F()‘(%# %bfs)(v)*(flmu,v)

Then we have that

1

).



and

fi(Fyu,v) = 0,

F b+2c)u_g bv_q _
Fouwv) = + Tz°+ =7 — 7.
f2( ) b(v+T)(u+T) +c(u+z)’+ f F F
Let
g SV (0+20)
0= ——~~—".
cy/c
For F' = Fy we obtain
s VI s Fo
N b+ 2c

The eigenvalues of Jy are p (Fp) and p (Fy) where

—b +i+/(3b + 4c) (b + 4c)

w(Fo) = 2 (b + 2¢) ’

[ (Fo)| = 1.

The eigenvectors coresponding to u (Fy) and p (Fp) are v (Fy) and v (Fy) where

o (F) = (—b — i/(3b + 4c) (b+4c),1> |

2(b+2¢)
Then
’H(FO)‘ = ]-7
8bc + b% +8c* 3b+ 4c) (b+ 4c
HQ(FO) — 5 *Zb\/( )( 5 )
2(b+2c) 2(b+2c)
6bc +b%> +6c>  2c(b+c 3b+ 4c) (b+ 4c
,Ug(F0> - . — ( )\/( 3)( )7
(b+2c) (b+2c)
1 (R) 64bc3+32b202—b4—|—3204+,(8bc+b2—|—802) by/(3b + 4c) (b + 4c)
= 1
feAno 2(b+ 20)" 2(b+ 20)"

and p¥ (Fy) # 1 for k =1,2,3,4.

For F' = Fy andf:%weget

P0) =0 ) (0) (i)

hl(uﬂj) = fl(F()?u’/U):Oa
h2 (U,U) = f2 (FO,%U)

and

5 3 3
ﬁ(2c§ w302/ Fu+b2/ Fo242c2/Fu+bc2 ud +b2/cuv? +b%\/cuv+3bey/ Fu? +3bec 2 uv4-b? \/fquerc\/fuv)

(b+2¢) <c2u2+bf+2cf+2c% \/fu—l-b\/é\/fu—&—b\/a/fv—l-bcu’u)
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Hence, for F' = Fj system (22) takes the form
Unt1 0 1 Un, hi (Un, vr) )
= _ + . 23
() =0 ) )+ Gt &
(n)=r()
Un n

b (3b4-4c)(b+4c) 0 1
P=| 20+20 2(b+2c) , Pl= 2(b+2c) b ,
1 0 /(Bb+4c)(b+4c)  +/(3b+4c)(b+4c)

For

where

system (22) is equivalent to its normal form

b 1/ (3b+4c)(b+4c)
Sn+1 ) _ 205-+20) 2(b+2¢) n L plg(p n
Mn+1 - (3b+4c)(b+4c) b Mn, T,
2(b+2c) " 2(b+2¢)
where (0, v)
u\ _ ( hi(uv
#(3)= (s )
Let

o0 )= (o) )=ra(r(1)):

By straightforward calculation we obtain that

g1 (u,v) = ﬁ\/gcA (u,v),
with
A () = (b+2¢)ey/e(h(u,0))+((b+¢) (b+20) T+ (b+3c)buy/c) (h(u,)) +bu(buy/c+(b+20) VT ) h(u,)+02u? VT
’ c2(h(u,v))2+(bcu+(b+20)M)h(u,v)«#bu\/ﬁJr(bJrQC)f
where
v/ (3b+4c) (b+4c)—bu
h(u,v) = 2(b+20)
and .
g2 (ua U) = g1 (U, /U) .

V/(3b+ 4c) (b + 4c)

Another straightforward calculation gives

8291 (0,0)  b2\/c(3b+ 5¢)
o 2yF(b+20)°]

%91 (0,0) _ be2\/(3b+ 4c) (b + 4c)

Oudv 2/F (b+ 2c)’




9%91(0,0)  /c(b+4c) (3b+ 4c) (b+ )
ov? 2T (b+2¢)° ’
%91 (0,0) B 3b3c (5b + 8c¢)
oud T af(b+20)*
9291 (0,0)  b*c(3b+ 4c) (b + 4c)
Oudv? Af (b+2c)*
g1 (0,0) b2c (3b + 8c) V/16bc + 3b2 + 16¢2

Ou2dv

)

Af (b+2¢)*

3
P (0,0)  3be (V16he+ 307 +162)

o3

4f (b+2¢)*

By using (17)-(21) for Ao = Fp, 1 = v and x2 = v we obtain

11

§20 =

Ve (3b? + 6be + 4c?) - b
4V/F (b + 2¢)? ’

B0 (1 o)

8

c3 ((Sb

1 {—2(v/2)®(3b+20) i (ve)® (32bc + 1002 + 24¢?)
(b+2¢)°VF

V16bc 4 362 + 16¢2/F (b + 2¢)*

+2¢) v/362 + 16bc + 162 + ib (6¢ + 5b))

&0 = —
3
—c2

= e

S

€01 = bc
T8+ 20

(1 — 2u (Fo)) 1 (Fo)

<—b (8bc + 3b* +4c?) +1i <

9

AV/F (b + 2¢)* V/3b2 + 16bc + 162

. (-2
ik <(b+c) i (2\/3b2+16bc+16c2>> ’

(b+2¢)(80bc?+38b2c+3b3+48¢° )
V302 +16bc+16¢2 ’

_ —(3b+4c) (10be4b2+12c2) +i(10be+5b2+4c?) /3524 16bc+16¢

1 — p(Fo)

2(b+2¢)? (3b+4c) ’

§116§20 = 2f (b1 20)"

o (0= 20 (F0) n (R’
1 — p(Fo)

1 2
B 111]

N|w

—C
o2 =

VI(b+2c

— (6bc + 3b® + 4c?) <c2(20bc2+12b2c+b3+8c3) . b (b+¢) )

ZEHHICT) ' TGhe + 307 1 1662

£n1é B c? (6bc +3b% + 402) (2660 + 1162 + 1202)
s 8f (b+2¢)% (b+ 4c) (3b + 4c)

B c (3b2 + 6bc + 462)2
~8f(b+2¢)% (3b+4c) (b + 4c)’

, b (b2 — 2c2)
)3 <(b o)t <2\/362 + 16bc + 1602>> ’

9

11



3 (28bc? + 34b?c + 13b% 4 8¢3)

2 =
602 4f (b+ 2¢)* (3b + 4¢) (b + 4¢)
_ be b?(8bc+3b%+4c?)  (80bc2+38b2c+3b3+48¢%) \  be(14be+3b2+12¢?)
fte (’“‘ (F 0>§21> = 820" ( 2(5+20) 2 8f(bt2e)®

b1 = 2 (—b (8bc + 3b% + 4c%) +i (

(b+2¢) (80bc?+38b2c+3b3+48¢%)
T 8f(b+2c)? )

V/3b2+16bc+16¢2
? (—3b% + 6b%c + 32bc? + 24¢3)

o) = e 20 b 1 o)

So,
a(Fy) = 0 < —3b% 4 6b%c + 32bc? + 24¢® = 0.

By substituting b = kc we obtain
—3(ke)® + 6 (ke)? ¢+ 32 (ke) @ + 24¢® = 0

i.e. 39
k3—2k2—§k—8:0.

By using Cardano’s substitution k& = y + %, we obtain

with the corresponding positive solution

1 1
y:§3 212+4z'\/1077+§3 212 — 4iv/107.

The corresponding angle and modulus are

tana = ﬂ
53
1
a = arctan —V107,

53
ro= \/(212)2+(16)(107):216,

for which we obtain

= - cos — -+ ¢sin — - cos— —1¢sin— ) ) =4cos -«
Y73 3 3 3 3 3 3
and 5 9 )
k:y—|—§: §—|—4cos§a.
Hence,

2 1 v1
a(Fp) =0 for b= <3 + 4 cos 3 arctan 5??7> c
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Now

—bz3 + i\/f3 (4F (b+ 2c) — b%z3)
and so » ) 5

—_ + 2¢)x

p(F) p (F) =

Thus
b+ 2c) a3
(P = | 22

Differentiating the equilibrium equation
(b+c)a®+ fr — F =0,
with respect to F' and solving for 2/(F) we obtain

) _ 1 . _ |t

v ) = 3(b+c) (@ (F)?+ f (Fo) \fc
1 c

S+ l+s fBb+de)

' (Fy) =

By substituting 2/(F’) in the expression

d|u(F 1 b+ 2c) 2?2’
wE) - )3(3( +FC)”>,x:x(F)
+2c¢)x
2 V —F
we obtain that
2
dlu(F 1 3 (b+ 2c) <\/Z) f{Ez=T)
B gy
Fo (b+20)
and
d|p(F)| 3(b+2c) 3ey/c
PELLE Sl (FO) = = > O,
dF 2Fy (3b+4c)  2fv/f(3b+4c)
which completes the proof of theorem. O

The visual illustration of Theorem 4 is given in Figures 1-3. Figure 1 shows the bifurcation
diagram for a parameter range where the Naimark-Sacker bifurcation takes the place. Figures 2
and 3 show the transition from the global asymptotic stability of the equilibrium to the existence
of a periodic solution.
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