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ABSTRACT. Proving fixed point theorems in modular metric spaces are not possible for some non-
linear contraction mappings. For this we introduce the notion of non-Archimedean modular metric
space. This new space allow us prove some fixed point theorems for such mapping. As some pattern
we prove some fixed point results for such mappings in non-Archimedean modular metric spaces.
Moreover, we present an example to illustrate the usability of the obtained results.

1. INTRODUCTION AND PRELIMINARIES

Modular metric spaces are a natural generalization of classical modulars over linear spaces like
Lebesgue, Orlicz, Musielak-Orlicz, Lorentz, Orlicz-Lorentz, Calderon-Lozanovskii spaces and many
others. Modular metric spaces were introduced in [3,4]. The introduction of this new concept
is justified by the physical interpretation of the modular. Roughly, whereas a metric on a set
represents nonnegative finite distances between any two points of the set, a modular on a set
attributes a nonnegative (possibly, infinite valued) ”field of (generalized) velocities”: to each ”time”
A > 0 (the absolute value of ) an average velocity wy(x,y) is associated in such a way that in order
to cover the ”distance” between points x,y € X it takes time A to move from x to y with velocity
wy(z,y). But in this paper, we look at these spaces as the nonlinear version of the classical modular
spaces introduced by Nakano [23] on vector spaces and modular function spaces introduced by
Musielak [22] and Orlicz [24].

In recent years, many researchers studied the behavior of the electrorheological fluids, sometimes
referred to as ”smart fluids” (for instance lithium polymetachrylate). An interesting model for
these fluids, is obtained by using Lebesgue and Sobolev spaces, LP and WP, in the case that p is a
function [6]. We remark that the usual approach in dealing with the Dirichlet energy problem [3,11]
is to convert the energy functional, naturally defined by a modular, to a convoluted and complicated
problem which involves the Luxemburg norm.

In many cases, particularly in applications to integral operators, approximation and fixed point
results, modular type conditions are much more natural as modular type assumptions can be more
easily verified than their metric or norm counterparts. Recently, there was a strong interest to study
the existence of fixed points in the setting of modular function spaces after the first paper [15] was
published in 1990. For more on metric fixed point theory, the reader may consult the book [13]
and for modular function spaces the book [19].

Proving fixed point theorems in modular metric spaces is not possible for some nonlinear con-
traction mappings. For this we introduce the notion of non-Archimedean modular metric space.
In the setting of this new space it is possible to give some fixed point theorems for such mappings.
Moreover, we present an example to illustrate the validity of the obtained results.

Let X be a nonempty set and w : (0, +00) x X x X — [0,400] be a function, for semplicity, we
will write
w(z,y) = w(A, z,y),
for all A > 0 and x,y € X.
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Definition 1.1. [3,4] A function w : (0,00) x X x X — [0, 00] is said to be modular metric on X
if it satisfies the following axioms:

(i) z =y if and only if wy(x,y) = 0, for all A > 0;
(ii) wr(z,y) = wr(y, z), for all A > 0, and x,y € X;
(iii) wrp(z,y) <wal(z, 2) +wu(z,y), for all \, ;x> 0 and z,y,z € X.
If in the Definition 1.1, we use the condition
(i) wr(z,x) =0 for all A > 0 and z € X
instead of (i), then w is said to be a pseudomodular metric on X. A modular metric w on X is
called regular if the following weaker version of (i) is satisfied
x =y ifand only if wy(z,y) =0 forsome A\ >0.

Again, w is called convex if for A\, u > 0 and z,y, 2z € X holds the inequality

A p
Wiru(T,y) < Py Mw/\(wvz) + mwu(%y)-

Remark 1.2. If w is a pseudomodular metric on a set X, then the function A — wy(z,y) is nonin-
creasing on (0,+o00) for all z,y € X. Indeed, if 0 < p < A, then

wA(@,y) < wr-p(@,7) +wu(@,y) = wulz, y)-
Definition 1.3. If in the Definition 1.1, we replace (iii) by
(i) Wimax{aw} (7, y) S wa(®, 2) +wu(z,y) for all A\, u > 0 and z,y,2 € X;
then X, is called non-Archimedean modular metric space. Since (iv) implies (iii), then each non-

Archimedean modular metric space is a modular metric space.

Definition 1.4 ( [3,4]). Let w be a pseudomodular on X and zy € X fixed. Consider the two sets
Xow =Xu(zo) ={z € X :wr(z,20) >0 as A\ — +oo}
and
X, =X, (z0) ={r e X :3Xx=A(z) >0 such that wy(z,z¢) < +o0}.
X, and X are called modular spaces (around x).

It is clear that X, C X but this inclusion may be proper in general. Let w be a modular on
X, from [3,4], we deduce that the modular space X,, can be equipped with a (nontrivial) metric,
induced by w and defined by

dy(z,y) =inf{A > 0:wy(z,y) < A} forall z,ye€ X,.

If w is a convex modular on X, according to [3,4] the two modular spaces coincide, that is, X = X,
and this common set can be endowed with the metric d, defined by

di(z,y) =inf{A > 0:wy(z,y) <1} forall z,y € X,.

These distances will be called Luxemburg distances.
Example 2.1 presented by Abdou and Khamsi [1] is an important motivation for developing the
theory of modular metric spaces. Other examples may be found in [3,4].

Definition 1.5. Let X, be a modular metric space, M a subset of X, and (x,)nen be a sequence
in X,. Then

(1) (zn)nen is called w-convergent to x € X,, if and only if wy(zp, ) — 0, as n — +oo. z will
be called the w-limit of (z,,).

(2) (zn)nen is called w-Cauchy if wi(m, z,) — 0, as m,n — +o0.

(3) M is called w-closed if the w-limit of a w-convergent sequence of M always belong to M.

(4) M is called w-complete if any w-Cauchy sequence in M is w-convergent to a point of M.
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(5) M is called w-bounded if we have d,,(M) = sup{wi(z,y);z,y € M} < 4o0.

Definition 1.6 ( [20]). Let T be a self-mapping on X and let a: X x X — [0, 4+00) be a function.
We say that T is an a-admissible mapping if

v,ye X, alr,y)>1 = oTz,Ty) > 1.

Definition 1.7 ( [20]). Let T be an a-admissible self-mapping on X. We say that T is a triangular
a-admissible mapping if, a(z,y) > 1 and «(y, z) > 1 implies that a(z,z) > 1.

Lemma 1.8 ( [20]). Let T be a triangular a-admissible mapping. Assume that there exists xg € X
such that o(xg, Txo) > 1. Define sequence {x,} by x, = T"xo. Then

a(Tm,xn) > 1 forall mneN with m<n.

By ¥ we will always denote the set of all functions ¢ : [0,+00) — [0,+00) (which are called
altering distance functions) such that the following conditions hold:
e ¢ is continuous and non-decreasing;
e p(t) =0if and only if ¢t = 0.
Motivated by the works of Kumam and Roldan [?] we introduce the following class of mappings
which is suitable for our results.
Let © denote the set of all functions 6 : [0, 00)* — [0, 00) satisfying:
(1) 6 is continuous and increasing in all its variables;
(@2) 0(t1,t2,t3,t4) = 0 iff, either t; = 0 or t4, = 0.

2. MAIN THEOREMS
Now we are ready to prove our first theorem.

Theorem 2.1. Let X, be a complete non-Archimedean modular metric space with w regqular and
let T : X, — X, be a w—continuous mapping. Assume that there exist a function o : X, X X, —
[0, +00), two functions ¥, € ¥ and a function 8 € © such that the following assertions hold:
(i) there exists xg € X, such that a(xo, Txo) > 1,
(ii) T is a triangular a-admissible mapping,
(iii) for all x,y € X,, with a(x,y) > 1, we have

V(@i (T2,Ty)) < $(M (@) = p(M(2,)) + 60 (1 (2, To), iy, Ty), w1 (2. Ty),wr(y, T2)) - (21)

where

M(z,y) = max {wl (x,y),wr(z, Tz),w1(y, Ty), %[wl (x, Ty) + w1y, Tm)]}

Then T has a fized point.

Proof. Let xg € X be such that a(xg, Txg) > 1 and let {z,} be a Picard sequence starting at x,
that is, z,, = T"x¢ = Tx,—1 for all n € N. Let there exists ng such that wi(xy,, Tne+1) = 0, since
w is regular, we get x,, = Tpy+1 = LT'Tn,. SO Ty, is a fixed point of 7. Hence we assume that
w1(@p, Tpy1) > 0, for all n € N. Now, since T is a triangular a-admissible mapping, by Lemma 1.8,
we have

a(Tm,xn) >1 forall m,neN with m<n.

Then by (iii), we have

Y(W1(Tns Tt1)) (w1(Twp—1,Twy))
(M(2zp—1,2n)) — (M (2n-1,2n)) (2.2)

w1 (xn—la Txn—l)a w1 (xna T.’L'n), w1 (xn—la Txn); w1 (xm Txn—l))v

+ IA I

v
v
o(
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where

M(zp—_1,2,) =maxwi(Tp_1,Zn),w1(Tn-1,TTn_1),wi(Tn, Txy),

w1 (#n—1,T2n)+w1 (Zn,TTn—1) }
2

w1 (Tn—1,Tn+1)+wi(Tn,x
= max { Wi (Tn—1,n), W1 (L1, ), w1 (Tn, Ty ), Lttt )T (Tn ”)}

— uJmax{l,1}(1n71730n+1)
= max wl(xn—laxn)7w1(xn7xn+l)7 7]

< max | wi(Tn-1,ZTn), w1 (Tn, Tnt1),

w1 (Tn—1,2n) 401 (Tn,Trs1) }
2

= max {w (Tn—1,n), W1 (T, Tny1) }
(2.3)
and
0(wi(zn—1,Txn 1), w1(zn, T2p),w1(Tn-1,Txn), w1 (Tn, TTn_1))
= egwl (xn—la xn)a w1 (ﬂjn, xn—&-l)v w1 (-Tn—la l'n—&-l)’ w1 (Inv xn)) (24)
=0 w1 (wn—h xn)7 wl(xna xn—&-l)y wl(mn—la xn—&-l)y 0) =0.

By (2.2)-(2.4) and the properties of ¢ and ¢, we obtain,

w1 (@n,wni1) < (max {wn (@1, 2n), 01 (00 2i1) }) = (M (@n-1,20))
< w(max }Wl(mn—lafﬁn),m(mn,acnﬂ)% (2.5)

If there exists ng such that
max {wl (Tng—1, Tng)s W1 (Tngs anH)} = w1 (Tng, Tng+1),
then by (2.5), we get
(W1 (Tngs Tno+1)) < Y(W1(Zng, Tngt1)) — (M (Tng—1,Zn,))
< (w1 (Tngs Tng+1))5
which is a contradiction. Hence
max {wl(xn_l, Tp), w1 (Ty, xn+1)} = w1(Tp—_1,Tn)
for all n € N. Therefore,
Y(wi(Tn, Tnt1)) < Y(Wi(Tn, Tn-1)) = (W1 (Tn—1,7n)) < Y(W1(Tn; Tn-1))- (2.6)

Since 1 is a non-decreasing mapping, then {w; (2, zn4+1)} is a non-increasing sequence of positive
numbers. Thus, there exists 1 > 0 such that

nh_}ngo W1 (Tpy Tpy1) =71

Letting n — oo in (2.6), we have,
P(r1) <Pr1) — @(r1) < ().
Therefore, ¢(r1) = 0, and hence r; =0, i.e.,

lim wy(2p, Tpy1) = 0. (2.7)
n—oo

Now, we show that {z,} is a w—Cauchy sequence in X,,. Assume to the contrary that {z,} is
not a w—Cauchy sequence, that is, lim, n—00 w1 (Zm,2n) > 0. Then there exists ¢ > 0 and two
subsequences {xy,, } and {x,,} of {z,} such that n; is the smallest index for which

n; > m; > 1 and wi(Tm,, Tn;) > € and (2.8)

W1 (T, Tny—1) < €. (2.9)
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By using (2.8), (2.9) and the triangular inequality (iv), we have
£ < wi(Tm;, Tn,;) = Wmax{l,l}(mmwxm)
< wi(Tm;, Tn—1) + w1 (Tn,—1, Tn,)
<e+4wi(Tn;—1,Tn,;)
Now, using (2.7) and taking the limit as i — 400, we get

Nim wy (2, Tn,) = €. (2.10)
1—+00

Again, by using (iv), deduce
e < wi(Tm;, Tn,;)
= wmax{l,l}(xmi’ Tn,;)
S wWi(Tmys Tng—1) + Wi (Tn; 1, Tn,)
= Wiax{1,1}(Tms Tn;—1) + W1 (Tn; -1, Tn,)
< wi(@mys Tmy—1) + w1 (Tm—1, Tn;—1) + W1 (Tn;—1, Tn;)

and

w1 (ﬁmi—la $ni—1) < wi (xmi—l’ xnz) + w1 (J/‘mi: xnz) + w1 (liml , xni—l)-
Taking limit in the above inequalities, we get

im wi (@, —1, Tn,—1) = €. (2.11)
1—+00

Again, using the triangular inequality (iv), we have
€< w1($mmxni) < wl(xmﬂxmi_l) + wl(xmz‘—lﬁ Ini)
<wp (l'mmxmi—l) + w1 (xmi_]-’ Scm—l) + w1 (xni_l’ "'an) (2'12)
and
e <wi(Tmy, Tn,) < w1(Tmys Tng—1) + w1 (Tn;—1, Tny)- (2.13)
Using (2.7) and (2.11) and taking the limit as i — +o0 in (2.12), we get

lm wi(zm,—1,%n,) = €. (2.14)
1—+00

Similar, we deduce
lm wi (T, Tn,—1) = €. (2.15)
1—+00

Since, a(Tm;—1,%n;—1) > 1, then from (iii) we have,

¢(w1(l’mi7 wnl)) - w(wl (Txmi—b Txni—l))
< Ib(M((IZmi_l,l'm_l)) - @(M(xmi—lﬂxni—l)) (2.16)
+0 Wl(xmiflaTxmifl)aWl(xmflaTxnifl)aWl(fmiflaTxnifl)awl(xmflaTxmifl)>a

where

M('Imifla xnifl) = max {W1 (l‘mifl, xnifl)a w1 (xmi717 Txmifl)v w1 (xnifla T'rnifl)a

w1 (@m,;—1,TTn; —1)+w1(TTm,;—1,Tn;—1) }
2

(2.17)
= max {wl (:L'mi*17 xni*1)7 w1 ($mi*17 xmi)’ w1 (xni*17 xni)’

w1 (Trm; —1,%n; ) +w1 (Tm; %0, —1) }
2 9



6 M. PAKNAZAR, M. A. KUTBI, M. DEMMA AND P. SALIMI

and

0 (Wl (wmi*17 Txmz‘*l)v w1 (:Bni*17 Txnifl)v w1 (:L‘mi*17 Txm‘*l)a w1 (l‘ni*b Txmi*1)> (2 18)

=0 (Wl (mmifla xmi)a w1 (x’ni717 xni)a w1 (xmi717 xni)a w1 (xnifly xm,)) .

Taking the limit as ¢ — +o0 in (2.17) and (2.18) and using (2.7), (2.11), (2.14) and (2.15), we get

lim M(2pm,—1,%n;—1) =€, (2.19)

i——+00
and

1_1321009<w1($m1—17Txm1—1) wl(xnl—laTxnl—l) Wl(xml—laTxm—l) wl(xnl—laTxml—l))

= lim 9<w1(mmz_1,xml) W1 (Tn;—1, Tn, ) W1 (Timy—1, Tn, ), wl(xnz_l,xml)) =0.
i——400

(2.20)

Now, taking the limit as i — +o0 in (2.16) and using (2.19) and (2.20) we have
P(e) < Ple) — ¢(e)

which is a contradiction. So {z,} is a w—Cauchy sequence in X,,,.

Now, since X, is a w—complete modular metric space, there exists * € X such that, wy(x,, z*) —
0 as n — +oo. Thus wy(Tx,, Tz*) — 0 as n — 400, since T' is an w—continuous mapping. Then
by the triangular inequality (iv), we obtain

wi(x*, Tz") <w (2", Txy) + w1 (Tan, Tx") = wi (™, xpy1) + w1 (Tap, Tx™).

Letting n — +o00 in the above inequality, we get wj(z*,Tx*) = 0. Since w is regular, we deduce
Tz* = z*. O

For self-mappings that are not w—continuous we have the following result.
Theorem 2.2. Let X, be a complete non-Archimedean modular metric space with w regular and

let T: X, — X, be a self-mapping. Assume that there exist a function a : X, x X, — [0,400),
two functions ¥, € ¥ and a function 8 € © such that the following assertions hold:

(i) there exists xo € X such that a(xg, Txo) > 1;
(ii) T is triangular a-admissible mapping;
(iii) for all z,y € X with a(z,y) > 1, we have

(wi(T2,Ty)) < $(M (@) = (M (w,9)) + 0 (w1 @, Tw)wr(y, Ty) w1 (2, Ty),wi(y, ). (2:21)

where

M(z,y) = max {m (2, y),1(z, T}, o1 (9, T),

2
(iv) if {zn} be a sequence such that a(xy, Tpy1) > 1 for alln € NU{0} and x, — = asn — 400,
then a(xn,x) > 1 for alln € NU{0}.
Then T has a fized point.

Proof. Let xyp € X be such that a(xg,Txo) > 1 and let {z,,} be a Picard sequence starting at
xo. Following the proof of the Theorem 2.1, we obtain that {z,} is a w—Cauchy sequence such
that a(zp,xny1) > 1 for all n € NU{0}. Since X is w—complete, then there is z* € X such that
the sequence {x,} w-converges to z*. Using the assumption (iv), we have a(z,,z*) > 1 for all
n € NU{0}. By (iii), we have

w(wl (.%'n+1, THJ*))

w1 (z, Ty) + w1 (y, Tx) }

= (wy Ta:n,Tx )
S w( (@n, ")) — (M (2n, z*)) (2.22)
xn,T:cn),wl(:c*,T:C*),wl(xn,T:L’*),wl(a:*,Txn)>
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where
M(zp,2*) = max {wl (T, %), w1 (zp, Ty, w1 (2%, Tx*), wl(ﬂfmTz*);wl(T:rn,r*) (2.23)
= max {w1 (@0, %), w1 (Tn, Tnp1), w1 (2F, Ta*), LT T e @naet) ) '
and
0<w1(1’ JTy),wi (2, Te*), wi (xn, Te*),w (", T ))

= 9<w1(a:n, xn+1),w1(x*,T:c*),wl(xn,Tx*),wl(x*,xn+1)).
Letting n — 400 in (2.23) and (2.24), considering that lim sup wy (zy,, Tx*) < wy(z*, Tx*), we get
M(zy,z*) = wi(z*, Tz*) as n — 400, (2.25)
and
9(w1 (Tn, Txy),wi (™, Tx™), d(zyn, TT"), w1 (x*,T:cn)> — 0 as n = 4o00.
Now, taking the sup limit as i — +o0 in (2.22), we get

e (@, Ta*)) < Y(limsupws (a1, To")) < (s (2%, Ta*)) — oo (@, Ta")).

n—-+00
Hence, p(wi(z*,Tz*)) = 0 and this implies z* = Tz*. O
Example 2.3. Let X, = R be endowed with the non-Archimedean modular metric

szl +1yl), ifz#y
LU)\(-T, y) =

e}

ifxe=y

for all z,y € X, and A > 0. Define T": X, - X, and a: X, x X, — [0, 400) by

2210 if x € (—00,0)
éxQ, if x €0,1) 2, ifz,ye€|0,+00)
Tx = ,  alx,y) =
%x, if x €1,2) 0, otherwise
[ 1 if x € [2,+00)

Also, define, ¢, ¢ : [0,400) — [0,400) and 6 : [0,400)* — [0,+00) by ¥(t) = t, ¢(t) = 2t and
O(t1,to,t3,t4) = min{ty,ta,t3,t4}. Clearly, X, is a w—complete modular metric space, ¥, € ¥
and 0 € ©. Let, a(z,y) > 1, then z,y € [0,400). On the other hand, Tw € [0,+00) for all
w € [0,400). Then o(Txz,Ty) > 1. That is, T is an a-admissible mapping. Let a(z,y) > 1
and a(y,z) > 1. So, z,y,z € [0,4+00), i.e., a(z,z) > 1. Hence, T is a triangular a-admissible
mapping. Let {x,} be a sequence in X, such that o(zy,, zp+1) > 1 with z, — x as n — +00. Then
Ty € [0,400) for all n € N. Also, [0,400) is a closed set. Then x € [0, +00), that is, a(z,,z) > 1
for all n € NU{0}. Clearly, a(0,7°0) > 1.

Let, a(z,y) > 1. So x,y € [0, +00).

Now we consider the following cases:

e Let z,y € [0,1), then,
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Y(wi(Tz, Ty)) =w(Tz,Ty) = %mj + %y
= 5(@* +97)
< %(x +v)
= %Wl(imy)
S ZM(xvy)
= (M (z,y)) — (M (z,y
< Yp(M(z,y)) — o(M(z,y

e Let 2,y € [1,2), then,

¢(w1 (TI', Ty)) = w1 (T;L‘, Ty)

H [ s | s 00| =00 =

& AN
<

>

e Let x,y € [2,00), then,

P(wr(Tz, Ty))

P [ s [0
—~
—
—
S~—

e Let z €[0,1) and y € [1,2), then,

P(wr(Tz, Ty))

= | =00 =

1 IAIA

< Sl

0

_l’_

o Let z €[0,1) and y € [2,00), then,

)

S

(S
5
—

8
<
~—

E E/—\
/é\/\
\;ﬂ \.H B
s
S —

)] + 0(wr (@, Tw), w1 (y, Ty), wi(a, Ty), wi(y, Ta)).

z,y)) — p(M(z,y))

(wi(z, Tx), w1y, Ty), wi(z, Ty), w1(y, Tx)).

wl(TxaTy) = % + i

< z@+y)

— wl(IE?y)

S ZM(x7y)

= p(M(z,y)) — (M(z,y))

< Y(M(z,y)) — p(M(z,y))

+0(wi(x, Tx),wi(y, Ty),wi(z, Ty), w1 (y, Tx))

(T, Ty) = Lo+ Ly
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(w1 (Tz, Ty)) w1 (Tx, Ty) = %xQ + %

%x-&- %y
s@+y)
(z +y)
wl(x,y)
M(z,y)

=S | s [ =00

A AT IA

< Sl

=

8
NN

|
5
==
8 8
NN

+
=

wl(:E,Tx),wl(y,Ty),wl(a:,Ty),wl(y,Tx)).
e Let x € [1,2) and y € [2,00), then,

(w1 (Te,Ty)) =wi(Tz, Ty) = (g + 3)

%x + %y

3z +y)

(z+y)

w1($7y)

M(z,y)

(M(z,y)) — (M (z,y))

(M(z,y)) — ¢(M(z,9))|

wi(z, Tx),wi(y, Ty),wi(z, Ty),w1(y, Tx)).

+ IA I IA T IA T IA
P SN SN VR

Therefore, a(x,y) > 1 implies

¢(W1(Tﬂi‘, Ty)) < ’Qb(M(LU, y)) - QO(M(JJ, y)) =+ 9(&)1 (l‘, Tl‘), w1 (y7 Ty)) w:[(l', Ty)a w1 (.% T.I‘))
Hence, all conditions of Theorem 2.2 hold and T has a fixed point. Here, x = 0 is the fixed point
of T.

Theorem 2.4. Let X, be a complete non-Archimedean modular metric space with w reqular and
let T : X, — X, be a self-mapping. Assume that there exist a function o : X, x X, — [0,400),
two functions ¥, € ¥ and a function 6 € © such that the following assertions hold:

(i) there exists xg € X such that oz, Tzo) > 1;
(ii) T is triangular a-admissible mapping;
(iii) for all z,y € X, we have

Y(a(z, y)wi(Tz, Ty)) < Y(M(x,y)) — (M(z,y)) + 0(001(3?7 Tz),w1(y, Ty), w1z, Ty), w1 (y, Taf)>,

where

M(ﬂ?,y) = max {W1(.T,y),wl(ﬂf,Tﬂf),W1(y,Ty),

W1($, Ty) + wl(y7 Tl') }
2 M

(iv) if {xn} be a sequence such that oy, Tpt1) > 1 for alln € NU{0} and x,, — x asn — +o0,
then a(xy,x) > 1 for alln € NU {0}.

Then T has a fized point.
Proof. Let a(z,y) > 1. Since 1) is increasing, by(iii) we have

P(wi(Tx, Ty)) < (a(z,y)w(Tz,Ty))
< P(M(z,y)) — p(M(z,y))
+0 (wl (x,Tx),w1(y, Ty), w1 (x, Ty), w1 (y, Ta;))

Therefore, all conditions of Theorem 2.2 holds and T" has a fixed point. O
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If in Theorem 2.4 we take a(z,y) =1 for all z,y € X, then we have the following Corollary.

Corollary 2.5. Let X, be a complete non-Archimedean modular metric space with w reqular and
let T : X, — X, be a self-mapping. Assume that there exist two functions ¢, € U and a function
0 € © such that for all z,y € X, we have

w(wl(TxaTy)) < ¢(M($>y)) - @(M(xay» + 9(("}1('7;7 Tx)vwl(yaTy)7w1(x7Ty)vwl(yaT$))'
Then T has a fixed point.

3. SOME RESULTS IN b—METRIC SPACES ENDOWED WITH A GRAPH

As in [?], let (X,,w) be a modular metric space and A denotes the diagonal of the Cartesian
product of X x X. Consider a directed graph G such that the set V(G) of its vertices coincides
with X, and the set E(G) of its edges contains all loops, that is, E(G) 2 A. We assume that G
has no parallel edges, so we can identify G with the pair (V(G), E(G)). Moreover, we may treat G
as a weighted graph (see [7], p. 309) by assigning to each edge the distance between its vertices. If
x and y are vertices in a graph G, then a path in G from z to y of length N (N € N) is a sequence
{x;}}¥, of N + 1 vertices such that zg =, 2y =y and (z;-1,2;) € E(G) fori =1,...,N.

Definition 3.1. [?] Let (X,d) be a metric space endowed with a graph G. We say that a self-
mapping T : X — X is a Banach G-contraction or simply a G-contraction if T preserves the edges
of GG, that is,

forallz, y € X, (z,y) € E(G) = (Tx,Ty) € E(G)

and T decreases the weights of the edges of G in the following way:
Ja € (0,1) such that for all z,y € X, (z,y) € E(G) = d(Tx,Ty) < ad(z,y).

Definition 3.2. [?] A mapping T': X — X is called G-continuous, if given z € X and sequence

{zn}

Tp = xasn — oo and (zy, rp41) € F(G) for alln € N imply Tz, — Tx.

In this section, we will show that many fixed point results in non-Archimedean modular metric
spaces endowed with a graph G can be deduced easily from our presented theorems.

Theorem 3.3. Let X, be a complete modular metric space endowed with a graph G satisfies the
Ao—condition. Let, T : X, = X, be a self-mapping satisfying the following assertions:
i) there exists xg € X, such that, (xo,Txo) € E(G),
(ii) T is w-continuous,
(ii}) Va,y € Xo[(z,y) € B(G) = (T(x), T(y)) € B(G)]
(iv) Vz,y,2z € Xo[(z,y) € E(G) and(y, 2) € E(G) = (z,2) € E(G)]
(v) for all z,y € X, with (xz,y) € E(G) we have,

V(e (T, Ty)) < $(M(2.y)) — p(M (2,y))| +0(w1 (@, Tw),w1 (4, Ty), w1 (2. Ty), n (3, T))
where, Y, p € ¥, § € © and

w ZL’,T +w ,TZC
M<fvvy>=max{w1<x,y>,w1<x,Tx>,m<y,Ty>, e Ty) - enly >}-

Then T has a fized point.
if (z,y) € E(Q)
otherwise

that T is a triangular a-admissible mapping. Let, a(z,y) > 1, then (z,y) € E(G). From (iii),
we have, (T'x,Ty) € E(G). That is, a(Tz,Ty) > 1. Also, let, a(x,y) >1 and «a(y,z) > 1. So,

Proof. Define o : X, x X, — [0,4+00) by a(z,y) = { % . At first we show
27
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(z,y) € E(G) and (y,z) € E(G). From (iv) we get, (z,2) € E(G). ie., a(x,z) > 1. Thus T is a
triangular a-admissible mapping. From (i) there exists 29 € X such that (xo,Txo) € E(G). That
is, a(xg, Txg) > 1. Let a(z,y) > 1, then (z,y) € E(G). Now, from (v) we have

V(wi(T2,Ty)) < $(M(2,1)) = ¢(M(2,9))| +0 (w1 (2, T2),w1(y, Ty), w1 (z, Ty), @i (y, Tw)

Hence, all conditions of Theorem 2.1 are satisfied and T has a fixed point. O
If in Theorem 3.3 we take 0(ty, ta, ts, t4) = min{ty, ta, t3, t4}, then we have the following Corollary.

Corollary 3.4. Let X, be a complete modular metric space endowed with a graph G satisfies the
Ao—condition. Let, T : X, — X, be a self-mapping satisfying the following assertions:

(i) there exists xg € X such that, (xo,Txo) € E(G),

(ii) T is w-continuous,
(iii) Va,y € Xo[(z,y) € E(G) = (T'(z),T(y)) € E(G)]
(iv) Va,y,z € Xo[(z,y) € E(G) and(y, z) € E(G) = (z,2) € E(G)]
(v) for all z,y € X, with (x,y) € E(G) we have,
ZZ)(WI(T% Ty)) < w(M(x7 y)) - C,D(M(i’, y)) + L min{wl(m7 Tl‘), w1 (ya Ty)> wl(x7 Ty)a w1 (yv T:L')}

where, Y, p € ¥, L >0 and

wi(z, Ty) + w1 (y, Tx) }
5 )

M(I,y) = max {wl(xuy)vwl(x7Tx)’w1(y7Ty)7

Then T has a fixed point.

Theorem 3.5. Let X, be a complete modular metric space endowed with a graph G satisfies the
Ao—condition. Let, T : X, — X, be a self-mapping satisfying the following assertions:
i) there exists xg € X, such that, (xg,Tx¢) € E(G),
(ii) Vo,y € Xu[(2,y) € E(G) = (T(2),T(y)) € E(G)]
(iv) Va,y,2z € Xo[(z,y) € E(G) and(y, z) € E(G) = (z,2) € E(GQ)]
(v) for all z,y € X, with (x,y) € E(G) we have,

b(wn(Te, Ty)) < W(M(x,y)) = ¢(M(@,)) + 0 (w1 (0, T2),w1(y, Ty), w1 (2, Ty),wn(y, Te) ) (3.1)
where, (Y, p € V), 0 € © and

w1 (ZL', Ty) + w1 (y) T$>
5 .
(vi) if {zn} be a sequence in X, such that, (zpn,xny1) € E(G) for alln € NU{0} and z,, — =
as n — oo, then we have, (x,,z) € E(G) for alln € NU{0}.
Then T has a fixed point.

M(LE,y) = maXx {wl(xay)vwl(vax)vwl(yaTy)a

Proof. Define the mapping a : X, x X,, — [0, +00) as in the proof of Theorem 3.3. Similar to the
proof of Theorem 3.3 we can prove that the conditions (i)-(iii) of Theorem 2.2 are satisfied. Let
{z,} be a sequence in X such that, a(x,, z,41) > 1 for alln € NU{0} and z,, — = as n — oo. Then,
(T, Tnt1) € E(G) for all n € NU{0}. From (vi) we get, (x,,z) € E(G). That is, a(z,,x) > 1 for
all n € NU{0}. Therefore, all conditions of Theorem 2.2 holds and T has a fixed point. g

Corollary 3.6. Let X, be a complete modular metric space endowed with a graph G satisfies the
Ao—condition. Let, T : X, — X, be a self-mapping satisfying the following assertions:
(i) there exists xg € X such that, (xo,Txo) € E(G),
(ii) T is w-continuous,
(ii}) Va,y € Xo[(z,y) € B(G) = (T(x), T(y)) € E(G)]
(iv) Vz,y,2 € Xo[(z,y) € E(G) and(y, 2) € E(G) = (z,2) € E(G)]
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(v) for all z,y € X, with (xz,y) € E(G) we have,
P(wi(Tz, Ty)) < Pp(M(z,y)) — (M (z,y)) + Lmin{w (z, Tz), wi (y, Ty), wi (2, Ty), w1y, Tx) }
where, Y, p € W, L >0 and

(z,Ty) + wi(y, Tx) }
5 .

(vi) if {xn} be a sequence in X, such that, (zn,xn+1) € E(G) for alln € NU{0} and x,, — =
as n — oo, then we have, (xy,x) € E(G) for alln € NU{0}.

Then T has a fized point.

w
M(z,y) = max {m(w,y>,wl<x,Tx>,w1<y,Ty>, :

4. SOME RESULTS IN MODULAR METRIC SPACES ENDOWED WITH A PARTIAL ORDERED

The existence of fixed points in partially ordered sets has been considered in [21]. Let X, be a
modular metric space and let < be a partially ordered on X,,. Then (X, <) is called a partially
ordered modular metric space. Two elements z,y € X, are called comparable if x <y or y <
holds. A mapping T : X, — X, is said to be non-decreasing if x < y implies Tz < Ty for all
T,y € X,.

In this section, we will show that many fixed point results in partially ordered modular metric
spaces can be deduced easily from our obtained results.

Theorem 4.1. Let (X, X) be a complete partially ordered modular metric space with w regular
and let T : X, — X, be a self-mapping. Assume that there exist two functions ¥, € ¥ and a
function 6 € © such that the following assertions hold:

(i) there exists xg € X, such that xo < Txo;
(ii) T is an w—continuous mapping;
(iii) T is an increasing mapping;
(iv) for all z,y € X with x <y, we have
(w1 (T, Ty)) < P(M(z,y)) — o(M(z,y)) + 0 (wi (2, Tx),wi(y, Ty), wi(z, Ty), wi(y, Tx)),

where

M(l‘, y) = mmax {Wl ($7 y),bdl(lf, Tx)7w1(ya Ty)v

w1 (z, Ty) + w1 (y, Tx) }
5 )

Then T has a fized point.
Proof. Define a: X, x X, — [0,400) by

2, ifz=<y
a(r,y) = { %, otherwise.
First, we prove that 7' is a triangular a-admissible mapping. Let a(z,y) > 1, then < y. Since T
is increasing, then we have Tz < T'y. That is, a(T'z,Ty) > 1. Also, we suppose that a(z,y) > 1
and a(y,z) > 1. Then, z < y and y = z. Hence, x < z, that is, a(z,2z) > 1. Therefore, T is
a triangular a-admissible mapping. From (i) there exists xg € X, such that zy < Tzg, that is,
a(xg, Txo) > 1. Let a(z,y) > 1, then x < y. Now, from (iv) we have

P(wi(Tz, Ty)) < P(M(z,y)) — o(M(z,y)) + 9(@«)1(96, Tx),wi(y, Ty), wi(z, Ty),wi(y, T:c)).
Hence, all conditions of Theorem 2.1 are satisfied and 7" has a fixed point. O

If in Theorem 4.1, we take 0(t1,t2,t3,t4) = Ltp(min{t1,t4}) where L > 0, then we have the
following Corollary.
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Corollary 4.2. Let (X, =) be a complete partially ordered modular metric space with w regular
and let T : X, = X, be a self-mapping. Assume that there exist two functions ¥, € ¥ and a non
negative real number L such that the following assertions hold:

(i) there exists xy € X such that xg = Txo;
(ii) T is an w—continuous mapping;
(iii) T is an increasing mapping;
(v) for all z,y € X with x <y, we have

(w1 (Tx, Ty)) <P(M(z,y)) — ¢(M(z,y)) + Ly (min{w: (z, Tz), wi (y, Tx) }),

where

wi(z, Ty) + wl(y,TfU)}
2s '

M(I‘,y) = Iax {wl(xay)vwl(vax)vwl(yaTy)a

Then T has a fized point.

Theorem 4.3. Let (X, =) be a complete partially ordered modular metric space with w regular
and let T : X, = X, be a self-mapping. Assume that there exist two functions ¢, € ¥ and a
function 6 € © such that the following assertions hold:

(i) there exists xog € X, such that xg =< Txo;
(ii) T is an increasing mapping;
(iii) for all z,y € X with x =<y, we have
(

(0 wl(Tx7Ty)) < ¢(M($7y)) - @(M(IB,:{/)) + e(wl(xaTx)vw1<y7Ty)7w1(x7Ty)7w1<y7Tx))7

where

2

(iv) if {zn} be a sequence in X, such that x, =< x,41 for alln € NU{0} and z,, — = as

M(ﬂ?,y) = max {Wl(xay)awl(ﬂf,Tﬂf),wl(y,Ty)7 wl(l"Ty) + Wl(y,Tx) }

n — 400, then we have x, < x for alln € NU {0}.
Then T has a fized point.

Proof. Define the mapping « : X, x X, — [0,+00) as in the proof of Theorem 4.1. Analogous to
the proof of Theorem 4.1 we can prove that the conditions (i)-(iii) of Theorem 2.2 are satisfied. Let
{z,} be a sequence in X such that, a(zy,zp+1) > 1 for all n € NU {0} and z,, = = as n — +o0.
Then x,, = zp41 for all n € NU {0}. From (iv), we get z,, < z. That is, a(x,,z) > 1 for all
n € NU{0}. Therefore, all conditions of Theorem 2.2 holds and T has a fixed point. O

If in Theorem 4.3, we take 0(t1,t2,t3,t4) = L(min{ti,t4}) where L > 0, then we have the
following Corollary.

Corollary 4.4. Let (X, =) be a complete partially ordered modular metric space with w regular
and let T : X, — X, be a self-mapping. Assume that there exist two functions ¢, € ¥ and a non
negative real number L such that the following assertions hold:

(i) there exists xy € X such that xg = Txo;
(ii) T is an increasing mapping;
(iii) for all z,y € X with x =<y, we have

Y(wi(Tz,Ty)) < P(M(z,y)) — e(M(z,y)) + Lip(min{w (z, Tx), w1 (y, Tx)}),

where

wi(z, Ty) + w1 (y, Tx) }

M(Ilf7y) = max {W1(«T,y),w1($7T$),W1(y,Ty), 25
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(iv) if {zn} be an increasing sequence in X, such x, — x as n — +oo, then we have x, <X x

for alln € NU{0}.
Then T has a fized point.

5. SOME INTEGRAL TYPE CONTRACTIONS

Let ® denotes the set of all functions ¢ : [0, +00) — [0, 4+00) satisfying the following properties:

e every ¢ € ® is a Lebesgue integrable function on each compact subset of [0, +00);
o for any ¢ € ® and any € > 0, [; ¢(7)dr > 0.

Note that if we take v (t) fo 7)dT where ¢ € @, then ¢ € W. Also, note that, if ¢ € ¥ and
6 € ©, then ¢ € O.

Now, if in the Theorem 2.1 and Theorem 2.2, we take ¥(t) = [ ¢(7)dr, p(t) = (1 —r) fg o(T)dr
for all ¢ € [0, +00), where 0 < r < 1 and replace 0 by 90, then we have the following theorems.

Theorem 5.1. Let X, be a complete non-Archimedean modular metric space with w regular and
let T : X, — X, be a w—continuous mapping. Assume that there exist a function o : X, X X, —
[0,4+00), two functions ¢ € ® and 0 € O and a real number r € [0,1) such that the following
assertions hold:

(i) there exists xg € X such that o(xg,Tzo) > 1;
(ii) T is a triangular a-admissible mapping;
(iii) for all z,y € X with a(z,y) > 1, we have

w1 (Tz,Ty) M(z,y) O(oul (z,Tx)w1(y,Ty),wi(z,Ty),w1 (y,Tx))
/ o(r)dr < r/ o(T)dr —i—/ o(T)dr.
0 0 0

Then T has a fized point.

Theorem 5.2. Let X, be a complete non-Archimedean modular metric space with w regular and
let T : X, — X, be a w—continuous mapping. Assume that there exist a function o : X, X X, —
[0,400), two functions ¢ € ® and 0 € O and a real number r € [0,1) such that the following
assertions hold:

(i) there exists xg € X such that, a(xo, Txo) > 1;
(ii) T is a triangular a-admissible mapping;
(iii) for all z,y € X with a(z,y) > 1, we have

w1 (Tz,Ty) M(z,y) G(wl (z,Tx) w1 (y,Ty),wi(z,Ty),w1 (y,Tz))
J oar<r [ orar+ | o(7)dr
0 0 0

(iv) if {zn} be a sequence such that a(xy, Tpy1) > 1 for alln € NU{0} and x, — = asn — 400,
then o(zp,z) > 1 for alln € NU{0}.

Then T has a fized point.

In the setting of partially ordered modular metric space, for example from Theorem 4.3, we
deduce the following result.

Theorem 5.3. Let (X, X) be a complete partially ordered modular metric space with w regular
and let T : X, — X, be a self-mapping. Assume that there exist two functions ¢ € ® and 0 € ©
and a real number r € [0,1) such that the following assertions hold:

(i) there exists xg € X, such that xo = Txzo;
(ii) T is an increasing mapping;
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(iii) for all z,y € X with x <y, we have

wi(Tz,Ty) M(zy) 0(w1(2,Tw) w1 (3, Ty) w1 (2, Ty) wi (y,T) )
/ S(r)dr < r / (r)dr + / o(r)dr
0 0 0

(iv) if {xn} be an increasing sequence in X,, such that x,, — x as n — +oo, then we have x,, < x
for alln € NU{0}.

Then T has a fized point.
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