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Abstract

The purpose of this article is to study common solution problems of quasi-variational inclusion problems and
nonlinear operator equations involving nonexpansive mappings. Strong convergence theorems are obtained
without any compactness assumptions imposed on the operators and the spaces.
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1. Introduction

Convex feasibility problems have recently attracted much attention due to their applications in signal
processing and image reconstruction [II] with particular progress in intensity modulated therapy [6]. Re-
cently, the convex feasibility problems have been studied extensively by many authors; see, for instance,
12], 8], [16], [33] and the references therein. The quasi-variational inclusion problem has the reformulation-
s which require finding solutions of evolution equations, complementarity problems, mini-max problems,
variational inequalities; see [7]-[10], [31]-[35] and the references therein. It is well known that minimizing a
convex function g can be reduced to finding zero points of the subdifferential mapping dg.

In this paper, we study a convex feasibility problem based on quasi-variational inclusion and fixed points
of nonexpansvie mappings. Strong convergence of solutions are established in the framework of Hilbert
spaces. The organization of this paper is as follows. In Section 2, we give the necessary definitions and
lemmas. In Section 3, strong convergence theorems are established based on a new iterative algorithm.
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2. Preliminaries

From now on, we assume that H is a real Hilbert and C a nonempty convex closed subset of H. Let
A :C — H be a mapping. Recall that A is said to be monotone iff

(Az — Ay,x —y) >0, Vz,yeC.
A is said to be inverse strongly monotone iff there exists a constant x > 0 such that
(Az — Ay, x —y) > k||Az — Ay||*, Vz,y € C.
A is said to be strongly monotone iff there exists a constant x > 0 such that
(Az — Ay, z —y) > wllz —y|?, Vz,yeC.

For such a case, A is also said to be k-strongly monotone. A is said to be strongly monotone mapping iff
A~ is inverse strongly monotone.

Recall that a mapping B : H = H is said to be monotone iff, f € Bz and g € By imply (x—y, f—g) > 0,
for all z,y € H. From now on, we denote the zero point set of B by B~!(0). A monotone mapping
B : H = H is maximal iff its graph Graph(B) is not properly contained in the graph of any other monotone
operators. In this paper, we use J, : H — Dom(B), where Dom(B) denote the domain, to denote the
resolvent operator.

The so called quasi-variational inclusion problem is to a point Z such that

0e€ (A+ B)z. (2.1)

A number of problems arising in structural analysis, mechanics, and economics can be studied in the frame-
work of this kind of variational inclusions; see, for instance, [23], [7], [I2] and the references therein. The
problem includes many important problems as special cases.

(1) If B = 0¢, where ¢ — R U oo is a proper convex lower semi-continuous function and and d¢ is the
subdifferential of ¢, then the variational inclusion problem is reduced to the following: find £ € H, such
that

(Az,y —z) > 0,Vy € H. (2.2)

This is called the mixed quasi-variational inequality; see, [24] and the references therein.
(2) If B = 06¢, where d¢ is the indicator function of C, i.e.

0, xzeC,
“I—OO’ € ¢ C?
then the variational inclusion problem is reduced finding a point & € C' such that

(Az,y —z) > 0,¥y € C. (2.3)

This is called the classical variational inequality; see, [I4] and the references therein.

It is known that variational inequality is equivalent to a fixed point problem. Z is a solution to
variational inequality 2.3] iff it is a fixed point of some nonlinear operators. Recently, iterative methods
have extensively studied for solving solutions of problem and see, [2], [15]-[21], [25]-[30] and the
references therein.

Let T : C' — C be a mapping. From now on, we use Fixz(T) to denote the fixed point set of T, that is,
Fiz(T) ={z € C|Tx = z}.

Recall that T is said to be contractive iff there exists a constant a € (0,1) such that

[Tz =Tyl < allz—yl, Vi,yeC.
We also say T is a-contractive. T is said to be nonexpansive iff

[Tz =Tyl <z —yl, VYz,yeC.
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Lemma 2.1 ([1]). Let H be a Hilbert space, and A an mazimal monotone operator. For A >0, u > 0, and
x € E, we have Jyx = Ju<§x + (1 — %) J,\m), where Jy = (I +AA)~! and J, = (I + pA)~L

Lemma 2.2 ([3]). Let C be a convex closed and nonempty subset of a real Hilbert space H. Let A: C — H
be a mapping, and B : H = H a mazimal monotone operator. Then F(J.(I —rA)) = (A + B)~1(0).

Lemma 2.3 ([22]). Let {a,} be a sequence of nonnegative numbers satisfying the condition an+1 < (1 —
tn)an +tpbn+cn, VY > 0, where {t,} is a number sequence in (0,1) such that limy, o t,, = 0 and Y07 o t, =
00, {bn} is a number sequence such that limsup,,_, . b, < 0, and {c,} is a positive number sequence such
that Y o2 ;¢ < 00. Then limy, o0 an = 0.

Lemma 2.4 ([5]). Let C be a nonempty conver and closed subset of a real Hilbert space H. Let T : C' — C
be a nonexpansive mapping. Then I —T is demiclosed at zero, that is, {x,} converges weakly to some point
z and x, — Tx, converges in norm to 0, T =Tx.

3. Main results
We are now in a position to give the main results in this article.

Theorem 3.1. Let C be a nonempty convex closed subset of a real Hilbert space H. Let B be a mazximal
monotone operator on H such that Dom(B) C C and let A : C — H be an inverse k-strongly monotone
mapping. Let S : C — C be a fived a-contraction and let T : C' — C' be a nonexpansive mapping. Assume
that (A+ B)~1(0)N Fiz(T) is not empty. Let {a,} is a real number sequence in (0,1), {B,} is a real number
sequence in (0,2k). xq is an initial in C.. {x,} is a sequence such that x,41 = T(I + BnB) ™ (yn — BnAyn),
n > 0, where y, = (1 — ap)zy + apSz,. Assume that {a,} is a sequence in (0,1) such that limy, o a, = 0,
> oo 0 =00, » o7y — 1| < 00, and {B,} is a sequence such that 0 < a < B, <b <2k, Y 7 |Bn —
Bn_1| < 0o, where a and b are two real numbers. Then {z,} converges strongly & € Fix(T) N (A+ B)~1(0),
where T = ProjFix(T)ﬂ(A+B)—1(0)Si'-

Proof. Fix p € Fiz(T)N (A+ B)~1(0). Using Lemma one has

||yn _pH < O‘n”SCUn _pH + (1 - O‘n)Hxn _pH
< apl|Sxn — Spll + (1 — an)||zn — pll + aul[Sp — pl|
< aul|Sp — pl| + (1 = an(l — )|z — p| (3.1)

1Sp — pl|

< max{ 1

Since A is inverse k-strongly monotone, one has

I(Z — BrA)z — (I - B A)yl?
= |l —ylI* = 26a(z — y, Az — Ay) + B,*|| Az — Ay||?
< llz =yl = Bu(2k — Ba) || Az — Ay]|*.

From the restriction imposed on {3,}, one has ||(I — 5, A)x — (I — B, A)y|| < ||z — y||. This shows that
I — B, A is nonexpansive. It follows from [3.1] that

[Zns1 = pll < (T + BB) " (yn — BnAyn) — p
< Hyn — BnAyn —p+ /BnApH
< lyn — 2l

1Sp — pl
{ (0%

< max
1_
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This implies that sequence {x,} is bounded, so is {y,}.
Since Proja4p)-1(0)S is contractive, one has it has a unique fixed point. Next, we denote the unique
fixed point by Z. Now, we are in a position to show

limsup(Sz — z,y, — ) < 0.

n—o0

To show this inequality, we choose a subsequence {yy, } of {y,} such that

limsup(Sz — z,y, — Z) = lim (ST — T, y,, — =) <0,

n— o0 1—00

Since {yn, } is bounded, we find that there exists a subsequence {ynij_} of {yn,} which converges weakly to
Z. Without loss of generality, we can assume that y,, — 2.
Note that

1y — Yn—-1ll < lan — an—1llln-1 — Szp-1ll + (1 —ap (1 - a)) [Zn—1 — 2n]|. (3.2)
Putting 2z, = yn — BnAyn, we find from [3.2 that

120 = zn—1ll < lyn — yn-1ll + [1Bn = Bu-1ll | Ayn—1||
< lom — an—1|llzn—1 — Szp—| + (1 —an(l— a)) (e | (3.3)
+1Bn = Br—1lll Ayn-1 |-

Set Jéi = (I + p,B)~!. Using Lemma and one has

[n = Zna]| < HJﬁJi_lzn—l - JﬁannH

Bn-1 Bn-1

=178 1 —J5_ (= (1— )J5 )l
B 5
<10 - 20— 2a) + 2 e = )
< ﬁnfl B
= H(l - 3 )(J,ann - Zn) + (Zn - zn—l)”
B~ s
< o Bt gl + s = 2
< Lo Pl — 78 2l + o = anclnes = Szl

+ (1= an(l = a))llzn-1 = znll + |Bn — Bu-rl[[ Ayn—1].-

Using Lemma [2.3] we find limy, o || — 2pn41]| = 0. Since oy, — 0 as n — oo, we find limy, o0 |25 — yn || = 0.
Note that ) 5 5 )
|2n+1 —plI” < (|5, (p — BuAp) — J5, (Yn — BaAyn) ||

< |I(p = BaAP) = (yn — BnAyn)|I?
< lyn = plI* = Bn (26 — Bn) || Ayn — Ap|?
< ap|[Szn — plI* + (1 — an) |z — plI* = Bu(26 — Ba) | Ayn — Ap|)?
< ap||Szn = pl* + 20 — Pl = Bu(2k — Bn)[| Ayn — Apl|?
It follows that

B (28 = Bu)llAp — Ayal® < |z — plI* = l2nt1 = plI? + anllp — Szal|?
< (lzn = pll + lznt1 = pl)len = znsill + anllp — Szl
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This yields that
li_>m |Ap — Ay, = 0. (3.4)

Since J ég is firmly nonexpansive, one has
n

HJ,g;(yn - BnAyn) _p||2
< ((Yn — BnAyn) — (p — BuAp), JE (yn — BnAyn) — )

1

< 5 (150 = BaAyn) = (0 = BaAP) 2 + ITZ, (9o = B Aya) — pI?
— |lyn — Jﬁi(yn — BnAyn) — Bu(Ayn — Ap)”2>
1

< 5 (Il =PI + 19, (9 = BuAya) = pI?

- Hyn - JﬁBn(yn - 5nAyn)H2 - 67%“Ayn - APH2

+ 2B0llyn = TE (4 — BuAyn) | Ay — Ap]|)

1

< 5 (Il = pIP + 175, (0o — Bady) — p|

- Hyn - JﬁBn(yn - BnAyn)Hz + 2/Bn||yn - JﬁBn(yn - BnAyn)HHAyn - Ap||>
It follows that

T8 (Yn — BaAyn) = pII* < llyn — II* = lyn — JE. (yn — BuAyn)||

+ 280y — JE (yn — BuAyn) ||| Ayn — Ap].
Hence, we have
|Zns1 = pI* < IE (yn — BuAya) — pl®
< llyn =21 = llyn — JE, (yn — BaAyn)|I?
+ 2/Bn||yn - Jﬁi(yn - ﬁnAyn)HHAyn - Ap”

< an||San — plI> + (1 = an)llzn — plI* = llyn — J5, (Un — BuAyn)|1?
+2Bullyn — JE (yn — BaAyn) || Ayn — Ap-

Therefore, we have

yn = T5 (yn — BrAyn) I < anll Sz — pl> + (1 = o) 20 — p|1* = |2ng1 — p]?
+ 2Bullyn — J5 (yn — BuAyn) || Ayn — Apl|
< anllSzn — plI* + (lzn — pll + 201 — pl) 20 — Znsa |
+2)lyn — JE (Yn — BnAyn) || Ayn — Apl.
In view of we find that
Tim |y = J5, (yn — BuAyn)| = 0. (3.5)
Note that

Iy = Tynll < lyn — znll + |20 — TJ,éEi(yn — BnAyn)|| + HTJ,éj’Bn(yn = BnAyn) — Tynl|
< lyn — @l + |20 — TIE (yn — BaAyn) || + |75 (yn — BuAyn) — ynl|.

By one gets that lim, .o [|yn — Tyn|| = 0. Using Lemma one has & € Fix(T). Putting r, =
Jgﬁ(yn — BnAyyn), We have r,, — .
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Next, we prove & € (A + B)~1(0).
Notice that vy, — BnAy, € rn + Bo.Bry; that is, yn_ﬁ"ﬁ% € Bry,. Let n € Br. Since B is maximal
monotone, we find

Bn

This implies that (n + A%, 7 — &) > 0. This implies that —A% € Bz, that is, # € (4 + B)~1(0). Hence, one
has

limsup(z — Sz, — y,) < 0. (3.6)
n—oo
Since
Hyn - sz = (1 - O‘n)<$n - jyyn - j> + an<5xn - jayn - j)
< (1= ap)llen — Z||||yn — Z|| + an{STn — ST, yn — T) + an(ST — T,y, — )
< (1= an(1 = ) lyn — Zlll|#n — Z|| + an (ST — Z,yn — T),
we find

Hyn - jHQ < 20‘7L<Sj —Z,Yn — f> + (1 - an(l - a)) ”xn - jH2 (37)
This in turn implies from [3.7] that

| Zns1 — 53”2 <z - JBBn(yn - /BnAyn)Hz
< ll(yn — BnAyn) — (7 — BuAT)|*
< lyn — |7
< (1= an(l— ) ||lzn — Z)* + 200, (ST — T, yn, — T).

Since limy, o0 0y = 0, > 07 @, = 00, we find from [3.6| that lim,_, ||z, — Z|| = 0. This completes the
proof. O

Corollary 3.2. Let C be a nonempty convex closed subset of a real Hilbert space H. Let A : C — H be
an inverse k-strongly monotone mapping. Let S : C'— C be a fixed a-contraction and let T : C' — C be a
nonexpansive mapping. Assume that VI(C, A) N Fixz(T) is not empty. Let {cw,} is a real number sequence
in (0,1), {Bn} is a real number sequence in (0,2k). xo is an initial in C.. {x,} is a sequence such that
ZTnt1 = TProjo(yn — BnAyn), n > 0, where y, = (1 — o)y + @ Sxy. Assume that {ay,} is a sequence in
(0,1) such that limg, oo iy, = 0, D 00 @ty = 00, Y o0y |a — 1| < 00, and {By} is a sequence such that
0<a<pB, <b<2k Y0 60— Bni] < oo, where a and b are two real numbers. Then {x,} converges
strongly © € Fixz(T) NV I(C, A), where & = Projpiyrnvi(c,a)ST-

Proof. Letting x = ny, we find that

yex+ridicr<=yecx+rNcx
— y—z,v—x)<0,Yvel
<= = = Projcy,

where Projc is the metric projection from H onto C' and Nex := {e € H : (e,v — z),Vv € C'}. This find
the desired conclusion immediately. O

Finally, we consider a problem of finding a solution of a Ky Fan inequality, which is known as an
equilibrium problem in the terminology of Blum and Oettli; see [4] and [13] and the references therein.
Let F' be a bifunction of C' x C into R, where R denotes the set of real numbers. Recall the following
equilibrium problem:
Find z € C such that F(z,y) >0, YyeC. (3.8)

The following standard assumptions are also essential in this paper.
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(1) 0= F(z,z) > F(x,y) + F(y,z) for all z € C;
(2) F(z,y) > limsupy o F(tz + (1 — t)z,y) for all z,y,z inC :
(3) y— F(x,y) is convex and lower semi-continuous, for all z € C.

Lemma 3.3 ([4]). Let C be a nonempty convex closed subset of a real Hilbert space H. Let F: C x C' —
R be a bifunction satisfying (1)-(3). Then, for any B8 > 0 and x € H, there exists z € C such that
BF(z,y)+ (y — 2,2 —x) > 0, Vy € C. Further, define

Tg:c:{zEC:BF(z,y)+<y—z,z—x>20, VyEC} (3.9)

for all B > 0 and v € H. Then (1) Ts is single-valued and firmly nonexpansive; (2) F(Tz) = EP(F) is
closed and convez.

Lemma 3.4 ([27]). Let C be a nonempty convex closed subset of a real Hilbert space H. Let F be a bifunction
from C x C to R which satisfies (1)-(3), and let Ar be a multivalued mapping of H into itself defined by

H:F > (y —
AFx:{{ZE () 2 (y—2,2), WyeC}, xeC, (3.10)

®7 $¢C

Then Ap is a mazimal monotone operator with the domain D(Ap) C C, EP(F) = Az*(0), where FP(F)
stands for the solution set of and Tgx = (I + BAp) tz, Vo € H, B > 0, where Tj is defined as m

Theorem 3.5. Let C be a nonempty convex closed subset of a real Hilbert space H. Let F : C x C — R
be a bifunction satisfying (1)-(3). Let S : C — C be a fized a-contraction and let T : C — C be a
nonexpansive mapping. Assume that EP(F) N Fixz(T) is not empty. Let {a,} is a real number sequence
in (0,1), {Bn} is a real number sequence in (0,2k). xo is an initial in C.. {x,} is a sequence such that
Tni1 = T+ BuAr) Y (yn— BuAyn), n > 0, where y, = (1 — ) Tn+ Sy, Assume that {ay} is a sequence
in (0,1) such that limy, oo 0, =0, Y 07 0y = 00, Y07 |y — 1| < 00, and {B,} is a sequence such that
0<a<pBy,<b<2k Y |6n— Pni] < oo, where a and b are two real numbers. Then {x,} converges
strongly T € Fiz(T)N (A + B)~1(0), where & = Projrie(ryn(a+B)-1(0)S7-

Proof. Putting A = 0 in Theorem we find that JﬁBn = (I + By Ar)~!. From Theorem ﬂ, we can draw
the desired conclusion immediately.
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