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ABSTRACT. In this paper, the A domain decomposition methods and double
Laplace transform methods are combined to solve linear and nonlinear singular
one dimensional system of hyperbolic equations. In addition, we prove the
convergence of double Laplace transform decomposition method applied to
our problems. Furthermore, we illustrate our proposed methods using some
examples.

1. INTRODUCTION

Many applications in Sciences are modeled by linear and nonlinear partial differ-
ential equations. The hyperbolic partial differential equations as one of this ap-
plications arise in physical sciences as models of waves, such as acoustic, elastic,
electromagnetic, or gravitational waves. However, it is very difficult to find ex-
plicit solutions of nonlinear partial differential equations generally. The Adomain
decomposition method is the most transparent method for solutions of linear and
nonlinear problem see [12, 13, 14, 18, 19] ; however, this method is involved in the
calculation of complicated Adomain’s polynomials which narrow down its applica-
tion. Recently, many researchers and engineers have done excellent work, such as
Laplace decomposition algorithm [7, 6]. The convergence of Adomian’s method has
been studied by several authors [8, 9, 10, 11]. The aim of this paper is to solve
linear and nonlinear singular one dimensional system hyperbolic equations by us-
ing the combined domain decomposition techniques and double Laplace transform
methods and also we study the sufficient condition of convergence of our methods.
The main aim of this method is that it can be used directly without using restric-
tive assumptions or linearization. Now, we recall the following definitions which
are given by [15, 16, 17]. The double Laplace transform is defined as

Ldﬁwmjﬂ:F@J%:Aweﬂmémeﬂvmjmum, (1.1)

where x,t > 0 and p, s are complex values, and the double Laplace transform of
the first order partial derivatives is given by

Ou(z,t)

LoLy [ =

] =pU(p,s) —U(0,s). (1.2)
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Similarly, the double Laplace transform for second partial derivative with respect
to x and t is defined as follows

Lot [0 = 20(ps) - p00.9) - 20,
L,L; [81;(232,15)} = 5*U(p,s) — sU(p,0) — % (1.3)

The following basic lemma of the double Laplace transform is given and is used in
this paper.

Lemma 1. Double Laplace transform of the non constant coefficient second order

partial derivative J:T‘?;Té‘ and the function " f(x,t) are given by

Lo (255 ) = (0 o |20 - sv0) - 250 |
and
LeLo (s f(2.0) = (1) S Lo L ()] = (1" T2 )

where r =1,2,3, ...

One can prove this lemma by using the definition of double Laplace transform in
Eq.(1.1), Eq.(1.2) and Eq.(1.3). The main aim of this part is to discuss the use of
modified double Laplace decomposition method for solving singular one dimensional
coupled system of hyperbolic equations.

Statement of the problem: We consider a singular one dimensional system
hyperbolic equations with initial conditions in the form:

Pu 1 ([ Ou
81&2_x<m8x> —v = f(z1),

gj;)—i(xgbx—u = g(=1), (1.6)
subject to

w@0) = f@), 280 g ),

00 = 0@, 2 =g @), (1)

where, the linear term, l@ ( 3—”) and % (I%) are called Bessel’s operators and
X
x

x
f(z,t), g(z,t), f1(z), f j( ), g1 (x) and g5 (x) are known functions. In order
to obtain the solution of Eq.(1.6), we use modified double Laplace decomposition
methods as follow:

Step 1: Multiply both sides of Eq.(1.6) by x.

Step 2: Using Lemma 1 and definition of the double Laplace transform of partial
derivatives for equations in step 1 and single Laplace transform for initial condition,
we get

dU(ps) _ LdFi(p)  1dFR(p)  1dF(ps)

dp s dp s2 dp s2  dp

1 0 ou
7572Lth [8 ( 8:1:) Jrzv} , (1.8)
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and
dVip,s) _ 1dGi(p)  1dGa(p) 1 dG(p,s)
dp s dp s2 dp s2  dp
1 0 Ov
foQLILt {am <xax> +xu] , (1.9)

where Fy (p), Fa (p), F (p,s), G1 (p), G2 (p)and G (p, s) are Laplace transform of

the functions fi (z), fa(z), f(z,t), ¢1 (x ) ,g2 () and g (x,t) respectively.
Step 3: By integrating both 51des of Eq.(1.8) and Eq.(1.9) from 0 to p with respect
to p, we have

_ R  Rp  Fps 1 /” 9 ( Ou
U(p78) - s + 52 + 82 ? 0 LrLt % (Ea +5E{U dp7
Gi(p) Ga(p)  G(ps
Vo - G, ) Ol
1 [P 0 ov
2/ L.L, [ax (zax> —|—zu} dp, (1.10)

Step 4: Using double Laplace a domain decomposition methods to define the
solution of the system as u (z,t) and v (z,t) by infinite series as follows:

)= un(z,t), vzt)=> v.(2t), (1.11)
n=0 n=0

Step 5: Operating the inverse double Laplace transform for both sides of Eq.(1.10)
and use Eq.(1.11), we obtain

fi()+tfo(x)+ L LT [F(ps)}

Z U (2, 1)
n=0

| 5 [ 2Ly
L't G | Lele | 5 xax;un dp
L7t ! L.L " 3 d 1.12
~—p s ? xt 0 xg)vn P 9 ( . )
and
[ee] G 7
n=0
1 d 0 =
r—=1r-1|* il =
L:D Ls 2/ L,L, [8% (xaxg)vn>] dp]
Lt 1L L ! 3 d 1.13
p s ? zHt 0 xnzz:ou" Pl - ( )
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In particular, we have

up fi(@) +itfo () + L LT [

v = g(x)+tge(x)+ L, LT [ 32 } ) (1.14)

and the rest terms can be written as follows

u = —L;'r! -lprL 9 xﬁ Eoou d
n+1 - D s 82 0 x it ax oz o mn p
—17-1 [ 1 i =
—L, Ly |5 L.Ly /o xg vy, | dp| |, (1.15)
L n=0
and
(1 o[ o0&
_ —17-1
Up+1 = _Lp Ls ?/0 L, Ly [&17 (xar n§_0vn>1 dp‘|
—17-1 1 P —
—L,'L; S—QLth /0 xngzoun dp| | . (1.16)

where L, L; is double Laplace transform with respect to x, ¢ and double inverse
Laplace transform is denoted by L, L1 with respect to p, s. Here, we provide
double inverse Laplace transform with respect to p and s exist, for each terms in
the right hand side of Eqs.(1.14), (1.15) and (1.16). In order to confirm our method
for solving the singular one dimensional coupled hyperbolic equations, we consider
the following example:

Example 1. Consider the following nonhomogeneous form of a singular one di-
mensional system of hyperbolic equations:

Pu 1 ([ Ou 2 G0t — dsint — 22 cost

— ——|ax=— ) —v = —z"sint—4sint — z~cos

otz \ 0x/, ’

02 1/ 0

aT;)— o (J:a;)z—u = —a?cost —4cost — 2% sint, (1.17)
subject to the initial condition

0 0 0 0
u(z,0) =0, % =22, v(z,0) =22 % =0, (1.18)

By using the above steps, we obtain

Upt1 = x%sint + 4sint + 2% cost — 4t — z°

L [512 /OpLth (x <ium (x,t)) ) ]dp}
n=0 z/ x

1 (7 >
8—2/0 L. Ly (;vm(x,t)ﬂdp] (1.19)

—17-1
~L,'L;
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and
Upt1 = x2cost + 4dcost + 2’ sint — 4 — %t
1 ([P =
—-L, Lt 32/0 L,L, (m (va (x,t)) ) 1dp]
o1
e 37/ L.L; (Zum xt)] ] (1.20)

By using Fqs.(1.14), (1.15)and (1.16) the components are given by

ug = a’sint+4sint+ z?cost — 4t — 22
vo = a’cost—+4dcost+ z’sint—4— 2%t
and
1 [P 0 0
_ 1
uw = —L, Lg Lz/o L.L; [E)x (x(%u())—kxvo] dp}
4 8 2 4 8 2
= L't - - — - =
p s [p32(32+1)+p5(82+1)+p3s(52+1)+p352(32+1) ps3  p3st
1
Uy = 4t—4sint—8c0st—|—x2—xzcost+8—|—x2+x2t—x251nt—4t2—63:2753
and
1 [P 0 0
= —L;'L;! 7/ LoL; | = d
V1 D s |:82 0 t Oz 6{13 + 2ug P
4 1
v = 4—851nt—4cost+x2—x2cost+8t—|—x2+x2t—xzsint—§t3—§x2t2

In the same manner, we obtain that

1
Uy = 4t2+8005t—8+12sint—12t+2t3—Et5
1 1 1
—|—§x2t2 — 2%t + 2% cost — 2® + 2% sint + 6x2t3 — ﬁth‘l
and
43 : o 1,y
Vg = gt + 8sint — 8t + 12cost — 12 + 6¢ _§t
1 1 1
+§x2t2 — 2%t + 2% cost — 2® + 22 sint + 6:102753 — ﬁﬁﬁ

It is obuvious that the self-cancelling some terms appear between various components
and the connected by coming terms, then we have,

u(x,t) =ug+up +us + ..., v(x,t)=vy+vy+vy+...
Therefore, the exact solution is given by

u(x,t) = x?sint and v (z,t) = 2% cost
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2. SINGULAR NONLINEAR ONE DIMENSIONAL SYSTEM OF HYPERBOLIC
EQUATIONS

In this section, we discuss the use of modified double Laplace to solve the singular
nonlinear one dimensional system of hyperbolic equations which is given by

0u 1 ou ou
(‘)t_x(x(‘)x> PR ACE

v 1 ov ov
3 (5) —ug = o), 2

subject to Eq.(1.7) where f (u) and g (u) are nonlinear functions. To obtain the
solution of Eq.(2.1) we apply our method as follows.
Step 1: Multiplying equation Eq.(2.1) by x

Step 2: Using Lemma 1 and definition of the double Laplace transform of partial
derivatives for equations in step 1 and single Laplace transform for initial condition.

Step 3: Integrating the obtained equations with respect to p, from 0 to p

Step 4: Operating the inverse double Laplace transform for equations. We obtain

wt) = fi()+th @)~ 'L [1/LLt[scf<>1 q

2
—L'L;t [;LQJL,& [ ; g ( ) de (2.2)

and
1o [ fF
v(z,t) = g1 (x)+tge(x)—L, Ly [32/ L.L; [xg(u)]dp]
0
ol LAY N (A
L, L LQLILt rr T +xuaxdp . (2.3)

The modified double Laplace decomposition methods (MDLDM) which define the
solution of the singular one dimensional system of hyperbolic equations that can
be represented as a power series are defined by Eq.(1.11). The nonlinear operators
can be defined as follows

N1 = iAn, and N2 = io:Bn, (24)
n=0

n=0
where A,, and B,, are given by:

A, = i(cf;l lle(A”un)D
A=0

=0
1(a
B, =
(dA"

Here, A domain’s polynomials A, and B,, are given by:

»S (A"vn)D . (2.5)
A=0

=0

Ay = vouoy
Al = Vouiz + ViUos

A2 = VoU2z + V1U1yx + V2UQg- (26)
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and
By = uguos
Bi = upviz + u1vo,
By = uguag + U101 + U2v0z-

By substituting Egs.(2.4) and (2.5) into Eqs.(2.2) and (2.3) we obtain

ug = f1(z) +tfa(x), wvo=g1(x)+tg2(2),

and the rest terms can be written as follows

_ Lo -
Un+1 = —L;ngl 372 Lth [If (Z Unp ] dp]
L 0 n=0
(1 o[ o0&
—LlrTh = L,L; | — — " d
L 32/0 ¢ [&r (xax ngou )1 p]
e el ) ’ xiA d
D s 82 xdit 0 . mn 7Y 9
L n=

and

_1 . -
Unt1 = _L;1L3_1 ?/0 L,.L; lmg (Zun>] dp]

L n=0
(1 p o ( o
LY = | L | = | =
P s 52 /0 z it |f9x (-Tax ;Un>] dp]
3 N
—17-—1
~L, 'Lt | S LaLy /O xZ_%Bn> de

(2.7)

(2.8)

(2.10)

where L,L; is double Laplace transform with respect to x, ¢ and double inverse
Laplace transform is denoted by L, L1 with respect to p, s. Here, we provide
double inverse Laplace transform with respect to p and s exist for each terms in

the right hand side of Egs.(2.9) and (2.10).

3. CONVERGENCE ANALYSIS OF THE METHOD

In this part, we will discuss the convergence analysis of the modified double Laplace
decomposition methods for the singular nonlinear one dimensional system of hy-

perbolic equations which is given by

82u1(8u>' Ou — ).

o2 2 \"ox), "ox

0%v 1 ov ov
o2 o \%or) “Var = W,
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We propose to extend this idea given in [4], for all u,v € H. We define H as
H = L?((a,b)x [0,T]), where a < 0 and

u : (a,b) x[0,T] = R xR, with Hu||§1 = /xu2 (x,t) dzdt
Q

(u,v) = /:cu(a:,t)v(z,t)d:ﬁdt,

Q
where @ = (a,b) x [0,T] and

B (u,v) : (a,b) x [0, T], with
= { L Lt [ Jo Lo [u (2, 6)] (p,s) dp] (2, 1) < o0 }

Multiplying both sides of Eq.(3.1) by z, and write the equation in the operator
form as follows:

0%u  Ou 0%y

ou
Llw) = a5m =5, t gz tovg, T2/ W),
0%v  Ov 0%v ov

where |z| < b. For L is hemicontinuous operator, consider the following hypothesis:
L.(HD) (L (u) — L (w),u—w) > k|lu—w|* and (L (v) — L (w) ,v — w) > k|jv — w|*;
k> 0,Yu,v,w e H

2.(H2) whatever may be M > 0, there exist a constant C (M) > 0 such that for
u,w € H with |lul]| < M, |jv]| < M, ||lw|| < M we have:

(L(u) = L(w),z) < C (M) |lu—z|[lw], and (L(v) = L(z),w) < C(M) v —z| [|w]
for every w, z € H. In the next Theorem we follows [3, 1, 2].

Theorem 1. (Sufficient condition of convergence ) The Modified double Laplace
decomposition methods applied to the singular nonlinear one dimensional system
of hyperbolic equations Eq.(3.2) without initial and boundary conditions, converges
towards a particular solution.

Proof. First, we verify the convergence hypothesis H1 for the operator L(u), L(v)
of Eq.(3.2). we use the definition of our operator L, and then we have

i (“au ng) +a (f () = fw))
= %(u*w)eraa; (u — w)

v (u ) - (f () — f () (3.3)



SYSTEM OF HYPERBOLIC EQUATIONS 9

and
L) —L(w) = (g:; - g:) + Ggiﬂ;’ —xg?;’>
+ (xugz — xug:) +z(g((v) — f(w))
_ ai (v—w)+ma—;(u—w)
b (v w) 42 (g (v) ~ F(w). (3.0
therefore,
(L - L) -0 = (5= w)u-w)
+ <x86x22(u w),u—w)
+ (xvaw (u w),u—w)
@ (@) - fw)),u— ) (35)
and

L -L)o-u) = (fw-w.0-0)
+

(z (g (v) = f(w)),v—w). (3.6)

According to the coercive operator the differential operator % and 88722 in H , then
there exists constants «, 3, § > 0 such that

(8855 (u—w),u—w> > allu—wl|?, (3.7)
and

lu —w]|

02 0?
=y — _ < — (qy—
(xaxQ (u—w),u w) < |z H@zz (u w)‘
b6 [lu — wl,

v g IA

~b3 [Ju — w|® (3.8)
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where |z| < b, and |[u|| < M, ||Jv|| < M, ||w|| < M , and according to the Schwartz
inequality, we get

(w0 =) u=w) < ol 5 (a0 b
< WMo |flu—lf flu—
< M6 |ju—w|?
< bOM |ju — w|?
hence,
<xv§m (u —w) ,u—w) > —b6M |ju — wl?. (3.9)

By using cauchy schwarz inequality, where ¢ > 0 and f is Lipschitzian function,
we have

(=2 (f(u) = f(w),u—w) < |a]|[f(u)—f(w)llu—w]
< bflf (w) = f(w) [lu—w]|
< bollu—w|® <
(@ (f (u) = f(w),u=v) = —bollu—w|? (3.10)
substituting Eq.(3.7), Eq.(3.8), Eq.(3.9) and Eq.(3.10) into equation Eq.(3.5) give
(L(u) = L(w),u—w) > (a—bf—bsM —bo)l|u—wl|?
(L(u)— L(w),u—w) > k\|u—w||2.

where
k=a—b8—0bM — bo > 0.

By the same method for Eq.(3.6) there exists constants ¢,n, A,p > 0 we obtain
that

> (C— by —bAM —bp) |lv — w]?
(L) = Lw),v—w) > kilo—w|?
where

ky = ¢ —bny—bAM —bp > 0.

So the hypothesis (H1) holds. Now we verify the convergence hypotheses (H2) for
the operator L(u) and L(v) for every M > 0, there exist a constant C' (M) > 0
such that for u,v,w € H with |ul]| < M, |jv|| < M,

(L (u) = L(w),z1) < C(M) [lu—wl| [zl
for every z1, 20 € H. For that we have,

L -L@w.m) = (gml-v).a)

82
+ (maﬁ (u—w) ,zl>

+ <m;x (u— w),zl>
+(z (f (v) = f(w)),21).
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By using the cauchy Schwartz inequality and the fact that v and w are bounded,
we obtain the following:

0
(52 =) ) < e = wl ],

o2
<$ax2 (u— w)’21> <0fy lu—wl |,

(w02 0.

(@ (f (u) = f(w)),21) < bou [lu —w] ||z]|

where |z| < b and the constants aq, 31, ag, 01 > 0, we have:

(L(u) = L(w),z1) < (a1 +b8; +bazM +bor) |lu—w| ||z

= C(M)|ju—wl|zll,

IN

ag [z[ ol flu = w]| |z

A

b M [[u — wl| |1,

and

where
C (M) = (o +bB, +basM +boy),
and
0
L) - L)) = (550-u).)

Similarly, we get,

(L(v) = L(w),22) < (G +bny +bAM +bpy) [lo — wl] [[22]]
C (M) o —wll [z

where C (M) = ¢y + bn; + bA1 M + bp; and (;,mq, A1, p; > 0,have therefore (H2)
holds. This completes the proof. O

Conclusion 1. In this work, first a double Laplace transform algorithm which
s based on the Adomian decomposition method is used for solving the linear and
nonlinear singular one dimensional system of hyperbolic equations. Second, we
presente a convergence proof of the (DLADM) applied to the nonlinear singular
one dimensional system of hyperbolic equations.

Competing interests
The author declare that they have no competing interests.



12

(1]
2]
(3]

9

(10]

(11]
(12]
(13]

14]

(15]
(16]

(17]

(18]

(19]

HASSAN ELTAYEB GADAIN

REFERENCES

Do gan Kaya , Ibrahim E. Inan, A numerical application of the decomposition method for the
combined KdV-MKdV equation, Applied Mathematics and Computation 168(2005)915-926.
Do gan Kaya, Ibrahim E. Inan, A convergence analysis of the ADM and an application,
AppliedMathematics and Computation 161(2005) 1015-1025.

I. Hashim , M.S.M. Noorani, M.R. Said Al-Hadidi, Solving the generalized Burgers—Huxley
equation using the Adomian decomposition method, Mathematical and Computer Modelling
43 (2006) 1404-1411.

T. Mavoungou, Y. Cherruault, Numerical study of Fisher’s equation by Adomian’s method,
Math. Comput. Modelling 19 (1994) 89-95.

Adomian G., Elrod, M., Rach, R.: A new approach to boundary value equation and applica-
tion to a generalization of airy’s equation, J. Math. Anal. Appl., 140(2), (1989) 554-568.
Suhail, A. K, A Laplace decomposition algorithm applied to a class of nonlinear differential
equations, Journal of applied mathematics, 1 (4), (2001) 141-155.

E. Yusufoglu, Numerical solution of Duffing equation by the Laplace decomposition algorithm,
Appl. Math. Comput. 177 (2006) 572.

K. Abbaoui and Y. Cherruault. Convergence of Adomian’s Method Applied to Differential
Equations. Computers and Mathematics with Applications, 28(5):(1994)103-109.

K. Abbaoui and Y. Cherruault. Convergence of Adomian’s Method Applied to Nonlinear
Equations. Mathematical and Computer Modelling, 20(9): (1994) 69-73.

Abdon Atangana and Suares Clovis Oukouomi Noutchie, On Multi-Laplace Transform for
Solving Nonlinear Partial Differential Equations with Mixed Derivatives, Mathematical Prob-
lems in Engineering, Volume 2014, Article ID 267843, 9 pages.

Y. Cherruault, G. Saccomandi, B. Some, New results for convergence of Adomian’s method
applied to integral equations, Math. Comput. Modelling 16 (2) (1992)85-93.

F. M. Allan, K. Al-khaled. An approximation of the analytic solution of the shock wave
equation. Journal of computational and applied mathematics, 192:(2006) 301-309.

S. S. Ray. A numerical solution of the coupled sine-gordon equation using the modified de-
composition method. Applied Mathematics and Computation, 175:(2006) 1046-1054.

N. H. Sweilam. Harmonic wave generation in nonlinear thermoelasticity by variational itera-
tion method and adomian’s method. Journal of computational and applied mathematics, 207
(2007) 64-72.

A. Kilicman and H. E. Gadain, On the applications of Laplace and Sumudu transforms,
Journal of the Franklin Institute, 347(5) ,( 2010) 848-862.

A. Kiligman and H. Eltayeb, A note on defining singular integral as distribution and partial
differential equation with convolution term, Math. Comput. Modelling 49 (2009)327-336.

H. Eltayeb and A. Kiligman, A Note on Solutions of Wave, Laplace’s and Heat Equations with
Convolution Terms by Using Double Laplace Transform: Appl, Math, Lett. 21 (12)(2008),
1324-1329.

E. Babolian, J. Biazar, On the order of convergence of Adomain method, Appl. Math. Com-
put.130 (2002) 383-387.

S.M. El-Sayed, D. Kaya, On the numerical solution of the system of two-dimensional Burger’s
equations by the decomposition method, Appl. Math. Comput. 158 (2004) 101-109.

MATHEMATICS DEPARTMENT, COLLEGE OF SCIENCE, KING SAUD UNIVERSITY, P.O. Box 2455,

RivapH 11451, SAUDI ARABIA

E-mail address: hgadain@ksu.edu.sa



