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Abstract: The paper is devoted to solving multidimensional backward doubly stochastic differ-
ential equations under integral non-Lipschitz conditions in general spaces. By stochastic analysis
and constructing approximation sequence, a new set of sufficient conditions for multidimensional
backward doubly stochastic differential equations is obtained. The results generalize the recent
results on this issue. Finally, an example is given to illustrate the advantage of the main results.
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1 Introduction

Motivated by the probabilistic interpretation of solutions to a class of quasilinear parabolic par-
tial differential equations(PDEs in short), Pardoux and Peng [1] introduced nonlinear backward
stochastic differential equations(BSDEs in short). In the past decades, the theory of BSDEs have
been extensively developed and gradually become an important tool in financial problems [2, 3],
stochastic control [4] and stochastic games [5] and so on. One highlight of the theory is relaxing
the conditions of existence and uniqueness of the solutions. Mao [6] has proved the existence
and uniqueness of the multidimensional BSDEs with non-Lipschitz coefficients. Lepeltier and San
Martin [7] have relaxed the generator with continuous conditions. S. Hamadéne [9] investigated
the existence of the multidimensional BSDEs where the generator satisfies uniformly continuous
conditions. Recently, Fan et al. [7] discussed the existence and uniqueness of the multidimensional
BSDEs with Osgood hypothesis where the method is different from [6]. Hu and Tang [10] studied
the same problem with diagonally quadratic generators.

In 1994, Pardoux and Peng [11] studied the backward doubly stochastic differential equa-
tions(BDSDEs in short). They proved the existence and uniqueness under Lipschitz conditions,
and also, discussed the probabilistic representation of solution of quasilinear stochastic PDEs.

Furthermore, Shi et al. [12] obtained the existence of the BDSDEs with continuous coefficients.
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Lin [13, 14] made further efforts to establish the existence or uniqueness of solutions with non-
Lipschitz. Even recently, Wang et al. [15] obtained the result where the first generator satisfied
Osgood hypothesis, the second non-Lipschitz conditions. As a matter of fact, those results are ob-
tained which the generators are uniform on ¢. To the best of our knowledge, the multidimensional
BDSDESs with generators of integral non-Lipschitz assumptions in general spaces have rarely been
reported.

The structure of this paper is organized as follows. In section 2, we present some basic notions
and assumptions which will be needed in the sequel. Section 3 is devoted to investigating the
existence and uniqueness of solutions for multidimensional BDSDEs in general space. Finally, we

give an example to show the effectiveness of the main result.

2 Notations

Let T > 0 be a fixed terminal time. |- | denotes the Eulclidean norm of R¥, < z,y > denotes
the inner product of z,y € R*. For any z € R¥*? its norm is defined by ||z|| = \/Trace(zz).
Let (Q,F,P) be a complete probability space, {B, }iejo,r) and {W;, hrepo,r) are two mutually
independent standard Brownian motions with values respectively in R and R?. N denotes the

totality of P—null sets of F. For each t € [0,T], we define
Fe=Fon \| 7P,

where for any process 1:, Fg, = o{n, —ns,s <r <t} VN, F' = Fg,. For a deterministic
integrable function a(t), we define A(t) = fg a®(s)ds.
Let us introduce some spaces for § > 0 which will be carried out in the following parts.

e L?(j3,a,T,R) denotes the set of all Fr— measurable R*— valued random variable ¢ such that
€17 = E(PATE)?) < +oe.

e L2(j3,a) denotes the collection of the F;— adapted, R¥ —valued continuous processes (Yi)eeo,1
such that r
i3 = IE/ Ay, Pdt < +oo.
0

e 12%(f3,a) denotes the set of the F;— adapted, R¥—valued continuous processes (Yt>te[0,T]
such that .
1Yill3. = ]E/ P40 a2 (1)]Yy)2dt < +o0.
0

e §%(,a) denotes the space of the F;— adapted, R¥—valued continuous processes (Y;):e[o0,1]
such that

Vil 2> =E( sup e @|y;?) < +oc.
te[o,T]

e M?(3,a) denotes the space of the F;— adapted, R¥*?—valued processes (Z¢)tejo,7) such that

T
1222 = E/O BAD | 7,12t < +oo.



o M?4: = L[2%,a) x M?(3,a) denotes the Banach space with the norm
1Y, ZII5 = 1Y 13,0 + 1 2] 342
o M%< = (8%(B,a) N L**(B,a)) x M?(f3,a) denotes the Banach space with the norm
1Y, Z15.c = 1Y 152 + Y150 + 1213

In this paper, we consider the backward doubly stochastic differential equations

T T T
Yi— ¢+ / F(s. Y, Z,)ds + / o(s, Yy, Z,)dB, — / Z.dW,, t € [0,7], (2.1)
t t t

where the integral with respect to B; is the classical backward It6 integral and the integral
with respect to W; is standard forward It6 integral. The equations are often abbreviated by
BDSDES(¢, f, 9).

With the above preparations, we introduce the definition of solution of (2.1).
Definition 1 A pair of process (Y, Zi)icjom) € M?¢ is a solution to (2.1), if it satisfies (2.1).

In order to get the solution of (2.1), we propose the following assumptions:

(H1) The terminal value ¢ € L?(3,a, T, R);

(H2) (i) The coefficients f : Q x [0,7] x Rk x R¥*4d - Rk ¢:Q x [0,T] x Rk x R¥*d — RExL
are progressively measurable for any (y, z) € R* x R¥*? such that f((;)(O-SO)7 g(-,0,0) € L?(B,a).

(ii) There exist some integrable functions p(t), ¢(t), u(t) : [0,7] — R* such that for any
te [O,T], Y1, Y2 € Rk,zl,zQ S RkXd,

[F(ty1,21) = (£, 92, 22)] < p(0)p(lyr = y2l) +¢(B)[[21 — 2,

|g(t7y1> Zl) - g(ta Y2, Z2)|2 < p(t)|yl - yz\P(|y1 - y2|) + u(t)”’zl - 22||27

where p(x) is a concave and nondecreasing function with p(0) = 0 and [, % = +o0.

(iii) There exists a constant 0 < a < 1 such that u(t) < «, for all t > 0.

Remark 1 For the above given spaces, if a(t) = C, C is a nonnegative constant, we can easily

find that the spaces degenerate into the classical spaces.

Before giving our main results, we introduce some technical tools. The first Lemma appears in

17].

Lemma 1 If p(u) is a concave and nondecreasing function with p(0) = 0 and [, % = +o0,

there exists a concave nondecreasing function ¢(u) with ¢(0) = 0 and [, % = 400, Mmoreover,

av/up(v/u) < ¢(u) < 2av/up(y/u), where a > 0 is a constant.

Lemma 2 Assume that the generator f satisfies (H2). Let f&) denote the ith component of the

generator f, we define a series of functions f, = ( ,(Ll), T(Lz)’ e ,f,(Lk)) with fff) as follows

fr(zi)(t7 Y, Z) - uien]lgk{f(i)(tv u, Z) + (n + A)p(f)|y - ul}

Then, it satisfies



(i) For any (y,z) € RF x R¥*? [ f,(t,y,2) — f(t,y,2)| < kp(t)p(32).
(i1) For any (y;, z;) € RF x R¥*4j =1, 2, we have

[fn(t 91, 21) = faltsy2, 22)] < k(n+ A)p(0)|yr — 2| + a(@)]|21 = 22][]
[fa(t,y1:21) = fult o, 22)| < kp()p(ly1 — y2l) + ka(®)]]21 — 22].
(iii) 22850 € 129(8, ).

Proof: The proof is similar to the process step 1 of Theorem 1 in [9], we omit it.

3 Existence and uniqueness

In this section, we begin with establishing a priori estimate on the solutions of (2.1). Because
p(x) is a concave, there exists a nonnegative constant A such that p(z) < A(z + 1). Furthermore,

we let a?(t) = p(t) + ¢*(t) in following parts.
Proposition 1 Assume that (H1) and (H2) hold, (Y, Z:) be a solution of (2.1), then for enough

large B3, there exists a constant dg, which depends on 3 and T' such that

T
E[ sup eﬁA(s)|Y|2} +IE/ eﬁA(s)a2(8)|YS|2ds+E/ P2 | Z, 12 ds
t

t<s<T

BA(T) | ¢|2 T sae |£(5,0,0)2 T sage) 2 T saes) .2 2
<dgr 4 Ee E*+E [ e st—!—E e lg(s,0,0)[“ds +E [ e a”(s)p(|Ys|")ds ¢ .
t t

t

Proof: Applying Ité formula to e?A(®)|Y;|? yields that, for any ¢ € [0, T
SO 4 [ AR [ o)z

T
_ e[3A(T)|€|2 + 2/ eﬁA(S)Ygf(S,Yg,ZS)dS + 2/ eﬁA(S)YSg(S,ﬂ,ZS)dBS
t

t

T T
+/ eﬁA<S>|g(s,Ys,ZS)|2ds—2/ PALY, 7. dW,. (3.1)
¢ ¢
Following the assumptions (H1) and (H2), elementary inequality, we have

2V f(t, Yy, Ze) = 2Y4[f (8, Y2, Z2) — f(£,Y2,0) + f(2, Y, 0) — f(¢,0,0) + f(2,0,0)]
< 2|Y;€Hf(t7Y;f7Zt) - f(tvnao)l + 2|Y}Hf(t,yt70) - f(t70,0)| + 2|Y;5Hf(t7070)‘

< (125 + RPN + Z P + 6% + 5 (40,0, (32
|g(t7Y},Zt)|2 = |g(t }/taZt) (t,0,0) +g(t,070)‘2
<alt+ DIZIE + L+ 2aOs(%) + (1+)lg(t,0.0) (33)

where v is a nonnegative constant.



Take expectation on both sides of (3.1), by (3.2) and (3.3), we have

T
]EeﬁA(t)|Yt|2+ﬂE/ P42 (5 )lY\stJrIEl/ MAOZ)2ds
t

2 , 1- 1 T
< EPADIE + (2 + g)nz/ OV, Pds+ [ +all+ B [ Nz P
t t

2 T
/ A (5,0, )O)| ds + (1+7)E/ " 4)|g(s,0,0)[*ds
t

PA) 42
““JE/t (5)6(|Ya?)ds

Let v = , we deduce

7 2 T 1— T
EeP A1) |y |? + (g 1 a)lE/ )62 ()| Y| 2ds + TO‘E/ A || 7, [2ds
- t t

T T 2
< EePAD|g)2 + (1 + W)IE/ P46 1g(s,0,0))%ds + %E/ Al |f(s,2((), ;))| ds
t t a=\s

+(2+ 1)1E /T P4V a2 (5)p(|Y5|?)ds
Y t °

Let 3 enough large, there exists a nonnegative constant C'z 7 such that
T
EePA®)|y; |2 +IE/ ePA) G2 (s)|vs ds+E/ PA) || Z,|2ds < CprXs. (3.4)
t

where X; = EefAD) |¢24+R ftT eﬁA(S)%ds—FE ftT eP40)|g(s,0,0)|2ds+E ftT P4 a2 (5)g(|Y,[?)ds
By the Burkholder-Davis-Gundy inequality, we have

T T
9E | sup | [ €AOYig(s,Ye, Z)dB|| < 12E | sup [¢7 57 V;( / ePAC) g(s, Y, Z,[ds) /2
relt,T] Jr re(t,T) t
1 T
< -E | sup [0y, |2 —|—144IE/ PG g(s, Yy, Z|2ds. (3.5)
4 |repm t
1 T
2E | sup | PADY, 7)) dW,| “E | sup [®2O|Y, +144]E/ P Z,]|2ds. (3.6)
re[t,T] Js 4 re(t,T) r

From (3.1), (3.5) and (3.6), it follows that

E | sup 40|y, |?

relt,T)

+ﬁE/ P62 (5)| vy db+]1<:/ A || Zg])2ds

T T
g]EeﬁA<T>|g|2+2E/ eﬁA(SWSf(s,y;,Zs)dH/ PO |g(s, Yy, Zs)|2ds
t t

T
+2E sup | [ PAOY, Z,dw,|
relt,T] Jr

T
+2E || sup / PAOY, g(s, Yy, Z,)dB,|
]

relt,T

sup ePA0) |y, |2

< EePAD g2 + %E
re(t,T)

11—« 1 T BA(s) 2
(144 =5 4 M5a(1+ B [ 017 s
t

8 £(s,0,0)[2 2 BT s
+BE/t ﬁA()' (QQ(S))l ds +(1_a+§)E/t BA( )02(8)|YS|2dS

14 T
+145(1+7)IE/ P45 g(5,0,0)[2ds + (146 + 75)1@/ ¢PAE) 2 (56 (| Vs |2)ds. (3.7)
t

t

From (3.4) and (3.7), we can derive the result.



Theorem 1 Assume (H1) and (H2) hold. Then, there exists a unique solution (Y;, Z;) € M?*¢
satisfying (2.1).

Proof: Uniqueness. Let (Y}, Z}) € M?<(i = 1,2) be solutions of (2.1), we have
T T T
VP = [ YR 2 - fe YR ZBNs+ [ ol Y ZY) — gl Y2 Z2)AB, ~ [ (2 - Z2)aw (s
t t t
Applying It6 formula to e#AM |y} — V2|2,

T
PG 24 [ O Y2 Pas s [ A0z 22

t
T T
=2 / ANV —Y2)(f(5,Y], 2Y) — (5, Y2, Z2))ds + / e (g(s, V), ZY) = g(s, Y7, Z2)ds.
t t
T T
+2 / AV =Y g(s, Y}, Z8) — g(s, Y], Z2))dB, — 2 / SN —Y2)(Z) - 22)dW,.(3.9)
t t

Taking expectation on both sides of (3.9), from (HI), (H2) and elementary inequality 2ab <
fa? + 3b%,6 > 0, we have

T T
EPAO|Y) Y22 4+ BB / PG (5)|Y) — V2ds + E / IAC)| 21— 72| %as
t t

T T

ZQE/ (g)( YQ)(f(&Y;l,Zsl)—f(s,Y;Q,ZE))dS+E/ eﬁA(S)Kg(S’Yslesl)_9(571/327Z§)|2d8
t t
r B

< 3E/ A () (Y~ V2)ds + 2 / AC)G2(s5)|Y) - Y2[2ds
t

4
+(G+a)E / 40| 21 — 22|%as.
t

By Lemma 1, taking 3 enough large, there exists a nonnegative constant Cy such that
T T
B [ MO - v2Pas v [ 017 - 2y <O [ MO s)olly) v s
t t t
(3.10)

From (3.9), (3.10) and Burkholder-Davis-Gundy inequality, there exists a a nonnegative constant
(5 such that

T
IEI[ sup Ayl —Yrﬂ +E/ P42 (s)| v — Y3|2ds+E/ ePAG) ||z — 72|2ds
t<r<T t

T T
< OE / P2 (5)p(|V2 — Y2[2)ds < C / P(S)HE sup PAOY — Y2R)ds,
t t s<r<T

By Bihari inequality, we can obtain Y! = Y2 Z! = Z2 dP — a.s.

Existence. By the definition of f,,, Lemma 1 and Lemma 2, we can easily deduce BDSDESs(¢, f,,, 9)
is a special case in [16]. Therefore, BDSDEs(¢, f,,, g) have a unique solution denoted by (Y;*, Z}).

Applying Ito formula to e?AM|Y» — Y™ |2,

T T
eﬁA(t)D/;" _ Y't’m|2 + 6/ eﬁA(s)a2(8)|Y'Sn _ }/Sm|2d8 +/ eﬁA(s)Hz;z _ Z;nHQdS
t t
T
—2 / BAC (YR V) (fol(5, Y, Z0) = fou(s, Y, Z7))ds
t
T T
2 / BACH (YT V) (g(s, Y, Z0) — g(s, Y™, Z7))AB, — 2 / SAC) (YR Y ( 20— Zm)aW,
t t

T
+ / PG| (g(s, Y1, ZT) — g(s, Y™, Z)|2ds. (3.11)
t



Taking suitable 3, by Lemma 2 and Burkholder-Davis-Gundy inequality, there exist a nonneg-

ative constant C3 such that

T T
E { sup ey — Yf“] +E/ P )a ()Y — Y Pds +]E/ P4 Z0 — 27| Pds
t<r<T t t

T
<GB [ PN (s)u (Y - Vs
t
T
<Ca [ @EUE sp O Vs (3.12)
¢ s<r<T
where 1)(u) is a concave and nondecreasing function with ¢(0) = 0 and [, % = +o00, kup(u) <
P(u) < 2kup(u), k> 0.
From Bihari inequality, (3.12), we have (Y;*, Z}") is a Cauchy sequence in M?<.
On the other hand,

T
/ PG £ (5, Y, Z0) — f(s, Ve Zs)|ds
t
T BA(s) 2A n n
<E|[ e kp(s)ﬂ(7)+P(8)P(|Ys =Yi|) +q(s)|Zs — Zs|| | ds
t
T
<E [ e Ohpls) ol
t

T
LE / eBAC) g(5)]| 27 — Z4|ds
t

2A)+ ( 24
P m+ A

T
)| ds - (m AR [ SO - Vilds
t

n

T 24 24 T G :
< E/t P p(s) [p(n) + p(m n A)] ds+E /t eﬁA(s)a2(3)ds] [/t Pz — Z,|ds
1 1
T 2 [ T 2
+(m+ AE / P02 (5)ds [/ P a2 ()Y — Y4 |2ds (3.13)
t t
T
B [ O,V 22 — g, Ve )P
t
T
<E [ [[v2 = Yilp(o)ollyy - Yo +all 27 - ZiJF] ds
t
T T
§/ p(s)p(E sup A |y —v,|?)ds + aE/ ePAG) | Zzn — 7, )%ds. (3.14)
t s<r<T t

From (3.13), (3.14), we have

T T T
Yy = £+/ f(s,Ys,Zs)der/ 9(s,Ys, Z5)dBs —/ ZdWs, t € 0,77,
t t t

Then, (Y, Zt)tefo,r is a solution of (2.1).
Example: For convenience, let k = 1, and f(t,y,2) = %hﬂy\) + %\/{|z| + |Byl,9(t,y,2) =

= sin |y| + ﬁM + |By|, and 0 is a enough small nonnegative constant,

%
—zlnz, x <4,
hz)=9q W©E-)(x—0)+h(d), >4
0, othercases.

We choose p(t) = =, q(t) = gz u(t) = 57, then |f(t,y1,21) — f(t,y2, 22)| < p(OA(|yr — p2) +
a(t)ll2r = z2ll, lg(t,y1, 21) — g(ty2,22)1* < [zl — 2l + sammllar — 22012 < 3p()lyr — wol® +



2+%Hzl — 2o||?. Let p(x) = h(z) + 3z, we can deduce p(x) is a concave function, [, ﬁdz = +4o00.
According to above analysis, the functions f(¢,vy, 2), g(t,y, z) satisfied (H1) and (H2), the equation
(2.1) has a unique solution. Obviously, f(t,y, z), g(t,y, z) do not satisfy the assumptions in [11-15].
Let p(t),q(t) = C,u(t) = (0 < a < 1), C' is a nonnegative constant, then, the results generalize
the results in [11, 15]. Moreover, if g(t,y,2z) = 0, [1, 6, 9] are special cases of our main results.
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