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Abstract The purpose of this paper is to introduce the implicit midpoint rule of nonexpan-
sive mappings in CAT(0) spaces. The strong convergence of this method is proved under certain
assumptions imposed on the sequence of parameters. Moreover, it is shown that the limit of the
sequence generated by the implicit midpoint rule solves an additional variational inequality. Ap-
plications to nonlinear Volterra integral equations and nonlinear variational inclusion problem are
included. The results presented in the paper extend and improve some recent results announced
in the current literature.
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1 Introduction

The implicit midpoint rule is one of the powerful numerical methods for solving ordinary
differential equations and differential algebraic equations. For related works, please refer
to [1-8].

Based on the above fact, in 2015, Xu et al. [9] and Yao et al. [10] presented the
following viscosity implicit midpoint rule for nonexpansive mappings in a Hilbert spaces:

Ty + Tn+1

Tnt1 = o f(@n) + (1 — an)T( 5

), Vn >0, (1.2)

where a,, € (0,1) and f is a contraction. Under suitable conditions and by using a very
complicated method, the authors proved that the sequence {x,} converges strongly to a
fixed point of T', which is also the unique solution of the following variational inequality

(I-f)g,x—q) >0, Ve Fiz(T). (1.3)

On the other hand, the theory and applications of CAT(0) space have been studied
extensively by many authors.

Recall that a metric space (X, d) is called a CAT(0) space, if it is geodetically connected
and if every geodesic triangle in X is at least as 'thin’ as its comparison triangle in the
Euclidean plane. It is known that any complete, simply connected Riemannian manifold
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having non-positive sectional curvature is a CAT(0) space. Other examples of CAT(0)
spaces include pre-Hilbert spaces [11, 23], R—trees, Euclidean buildings[12],and many
others. A complete CAT(0) space is often called a Hadamard space. A subset K of a
CAT(0) space X is convex if for any x,y € K, we have [z,y] C K, where [z,y] is the
uniquely geodesic joining x and y. For a thorough discussion of CAT(0) spaces and of the
fundamental role they play in geometry, we refer the reader to Bridson and Haefliger[11].

Motivated and inspired by the research going on in this direction, it is naturally to
put forward the following

Open Question Can we establish the viscosity implicit midpoint rule for nonex-
panssive mapping in CAT(0) and generalize the main results in [9, 10] to CAT(0) spaces?

The purpose of this paper is to give an affirmative answer to the above open question.
In our paper we introduce and consider the following semi-implicit algorithm which is
called the viscosity implicit midpoint rule in CAT(0):

Tni1 = anf(zn) ® (1 — an)T<x”@;”H>, n > 0. (1.4)

Under suitable conditions, some strong converge theorems to a fixed point of the nonex-
pansive mapping in CAT(0) space are proved. Moreover, it is shown that the limit of the
sequence {x,} generated by (1.4) solves an additional variational inequality. As applica-
tions, we shall utilize the results presented in the paper to study the existence problems
of solutions of nonlinear variational inclusion problem, and nonlinear Volterra integral
equations. The results presented in the paper also extend and improve the main results
in Xu [9], Yao et al. [10] and others.

2 Preliminaries

In this paper, we write (1 —¢)z @ty for the unique point z in the geodesic segment joining
from z to y such that

d(z,x) =td(xz,y), and d(z,y)=(1—1t)d(z,y).

The following lemmas play an important role in our paper.

Lemma 2.1 [13] Let X be a CAT(0) space, z,y,z € X and t € [0,1]. Then
(i) dtz® (1 —-1t)y, z) <td(z,z)+ (1 —t)d(y, 2).
(il) d*(tr @ (1 —t)y, 2) < td*(x,2) + (1 = t)d*(y, 2) — t(1 — t)d*(z, y).
Lemma 2.2 [14] Let X be a CAT(0) space, p,q,7,s € X and A € [0, 1]. Then

dAp® (1 —=XN)g, A\r& (1 —N)s) < Md(p,r) + (1 — A)d(q, s).

Berg and Nikolaev [15] introduced the concept of quasilinearization as follows. Let us

denote a pair (a,b) € X x X by % and call it a vector. Then quasilinearization is defined
asamap (-, : (X x X) x (X x X) — R defined by

(ab, cd) = %(d2(a, d) + d2(b,¢) — d(a,¢) — (b, d))  (a,b,e,d € X).
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— — —
It is_e>asy to seen that <%, cd) = (cd,cz>7 <a?,c (ba cd> and (a, cd x% cd)
<£, cd) for all a,b,c,d € X. We say that X satisfies the Cauchy—Schwarz mequahty if

(ab, ed) < d(a,b)d(c, d).

for all a,b,c,d € X. It is well known [15] that a geodesically connected metric space is a
CAT(0) space if and only if it satisfies the Cauchy—Schwarz inequality.

Let C be a nonempty closed convex subset of a complete CAT(0) space X. The metric
projection Po : X — C is defined by

u= Po(z) & d(u,z) =inf{d(y,z) :y € C}, Vze X.

Lemma 2.3 [16] Let C' be a nonempty convex subset of a complete CAT(0) space X,
x € X and u € C. Then u = Po(z) if and only if u is a solution of the following variational
inequality

(yt,ut) >0, VYyeC.

i.e., u satisfies the following inequality equation:

d*(z,y) — d*(y,u) — d*(u,z) > 0, Vy € C.

Lemma 2.4 [17] Every bounded sequence in a complete CAT(0) space always has a
A—convergent subsequence.

Lemma 2.5 [18] Let X be a complete CAT(0) space, {x,} be a sequence in X and

2 € X. Then {z,} A—converges to z if and only if limsup,, . (zz,),z3) < 0 for all
y € X.

Lemma 2.6 [19] Let X be a complete CAT(0) space. Then for all u,z,y € X, the
following inequality holds

d?(z,u) < d(y,u) + 2(z7, T0).

Lemma 2.7 [20] Let X be a complete CAT(0) space. For any ¢ € [0,1] and u,v € X,
let uy = tu @ (1 — t)v. Then, for all x,y € X,

() (ued, ugd)) < t{ud, ugd) + (1 — ) (0, wl)),
(i) (ud, udy) < t(ud,uf)) + (1 - t)(od, uf)) and (ud,vg) < t(ut,vy) + (1 - t)(od, v3).

Lemma 2.8 [21] Let {a,} be a sequence of nonnegative real numbers satisfying
ant1 < (1 - ’Yn)an + 0n, V1 >0, (21)

where {v,} is a sequence in (0,1) and {d,,} is a sequence in R such that
(1) 202 m =00,
(2) limsup,, :STZ <0or ) 2 |0 < oo.

Then lim,,_, a, = 0.
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3 Main Results

Theorem 3.1 Let C be a closed convex subset of a complete CAT(0) space X, and
T :C — C be a nonexpansive mapping with Fix(T) # (. Let f be a contraction on C
with coefficient k € [0,1), and for the arbitrary initial point xo € C, let {xz,} be generated

by

Tt = anf(zn) ® (1 — an)T<x”@2x”“>, n > 0. (3.1)

where {an} € (0,1) satisfies the following conditions:
(i) limy o0 v =0,
(i) fo’:o Qp = 00,
(iii) Do lom — amgr| < 00, or limy, e a;:1 =1.

Then the sequence {x,} converges strongly to & = Priyr) (%), which is a fived point of T
and it is also a solution of the following variational inequality:

(Gf(Z),73) >0, Vaze Fia(T).
i.e., T satisfies the following inequality equation:

A (f(z),x) — d*(&,z) — d*(f(&),%) >0, Vo € Fiz(T).

Proof We divided the proof into four steps.

Step 1. We prove that {x,} is bounded. To see this we take p € Fiz(T) to deduce
that

doninp) = a{anf(on) ® (1 - an) (1) )
< and(f(wn),p) + (1 - an)d<T<$”@2x"+1> ,p>

< an(d(f(zn), f(p)) +d(f(p),p)) + (1 — an)d<T<$n@;nH> ’p>

Tn DTy
< ankd(zn, p) + and(f(p),p) + (1 - an)d(zﬂ’p>
1—ay

2

< ankd(xn,p) + and(f(p),p) + (d(zn, p) + d(Tn+1,p))-

It then follows that

1+«
2

1+ 2k —1)ay,
2

d(xpy1,p) < d(wn, p) + and(f(p), p),

and, moreover

1+ 2k —-1)ay, 2,
Wd(xnap) + 1 +and<f(p)’p)

- <1 _ w>d(:vn,p) + 2(1 :rl;)na" : i d(f(p), p)

d(zp41,p) <

< max{ i), 100
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By induction we readily obtain

1

d(ﬂ?n,p) < ma‘x{d(x(]vp)v md(f(p%p)}

for all n > 0. Hence {z,} is bounded, and so are {f(z,)} and {T(I”@#)}
Step 2. We show that lim,,_, d(2y+1, 2,) = 0. Observe that

onien) = d(anf () © (1= anT (5 ) 0 flana) @ (1 - a7 ()

< d<a”f(x") @ (1- an)T(%% anf(xzn) @ (1 - an)T(x”_lfx”O
+ d(o‘nf(l‘n) @ (1- an)T(W), anf(@n_1) ® (1 - oen)T(x”_l;Bx”O

Tp—1 DTy

+ d(anﬂxm) ® (1= an)T(— =), an-1f (1) & (1 = anl)ﬂ‘””"‘lf””’w)
Tn D Tnt1 Tp—1® Ty

< (1 (TS (B ) (), )

o = anala o). T )

<(- an)d<xn @21'71—{-1’ xn_1269 :rn> + ankd(Tp, @n 1) + [m — a1 | M
(1 —aw)
< T [d(xn-i—lvxn) + d(xn)xn—l)] + ankd(l‘nvxn—l) + |an - an—l‘M‘

Here M > 0 is a constant such that

M> sup{d<f(xn_1),T(W)), n> o}.

It turns out that

1 —|—2an d(Tpt1, ) < Wd(mn,xn_l) + Moy, — ap-1].
Consequently, we arrive at
d(xpy1, 2p) < Wd(wn,xn_l) + Moy, — ap—1|
_lfom Tikoin = 2o d(xp, Tp_1) + Mo, — 1| (3.2)
= (1 — w>d(xn,:nn1) + M|ay, — ap—q].

Since {a} € (0,1),then 1+ o, < 2, ﬁ >4, (1- 2(;];):") < (1= (1—=k)ay). we have

d(Xpt1,2n) < (1= (1 = k)an)d(xn, Tno1) + M|y — ap—1]- (3.3)

By virtue of the conditions (i) and (iii), we can apply Lemma 2.8 to (3.3) to obtain
limy, 00 d(Tp+1, 2n) = 0.
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Step 3. We show that lim,_,~ d(x,, Tx,) = 0. In fact, we have

U, Tan) < dons0ni) + {200, T ) (2500 7, )

< o rnin) + and( Fon) TS ) (TS, )

Ty D Tnt1

< o, usr) + (). T

3
2

)> + %d({En, l’nJrl)

d(xn, Tnt1) + oM — 0 (as n — 00).

Step 4. Now we prove

—
limsup(f (2), 2,2) < 0.

n—oo
Since {z,,} is bounded, there exist a subsequence {z, } of {z,} such that A—converges
to Z and

lim sup(F(2), 2n) = limsup(f ()7, 7, 4)- (3.4)

n—o0 n—o0

Since {zn;} A—converges to ¥, by Lemma 2.5, we have

— —
lim sup(f (%), xn;z) < 0.

n—o0

This together with (3.4) shows that

— —
limsup(f(fé)i”,a?@ = limsup(f (%), zn,7) < 0.

n—o0 n—oo

Step 5. Finally, we prove that x, — & € Fiz(T) as n — oo. For any n € N, we set
Zn = an @ (1 — an)T(xn@#). It follows from Lemma 2.6 and Lemma 2.7 that

. - — y —
d2($n+17 x) < d2(2n7 x) + 2<$n+12n7 xn—l—lm)

_
%), i> + 2 [an<f(:vn)zn, Tp41Z)

@ \
+(1- an)<T(xn2an) Zn,$n+133>:|

Tn D Tnt1 . T2 T2
n2"+,x> +2 [anan(f(a:n)x, Tp41T)

< (1 —ap)?d*( T(

< (1- an)2d2<

2 )733n+1$

+ an(1— an)<f(xn)T($n@$n+1 ﬂ>

Ty D Tnt1

+ an(1 an)<T( 5

. —=2
)$a$n+193>

S3) @ —
+(1- an)2<T($" 2$n+1)T(95n ;nﬂ),xnﬂxﬂ
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< <1—an>2d2($"@2’”"“ ) +2[ 2 (Flon)a, sumd)

+ an(l - an)<f(xn)T(

2] —
+ an(l —ay < (a:n xnﬂ)x :I:n+1:c>]

)

)22 Tn D Tnt1 2 A T2

(1 —ap)°d < >—|—2[ S (f(xn)X, Tpi12)
)

Ty D Tpii ) ﬁ
2 s Ln+41

+ an (1 — an)(f (fﬁn)x xn+1$>

e
<(1- an)2d2<‘”"@2‘”"+1 ) + 200 (f(Tn) 2, Trip1 )

1 1 1
< (1 02 | 3P )+ 5 Plani1,5) — 1)

GG ok e
+ 20, (f(20) f(Z), Tp1Z + 200 f( )T, Tp 1)

SM[CF(% i)+ d*(zn41, 7))

2
+ 20 kd(Tn, T)d(Xn41, ) + 200 (f(Z)T, Tp112)
< M[dQ(xn, 7) + d*(zn41, 7))

- 2
+ Oénk[d2(xna -’i) + d? (xn+1a )] + 2an<f( )l’ $n+1$>

< (S52E o k) €00, 2) + 1, )]+ 200 TR, i)

1201 -k, e

(@20, &) + A2 (21, B)] + Q2 M + 200 ([ (@)%, 2mp1d).

Here My > 0 is a constant such that
My > sup{d®(x,, %), n > 0}.

It follows that

1—2(1— k)

2 n ~ d2 n = n M
P@ni®) < 750 e, ? D Ta — e D
dan, 2 ——
T m@“ (2)%, Tpt17)
20— K)o \ o, - 202
< (1- 2P A gy %y
—< 1+(1—k)an> (@0, )+ T 7T pyan
dan, 2 —
+ o f(@)T zpa ).

1+ (1 —-k)ay
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Since 1 + (1 — k)a,, < 2 — k, m > 1. we have
. 2(1 - k) . 202
d? < [(1-2—2n) g2 — M
(01, ) —< 2k ) @0 8+ T - e M
dan, T =2
+ mﬁ(@%%ﬂ@
2(1 = k)an\ ~ 2 4oy, L 2
< (12 "% i) 4202 My 4  Tn1d).
< (1 2520 ) o ) 4 20300+ s D)

A —
Take ~,, = %, 6 = 202 My + Hé‘“%(f(fv)i,xnﬂw). It follows from conditions

(i), (ii) and (3.4) that {y,} C (0,1), > 7, vn = oo and

. on 2 -2 —= )

lim sup — = limsu agaMi + ——(f(2)x, xpi12) | < 0.
n—>oop Yn n—)oop 1-k ( n 1+ (1 - k)an <f( ) i )

From Lemma 2.8 we have that x,, — T as n — oco. This completes the proof.

Remark 3.2 Since every Hilbert space is a complete CAT(0) space, Theorem 3.1 is
an improvement and generalization of the main results in Xu et al. [9] and Yao et al. [10].

The following result can be obtained from Theorem 3.1 immediately.

Theorem 3.3 Let C be a closed convexr subset of a real Hilbert space H, and let
T : C — C be a nonexpansive mapping with Fix(T) # 0. Let f be a contraction on
C' with coefficient k € [0,1), and for the arbitrary initial point xo € C, let {x,} be the
sequence generated by

Tpt1 = anf(n) + (1 - an)T<xn+2$n+1>’ n > 0. (3.5)

where {ay,} € (0,1) satisfies the conditions: (i), (ii) and (iii) in Theorem 3.1. Then the
sequence {xn} defined by (3.5) converges strongly to ¥ such that ¥ = Ppj,(7)f (%) which is
equivalent to the following variational inequality:

(- f(z), 2 — %) >0, Vae Fiz(T).

4 Applications

4.1 Application to nonlinear variation inclusion problem

Let H be a real Hilbert space, M : H — 29 be a multi-valued maximal monotone
mapping. Then, the resolvent mapping J /J\w : H — H associated with M, is defined by

JM(z) := (I + M) (z), Vo € H, (4.1)

for some A > 0, where I stands identity operator on H.

We note that for all A > 0 the resolvent operator J f\V[ is a single-valued nonexpansive
mapping.
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The “so-called” monotone variational inclusion problem (in short, MVIP) is to find
x* € H such that
0 € Bi(z"). (4.2)

From the definition of resolvent mapping Ji/, it is easy to know that (MVIP) (4.2) is
equivalent to find «* € H such that

z* € Fiz(JM) for some A > 0. (4.3)

For any given function zg € H, define a sequence by

Tni1 = anf(zn) + (1 = ay)JY <xn®2xn+1>’ n > 0. (4.4)

From Theorem 3.3 we have the following

Theorem 4.1 Let M, J/]\V[ be the same as above. Let f: H — H be a contraction.
Let {x,} be the sequence defined by (4.4). If the sequence {a,} € (0,1) satisfies the
conditions: (i), (ii) and (iii) in Theorem 3.1 and Fiz(J}) # 0, then {z,} converges
strongly to the solution of monotone variational inclusion (4.2), which is also a solution
of the following variational inequality:

( — f(&),z—F) >0, VacFiz(JM).

4.2 Application to nonlinear Volterra integral equations

Let us consider the following nonlinear Volterra integral equation

x(t) = g(t) —i—/o F(t,s,z(s))ds, te]0,1], (4.5)

where g is a continuous function on [0, 1] and F : [0,1] x [0,1] x R — R is continuous and
satisfies the following condition.

[F(t,s,2) = F(t,s,y)| < v —yl, t,5€]0,1] z,yeR,

then equation (4.5) has at least one solution in L?[0, 1] (see, for example, [22]).

Define a mapping 7" : L?[0,1] — L?[0,1] by

(Tz)(t) = g(t) —I—/O F(t,s,z(s))ds, te0,1]. (4.6)

It is easy to see that T is a nonexpansive mapping. This means that to find the solution
of integral equation (4.5) is reduced to find a fixed point of the nonexpansive mapping T’
in L2[0,1].

For any given function zo € L2[0, 1], define a sequence of functions {z,} in L2[0,1] by

Tnt1 = anf(ag) + (1 — a@T(lﬁ@;nH), n > 0. (4.7)

From Theorem 3.3 we have the following
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Theorem 4.2 Let F, g, T, L?0,1] be the same as above. Let f be a contraction
on L2[0,1] with coefficient k£ € [0,1). Let {x,} be the sequence defined by (4.7). If the
sequence {a,} € (0,1) satisfies the conditions: (i), (ii) and (iii) in Theorem 3.1. Then
{x,} converges strongly in L?[0, 1] to the solution of integral equation (4.5) which is also
a solution of the following variational inequality:

(@ —f(@),z—2) >0, VaeFiz(T).
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