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Abstract

In this paper, we introduce a—proximal fuzzy contraction of type—I and I in complete fuzzy metric
space and obtain some fuzzy proximal and optimal coincidence point results. The obtained results further
unify, extend and generalize some already existing results in literature. We also provides some examples
which shows the validity of obtained results and a comparison is also given which shows that contractive
mappings and obtained results further generalizes already existing results in literature.
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1 Introduction and Preliminaries

A classical best approximation theorem ( [5]) states that if A is nonempty compact convex subset of a Banach
space X and T: A — X is a continuous map, then there exists a point z* in A such that

d(z*,Tz*) = d(Tz", A) = inf{d(x, Tz*) : x € A}. (1)

A point x* in the above theorem is known as the approzximate fized point of T or an approximate solution
of a fixed point equation Tx = x.

The study of conditions that assure the existence and uniqueness of optimal approximate fixed point of
mapping T is an active research area. If A and B are nonempty subsets of a normed linear space X and
T: A — B. A point z* in A which satisfies d(z*, Tx*) = d(A, B) is called a best proximity point of 7" and the
pair (z*,Tx*) is called best proximity pair of 7. A best proximity point z* in A, indeed solves the following
optimization problem:

min d(z, T'z).

z€A
The results which analyze the conditions under which the above optimization problem has a solution are
known as Best proximity pair theorems. Clearly, if A = B, then best proximity point of T becomes the
solution of a fixed point equation Tz = z. So, the best proximity point theorems generalize fixed point
theorems in a natural way. For detailed discussion in this direction, we refer to [1,/4}[12,16H20,22-25|.

Vetro and Salimi [24] studied best proximity point theorems in the setup of non Archimedean fuzzy
metric spaces ( see also, |18L[25]).

Let us first recall some basic definitions and known results needed in the sequel.

Definition 1.1 ( [21]) A binary operation x : [0,1]> — [0,1] is called a continuous t — norm if for any
x,y,w, z € [0,1], the following conditions hold:

(1) = is associative, commutative and continuous;

(2) zx1=u;



(3) w+z <yx*z whenever w <y and z < 2.

Classical examples of continuous t—norm are: minimum A, usual product - and Lukasiewicz x, t —norms,
where, a A b= min{a,b}, a-b=ab, and a *; b = max{a+ b — 1,0} for all a,b € [0, 1].

Wy ”

It is easy to check that x5, <. < A. In fact * < A for all continuous ¢t — norm “x

George and Veeramani [6,/7] modified the notion of fuzzy metric spaces with the help of a continuous
t — norm by generalizing the concept of probabilistic metric space (see [11]) to a fuzzy situation.

Wy
K

Definition 1.2 (compare [7]) Let X be a nonempty set, and a continuous t — norm. A fuzzy set M
on X x X x [0,00) is said to be a fuzzy metric if for any x,y,z € X, the following conditions hold:

(i) M(z,y,t) >0,

(ii) z =y if and only if M (z,y,t) =1 for all t > 0,

(iii) M(z,y,t) = M(y,z,t),

(iv) M(z,z,t+s) > M(x,y,t) * M(y, z,s) for all t,s > 0,
(v) M(z,y,-):[0,00) — [0,1] is left continuous.

The triplet (X, M, ) is called a fuzzy metric space.

Since M is a fuzzy set on X2 x [0,00), M(x,y,t) is regarded as the degree of closeness of z and y with
respect to t.

It is well known that for each z,y € X, M(z,y, ) is a nondecreasing function on (0, 00) ( [8]).

Lemma 1.3 ( [§]) M is a continuous function on X2 x (0,00).

Each fuzzy metric M on X generates Hausdorff topology 75; whose base is the family of open M — balls
{Bu(z,e,t):x € X,e € (0,1),t > 0}, where

By (z,e,t) ={y € X : M(z,y,t) >1—¢}.

Note that a sequence {z,} converges to z € X ( with respect to 75 ) if and only if lim M(z,,z,t) =1

for all ¢ > 0. o
Let (X, d) be a metric space. Define My : X x X x [0,00) — [0,1] by

Mgy(z,y,t) = Trdzy)

Then (X, My, -) is a fuzzy metric space and is called the standard fuzzy metric space induced by a metric d
([6]). The topologies 7y, and 74 ( the topology induced by the metric d ) on X are the same. Note that
if d is a metric on a set X, then the fuzzy metric space (X, My, x) is strong for every continuous ¢t — norm
“x” such that for all * < -, where My is the standard fuzzy metric (see, |9]).

A sequence {z,,} in a fuzzy metric space X is said to be a Cauchy sequence if for each t > 0 and € € (0,1),
there exists ng € N such that M (x,,xm,t) > 1 —¢ for all n,m > ng. A fuzzy metric space X is complete
( [7]) if every Cauchy sequence converges in X. A subset A of X is closed if for each convergent sequence
{zp}in A with z,, — x, we have 2 € A. A subset A of X is compact if each sequence in A has a convergent
subsequence.

Throughout this paper, we assume that A and B are two nonempty subsets of a fuzzy metric space

(X, M, %).
Definition 1.4 ( [24,[25]) Let x € X and t > 0. Define Ay(t) and By(t) as follows:

Ap(t) {r € A: M(z,y,t) = M(A, B,t) for some y € B}, and
By(t) = {yeB:M(z,y,t)=M(A,B,t) for some xz € A},



where,
M(A,B,t) =sup{M(a,b,t) : a € A,b € B}.

The distance of a point x € X from a nonempty set A fort > 0 is defined as
M(z, A t) = sup M(x,a,t), fort>0.
acA

Definition 1.5 [18] A self mapping f on A is said to be (a) fuzzy isometry if M(fx, fy,t) = M(x,y,t) for
all z,y € A and t >0 (b) fuzzy expansive if for any x,y € A and t > 0, we have M (fx, fy,t) < M(x,y,t).

Remark 1.6 [18] Note that every fuzzy isometry is fuzzy expansive but converse does not hold in general.

Definition 1.7 [18/ A set B is said to be fuzzy approximately compact with respect to A if for every
sequence {yn} in B and for some v € A, M(z,yn,t) — M (x, B,t) implies that x € Ao(t).

Definition 1.8 [18] A point x in A is said to be optimal coincidence point of the pair of mappings (g,T),
where T: A— B and g: A— A if

M(gx,Tz,t) = M(A, B,t),
holds.

Lemma 1.9 [25] LetT : A — B. If fort > 0, Ag(t) # 0 and T(Ao(t)) C Bo(t). Then, there exists a
sequence {x,} C Ao(t) such that

M(zp41,T2n,t) = M(A, B,t), for alln € N. (2)

Definition 1.10 [25] A sequence {z,} C Ao(t) satisfying condition (9) is called prozimal fuzzy Picard
sequence starting with xo € Ag(t).

Definition 1.11 [25] A set Ao(t) is fuzzy proximal T—orbitally complete if and only if every Cauchy
proximal fuzzy Picard sequence in Ag(t) starting with some xg € Ag(t) converges to an element of Ao(t).

Lemma 1.12 [25] Let A and B be nonempty closed subsets of a complete non-Archimedean fuzzy metric
space (X, M, ), If Ap(t) # 0 and B is fuzzy approximatively compact with respect to A.Then the set Ay(t)
is closed.

Let ¥ = { 4 :[0,1] — [0, 1] satisfying the conditions (i) and (ii) given below}.
(i) v is continuous and strictly decreasing on (0,1) with ¢(¢) > ¢t and ¢(¢) = ¢ if t € {0,1}.
(ii) lim, o ¥"(t) =1 if and only if t = 1.

Definition 1.13 A mapping T : A — B is said to be a a—prozimal fuzzy contraction of type—1I if there
exists a € [0, 1] such that for any u,v,xz and y in A, the following implication holds:

M(u,Tx,t) = M(A, B,t) o
— >
M(’U,Ty,t) :M(A7B7t) M(U,U,t) = ’(/J([M(ZL'7y,t)] )
Definition 1.14 LetT: A— B andg: A — A. A pair{g, T} is said to be a a—proximal fuzzy contraction
. . . L M(gu,Tz,t) = M(A, B,t) .
of type—I1T if there exists a € [0,1] for any u,v,z and y in A satisfying M{(gv, Ty.t) = M(A, B, t) gives

that M(gu. gv,t) > ¥([M(x,y,D)]*).

For a self-mapping, a a—proximal fuzzy contraction of type—II becomes Banach contractions. While a
nonself mapping is not necessarily a Banach’s contraction mapping.

Note that If gz = I4, then every a—proximal fuzzy contraction of type—II becomes a—proximal fuzzy
contraction of type—1I.

The aim of this paper is to investigate the optimal coincidence point solution of a function M (gx, Tz, t)
over a nonempty subset of fuzzy metric space, where T': A — B is a—proximal contraction mapping of
type—I and type—II and g : A — A. Our results extend and generalize results in [13], [14] and [10]. We give
some examples to illustrate our results and to compare the results in [13] and [10].



2 Optimal coincidence point of a—fuzzy proximal contraction map-
pings in non-Archimedean fuzzy metric spaces.

We start with the following result.

Lemma 2.1 Let A and B be nonempty closed subsets of a complete non-Archimedean fuzzy metric space
(X, M,x), T : A — B an a—prozimal fuzzy contraction of type—I and Ao(t) # 0. Then Ao(t) is fuzzy
prozimal T—orbitally complete provided that T(Ao(t)) C Bo(t) if B is approzimatively compact with respect
to A.

Proof. Let z( be a given point in Ag(¢) and {x,} a proximal fuzzy Picard sequence in Ay(t) starting with
xo. As (X, M, «) is complete and A is closed, there exist an element x* in A such that

lim M(z,,z",t) =1.

n—oo

By Lemma [1.12] Ag(t) is closed, indeed Ap(t) is nonempty and B is approximatively compact with respect
to A. Hence z* € Ap(t). m

Theorem 2.2 Let g: A — A be a fuzzy expansive mapping and T : A — B an a—prozximal fuzzy contraction
of type—IT with T(Ag(t)) C Bo(t) and Ao(t) C g(Ao(t)) for any t > 0. If B is fuzzy approximatively compact
with respect to A. Then the pair (g,T) has a unique optimal coincidence point x* in Ag(t).

Proof. Let z( be a given point in Ag(t). As T(Ag(t)) C Bo(t) and Ao(t) C g(Ap(t)), we can choose an element
x1 € Ag(t) such that M (gz1,Txo,t) = M(A, B,t). From Txy € T(Ao(t)) C Bo(t) and Ag(t) C g(Ao(t)), it
follows that there exists an element zo € Ag(t) such that M (gze, Tx1,t) = M(A, B,t). Continuing this way,
we can obtain a sequence {z,} in Ag(t) such that it satisfies

M(gzp, Txn-1,t) = M(A, B,t) and M(gz,41, Tz, t) = M(A, B,t). (3)
As T is a—proximal fuzzy contraction of type—II, and g is fuzzy expansive,
M(wn7mn+1at) Z M(gxnvganrlvt) 2 Z/}[M(xnfl,xnat)]a) for all n € N. (4)

If, x,, = 2,41 holds for some n € N, then the result is obvious. Suppose that z,, # z,41 for all n € N. Note
that
M(CC,H Tn+1, t) Z 1/)([M($n—1, Tn, t)]a) Z ’l/)(M(In—la Ty t)) > M(xn—la Tn, t)

If we set M (xy, Tpi1,t) = 7o(t) for all t > 0, n € NU{0}. Then we have

Tn(t) Z Y([Tn1 (D)) = Y(Tn-1(t)) > Tn1(t). ()

That is, {T,,(¢)} is an increasing sequence for all ¢ > 0. Consequently, there exists 7(¢) < 1 such that
limy, 400 Tn(t) = 7(t). We claim that 7(¢) = 1. Suppose not, there exist some tg > 0 such that 7(¢9) < 1.
Also, 7,(to) < 7(to). On taking the limit as n — oo on both sides of

Tn(t) = P([Tn-1()]%) = V(Trn-1(t)) > Tn-1(t),
we have
7(to) = ¥(7(to)) > 7(to),

a contradiction. Hence 7(t) = 1. Now we show that {z,} is a Cauchy sequence. Assume on contrary that
{z,} is not a Cauchy sequence, there exist € € (0,1) and ¢, > 0 such that for all k¥ € N, there are my,ny € N
with my > ng > k and

M(Zpm,,, Tn,,to) <1 —e.

Assume that my is the least integer exceeding ny, for which the above inequality holds. Thus

M (T =1y Ty, to) > 1 — €.



Note that, for all k£, we have

1—¢ M (T, Ty s to)s
M(mmkaxmkfla tO) * M(-’I:mkfla xnkytO)a

Ty (o) * (1 —¢€).

\ARAVARLY,

On taking limit as k — oo on both sides of the above inequality, we obtain that limy_ oo M (T, , Tn,,to) =
1 —e. Also,

M (@41, Tny+1, to)
Z M(xmk-‘rla ankatO) * M(xrnmxnkvtO) * M(xnkaxnk-‘rl; tO)v

and
M(xmk ) xnk ) tO)
2 M(xmk ) xm,kJrla tO) * M(xkarlv mnk+17 tO) * M(mn;ﬁ»la xnk ) t0)7
imply that

lim M(Zmy+1, Tnpt1,t0) =1 —¢€.
k—-+oo

From , we obtain that
M(gxmy4+1,TTm, to) = M(A, B, tg) and M(gzpn, 41,1y, ,to) = M(A, B, to).

Hence
M(xmk+17 Tnp+1, tO) 2 M(gxmk+lagmnk+lv tO) Z /(/)([M(xmk y Ty s tO)]a)~
On taking limit as £ — oo on both sides of the above inequality, we get that

l—e>yp(l—e*)>9Y(l—¢)>1—c¢,

a contradiction. Hence {z,} is a Cauchy sequence. As Ag(t) is T—orbitally complete (Lemma , the
sequence {z, } converges to some element z* in Ay(t), that is,

lim M(z,,z",t) =1.

Now
M(gz*, B,t) M(gz*, Ty, t)
M(g.’II*, 9GTn+1, t) * M(gxn+1; Tiljn, t)
(
(

(AVARVS

M(gz*, gxni1,t) * M(A, B,t)
M(gx*, grps1,t) * M(gz™*, B, t).

Y]

Implies that

M(gz", B, t) M(gz™, Tp,t)

>
> M(gz™, gxpi1,t) * M(ga™, B,t).

As g is continuous, the sequence {gx, } converges to g(z*), and M (ga*, Tz, t) — M(gz*, B,t). Since B is a
fuzzy approximately compact with respect to A, a sequence {Tz,} in B has a subsequence which converges
to some y in B, and M(gx*,y,t) = M(A, B,t), that is g* € Ag(t). Since Ag C g(Ayp), there exist some
u € Ap(t) such that

M(gu,Tx*,t) = M(A, B,t) = M(gxnt1,Txn,t), for all n € N.
As {g,T} is a—proximal fuzzy contraction of type—II and g is a fuzzy expansive mapping, we have

M(uvanrl»t) > M(gu,gmn+1,t) > ¢([M(x*7xmt)]a)‘



Taking limit as n — oo on both sides of the above inequality, we obtain that
M (u,z,t) = P([M (2", u, 1)]*)
and hence M (u,z*,t) = 1 which implies that u = z*. Thus
M(gz™, Tz*,t) = M(gu, Tx*,t) = M(A, B,t)

gives that a* is the optimal coincidence point of the pair {g,T'}.
If there is another optimal coincidence point y* of the pair {g, T} in Ag(t), then we have

M(gz*,Tz*,t) = M(A, B,t) and M(gy*,Ty*,t) = M (A, B,t).
Since {g,T'} is a—proximal fuzzy contraction of type—II and g is fuzzy expansive, so
M(z",y",t) = M(g2", gy",t) = »([M (2", y",1)]*),

implies that M (z*,y*,¢) = 1 and z* = y*. Hence the optimal coincidence point of the pair {g, T} is unique.
[

Corollary 2.3 IfT: A — B is an a—prozimal fuzzy contraction of type—I with T(Ag(t)) C Bo(t) for any
t > 0. Then T has a unique best proxzimity point x* in Ay(t) provided that B is fuzzy approzimately compact
with respect to A.

Proof. Take g = I4 in Theorem m

Corollary 2.4 IfT: A — B is an a—proximal fuzzy contraction of type—I with T(Ao(t)) C Bo(t) for any
t > 0.Then T has a unique best proximity point =* in Ag(t) provided that B is fuzzy approximative compact
with respect to A.

Proof. By Lemma Ap(t) is closed subset of complete non-Archimedean fuzzy metric space (X, M, *)
which implies that Ag(t) is fuzzy proximal T'—orbitally complete (Lemma . The result follows from

Corollary (2.3). =

Corollary 2.5 Letg: A — A be a fuzzy isometric mapping and T : A — B an a—proximal fuzzy contraction
of type—I1 with T(Ap(t)) C Bo(t) and Ap(t) C g(Ao(t)) for any t > 0. If B is fuzzy approzimately compact
with respect to A. Then the pair (g,T) has a unique optimal coincidence point x* in Ay(t).

Corollary 2.6 Let g: A — A be a fuzzy expansive mapping and T : A — B with Ao(t) # ¢, T(Ap(t)) C
By(t) and Ao(t) C g(Ao(t)) for any t > 0. If B is fuzzy approzimately compact with respect to A and the
pair (g, T) satisfies the following implication

M(gu,Txz,t) = M (A, B,t . .
M((‘ZU Ty t)) _ M((A B t)) } implies that M (gu, gv,t) > (M (z,y,t)).
Then the pair (g,T) has a unique optimal coincidence point x* in Ag(t).

Proof. Following arguments similar to those in the proof of the Theorem 2.2 with o = 1, the result follows.
[

Remark 2.7 If g is isometry in theorem (2.2), then we obtain the theorem 3.2 in ( [13]).
Remark 2.8 If g = 1, in definition , then we obtain the definition 3.1 in ( [13]).

We now show that our result is proper generalization of the results in ( [13], [10]).



Example 2.9 If, X = [0,1] xR, A={(0,z) : 2 >0 and x € R} and B={(1,y) : y >0 and y € R}. Then

My(A, B,t) = Ao(t) = {(0,0)} and Bo(t) = {(1,0)}.

t+1’
Define the mappings T : A — B and g : A — A (a fuzzy expansive mapping) as:
T(w,0) = (1,7) and g(0,2) = 4(0,).

Obviously, T(Ao(t)) = Bo(t) and Ap(t) = g(Ao(t)). Note that the points u = (0,21),v = (0,22),z = (0,y1)
Y1

and y = (0,y2) in A satisfy M(gu,Tx,t) = M(A, B,t) and M(gv,Ty,t) = M(A,B,t) if x1 = 16 and
T2 = 3{% AZSO; we h(Z’UG, M(gu,gv,t) > ?/J(M(ma%t)),

where 1 (t) = \/t. Thus all the conditions of the Corollary are satisfied. Moreover, (0,0) is an optimal
coincidence point of (9,T) in Ao(t).

3 Optimal coincidence point of a—proximal fuzzy contraction in
fuzzy metric spaces

Lemma 3.1 Let A and B be nonempty subsets of a complete fuzzy metric space (X, M,x), T : A — B
an a—proximal fuzzy contraction of type—I and Ao(t) a nonempty closed subset of A. Then Ag(t) is fuzzy
prozimal T—orbitally complete provided that T(Ag(t)) C Bo(t).

Proof. Assume that 2y be a given point in Ag(t) and {z,} is a proximal fuzzy Picard sequence in Ag(t)
starting with zo. As (X, M, %) is complete and Ag(t) is closed, there exist an element z* in Ag(t) such that

lim M(z,,z",t) = 1.

n—oo

Theorem 3.2 Let (A, B) be a pair of nonempty subset of a complete fuzzy metric space (X, M,*),g: A — A
a fuzzy expansive and T : A — B with T(Ao(t)) C Bo(t) and Ag C g(Ao). If the pair {g, T} is an a—prozimal
fuzzy contraction of type—II. Then T has a unique best proximity point x* in Agy(t) provided that Ao(t) is
closed and B is a fuzzy approximately compact with respect to A.

Proof. Let z( be a given point in Ag(t). Following arguments similar to those in the proof of the Theorem
(2.2)), we obtain a sequence {z,} in Ag(t) such that it satisfies

M(gxpn, Txn_1,t) = M(A, B,t), M(gxp+1,Txn,t) = M(A, B,t) (6)
and

lim M(zy,Tpi1,t) = lim 7,(¢) = 1.

n—oo n— o0

Now we show that {z,} is a Cauchy sequence. Suppose on contrary that {z,} is not a Cauchy sequence,
there exist € € (0,1) and ¢g > 0 such that for all k € N, there are my,n, € N, with my > ng > k with

M (s Ty to) <1 —e.
Assume that my, is the least integer exceeding nj which satisfies the above inequality, then
M (X —1, Ty, to) > 1 — €.

Note that, for all &k, we have

l—e > M(Zm,,Tn,,to),
0 to
Z M($mk7xmk—17§)*M(xmk—lax7Lka§)a
t
> (D)% (1-2).



On taking limit as & — oo on both sides of the above inequality, we obtain that limy_.c M (Tm,, Tn,,to) =
1 — e. Note that

M(zmk-‘rlv Tng+1, tU)

> M(Zmpt1, T, %0) k M (T, s Tny %0) s« M(Tn,, Tnypt1, %0),
and
M(zpm,, Tn,,to)
> M(Zmy, Tmy41s %0) * M(Zoy415 T 41 %O) * M (@it T %0)7
imply that

lim M(Zpm,+1,Tn,+1,%0) =1—¢.
k—-+oco

From @, we have
M (gZm,+1, Tm,,,to) = M(A, B, tg) and M (gzp,+1,T%n,,t0) = M (A, B,tg).

Thus
M(l‘mk+17 xnk-‘rh tO) Z M(gxmk+l7gxnk+17 tO) Z ’(/J([M(xmk ) xnk ) tO)]a)~

On taking limit as k — oo on both sides of the above inequality, we get that
L—e>p(l—e*) > p(l-e) > 1—c,

a contradiction. Hence {z,} is a Cauchy sequence. Since Ay(t) is closed, the sequence {x,} converges to
some element z* in Ag(t)
lim M(z,,z*,t) =1.

n—oo
Now
Implies that
M(gz™*, B,t) > M(gz*,Txp,t) > M(gz*, B,t).
As g is continuous and the sequence {x,, } converges to 2*, the sequence {gx,, } converges to g(z*), M (gz*, Txp,t) —
M (gz*, B,t). The rest of the proof follows on the similar lines in the proof of Theorem (2.2). m

Example 3.3 Let X = [0,1] xR and A = {(0,z) : for all z € RT U{0}} and B = {(1,y) : for all y €
RT U {0}}. Then
Ao(t) = A and Bo(t) =B.
Let o)
M(z,y,t)=e ¢ forallt>0,

where d(x,y) = |z1 — y1| + |z2 — yo| for all x = (z1,v1), y = (x2,y2) in X. Note that, M (A, B,t) = et
Define the mappings T : A — B and g: A — A as:

T(0,2) = (1, ), and g(0,2) = (0,22).

10+ |
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Note that T(Ao(t)) C Bo(t), and the points u = (0,a),v = (0,b),z = (0,¢) and y = (0,d) € A satisfy
M(gu,Tx,t) = M(A, B,t), and M(gv,Ty,t) = M(A, B,t),
where a = g, and b = g. Also,
M(gu, gv,t) = ¥([M(z,y,1)])
holds true with 1 (t) = \/t. Hence pair {g, T} satisfies all conditions of Theorem . Moreover, (0,0) is
the unique ac—optimal best prozimity point of the pair {g,T}.

Remark 3.4 Note that, Theorem 3.2 in [15] does not hold in this setup. As, every fuzzy expansive mapping
is fuzzy isometry, hence theorem is a proper generalization of the Theorem 3.2 in [13].

Note that, if the mapping g in Theorem is a fuzzy isometry in instead of fuzzy expansive, then we
obtain the following result.

Theorem 3.5 Let (A, B) be a pair of nonempty subset of a complete fuzzy metric space (X, M,*),g: A — A
a fuzzy isometry and T : A — B with T(Ao(t)) C Bo(t) and Ag C g(Ap). If the pair {g,T} is an a—prozimal
fuzzy contraction of type—II. Then T has a unique best prozimity point x* in Ag(t) provided that Ag(t) is
closed and B is a fuzzy approximately compact with respect to A.

Proof. It follows from the Remark [[L6l and Theorem 3.2l m
An example is provided to show that our result also hold in the setting of [13].

Example 3.6 If X =[0,1] xR and A= {(0,z) : for all z € R} and B ={(1,y) : for ally € R}. Then
Ao(t) = A and Bo(t) = B.
Let o)
M(z,y,t)=e "% forallt>0,
where d(z,y) = |z1 — y1| + |z2 — y2| for all z = (z1,11), y = (z2,y2) in X. Note that, M (A, B,t) = ¢ t.
Define the mappings T : A — B and g: A — A as:
T(0,2) = (1,7) and g(0,2) = (0, —a).
Note that T(Ao(t)) C Bo(t) and the points uw = (0,a),v = (0,b),z = (0,¢) and y = (0,d) € A satisfy
M(gu,Tx,t) = M(A, B,t), and M(gv,Ty,t) = M(A, B,t),

where a = =<, and b = _Td. Also,

ol
M(gu, gv,t) = ¢¥([M(z,y,1)]*)
holds with 1 (t) = \/t. Hence pair {g, T} satisfies all conditions of theorem . Moreover, (0,0) is the

unique a—optimal best proximity point of the pair {g,T}.

Corollary 3.7 Let (A, B) be a pair of nonempty subsets of a complete fuzzy metric space (X, M,*), g a
fuzzy expansive mapping on A, T : A — B, Ao(t) a closed and fuzzy proximal T—orbitally complete with
T(Ap(t)) C Bo(t), If the the following implication hold:

M T =M(A,B
TR HARD ) = s 2t

Then, a pair {g, T} has a unique best proximity point * in Ay(t) provided that B is a fuzzy approrimately
compact with respect to A.

Proof. The pair of mapping {g, T} satisfies all the conditions of Theorem ({3.2)) with & = 1. The result then
follows from Theorem (3.2). m



Theorem 3.8 Let (A, B) be a pair of nonempty subset of a complete fuzzy metric space (X, M,*) and
T : A — B an a—prozimal fuzzy contraction of type—I with T'(Ao(t)) C Bo(t). Then T has a unique best
prozimity point x* in Ay(t) provided that Ay(t) is closed and B is a fuzzy approzimately compact with respect
to A.

Proof. Take g = I4 (a identity mapping) in the proof of Theorem (3.2). m

Example 3.9 Let X = [0,1]] xR and A={(0,z): 0<z <1,z eR}and B={(1,y): 0<y <1, yeR}
Then
Ao(t):A and Bo(t) =B.

Let )
M(z,y,t)=e ¢ forallt>0,
where d(z,y) = |z1 — y1| + @2 — 2| for all z = (z1,11), y = (z2,y2) in X. Note that, M(A,B,t) = e 1.
Define the mapping T : A — B by
7(0,2) = (1, 2).

10T
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Note that T(Ao(t)) C Bo(t) and the points u = (0,a),v = (0,b),z = (0,¢) and y = (0,d) € A satisfy
M(u,Tz,t) = M(A, B,t) and M(v,Ty,t) = M(A, B,t),
. Also,

LISY

where a = §, and b =
M(u,v,t) > P([M(z,y,1)]").

holds true where (t) = \/t. Thus, all the conditions of Corollary (@ are satisfied. Moreover, (0,0) is the
unique best proximity point of T'.

Remark 3.10 Definition[1.15 reduces to Definition 3.1 in [15] only when ¢ (t) = t. Thus, our results extend
and generalize the results in [13].

Corollary 3.11 Let (A, B) be a pair of nonempty subset of a complete fuzzy metric space (X, M,*) such
that Ag(t) is a fuzzy proxzimal T—orbitally complete. If T : A — B satisfies the following implication

M(u, Tz, t) = M(A, B,t)

M(v,Ty.1) = M(A,B,1) | — Miwwt) = ey 0)

Then T has a unique best prozimity point x* in Ag(t) provided that Ag(t) is closed, B is a fuzzy approzimately
compact with respect to A and T(Ao(t)) C By(t).

Proof. The mapping T satisfies all condition of Theorem ({3.2)) with o = 1. Also, if g = I 4 (identity mapping
on A). The result follows from Theorem (3.2). m

Corollary 3.12 Let (A, B) be a pair of nonempty subset of a complete fuzzy metric space (X, M, ), g is
fuzzy isometry on A and T : A — B with T(Ao(t)) C Bo(t). If the pair {g, T} is an a—prozimal fuzzy
contraction of type—II. Then the pair has a unique best proximity point =* in Ag(t) provided that Ao(t) is
fuzzy proximal T—orbitally complete.

10



Proof. The result follows from Theorem (3.2). m

Corollary 3.13 Let (A, B) be a pair of nonempty closed subset of a complete fuzzy metric space (X, M, ).
If T : A — B satisfies the following implication

M(u,Tz,t) = M(A, B,t)

M(v,Ty,t) = M(A, B,t) } = M(u,v,t) > p[M(x,y,t)].

Then T has a unique best proximity point x* in Ag(t) provided that Ao(t) is fuzzy proximal T—orbitally
complete and T(Ao(t)) C Bo(t).

Proof. Proof of this corollary is on the same lines as proof of theorem (3.2). m
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