Common fixed points of a—dominated multivalued mappings on closed balls
in a dislocated quasi b-metric space

Abdulaziz Saleem Moslem Alofi*, Abdullah Eqal Al-Mazrooei®®, Bahru Tsegaye Leyew®, Mujahid Abbas®®

“Department of Mathematics, King Abdulaziz University, P. O. Box 80203, Jeddah 21589, Saudi Arabia.
b Departmentof Mathematics, Universityof Jeddah, P.O.Box80327, Jeddah21589, SaudiArabia.
“Department of Mathematics and Applied Mathematics, University of Pretoria, Lynnwood road, Pretoria
0002, South Africa.

E-mail addresses: aalofil@kau.edu.sa, aealmazrooei@kau.edu.sa, acalmazrooei@uj.edu.sa
tsegayebah@gmail.com, mujahid.abbasQup.ac.za.

Abstract:

In this paper, we introduce the concept of a—dominated multivalued mappings and establish the existence
of common fixed points of such mappings on a closed ball contained in left/right K —sequentially complete
dislocated quasi b-metric spaces. These results improve, generalize, extend, unify and complement various
comparable results in the existing literature. Our results not only extend some primary results to left/right
K —sequentially dislocated quasi b-metric spaces but also restrict the contractive conditions on a closed ball
only. Some examples are presented in support of our new results. Finally as an application, we obtain
some common fixed point results for single valued mappings by an application of the corresponding results
for multivalued valued mappings satisfying the contractive conditions more general than Banach type and
Kannan type contractive conditions on closed balls in a left K—sequentially complete dq b-metric space
endowed with an arbitrary binary relation.
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1 Introduction and Preliminaries

The letters, Q, R, N and Ny will denote the set of all rational numbers, the set of all real numbers, the set of
all natural numbers and the set of all nonnegative integer numbers, respectively.

A point z in a nonempty set X is called a fixed point of the mapping T : X — X if Tx = z. In metric
fixed point theory, imposition of a contractive condition on a mapping plays an important role for proving
the existence of a fixed point of a mapping (see, [6, 7, 14, 20] and references therein).

Let (X, d) be a metric space. A mapping T : X — X is called:

(BC) Banach contraction mapping [7] if for any =,y € X, there exists k € [0,1) such that

d(Tx, Ty) < kd(z,y). (1)

(KN) Kannan contraction mapping [14] if there exists k € [0, ) such that

d(Tz,Ty) < k(d(x, Tz) + d(y, Ty)) (2)

holds for all z,y € X.

If either of the conditions (BC) or (KN) is fulfilled, then T has a unique fixed point provided that X is a
complete metric space. The mapping T satisfying the condition (BC) is continuous while the condition (KN)
does not ensure the continuity of a mapping 7. This makes Kannan contraction mappings more important
than the mappings satisfying Banach contraction condition (BC).

On the other hand, the concept of a metric space has been generalized in several ways.



Definition 1.1 [32] Let X be a nonempty set and d : X x X — [0,00). Suppose that for any z,y,z € X,
the following conditions hold:

(dy) d(z,x) =0;
(d2) d(z,y) = d(y,x) = 0 implies that z = y;
(dS) d(xvy) =d Y,z )

If d satisfies conditions (dz) to (d4), then d is called a dislocated metric on X. If d satisfies conditions
(d1), (d2) and (d4), then d is called a quasi metric on X. If d satisfies conditions (d3) and (d4), then
d is called a dislocated quasi metric (dg-metric) on X. If d satisfies conditions (d;) to (d4), then d is
called a metric on X.

Wilson [31] in 1931 introduced the notion of quasi-metric space as a generalization of metric space. In
2000, Hitzler et al. [12] introduced dislocated metric spaces (metric like spaces). The notion of dislocated
topologies have useful applications in the context of logic programming semantics ([12, 13]). Combining
the concepts of quasi and dislocated metric spaces, Zeyada et al. [32] coined the notion of a dislocated
quasi-metric space (quasi-metric like space).

Definition 1.2 [2, 6, 15, 29] Let X be a nonempty set and s > 1 a real number. Suppose that for any
z,y, 2 € X, the mapping dgp, : X X X — [0, 00) satisfies the following conditions:

(da1) dg(z,z) = 0;

(daz) dgy(x,y) = dgp(y,x) = 0 implies z = y;
(das) dgp(2,y) = dev(y, @);

(das) dgp(z,y) < s(dgp(w,2) + dgp(2,9)) -

If dp satisfies conditions (dqi), (dqz) and (dq4), then dgp is called a quasi b-metric on X [29].
If dgp satisfies conditions (dqs) to (dqa), then dy is called a dislocated b-metric on X [2].

If dg, satisfies conditions (dqe) and (dqa), then dgp is called a dislocated quasi b-metric (or simply dg
b-metric) on X [15].

If dgp satisfies conditions (dqi) to (dqa), then dg, is called a b-metric on X [6].

Crerwik [10] proved Banach contraction theorem for single and multivalued mappings in b-metric spaces.
Since then several fixed point results for various classes of single valued and multi-valued operators have
been proved in the framework of b-metric spaces [10, 11, 26]. The concepts of quasi b-metric, dislocated
b-metric and dq b-metric are more general than that of a b- metric.

Remark 1.3 In the definition 1.2, if s =1, then

1. b-metric space is a metric space.

2. quasi b-metric space is a quasi metric space.

3. dislocated b-metric space (or b-metric-like space) is a dislocated metric space (or metric-like space).
4. dq b-metric space (or quasi b-metric-like space) is a dq metric space (or quasi metric-like space).

Note that a b-metric dg, : X x X — [0, 00) is not necessarily continuous in each variable. Also, if b-metric
dqb is continuous in one variable, then it is continuous in the other variable (see [3]).

It is obvious that b-metric spaces, quasi-b-metric spaces and dislocated b-metric spaces are dq b-metric
spaces, but the converse does not hold in general.



Example 1.4 [15, Ezample 2.3] Let X = R. Define dg, : X x X — [0,00) by

d — |y —yl? M M

qb(m,y) ‘z y| + n + ma

where m,n € N\{1} with n # m. Then (X,dgw) is a dq b-metric space with s = 2. As dg(1,1) # 0, (X, dg)
is not a quasi b-metric space. Note that dgy(1,2) # dgw(2,1). Thus (X, dg) is not a dislocated b-metric space.
Also, (X,dg) is not a dislocated quasi metric space.

Example 1.5 [33, Ezample2.1] Let X = {0,1,2}. Define dg, : X x X — [0,00) by

2, x=y=0,

1

= x:o =
df]b('ray): 5737:1’3_0’

%, otherwise.

Then (X,dg) is a dg b-metric space with s = 2. As, dgw(1,1) # 0, (X,dg) s not a quasi b-metric space.
Also dg(0,1) # dgi(1,0) implies that (X, dg,) is not a dislocated b-metric space. It is obvious that (X, dg)
is not a dislocated quasi metric space.

In view of the following proposition, some more examples of dq b-metric spaces can easily be constructed.

Proposition 1.6 [25] Let X be a nonempty set such that d, is a dg-metric and dy is a b-metric with s > 1
on X. Then the function dg, : X x X — [0,400) defined by

dqb(l'v y) = dq(x» y) + db(wv y)
is dq b-metric on X.

Reily et al. [25] introduced the concept of left /right K —Cauchy sequence and left/right K —sequentially
complete spaces (see [5]). We have the following definitions given in [30, 33].

Definition 1.7 Let (X, dg) be a dg b-metric space. A sequence {z,,} in (X, dg) is called:
(a) dq b-converges to a point z € X if and only if

nh_>ngo dgp(Tp,z) =0= nh—>120 dgv(z, ).

In this case x is called a dq b-limit of {z,} and we write z,, — = as n — oc.

(b) left (right) K—Cauchy sequence if Ve > 0, there exists ny € N such that for all n > m > ny,
dgp (T, zn) < € (dgp(Tn, zm) < €).

The space (X, dgp) is called left (right) K —sequentially complete if every left (right) K —Cauchy sequence
in X dq b-converges to a point z € X.

Each dq b-metric dg;, generates a topology on X whose base is the family of open balls { By (20, 7) : 20 € X,
r > 0}, where By (xo,r) = {2z € X : max{dg(zo,z),dg(x,xz0)} < r}. The closure of Bgy(xo,r) is denoted
by Bgs[zo, 7).

Throughout this paper, we assume that a dq b-metric dg is continuous in one variable.

The development of metric fixed point theory for multivalued mappings was initiated by Nadler [20] in
1969. He introduced the concept of set-valued contraction mappings and extended the Banach contraction
principle to set-valued mappings by using the Hausdorff metric. Since then various well known results for
single valued contraction mappings have been extended for multivalued mappings (see, [9, 10, 11, 16, 17, 18,
29] and references mentioned therein).

Arshad et al. [4] proved some results dealing with the fixed points of a mapping satisfying a contractive
conditions on closed ball contained in a complete dislocated metric space. For more results in this direction,
we refer to [4, 5] and references mentioned therein. These results are very useful in the sense that they
require the contraction condition of the mapping only on the closed ball instead of the entire space.



Consistent with [2, 3, 6, 8, 10, 11, 15, 27, 29], the following definitions and results will be needed to derive
the main results.

Unless stated otherwise from now onwards, X denotes dq b-metric space equipped with dq b-metric dgp
with constant s > 1. Suppose that

P(X) = {A:Aisasubset of X},
N(X) = {A:Aisanonempty subset of X},
B(X) = {A:Aisanonempty bounded subset of X},
CL(X) = {A:Aisanonempty closed subset of X},
C(X) = {A:Aisanonempty compact subset of X},
CB(X) = {A:Aisanonempty closed and bounded subset of X}.

Let S, T: X — N(X). A point z* € X is called:
(1) a fixed point of T if 2* € Ta*.
(2) a common fixed point of S and T if z* € Sz* N Tx*.

We denote by F(T) the set of fixed point of T.

For A,B € CB(X) and z € X, define
I (A, B) sup{dg(z, B) : x € A},
dqp(B, A) sup{dg(y, A) : y € B}, and
Hgp(A,B) = max{dg(A, B),0q(B, A)},

where

dgv(z, B) = inf{dg(z,y) : y € B}.
The function Hg, is called the Hausdorft dq b-metric on C'B(X) induced by dg. Note that, Hg(A, B) <
s(Hgp(A,C)+ Hyp(C, B)). Also, Hy (A, B) = 0 implies that A = B. Furthermore, (CB(X), Hyp,) is complete
if (X, dgp) is complete.
Definition 1.8 Let X be a nonempty set and o : X x X — [0,00). A mapping T : X — N(X) is called
a—dominated on X if for each x € X, we have a(x,u) > 1 for any u € Tx.

T is a—dominated on A C X if for each x € A, we have a(x,u) > 1 for any u € Tz.
Example 1.9 Let X = {0,1,2}. Define the mapping T : X — N(X) by

[ (352) e e (0.2,
{z — 1,2} otherwise

and o : X x X — [0,00) as:
e ifa =y,
1 otherwise

ae) = {
Note that, TO = {0,1}, T1 = {0,1}, and T2 = {1,2}. Note that for each x € X, a(x,u) > 1 for any u € Tx

and hence T is a—dominated mapping on X .
Example 1.10 Let X = [0,00). Define T : X — N(X) by

[0,2] if 2 € [0, 5],
To={ [£,2]ifze (3,1,

{z} otherwise.

and o : X x X — [0,00) as:
[ cosh(z+vy) if z,y €[0,1],
o(z,y) = { tanh(z? + y?) otherwise.

Note that for any x € X, the set Tx is closed subset of X. Clearly, T is a—dominated mapping on [0, 1].
Indeed,



Case 1.11 (1) Ifz €0, 3], then Tz = [0, %] C [0, %] Hence a(x,y) = cosh(x +y) > 1 for ally € Tx.

Case 1.12 (2) Ifz € (3,1], then T = [£,2] C (1, 1]. Hence a(x,y) = cosh(z +y) > 1 for ally € Tx.

=

Case 1.13 (3) Ifx € (1,00), then Tx = {x} C (1,00). Hence a(z,y) = tanh(z? + y?) < 1 for ally € Tx.

We need the following analogous lemmas [20] in the framework of dq b metric spaces. For sake of
completeness, we give the proofs.

Lemma 1.14 Let A, B € CB(X). Ifa € A, then dg(a, B) < Hyp(A, B).
Proof. dg(a, B) < sup{dg(z,B):z € A} = 6,4(A,B) < Hyp(A,B). m

Lemma 1.15 If A, B € CB(X) and ¢ > 0, then for a € A there exists b € B such that dg(a,b) <
qu(A,B)+E.

Proof. Assume on contrary that there exists € > 0 such that for any b € B, we have
dgp(a,b) > Hy(A, B) + €.
Then,

dqb(a,B) = inf{dqb(a,b) :be B} > qu(A,B) +e> 5qb(A,B) +e
= sup{dp(z,B):x € A} +e,

a contradiction. m

Lemma 1.16 Let A, B € CB(X) and pn > 1. Then for every a € A, there exists b € B such that d(a,b) <
Mqu(Av B)

Proof. Suppose that A = B and a € A. Then, we have
Hy(A,B) = Hp(A, A) = 0gp(A, A) = sup{dgp(z,x) : z € A},

and hence
dgp(a,a) < sup{dgp(z,z):x € A} = Hyp(A, B) < uHyu(A, B).

Thus b = a satisfies dg(a,b) < pHg(A, B). Let A # B. Assume that there exists a € A such that dg(a,b) >
wHg, (A, B) for all b € B. Then,

dgp(a, B) = inf{dg(a,2) : z € B} > pHy(A, B).

Note that
Hy (A, B) > 64(A, B) = sup{dg(z, B) : x € A} > dg(a, B) > pHg(A, B).

As Hg is dislocated and A # B, Hyp(A, B) # 0. Thus p < 1, a contradiction. m

Lemma 1.17 Let A, B € C(X) and pn > 1. Then for every a € A, there exists b € B such that d(a,b) <
Mqu(Aa B)

From the viewpoint of application of contraction mapping, it is possible that a mapping 7" defined on the
space X satisfies contractive condition on the subset Y of the space X rather than on the entire space X. In
addition the contraction mapping under consideration may not be continuous. In this paper, we establish
the existence of common fixed points for multivalued a—dominated mappings which are assumed to satisfy
contractive conditions only on a closed ball in dq b-metric spaces. We also obtain certain fixed point and
common fixed point theorems of multivalued mappings on a complete dq b-metric space endowed with an
arbitrary binary relation. We apply our results to prove the existence of fixed point and common fixed point
of single valued mappings in the setup of dislocated quasi b- metric spaces.



2 Main results

In this section, we present some results dealing with the existence of common fixed point for a—dominated
multivalued mappings satisfying certain contractive conditions on closed balls in the framework of left
K —sequentially complete dq b-metric spaces.

We start with the following result.

Theorem 2.1 Let (X,dg) be a left K—sequentially complete dg b-metric space, xg € X, and a: X x X —
[0,00). Suppose that S,T : X — CB(X) are a—dominated mappings on Bgylxo,r]. If

(i) for any z,y € Bgp[zo,r] with a(z,y) > 1, we have

qu(va Ty) < )\dqb(-r7 y) + B[dqb(.’lﬁ, S.’E) + dqb(ya Ty)]a (3)
and
Hyp(Tx, Sy) < Mgy (2, y) + Bldgp(x, Tx) + dgs (y, Sy)], (4)

where 0 < A+ 28 < 1.

(ii) there exists x; € Sz such that
dgv(z0, 1) < k(1 — sk)r, (5)

holds, where k = i\—i_ g

and sk < 1.
(iii) either
(a) S,T are continuous or

(b) for any sequence {x,} in Bgy[zo,r] with a(z,, zp41) > 1 for all n € Ny and z,, — x € Bglzo,r] as
n — 0o, we have a(x,,x) > 1 for all n € Ny.

Then S and T have a common fixed point z* € B[z, r]. If, in addition, S and T are compact valued
mappings, then dg,(z*, 2*) = 0.

Proof. Let xg be a given point in X and x; € Szg. Note that,
dgp(xo,21) < k(1 —sk)r <r. (6)
Hence x1 € Bgy[zo, r]. Choose € > 0 such that

kdgy (o, 1) + ﬁ < k(1 — sk)r (7)

holds. Since z; € Sz, and S is a—dominated mapping on Bg|zo, ], we have a(zg,z1) > 1. By Lemma
1.15, there exists x5 € T'xy such that

dqb(ﬂjl,l‘g) S qu(Sxo,Tl‘l) +e.

It follows from (3) that

dgp(x1,22) < Mdgp(xo, 1) + Bldgp(xo, Sxo) + dgp(x1, Tx1)] + €

< Adgy(wo, 1) + Bldgs (w0, 1) + dgp (w1, 22)] + €

< (A + B)dgy(wo, x1) + Bdgp (w1, 22) + €,
that is,

€
(. 2) < bdgp(ao,1) + T
which further implies that
dgp (21, 2) < K*(1 — sk)r. (8)



Thus from (5) and (8), we have

dgp(z0,72) < s{dgp(wo, 1) + dgp(x1,22)}
< sk(1 — sk)r + sk*(1 — sk)r
< sk(1 —sk)r + (sk)?(1 — sk)r
< sk(1—sk)r[l + sk
< sk(1—sk)r[l+ sk + (sk)* +..]
1
= — <
(sk)(1 sk)rl —5 ST
which shows that z2 € Bg[xo, r]. Choose € > 0 such that
K2 dgy (w0, 71) + —— (1 + k) < k(1 — sk)r

1-8
holds. By Lemma 1.15, there exists x3 € Szo such that
dgp(x2,x3) < Hyp(Txy, Sxa) + €
Since zo € Tz1, and T is a—dominated mapping, we get a(x1,z2) > 1. It follows from (4) that

dgp(x2,23) < Mdgp(x1,22) + Bldgp(x1, Tar) + dgp (22, Sx2)] + €

< Mgp(z1,22) + Bldgh (21, ¥2) + dgp (22, 23)] + €
< (A +B)dgy(x1,22) + Bdgy (22, x3) + €,
that is,
€
dgp(z2,23) < kdgy(z1,22) + 5
€ €
§ k(kdqb(xo,fbl) + 1 —,8) + 1 —,8
< Kdgp(ao,n) + 5 fﬁ(uk)

which further implies that
dgp (2, 73) < k3(1 — sk)r.

Thus from (5), (8) and (10), we have

s{dgp(x0,21) + dgp (21, 73)}

s{dqp (0, 71) + 5(dgp (21, w2) + dgp (2, 73)) }

sk(1 — sk)r + s*k%(1 — sk)r + s?k3(1 — sk)r

sk(1 — sk)r + (sk)?(1 — sk)r + s3k3(1 — sk)r

sk(1 — sk)r[l + sk + (sk)?]

sk(1 — sk)r[l + sk + (sk)® +.. ]
<r

(sk)(1 — sk)r

dgp (0, x3)

(VAN VAN VAN VAR VARSI VAN

1—sk —
which shows that x3 € Bgy[xo,r]. Let x9; € Bgy[xo, 7] for some ¢ € N with x9; € T'x2;,—1 and

2¢—2

. I .
dqb(xgi_l,xgi) S km—ldqb(.ﬁo,xl) + m z:: k‘p S km(l — Sk‘)?"

Now choose € > 0 such that

2i—1

i € i
k2t d gy (20, 21) + =5 p; kP < K21 — sk)r.

(10)

(11)



Since xg; € Twg;—1 and T is a—dominated mapping on Bg[zo, 7], we have a(xg;_1,x2;) > 1. By Lemma
1.15, there exists xq;11 € Sxo; such that

dgp(z2i, T2i41) < Hyp(Txoi—1, S2;) + €.

It follows from (4) that

dgp(T2i, 22i41) < Mdgp(22i-1, 22i) + Bldgy(@ai—1, Troi—1) + dgp (w2, Sw2;)] + €
< Mdgy(2i—1,%2i) + Bldgp (2251, T2i) + dgp(T2:, Z2i41)] + €
< (A4 B)dgp(zai—1, x2i) + Bdgp(x2i, x2i41) + €,
that is,
€
dgp(x2i, T2i41) < kdgy(2i—1,T2;) + 5
It follows from (11) that
2i—1
, €
gy (21, T2i1) < k> dgy (w0, 1) + -3 Z kP. (13)
p=0
Now by (12), we get _
dqb($2i;$2i+1) S /{521+1(1 — sk)r (14)

Since 2,41 € Szg; and S is a—dominated mapping on Bgp|xo, r], we obtain a(xe;, z2i41) > 1. Now choose

€ > 0 such that 2%
k¥ d gy (20, 1) + ﬁ DK< B (1 - sk)r. (15)
p=0

By Lemma 1.15, there exists x9;42 € T'x2;41 such that
dgp(2i41, T2iq2) < Hop(Swoi, Twoiq1) +e.

Using inequality (3), we have

dop(T2i41,T2i42) < Adgp(22i, T2i41) + Bldgy(x2i, Swoi) + dgp (T2i41, T22i41)] + €
< Mgy(22i, X2i41) + Bldgy (225, 2i41) + dgp(T2i41, T2ig2)] + €
< (A + B)dgp(w2i, T2i11) + Bdgy(T2i41, Taiy2) + €
that is,
3
Agp(T2i41, T2iq2) < kdgp(@2i, T2iq1) + —5
which further implies that
2%
; €
gy (X241, Taiga) < K2 dgy(wo, 1) + 15 > kP
p=0
Now by (14), we get 4
dqb($2i+1» x2i+2) S k2l+2(1 — Sk')?“ (16)
Thus, for some j € Ny we have _
dgp(wj,2j51) < KL — sk)r. (17)
Note that
dqb(l‘o,l‘j+1) < qub(l‘o,wl) + 82dqb(l‘1,$2) +...+ sj_ldqb(a:j_g,mj_l) + sjdqb(xj_l,xj) + deqb(l‘j, xj+1)
< sk(1 —sk)r + s2k%(1 — sk)r 4 ...+ 87 RV — sk)r + 7RI (1 — sk)r + s7kIT (1 — sk)r
< sk(1 —sk)r + s?k*(1 — sk)r 4 ...+ s7 R — sk)r + s7kT (1 — sk)r + sTTURITL(1 — sk)r
< sk(1—sk)r {1+ sk+ (sk)®>+ ...+ (sk)’ 7> + (sk)’ ™" + (sk)’}
< sk(1—sk)r {1+ sk+ (sk)®+...+ (sk)! 2 + (sk)? ™' + (sk)! +...}
1
< (15k)r{1_8k}§r,



which implies ;41 € Bgy[zo,r]. Hence by induction x,, € Bg[zo,7]. Also a(zy,zn+1) > 1 and inequality
(17) can be written as
dgp (T Tpy1) < KL — sk)r (18)

for all n € Ng. Now

dgp(Tny Tngm) < sdgp(Tn, Tny1) + 8 dqb(mnH, Tpta) + ...+ smfldqb(xn+m,2, Tptm—1) + smfldqb(xn+m,1, Tntm)
< sk (1 = sk)r 4+ $PE" (1 — sk)r + ..+ ST TN = sk)r 4+ s™ TR (1 — sk)r
< sE"THL = sk)r + SRR — sk)r 4L 4+ 8™ TR TN — sk)r 4+ s™EMT™ (1 — sk)r
< sk"T(1—sk)r {1+ sk + (sk)2 ot (k)T 4 (sk)™ )
< sk (1= sk)r {1+ sk + (sk)>+ ... 4 (sk)" %+ (sk)" '+ ..}
n+1
< sk"’(l—sk)rl_sk
< sk™tlp,

Hence lim dqb(mn,xn+m) = 0 and we get that {x,} is a left K—Cauchy sequence in (Bg[xo, 7], dg)-

n, m—r
As every closed ball in a complete dq b-metric space is complete, so (Bgy[zo, 7], dgp) is left K —sequentially
complete, there exists a point £* € Bg[zo, 7] such that

lim dgp(xn,2") = nh_}r{.lo dgp(z*, ) = 0. (19)

n—oo

Suppose that condition (iii) (a) holds: Note that

a(z”, Sz") s{dgp (2", 22n41) + dgp(T2n41, ST*)}

<
< s{dgp(z*, xony1) + Hep(Sxan, Sz*)}.

Taking limit as n — oo on both sides of above inequality, we obtain that dg(z*,Sz*) < 0. That is,
dgp(z*, Sz*) = 0 and hence z* € Sz*. Similarly,

dqb(x*,Tx*) < S{dqb(x*vx%-i-?) + dqb(x2n+27T$*>}-

Taking limit as n — oo on both sides of above inequality, we obtain that dg(2*,Tz*) < 0 gives that
a* € Tx*. Next, we suppose that condition (iii) (b) holds: As a(x,,z*) > 1, we have

*

¥, Tont2) + dop(Tant2, ST™)}

(2", S") )

¥, Xong2) + Hep(Txopi1, Sx™)}
)
)

s{dg(

s{dg(

s{dgp(x™, Ton+2
(

s{dgp(z”

+ )\dqb(x2n+1a 37*) + /B[dqb(x2n+1a TxQn-&-l) + dqb($*7 Sl‘*)}}
+ Adgp(T2n+1, ) + Bldgp(T2n+1, Tant2) + dgp(”, Sz™)]}

VAN VAN VAN VAN

Ty T2n+42

which implies that

(1= sB8)dgp(z*, S2*) < sdgp(x*, Tant2) + sAdgp(T2nt1, %) + 8Bdgp(Tant1, Tant2).

Taking limit as n — oo on both sides of above inequality, we obtain (1 — sf)dg(x*, Sz*) < 0. This implies
that dgp(x*, Sz*) = 0 Hence z* € Sz*. Similarly, z* € Tz*. Since S and T are a—dominated mappings on
Bgy[zo, 7], we have a(z*,z*) > 1. Now if S and T are compact valued mappings, then by Lemma 1.17 with
w =1, we have

dgp(z*, %) < Hgp(Sz™, Tz")
< Mgp(x™,z") + Bldg(z, Sz™) + dgp (2™, Tz™)]

which implies that (1 — XA —25)dg(2*,2*) < 0 and hence dgp(2*,2*) =0. =



Remark 2.2 (i) Mappings S and T satisfying the contractive conditions (3) and (4) are not necessarily
continuous.

(ii) Mappings S and T satisfying the contractive conditions (3) are Suzuki type contraction mappings on a
closed ball. Indeed, if for any x,y € Bgplxo, 7] with %min{dqb(x, Sz),dgp(y, Ty)} < dgp(z,y), we have

Hyy (S, Ty) < Mgy(z,y) + Bldgs(x, Sz) + dgn (y, Ty)].

Then define a(z,y) = dg(z,y) — 3 min{dg(z, Sz),dg(y, Ty)} + 1 for all z,y € Bglzo,r], then we
have a(xz,y) > 1, which further implies that

qu(quTy) < )\dqb(xvy) + B[dqb(ma SCL‘) + dqb(y7Ty)]~

Example 2.3 Let X = [0,00) and

2
dgp(z,y) = |z — yl® + % forallz,y € X.

Define the mappings S,T : X — CB(X) by

_ [ {EYifzelo,1],
Sx—{ (z+1} ifze (1,00)

and

Note that (X,dg) is a left K—sequentially complete dg b-metric with s = 2. If xo = % and r = %, then
Bg[zo, 7] = [0,1]. Define ov: X x X — [0, 00) by

—gl ifz,y €[0,1] and x # y,
a(z,y) =4 1ifx,yc0,1] and z =y,

— otherwise.
3

Clearly S, T are a—dominated mappings on Bgy[zo,r] but not on X — Byy[zo, 7] and satisfy the inequalities
(3) and (4) on Bgp[zo,r] with k = 3, X = 1, and B = 5. Also, for zy = § and } = 1€ Sxy = {342},
we have dgp(3,3) = 5 < 3(1 —2(3))3 = 15 = k(1 — sk)r. For any sequence {z,} in Bglzo, 7] with
a(xp, Tny1) > 1 for all n € Ny and x,, = = € Bglzo,r] as n — oo, we obtain that a(z,,x) > 1 for all
n € Ng. Thus all the conditions of Theorem 2.1 are satisfied. Hence x* = 0 is the common fized point of S

and T in By[zo,r]. As Sz and Tx are compact sets for each x € X, we have dg(0,0) = 0.

Corollary 2.4 Let (X,dg) be a left K—sequentially complete dg b-metric space with o € X and o :
X x X — [0,00). Suppose that S : X — CB(X) is a—dominated mapping on Bglzo,7] and for any
x,y € Bgplzo, r] with a(z,y) > 1, we have

Hy,(Sz, Sy) < Mgp(z,y) + Bldgp(x, Sz) + dgv(y, Sy)], (20)
where 0 < X+ 28 < 1. If there exists x1 € Sxg such that
dagv(zo, 1) < k(1 — sk)r, (21)

% and sk < 1. Then S has a fized point x* € Bgp|zo,r] provided that S is continuous or for
any sequence {x,} in Bgplro,r] with a(zp, Tpt1) > 1 for all n € Ny and x, — © € Bylzo,r], we have

a(xp,x) > 1 for all n € Ng. Moreover, if S is compact valued, then dg(z*,xz*) = 0.

where k =

Proof. If S =T in Theorem 2.1, we obtain 2* € Bg[zo, ] such that 2* € Sz* and dg(z*,2*) =0. =
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Corollary 2.5 Let (X,d,) be a left K—sequentially complete dg b-metric space, xog € X, and o : X X
X — [0,00). Suppose that S,T : X — CB(X) are a—dominated mappings on Bgyy|xo, ] such that for any
z,y € Bgplxo, r] with a(z,y) > 1, we have

oz(x, y)qu(Sx, Ty) S )\dqb(l‘, y) + ﬁ[dqb(l‘, SZ‘) + dqb(ya Ty)]’ (22)

and
a(z,y)He(Tx, Sy) < Mgy (2, y) + Bldgs(z, Tx) + dgs (y, Sy)], (23)
where 0 < A+ 25 < 1. If, there exists x1 € Sxg such that

dgv(z0, 1) < k(1 — sk)r,

where k = % and sk < 1. Then S and T have a common fized point ©* € Byy|xo, ]| provided that either S, T
are continuous or for any sequence {xn} in X with o(2n, Tnt1) > 1 for alln € Ny and x,, — « € B[z, 7],

we have a(zp,x) > 1 for all n € Nyg. Moreover, if S, and T are compact valued, then dgp(x*,z*) = 0.

In Theorem 2.1, the condition (5) restricts the conditions (3) and (4) to Bglzo,r]. If we relax the
condition (5) and consider the conditions (3) and (4) for all elements z,y in X, then we have the following
result.

Theorem 2.6 Let (X,dg) be a left K—sequentially complete dg b-metric space and o« : X x X — [0, 00).
Suppose that S,T : X — CB(X) are a—dominated mappings on X such that for any z,y € X with
a(z,y) > 1, we have

qu(S.’L‘, Ty) < Adqb(x’ y) + ﬁ[dqb(.ﬁ, SJJ) + dqb(ya Ty)]? (24)

and
Hgp(Tx, Sy) < Mgy(z,y) + Bldgy (z, Tx) + dgp(y, Sy)], (25)

where 0 < A\+28 < 1. If either S, and T' are continuous or for any sequence {x,} in X with a(x,, Tpy1) > 1
for allm € Ny and z,, — = € X, we have a(x,,z) > 1 for alln € Ng. Then S and T have a common fized
point z* € X. Moreover, if S and T are compact valued, then dg,(z*,2*) = 0.

Proof. Fix zg € X and choose r > 0 such that
dgp(z0, 1) < k(1 — sk)r

for 1 € Sxg, where k = % and sk < 1. The result then follows from Theorem 2.1. =

Example 2.7 If X = QT U {0} and dg(z,y) = |z — y|* + E2| + |—?§| Then (X, dg) is a left K—sequentially

complete dq b-metric space with s = 2. Define the mappings S,T : X — CB(X) by

Sx:{ {z€QF|3< 22 <5} ifreQt,
{z} ifx=0
and
Tx{ {z€eQt4< 2?2 <5} ifzeQT,
{§}ifz=0.
Define a: X x X — [0,00) as:

_{ Wztyte) ifn,y€QF,
a(z,y) = { 1 otherwise.

Clearly, the mappings S, T are a—dominated mappings on X and satisfy inequalities (24) and (25) for any

x,y € X. Moreover, for any sequence {x,} in X with a(x,,xn41) > 1 for alln € Ny and x,, — x, we have

a(zn,x) > 1 for all n € Ng. Thus, all conditions of Theorem 2.6 are satisfied and we obtain z* in X such

that x* € Sx* NTz* = {z* € Q|4 < (2*)? <5} U{0}. As S and T are not compact valued, dgp(z*,2*) =0

does not hold for some x* € Sx* N Tx*. For example, 2 € QF and 2 € S2NT2 = {y € Q7|4 < y? < 5} but
2] | 12|

2
dp(2,2) =12—2P + S+ Z =142 £0.
(2,2) =227+ T+ 5 +37#0
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Corollary 2.8 Let (X,dg) be a left K—sequentially complete dg b-metric space, and o : X x X — [0,
Suppose that S : X — CB(X) is a—dominated mapping on X such that for any z,y € X with a(z,y)
we have

00).
=1,

Hy,(Sz, Sy) < Mgp(z,y) + Bldg(x, Sz) + dgw(y, Sy), (26)

where 0 < A+28 < 1. If S is continuous or for any sequence {x,} in X with a(xy, Tnt1) > 1 for alln € Ny
and x, — ¢ € X, we have a(z,,x) > 1 for all n € Nyg. Then S has a fized point x* in X. Moreover, if S is
compact valued, then dg(z*,z*) = 0.

Proof. The result follows from Theorem 2.6. m

Corollary 2.9 Let (X,dg) be a left K—sequentially complete dg b-metric space with xo € X and S,T :
X — CB(X). Suppose that for any x,y in Bg|zo,T], we have

qu(Sl', Ty) S )\dqb(xa y) + ﬂ[dqb(xv SLC) + dqb(ya Ty)],
and
Hgp (T, Sy) < Mdgp(z,y) + Bldgp(z, Tx) + dgy(y, Sy)],
where A+ 25 € [0,1). If there exists x1 € Sz such that
dav(z0, 1) < k(1 — sk)r,
where k = % and sk < 1. Then S and T have a common fized point =* in Byy[zo,r]. Moreover, if S and
T are compact valued, then dg(x*,z*) = 0.

Proof. If, we define a(z,y) = 1 for all =,y in Bg[zo,r]. Then the result follows from Theorem 2.1. =

Corollary 2.10 Let (X, dg) be a left K—sequentially complete dg b-metric space with o € X and S : X —
CB(X). Suppose that for any x,y in Bglxo, ], we have

Hgy (S, 5y) < Mgy (x,y) + Bldgy (z, Sx) + dgv (y, Sy)],
where A + 28 € [0,1). If there exists x1 € Sxo such that
dgv(z0, 1) < k(1 — sk)r,

where k = % and sk < 1.Then S has a fized point x*in Bgy|xo,r]. Moreover, if S is compact valued, then

dgp(z*,2*) = 0.
Corollary 2.11 Let (X,dg) be a left K—sequentially complete dq b-metric space and S : X — CB(X). If
for any x,y in X, we have

Hgy (S, Sy) < Adgp(,y) + Bldgy(z, Sx) + dg(y, Sy)], (27)
where A+25 € [0,1). Then S has a fized point x* in X. Moreover, if S is compact valued, then dgp(x*, z*) = 0.

Example 2.12 If X =[0,00) and dg(z,y) = |z — y|2. Then (X,dg) is a left K—sequentially complete dgq
b-metric space with s = 2. Define the mappings S : X — CB(X) by

_ J [0.5]4f[0,1],
5o = { [22.32] if 2 € (1, 00).
If xg = % and x1 = i, r= %, then Bgy|xo,r] = [0,1]. Define oo : X x X — [0,00) as:

3 otherwise.

Clearly, the mapping S is a—dominated mapping on X. For \ = %, 8 = %, and k = %, the mapping S
satisfies inequality (27) for any x,y € X. Thus, all conditions of Corollary 2.11 are satisfied and S has a
fized point z* = 0. Also, dg,(0,0) = 0.

Remark 2.13 Note that, dislocated quasi metric, dislocated b-metric, quasi b-metric, partial b-metric, b-
metric, dislocated metric, quasi metric, partial metric and ordinary metric versions of our results are also
new in the literature.
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3 Applications on a complete dq b-metric space endowed with an
arbitrary binary relation

In this section, we study the necessary conditions for existence of common fixed point of mappings defined
on left K —sequentially complete dq b-metric spaces endowed with an arbitrary binary relation R.
Let us recall the following definitions and known results.

Definition 3.1 (See [19, 28]) Let X be a nonempty set. A subset R of X? is called a binary relation on
X. For each pair x,y € X, we say that “x is R-related to y” or “x relates to y under R” if and only if
(x,y) € R and (x,y) ¢ R means that “c is not R-related to y” or *“z does not relate to y under R”.

Notice that X2 and @ being subsets of X2 are binary relations on X, which are called universal relation
(or full relation) and empty relation respectively.

Definition 3.2 [1] Let R be a binary relation defined on a nonempty set X. Then any pair of points x,y in
X is called R-comparative if either (z,y) € R or (y,x) € R, which is written as [z,y] € R.

Definition 3.3 [19] A binary relation R defined on a nonempty set X is called (i) reflexive if (x,x) € R
Vo € X; (it) irreflexive if (z,x) ¢ R for some x € X; (iii) symmetric if (z,y) € R implies (y,z) € R
Vo,y € X; (i) antisymmetric if (x,y) € R and (y,z) € R imply x = y, Yo,y € X; (v) transitive if
(x,y) € R and (y,z) € R imply (x,2) € R Va,y,z € X; (vi) preorder if R is reflexive and transitive; (vii)
partial order if R is reflexive, antisymmetric and transitive.

We set
vr ={(z,y) € X x X : [z,y] € R}. (28)

Definition 3.4 [1] Let X be a nonempty set and R a binary relation on X. A sequence {x,} C X is called
R-preserving if (T, Tny1) € R Yn € Ny.

Definition 3.5 Let X be a nonempty set, and R a binary relation on X. A multivalued mapping T : X —
N(X) is called R—dominated mapping on X if for each x € X, we have (z,u) € R for some u € Tx. In
particular T is R—dominated mapping on A C X if for each x € A, we have (z,u) € R for some u € Tx.

Theorem 3.6 Let (X,dg, R) be a left K—sequentially complete dq b-metric space with zo € X and S, T :
X — CB(X). Suppose that the following conditions hold:

(i) S and T are R—dominated mappings on Bg|zo, r];

(ii) there exist some constants A, 5 satisfying 0 < A+25 < 1 such that for any (z,y) € Bg[zo, ] X Bg[zo, TN
VR, we have
Hy(Sz, Ty) < AMdgp(z,y) + Bldgp(z, Sx) + dgw(y, Ty)], (29)

and
Hop(Tx, Sy) < Mgy (2,y) + Bldgs (x, Tx) + dan(y, Sy)], (30)

(iii) there exists x1 € Szo such that
dgv(z0, 1) < k(1 — sk)r, (31)
+8

holds, where k = i\ and sk < 1.

iii) either S, and T are continuous or for any sequence {z,} in Bg[xo, 7| such that {x,} is R-preserving
q
and z, — x € Bglzo, ], we have (z,,,2) € R for all n € Ny.

Then S and T have a common fixed point z* € Bgy[zg,7]. Moreover, if S, and T' are compact valued, then
dgp(z*,2*) = 0.
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Proof. If we define the mapping o : X x X — [0, 00) by

_ Lif (xvy) € VR
alz,y) = { 0 otherwise.

Then, all the conditions of Theorem 2.1 are satisfied and hence the result. m
Remark 3.7 Similar result as the above theorem can be established if the binary relation R is R-reversing.

Example 3.8 Let X = [0,1] and dg, : X x X — [0,00) be defined by

dgy(w,y) = |z —y[*.

It is clear that (X,dg) is a left K—sequentially complete dq b-metric with s = 2. As dg,(1,0) £ dgb(1, %) +
dqb(%,O), 50 (X, dgp) is not a metric space. Define the mappings S, T : X — CB(X) by

Sm:{ (0.2} ifz (0,3,

{5} otherwise,

and 0,2] 0, 1]
0,%] ifzel0, 5
g ’ 3 v 21
. { {3} otherwise.

Define the binary relation calR as:

1
R ={(z,y) E[O,E]Q:OSxS , 0<y <z}

DN | =

If, zo =1, 21 =%, and r = 1, then By[xo, 7] = [0, 1]. Note that, for any (z,y) € R, we have

r y2 1

Hy(Sz,Ty) = 373 = §dqb(m,y) < Mg (x,y) + Bldgp(z, Sz) + dg (v, Ty)], and
T 2 1
qu(Tl'v Sy) = g - % = §dqb($»y) S Adqb(l'vy) + 5[dqb(maT$) + dqb(ya Sy)]

Thus S and T satisfy inequalities (29) and (30) for X > § and 0 < X+ 28 < 1 for any x,y € Bg[zo,7].
Also, S and T are R—dominated mappings on Bgylro,r]. For % <k-= % < %, we have, dg,(zo, 1) <
k(1 — sk)r. The mappings S and T are continuous. Indeed, let {x,} be a sequence in Bg|xo,r| such that
Tp — & € Bgy[wo,r]. Then, Hyp(Sxn, St) = Hep({0, 51, {0,5}) = | % — %‘2 — 0 as n — oo. Similarly, we
have Hy,(Txy, Tx) — 0 as n — oo . Thus, all the conditions of Theorem 3.6 are satisfied for on Bgy|xo,r].
Moreover, x* = 0 is a common fized point of S and T and d(0,0) = 0.

In example 3.8, the relation R is a partial order but Theorem 3.6 holds for any relation R.

Definition 3.9 Let X be a nonempty set. Then (X,dg, =) is called a partially ordered dq b-metric space if
(X,d) is a dq b-metric space and (X, =) a partially ordered space.

Definition 3.10 Let (X, dg, <) be a partially ordered dq b-metric space. We say that T : X — CB(X) is
= —dominated mapping if for each x € X, we have x 2 u for any u € Tx.

Definition 3.11 Let (X,dg, <) be a partially ordered dq b-metric space. A sequence {x,} C X is called
= —preserving if x, = xpy1 for all n € Ny.

Corollary 3.12 Let (X,dgu, <) be a partially ordered left K—sequentially complete dq b-metric space with
zo € X and S and T, = —dominated mappings on By|xo,r|. Suppose that there exist some constants X, 8
satisfying 0 < A+ 28 < 1 such that for any (z,y) € Bgplxo, ] X Bgplzo, 7] N V<, the following conditions
hold:

Hgp(Sz, Ty) < Mgy(z,y) + Bldgs(z, Sz) + dgp(y, Ty)], (32)
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and
qu(TI, Sy) S Adqb(xa y) + 5[dqb($a TLE) + dqb(% Sy)] (33)

If there exists x1 € Sxg such that
dgv(z0, 1) < k(1 — sk)r, (34)

A+

where k = and sk < 1. Then S and T have a common fized point x* € Bgylxo,r| provided that

either S, and T are continuous or for any sequence {x,} in By|zo,T] such that {x,} is < —preserving and
T, — & € Bglxo,r], we have x, < z for all n € Ng. Moreover, if S, and T are compact valued, then
dgp(z*,2*) = 0.

Example 3.13 Let X =[0,00) and dg, : X x X — [0,00) be defined by

lz]

duplay) = o — gl + 15

As dgp(2,0) % dgp(2,1)+dgp(1,0), so (X, dg) is not a metric space. Define the mappings S, T : X — CB(X)
by
[2;E 4z

= 2] otherwise,

Sx:{ﬂlﬁ#%GWJL
375

" 0.2] itz e 0,1
o 0, 1 if x € O,l y
Tw = { {§} otherwise.
Define a relation = as:
=< ={(z,y) €0,1? : z < y}.

Note that (X, dg) s a partially ordered left K—sequentially complete dg b-metric with s = 2. If, xg = %,
xy =1, and r = %, then By[zo, 7] = [0,1]. Note that, for any x <y, we have

x o y)? | |z

HypSe,Ty) = |5 = 4] + 5
< dal9) + 55 (e, 52) + dan(, Ty)
= Mgp(z,y) + Bldgp(z, Sz) + dg(y, Ty)], and
Hy(Tz,Sy) = z— % i g
< () + 15 (2. T2) + (. Sy)]

= Adgp(@,y) + Bldg (2, Tx) + dgb(y, Sy))-

Thus S and T satisfy inequalities (29) and (30) on Bg[xo,7] for X = } and B = {5. Also, S and T are

= —dominated mappings on Bgylzo,r]. For k = % = %, we have, dgp(ro,r1) < k(1 — sk)r. For any
sequence {xy} in Byplxo, r] such that {x,} is X —preserving and z,, — x € By|xo, ], we have x, = x for all
n € No. Thus, all the conditions of corollary 8.12 are satisfied on Bgpy|xo,r]. Moreover, z* =0 is a common

fized point of S and T and d(0,0) = 0.

4 Application to single valued mappings
In this section we obtain several common fixed point results of single valued mappings in the setup of left

K —sequentially complete dq b-metric spaces. These results extend, unify and generalize the results in [30,
Theorem 2.2] and [4, Theorem 2.1 and Theorem 2.3 respectively] .
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Theorem 4.1 Let (X, dy) be a left K—sequentially complete dq b-metric space with xg € X and o : X x X —
[0,00). Suppose that f,g : X — X are a—dominated mappings on Bgy[xo, 1] such that for any x,y € Bgplxo, ]
with a(x,y) > 1, we have

dep(fr,9y) < Mgp(z,y) + Bldgs(z, f2) + dev(y, 9y)], (35)
and
dav(9, fy) < Mgp(x,y) + Bldgs(z, g) + deb(y, fy)], (36)
where 0 < \+26 < 1. If
dgv(z0, fro) < k(1 — sk)r, (37)

holds, where k = % Then there exists a point x* € Bgy[xo, 7] such that * = fa* = ga* and dgp(a*,2*) =0
provided that f,g are continuous or for any sequence {x,} in Bg[zo, ] with a(xy, Tni1) > 1 for all n € Ny
and z,, = « € Bg[xo, 7], we have a(zy,x) > 1 for alln € Ny.

Proof. Define S,T : X — CB(X) as: Sz = {fz} and Ta = {gz}. Note that S and T satisfy all the
conditions of Theorem 2.1 and hence have a common fixed point z* in Bg[zo,7]. Thus, 2* = fa* = gz* and
dgp(z*,2*)=0. m

Example 4.2 Let X = QY U{0} and dgp(z,y) =+ 2y + |z — y*. Then (X, dg) 1s o left K—sequentially
complete dq b-metric space with s = 2. Define the mappings f,g: X — X by
= fzfm€[04]ﬂX
2;1c ifv e (4,00)NX
and

T .
gx{ 1 if x €]0,4 NX,

3z ifre (4,00)NX
Define a: X x X — [0,00) as

2x+y+1 if x€]0,4 NX,
0ifre(d,0)nNX

If, zo = & and r =9, then Bgy[zo, ] = [0,4] N X. Note that f, g are a—dominated mappings on Bgy|xo,r].
Also,)\—ﬂandﬁ gwethatk—%ﬂ:iad
1 .1 11 17
dqb(ianfxO) = dqb(§7f2) qb(§7 Z) 6
1 1
< (-2 1-
< la-aino=rk- k)
When z,y € (4,00) N X. Also,
dqb(fxagy) = dqb(2x,3y) = 2$+6y+ |2.T—3y|2
1 1
> 5 [x+2y+|x—y|2} +3 (52 + 42® + Ty + 4y?]
1 1
- ﬂdqb(xay) + 6 [dqb(xv f(E) + dqb(y7gy>]
= Mgp(z,y) + Bldgp(z, fr) + dg(y, 9y)]
and
dqb(gx7 fy) = dqb(?)xa 2y) =3z + 4y + |3'r - 2y|2
1 2 1 9 9
> 5 [m+2y+|w—y| } +6 [Tz + 42° + 5y + 4y°]
1 1
- ﬂdqb<xay) + 6 [dqb(ZC,g-’L’) + dqb(y? fy>]

= )\dqb(!L'7 y) + B [dqb(xa gx) + dqb(ya fy)] .
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So the contractive conditions do not hold on X. However, for any x,y € Bglzo, ], we have

x Yy x Y T y2
do(fe.gy) = dop(G.PD=5+5+|5 -
! o1, 1 1, 3 9
< = 2 — :| — 12 =2 e 72
< 24[x—|— y+ |z —y +6{x+4z +2y+16y}
< Mgp(2,y) + Bldg(z, fz) + dg(y, gy)]
and
dqb(gl‘,fy) = dqb(17 5) = Z +y+ Z — 5
1 21 , 113 9 1,
< — 9 _ } 119 9 9 1
< 24[33—1— y+ |z —yl +6{2x+16x+y+4y}

< Mg (z,y) + Bldgp(z, 92) + dep (y, fy)] .

Thus, all the conditions of Theorem 4.1 are satisfied. Moreover, x* =0 is a common fized point of f and g
in Bgp[ro,7] and dg(0,0) = 0.

Corollary 4.3 Let (X,dg) be a left K—sequentially complete dg b-metric space and o : X x X — [0, 00).
Suppose that f,g : X — X are a—dominated mappings on X such that for any x,y € X with a(z,y) > 1,
we have

dav(f, 9y) < Mgp(,y) + Bldgp(x, fr) + dew(y, 9y)], (38)
and
dgv (97, fy) < Mdgp(z,y) + Bldgs(, g2) + den(y, fy)] (39)

where 0 < A+28 < 1. If, either f, g are continuous or for any sequence {x,} in X satisfying a(zy, Tpni1) > 1
for allm € Ny and ©,, — x € X give that a(x,,x) > 1 for alln € Ng. Then f and g have a common fized
point ©* € X and dg,(¢*,2*) = 0.

Corollary 4.4 Let (X,dg) be a left K—sequentially complete dg b-metric space with o € X and o :
X x X — [0,00). Suppose that f : X — X is a—dominated mapping on Bglxo,r| such that for any
x,y € Bglzo,r] with a(z,y) > 1, we have

dqb(fxafy) S Adqb(xvy) + ﬁ[dqb(x’fx) + dqb(yvfy)]v (40)

where 0 < A+ 25 < 1. If

dqb(an flto) S k(]- - Sk)?", (41)
holds, where k = g Then f has a fized point * in Bgylxo,r] and dgp(z*, 2*) = 0 provided that either f is
continuous or for any sequence {x,} in Bgp[ro, ] with a(xy,, xny1) > 1 for alln € Ny and z, = © € Bglzo, 7]

imply that o(x,,x) > 1 for all n € Ny.

Corollary 4.5 Let (X,dg) be a left K—sequentially complete dg b-metric space and o : X x X — [0, 00).
Suppose that f : X — X is a—dominated mapping on X such that for any xz,y € X with a(z,y) > 1, we
have

dgv(f, fy) < Mgy (2,y) + Bldas(x, f2) + dagb(y, [y)], (42)
where 0 < XA+ 28 < 1. If, either f is continuous or for any sequence {x,} in X with a(@y,Tpi1) > 1 for
alln € Ny and ©,, — x € X imply that a(zp,x) > 1 for alln € Ng. Then [ has a fived point * € X and
dgp(z*, %) = 0.

Proof. Fix zg € X and choose r > 0 such that
dgv (o, fro) < k(1 — sk)r

where k = % The result follows from Corollary 4.4. m
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Theorem 4.6 Let (X,dg, R) be a left K—sequentially complete dq b-metric space with xo € X and f, g :
X — X be R—dominated mappings on Bz, r]. Suppose that there exist some constants X, 5 satisfying
0 < X+28 < 1 such that for any (x,y) € Bg[zo, 7] X Bgplzo, 7] N VR, we have

dep(f,9y) < Mgp(x,y) + Bldgs(z, f2) + dev(y, 9y)],

and
dav (92, fy) < Ndgp(z,y) + Bldgs(z, 92) + dap (y, fy)]-
If
dap (20, fro) < k(L — sk)r,
A+B . .
holds, where k = 15 and sk < 1. Then f and g have a common fixed point x* in Bgy[zo,r] and

dgp(z*,2*) = 0 provided that either f, and g are continuous or for any sequence {x,} in Bg[zo,r] such
that {x,} is R-preserving and z,, — x € Bg[zo,7], we have (z,,x) € R for all n € Ny.

Proof. The result follows from Theorem 4.1. =

Corollary 4.7 Let (X,dg, =) be a partially ordered left K —sequentially complete dq b-metric space with
xzo € X, f and g be < —dominated mappings on Bgy[zo,r]. Suppose that there exist some constants A,
satisfying 0 < A+ 28 < 1 such that for any (x,y) € Bg[zo,r] X Bgplzo,r] N V<, we have

dqb(fxa gy) S Adqb(xv y) =+ 5[dqb(m, fIC) + dqb(ya gy)]a

and
dqb(g$7 fy) S Adqb(xv y) + ﬂ[dqb(z7g:€) + dqb(y7 fy)]

If

dqb(:EOu f.’E()) S k(l - Sk)Tv
A+
1-p
dgp(z*, %) = 0 provided that either f, and g are continuous or for any sequence {x,} in Bgy[zo,r] such
that {x,} is < —preserving and x, — x € By|xo,r], we have x,, < x for all n € Ny.

holds, where k =

and sk < 1. Then f and g have a common fized point x* in Bg[zo, 7] and

Proof. The result follows from Theorem 4.6. m
Example 4.8 Let X = [0,00) N Q. Define dg, : X x X — [0,00) by
dqb(xvy) = |£L' - y|2 +x+ 2y

Define the order < on X as xz 2y if dp(y,y) < dp(x,x) for all x,y € X. Then (X,dgw, =) is a partially
ordered left K—sequentially complete dq b-metric space with s = 2. Let f,g: X — X be defined by

g ifze0,1NQ,

fr= 1
x+§ ifxe(l,00)NQ

and

%x ifee[0,1nQ,
gr = 1
:1:+1 if v € (1,00)NQ.

Forxzg=1,r=27, A= é7 and B = %, we have k = %7 B[z, 7] = 10,11 NQ and dgp(zo, fro) = % <3=
k(1 — sk)r. Clearly, f and g are = —dominated mappings and the contractive conditions hold on Bgp|zo,T].
Therefore, all the conditions of Corollary 4.7 are satisfied. Moreover, 0 is the common fized point of f and
g and dg(0,0) = 0.
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Corollary 4.9 Let (X,dgw, =) be a partially ordered left K —sequentially complete dq b-metric space, f and
g be X —dominated mappings on X. Suppose that there exist some constants A, B satisfying 0 < A+ 28 < 1
such that for any (z,y) € V<, we have,

dqb(fxa gy) < Adqb(xv y) + ﬁ[dqb(x» fx) + dqb(ya gy)]a
and
dqb(ng fy) < )‘dqb<x7 y) + B[dqb(a},gm) + dqb(ya fy>]

Then f and g have a common fized point z* in X and dg(x*,z*) = 0 provided that either f, and g are
continuous or for any sequence {x,} in X such that {x,} is X —preserving and x, — = € X, we have
T, 2 x for allm € Ny.

If in Corollary 4.7 we choose g = f, then we obtain the following result.

Corollary 4.10 Let (X,dg, =) be a partially ordered left K—sequentially complete dg b-metric space, f be
= —dominated mapping on By|xo, r]. Suppose that there exist some constants A, 8 satisfying 0 < A+25 < 1
such that for any (x,y) € Bg|zo,T] X Bgplxo, ] N /<, we have,

dgv(f, fy) < Mdgp(z,y) + Bldgy (0, f2) + dgb(y, fy)]-

If
dqb(an f.’Eo) S k(l - Sk)T7

A
holds, where k = il +§
that either f is continuous or for any sequence {x,} in Bgplxo,r] such that {x,} is = —preserving and
Ty, — T € Bgplzo,7], we have x, <z for all n € Ny.

and sk < 1. Then f has a fized point * in Bgplzo,r] and dg,(z*, 2*) = 0 provided

If in Corollary 4.9, we choose g = f, then we obtain the following Corollary which in turn generalizes
results in [24], [21], and [22].

Corollary 4.11 Let (X, dg, <) be a partially ordered left K—sequentially complete dq b-metric space, f be
< —dominated mapping on X. Suppose that there exist some constants A, B satisfying 0 < A+ 25 < 1 such
that for any (z,y) € V=<, we have,

dgv(f, fy) < Mdgp(z,y) + Bldgs(, fz) + dgn(y, fy)]-

Then f has a fized point * in X and dg,(z*,2*) = 0 provided that either f is continuous or for any sequence
{zn} in X such that {x,} is 3 —preserving and x, — x € X, we have x, < x for all n € Ny.

Proof. The result follows from Corollary 4.7. m
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