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Abstract

In this paper, we introduce a projected algorithm with Meir-Keeler contraction for finding the fixed points
of the pseudocontractive mappings. We prove that the presented algorithm converges strongly to the fixed
point of the pseudocontractive mapping in Hilbert spaces.
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1. Introduction

In this paper, we assume that H is a real Hilbert space with inner (-,-) and norm || - || and C C H is a
nonempty closed convex set.
Recall that a mapping T : C' — C' is said to be pseudocontractive if

(Tu—Tu',u—ul) < |lu—aul|?, Vu,ulecC. (1.1)
It is clear that (1.1]) is equivalent to

|Tu — Tu' || < |lu—ul||® + ||(I = T)u— (I = T)ul||?, Vu,u' €C. (1.2)
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We use Fiz(T') to denote the set of fixed points of T'. Recall also that a mapping 7' : C' — C' is said to be
L-Lipschitzian if

|Tu — Tul|| < Llju —uf|, Vu,ulecC,

where L > 0 is a constant. If L = 1, T is called nonexpansive.

The interest of pseudocontractions lies in their connection with monotone operators; namely, T is a
pseudocontraction if and only if the complement I — T is a monotone operator. In the literature, there
are a large number references associated with the fixed point algorithms for nonexpansive mappings and
pseudocontractive mappings. See, for instance, [1]-[16] and [21]-[31]. The first interesting result for finding
the fixed points of the pseudocontractive mappings was presented by Ishikawa in 1974 as follows.

Theorem 1.1. (Ishikawa Algorithm, [5]) Let H be a Hilbert space. Let C C H be a convexr compact set.
Let T : C — C be an L-Lipschitzian pseudocontractive mapping with Fiz(T) # (). For any xo € C, define
the sequence {x,} iteratively by

Yn = (1 - an)xn + anTxny

Tp4+1 = (1 - /Bn)xn + /BnTynv
for alln € N, where {3,} C [0,1], {an,} C [0, 1] satisfy the conditions: limy, o0 at, = 0 and > 2 | Bpaty, = 0.
Then the sequence {x,} generated by (1.3|) converges strongly to a fized point of T.

Remark 1.2. The iteration (1.3) is now refereed as the Ishikawa iterative sequence. We observe that C' is
compact subset. We know that strong convergence have not been achieved without compactness assumption
(a counter example can be found in [2]).

(1.3)

In order to obtain strong convergence for pseudocontractive mappings without the compactness assump-
tion, Zhou [15] coupled the Ishikawa algorithm with the hybrid technique and proved the following theorem
for Lipschitz pseudocontractive mappings.

Theorem 1.3. (Hybrid Ishikawa Algorithm, [15]) Let C be a closed convexr subset of a real Hilbert
space H and let T : C — C be a Lipschitz pseudocontraction such that Fix(T) # 0. Suppose that {c,}
and {Bn} are two real sequences in (0,1) satisfying the conditions: (i) o, < By for alln € N, (ii) 0 <
liminf, o Bp < limsup,,_ . Bn < B < ﬁ Let the sequence {x,} be generated by

(yn = (1= Bn)zn + BuTxy,
zn = (1 — an)xn + anTyn,
Cp={2€C:|lzn—2[]> <xn — 2| = Bran(l — 28, — BRL?)|Jxn — Txn|?}, (1.4)
Qn=1{2€C:{(xy—2zx0— ) >0},

(Zn+1 = Projo, nq, (o), n € N.

Then the sequence {x,} generated by (L.4) converges strongly to projpiyr)(zo)-

Further, Yao, Liou and Marino [I0] introduced the hybrid Mann algorithm and obtained the strong
convergence theorem.

Theorem 1.4. (Hybrid Mann Algorithm, [70/) Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let T : C'— C' be an L-Lipschitz pseudocontractive mapping such that Fiz(T) # 0. Let
{an} be a sequence in (0,1). Let xg € H. For C; = C and x1 = projc, (xo), define a sequence {x,} of C as
follows:

Yn = (1 - an)in + apTxy,
Cn-‘rl = {Z € Cn : Han(I - T)yn||2 < 2an<xn -z, (I - T)yn>}7 (1'5)
Fnt1 = Projo, . (z0),n € N

Assume the sequence {ay} C [a,b] for some a,b € (0, L%—l) Then the sequence {x,} generated by (1.5
converges strongly to projpizr)(%o)-
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Motivated and inspired by the above results, in this paper, we introduce a projected algorithm with
Meir-Keeler contraction for finding the fixed points of the pseudocontractive mappings. We prove that
the presented algorithm converges strongly to the fixed point of the pseudocontractive mapping in Hilbert
spaces.

2. Preliminaries

Recall that the metric projection projc : H — C satisfies
lu = projo(u)|| = inf{|u — '] : u" € C}.
The metric projection proj is a typical firmly nonexpansive mapping. The characteristic inequality of the

projection is

T

(u—projo(u),u" —projc(u)) <0

forallu € H, ut € C.

Recall that a mapping 7" is said to be demiclosed if, for any sequence {z,} which weakly converges to
#, and if the sequence {T'(z,)} strongly converges to zf, then T'(#) = zf.

It is well-known that in a real Hilbert space H, the following equality holds:

l€w + (1 = )ull? = €lfull® + (1 = &) [Jul I — £(1 = &) lu — u'|? (2.1)
for all u,u’ € H and ¢ € [0,1].

Lemma 2.1. ([I5]) Let H be a real Hilbert space, C a closed convex subset of H. Let T : C' — C be a
continuous pseudocontractive mapping. Then

(i) Fiz(T) is a closed convex subset of C;

(ii) (I —T) is demiclosed at zero.
For convenient, in the sequel we shall use the following expressions:
e z, — ! denotes the weak convergence of z,, to z:
e 1z, — z denotes the strong convergence of x, to zf.

Let the sequence {C),} be a nonempty closed convex subset of a Hilbert space H. We define s — Li,C),
and w — Ls,,C,, as follows.

e r € s— Li,C, if and only if there exists {z,} C C), such that z,, — x.

e r € w— Ls,C, if and only if there exists a subsequence {C),} of {C,} and a sequence {y;} C C,,
such that y; — y.

If Cy satisfies
Co=s—Li,C, =w— Ls,Cy,

it is said that {C),} converges to Cy in the sense of Mosco [I7] and we write Cy = M — lim;, oo Cp,. It is
easy to show that if {C),} is nonincreasing with respect to inclusion, then {C),} converges to (,—; Cy, in the
sense of Mosco. Tsukada [I8] proved the following theorem for the metric projection.

Lemma 2.2. ([18]) Let H be a Hilbert space. Let {Cy,} be a sequence of nonempty closed convex subsets of
H. If Cy = M — limy,_,o, C, exists and is nonempty, then for each x € H, {projc, (x)} converges strongly
to projc,(x), where projc, and projc, are the metric projections of H onto Cy, and Cy, respectively.
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Let (X,d) be a complete metric space. A mapping f: X — X is called a Meir-Keeler contraction ([19])
if for every € > 0, there exists § > 0 such that

d(z,y) < e+ implies d(f(x), f(y)) <e
for all x,y € X. It is well known that the Meir-Keeler contraction is a generalization of the contraction.
Lemma 2.3. ([19/) A Meir-Keeler contraction defined on a complete metric space has a unique fixed point.

Lemma 2.4. ([20]) Let f be a Meir-Keeler contraction on a convexr subset C' of a Banach space E. Then,
for every e > 0, there exists r € (0,1) such that

|z =yl = € implies || f(x) — f(y)ll < rlle =yl
for all x,y € C.

Lemma 2.5. ([20]) Let C be a convex subset of a Banach space E. Let T be a nonexpansive mapping on
C, and let f be a Meir-Keeler contraction on C. Then the following hold.

(1) Tf is a Meir-Keeler contraction on C;

(13) For each a € (0,1), (1 — a)T + af is a Meir-Keeler contraction on C.

3. Main results

In this section, we firstly introduce a projected fixed point algorithm with Meir-Keeler contraction
for pseudocontractive mappings in Hilbert spaces. Consequently, we show the strong convergence of our
presented algorithm.

In the sequel, we assume that H is a real Hilbert space and C' C H is a nonempty closed convex set.
Let T': C — C be an L(> 1)-Lipschitzian pseudocontractive mapping with Fiz(T) # 0. Let f : C — C be
a Meir-Keeler contractive mapping. Let {a,,} and {8,} be two sequences in [0, 1].

Algorithm 3.1. For zy € Cy = C arbitrarily, define a sequence {z,} iteratively by
Yn = (1 - ﬁn)xn + BpnTwp,
Cny1={z2€Cn: (1 —an)zn + anTyn — 2[| < [lzn — 2|}, (3.1)
Tn+1 = p’l“Oan+1 f(xn)vvn > 07

where proj is the metric projection.

Theorem 3.2. If0 < a < ap < B, <b <
strongly to zt = projpm(T)f(:vT).

Remark 3.3. By Lemma Fix(T) is a closed convex subset of C. Thus, projp;,(r) is well-defined. Since
[ is a Meir-Keeler contraction of C, we get projpiy(1)f is a Meir-Keeler contraction of C' by Lemma
According to Lemma there exists a unique fixed point 2 € C such that zt = projpm(T)f(:L‘T).

7%%1, then the sequence {xn} defined by (3.1) converges

Proof. We first show by induction that Fiz (1) C C), for all n > 0.
(i) Fiz(T) C Cp is obvious.
(ii) Suppose that Fiz(T) C Cy for some k € N. Then, for 2* € Fiz(T') C C}, we have from (|1.2) that
IT@n — 2*|* < llan — 2| + | T2n — zal?, (3.2)
and
[ Tyn —2*|* = | T((1 = Bu)I + BuT)wn — z*|

<L = Ba)(@n — &™) + Bu(Txn — 2P + (1 = Bn)an + BuTn — Tynll*. 3
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From , we have that
(1 = Bn)zn + BpTxn — TynH2 = (1 = Bn)(@n — Tyn) + Bn(Txy — Tyn)||2
= (1= Bu)llzn _Tyn|’2+ﬁn||Txn_TynH2 (3.4)
— Bn(1 = Bn)llzn — T*'EnHQ-
Since T is L-Lipschitzian and x,, — y,, = Bn(xn — Txy), by , we get that
(1= Bn)an + BuTan — Tynl* < (1= Ba)llen — Tyl + BaL? |2 — Ty ?
= Bn(1 = Bn)llzn — T$n||2 (3.5)
= (1= Ba)llzn = Tynll* + (B2L? + B3 = Ba)llwn — Tn||*.
By and , we have that
(L = Ba)(xn — 2*) + Bu(Twn — 2*)|> = (1 = Bu) (w0 — ) + Bu(Tan —*)|?
= (1= Bu)llwn — 2*|* + Bl Ty, — z*||?
— Bn(1 = Bo)llzn — TwnH2

< (1 B)ltn — 212 Bulllzn — 2 4+ om — Tanl?) O
B0~ o)t — T
— Now — 2 + B2l — Tl
By , and , we obtain that
1Ty — 2P < 1z — "2+ (L — )z — Tyl — Bu(1 — 260 — B2L?)|n — Tiza. (37)

Since 8, < b < ﬁ, we derive that
1—28, — B2L* > 0,¥Yn > 0.

This together with implies that
1Ty —&*|1* < llzn — 212 + (1 = Ba)llen — Tyal*. (3.8)
By and and noting that a, < ,, we have that
(1 = an)zn + anTyn — 2*[* = (1 = an)llzn — 2*|* + an || Tyn — 2|
—an(l —an)llzn — Tyn||2
< lzn — 2| = an(Bp — @) Tyn — 27|
< ||z — 2*|1%,
and hence z* € Cy4. This indicates that
Fix(T) Cc Cy

for all n > 0.

Next, we show that C), is closed and convex for all n > 0.

() It is obvious from the assumption that Cp = C is closed convex.

(74) Suppose that Cy is closed and convex for some k € N. For z € Ck, we know that ||(1 — ag)xg +
a Ty — z|| < ||z — z|| is equivalent to

| Ty — zk|* + 2(Tyx — zp, 75 — 2) < 0.

So, Ci41 is closed and convex. By induction, we deduce that C, is closed and convex for all n > 0. This
implies that {x,} is well-defined.
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Next, we prove that

lim |z, —u|| =0
n—oo

for some u € NS, C), and
(flu) —u,u—y) >0
for all y € Fiz(T).
Since (o~ C, is closed convex, we also have that projne ¢, s well-defined and so projn=_ c, fisa
Meir-Keeler contraction on C. By Lemma there exists a unique fixed point u € (2, C, of projn=_ c, f.

Since C), is a nonincreasing sequence of nonempty closed convex subset of H with respect to inclusion, it
follow that

n—oo

0 # Fiz(T) C () Cp =M — lim C,.
n=1

Setting u, := projc, f(u) and applying Lemma we can conclude that

Jlim w, = projnee, ¢, fu) = w.

Now we show that lim,_, ||z, — u|] = 0.
Assume d = lim, ||z, — u|| > 0, then 0 < Ve < d, we can choose a ¢; > 0 such that

lim||z, — u|| > €+ d1. (3.9)
n
Since f is a Meir-Keeler contraction, for above ¢, there exists another do > 0 such that
|z =yl < e+ implies [|f(z) — f(y)|| <e, (3.10)

for all z,y € C.
In fact, we can choose a common § > 0 such that (3.9) and (3.10)) hold. If §; > J2, then

lim||z, — ul| > €+ 61 > €+ da.
n
If §; < d9, then from (3.10)), we deduce that

|z —yll < e+ 61 implies [|f(z) — f()] <e

for all z,y € C.
Thus, we have that

@Hxn —ul|l > e+, (3.11)
and

|z — yl| < e+ ¢ implies ||f(x) — f(y)|| < e for all z,y € C. (3.12)
Since u,, — u, there exists ng € N such that

llun, —ul| < d,Yn > ng (3.13)

We now consider two possible cases.
Case 1. There exists nq > ng such that

|xn, —ul|l <e+9.
By (3.12) and (3.13]), we get that

41 — ull < [[2n41 = tng 1 || + [tng 41 — u|
= ”pTOan1+1f(xn1) - pT’Oan1+lf(U)|| + Hunl-f-l - UH

< | f(zny) = I + llun, 41 — ull
< e+9.
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By induction, we can obtain that
€1 4m — ull < €+,
for all m > 1, which implies that
@Hxn —ul| <e+4,
which contradicts with (3.11)). Therefore, we conclude that ||z, — ul| — 0 as n — oo.
Case 2. ||z, — ul| > €+ ¢ for all n > ny.

We shall prove that case 2 is impossible. Suppose case 2 holds true. By Lemma there exists r € (0,1)
such that

1f (@n) = f(u)|| < rllen — ull, Y = no.
Thus, we have that
[#n41 = tngr || = [lprojc, . f(@n) — proje, ., f(u]]

< [[f(@n) = f(u)]]
< rllan — ul],
for every n > nyg.
It follows that

lim|zp1 — ul| = lIm|[zne1 — tnsa |
n n
< rlim||x, — ul|
n
< lim||z,, — ull,
n

which gives a contradiction.
Hence, we obtain that
lim ||z, —ul|| =0,
n—oo

and therefore, {x,} is bounded.
Finally, we prove that u € Fiz(T).
Observe that

[#n41 = 2nll < llzn — ull + lu — unga || + lunsr — T
= llzn — ull + [l — unia || + lproje, ., f (xn) — proje, ., f ()]l
< lwn = ull + llu = wnga [ + [[f (@n) = f(w)]].
Therefore,
1115{)10 |Tnt1 — znl] = 0. (3.14)
From zy4; € Cy41, we have that
11— an)zn + anTyn — Tnp1 |l < |2 — Tnga |-
This together with (3.14)) implies that
nh_{{.lo | Ty — x| = 0.
Note that
|zn — Txn|| < [|zn — Tynll + [[Tyn — Tan|
< [lzn — Tynll + Llizn — ynll
< lzn — Tynll + L(1 = Bp)llzn — Tn|.
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It follows that

1 1
- T < — -T < —MF— -T — 0. .
|zn zn| < 1-(1 —ﬂn)LHxn ynll < 1-(1- a)LHxn ynll (3.15)

By Lemma and (3.15)), we have that u € Fiz(T).
Since Zp41 = projc, ., f(xn), we have that

(f(xn) = Tpg1, Tny1 —y) > 0,Vy € Cpyy.
Since Fiz(T) C Cpi1, we get that
(f(zn) = Tns1, 2p1 —y) 2 0,Vy € Fiz(T).
We have from x,, — u € Fix(T) that
(f(u) —u,u—y) > 0,Vy € Fiz(T).
Thus, u = projpiyr)f(u) = z!. This completes the proof. O

Remark 3.4. It is obvious that (3.1) is simpler than (1.4) and (|1.5).

From Theorem [3.2] we can deduce several corollaries.

Corollary 3.5. Let H be a real Hilbert space and C' C H a nonempty closed convex set. Let T : C — C
be an L(> 1)-Lipschitzian pseudocontractive mapping with Fix(T) # 0. Let f : C — C be a p-contraction.
Let {a,} and {B,} be two sequences in [0,1]. If0 < a < a, < (B, <b< ﬁ, then the sequence {xy}

defined by ([3.1]) converges strongly to xf = proij(T)f(xT).
Corollary 3.6. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C'— C be

a nonexpansive mapping with Fix(T) # (0. Let f: C — C be a Meir-Keeler contractive mapping. Let {c,}
and {B,} be two sequences in [0,1]. If0 < a < ap < By < b < —L~, then the sequence {x,} defined by

1+v27
(3-1) converges strongly to =¥ = proij(T)f(a:T).

Corollary 3.7. Let H be a real Hilbert space and C' C H a nonempty closed convex set. Let T : C — C
be a nonexpansive mapping with Fix(T) # 0. Let f : C — C be a p-contraction. Let {can} and {B,} be
two sequences in [0,1]. If0 < a < ap < B, <b< Tlx/i’ then the sequence {x,} defined by (3.1) converges

strongly to xt = pTOsz‘x(T)f(xT)-

Algorithm 3.8. For zy € Cy = C arbitrarily, define a sequence {z,} iteratively by

Yn = (1 - /Bn)xn + /BnTxna
Crnt1={2 € Cn 1 [|[(1 — an)xpn + anTyn — 2| < [lzn — 2|}, (3.16)
Tpi1 = Projc,.,(ro),vn >0,

where proj is the metric projection.

Corollary 3.9. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C'— C be
an L(> 1)-Lipschitzian pseudocontractive mapping with Fix(T) # 0. Let {ay,} and {5,} be two sequences
in[0,1]. If0<a<a, <pB,<b< ﬁ, then the sequence {xy,} defined by (3.16]) converges strongly to

zt = projpisr)(zo)-
Corollary 3.10. Let H be a real Hilbert space and C' C H a nonempty closed convex set. LetT : C — C be

a nonexpansive mapping with Fix(T) # 0. Let {ay,} and {B8,} be two sequences in [0,1]. If 0 < a < ay, <
Bn <b< ﬁ, then the sequence {x,} defined by (3.16)) converges strongly to x¥ = Projpia(r)(To)-
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