GENERALIZED MIXED EQUILIBRIA, VARIATIONAL
INEQUALITIES AND CONSTRAINED CONVEX
MINIMIZATION

LU-CHUAN CENG!* AND CHING-FENG WEN?!

ABSTRACT. In this paper, we introduce one multistep relaxed implicit
extragradient-like scheme and another multistep relaxed explicit extragradient-
like scheme for finding a common element of the set of solutions of the
minimization problem for a convex and continuously Fréchet differen-
tiable functional, the set of solutions of a finite family of generalized
mixed equilibrium problems and the set of solutions of a finite family
of variational inequalities for inverse strongly monotone mappings in
a real Hilbert space. Under suitable control conditions, we establish
the strong convergence of these two multistep relaxed extragradient-like
schemes to the same common element of the above three sets, which
is also the unique solution of a variational inequality defined over the
intersection of the above three sets.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C
be a nonempty closed convex subset of H and P be the metric projection
of H onto C. Let T : C'— C be a self-mapping on C. We denote by Fix(T")
the set of fixed points of T and by R the set of all real numbers. A mapping
A : H — H is called ¥-strongly positive on H if there exists a constant
~ > 0 such that

(Az,z) > 7||z||?, Ve H.
A mapping F : C' — H is called L-Lipschitz continuous if there exists a
constant L > 0 such that

|Fz = Fy|| < Lz —y[, Va,yeC.
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In particular, if L = 1 then F' is called a nonexpansive mapping; if L € [0, 1)
then F' is called a contraction. A mapping T : C — C is called k-strictly
pseudocontractive (or a k-strict pseudocontraction) if there exists a constant
k € [0,1) such that

|72 — Tyl < |l — ylI? + K|(I = T)a — (I = )y, Va,y € C.

In particular, if £k = 0, then T is a nonexpansive mapping. The mapping T'
is pseudocontractive if and only if

<T$—Ty,flf—y> < Hx_y”27 Vx,yea

T is strongly pseudocontractive if and only if there exists a constant A €
(0,1) such that

<T13—Ty,$—y> S)‘Hx_yH27 Vl’ayec

Let A : C' — H be a nonlinear mapping on C. The variational inequality
problem (VIP) associated with the set C' and the mapping A is stated as
follows: find x* € C such that

(1.1) (Az*,x —x*) >0, Vzedl.

The solution set of VIP (1.1) is denoted by VI(C, A).

There are many applications of VIP (1.1) in various fields. In 1976, Ko-
rpelevich [17] proposed an iterative algorithm for solving VIP (1.1) in Eu-
clidean space R™:

(1.2) { Yn = Po(xy, — TAxy),
Tny1 = Po(zn, — TAyn), VYn >0,

with 7 > 0 a given number, which is known as the extragradient method.
The literature on the VIP is vast and Korpelevich’s extragradient method
has received great attention given by many authors, who improved it in
various ways; see e.g., [7, 8, 9, 10, 13, 15, 20] and references therein.

On the other hand, let ¢ : C' — R be a real-valued function, A: C — H
be a nonlinear mapping and @ : C' x C — R be a bifunction. In 2008,

Peng and Yao [20] introduced the following generalized mixed equilibrium
problem (GMEP) of finding z € C such that

(1.3) O(z,y) +¢(y) — p(z) + (Az,y —2) >0, vy el
We denote the set of solutions of GMEP (1.3) by GMEP(6O, ¢, A). The

GMEP (1.3) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash
equilibrium problems in noncooperative games and others. The GMEP (1.3)
contains GEP [8], MEP [14] and EP [26] as particular cases.

It was assumed in [20] that © : C' x C — R is a bifunction satisfying
conditions (A1)-(A4) and ¢ : C' — R is a lower semicontinuous and convex
function with restriction (B1) or (B2), where

o (Al) O(z,x) =0 for all x € C;
e (A2) O is monotone, i.e., O(z,y) + O(y,x) <0 for any z,y € C,
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e (A3) O is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup O(tz + (1 — t)z,y) < O(x,y);
t—0t
o (A4) O(x,-) is convex and lower semicontinuous for each x € C;
e (B1) for each x € H and r > 0, there exists a bounded subset
D, C C and y, € C such that for any z € C'\ D,

Oz, i) + 9(ua) — 9(2) + 1 (s — 2,2 = 2) <0,

e (B2) C is a bounded set.

Given a positive number r > 0. Let TT(Q’@) : H — C be the solution set
of the auxiliary mixed equilibrium problem, that is, for each z € H,

T ) (z) = {yeC:O(y,2) + w(Z)—w(y)+%<y—m,z—y>ZO,VzeC}-

(0,p)

In particular, if ¢ = 0 then T} is rewritten as TT@ tH — Cie.,

1
TP(@) ={y€C: O(y,2) + —(y—w,2-y) >0,Vz € C}.

Furthermore, let f : C' — R be a convex and continuously Fréchet differ-
entiable functional. Consider the convex minimization problem (CMP) of
minimizing f over the constraint set C

(1.4) minf(x)

zeC

(assuming the existence of minimizers). We denote by = the set of minimiz-
ers of CMP (1.4).

Motivated and inspired by the above facts, we introduce one multistep
relaxed implicit extragradient-like scheme and another multistep relaxed ex-
plicit extragradient-like scheme for finding a common element of the set of
solutions of the CMP (1.4) for a convex functional f : C — R with L-
Lipschitz continuous gradient V f, the set of solutions of a finite family of
GMEPs and the set of solutions of a finite family of variational inequali-
ties for inverse-strongly monotone mappings in a real Hilbert space. Under
suitable control conditions, we establish the strong convergence of these two
multistep relaxed extragradient-like schemes to the same common element
of the above three sets, which is also the unique solution of a variational
inequality defined over the intersection of the above three sets. We also re-
fer readers to [1, 2, 3, 5, 6, 12] and references therein for some more related
papers published recently.

2. PRELIMINARIES

Throughout this paper, we assume that H is a real Hilbert space whose
inner product and norm are denoted by (-,-) and || -||, respectively. Let C be
a nonempty closed convex subset of H. We write x,, — x to indicate that
the sequence {z,} converges weakly to  and x,, — z to indicate that the
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sequence {x,} converges strongly to x. Moreover, we use wy,(z,) to denote
the weak w-limit set of the sequence {z,}, i.e.,
wy(zyn) :={z € H : z,, — x for some subsequence {x,,} of {z,}}.

The metric (or nearest point) projection from H onto C' is the mapping
Po : H — C which assigns to each point € H the unique point Pox € C
satisfying the property

— Poz|| = inf ||z — y|| =: d(z, C).
|z — Poxll = inf |lz — yll =: d(=, C)

The following properties of projections are useful and pertinent to our
purpose.
Proposition 2.1. Given any x € H and z € C. One has
(i) z=Pox & (z—2z,y—2) <0, VyeC;
(i) 2= Pox & [lz— 2| <[z —y|* — |ly — 2|*, Vy € C;
(iii) (Pocx — Poy,x —y) > ||Pox — Poyl|?, Yy € H, which hence implies
that Po is nonexpansive and monotone.
Definition 2.2. A mapping T : H — H is said to be firmly nonexpansive if
2T — I is nonexpansive, or equivalently, if T" is 1-inverse strongly monotone
(1-ism),
<x—y,Tx—Ty> > HT.%—TyH2, Vm,yeH;
alternatively, T' is firmly nonexpansive if and only if T can be expressed as

T=(+8)
where S : H — H is nonexpansive; projections are firmly nonexpansive.
Definition 2.3. A mapping F': C — H is said to be
(i) monotone if
(Fo—Fy,x —y) >0, Va,yeC;
(ii) m-strongly monotone if there exists a constant > 0 such that
(Fo — Fy,z —y) > nllz —y|? Va,y€C;

(iii) a-inverse-strongly monotone if there exists a constant o > 0 such
that

<FLU—Fy,.’L'—y>ZOéHFIL'—FyH2, VCU;?JGC-

It can be easily seen that if T' is nonexpansive, then I — T is monotone. It
is also easy to see that the projection P is 1-ism. Inverse strongly monotone
(also referred to as co-coercive) operators have been applied widely in solving
practical problems in various fields.

On the other hand, it is obvious that if F': C' — H is a-inverse-strongly
monotone, then F' is monotone and é—Lipschitz continuous. Moreover, we
also have that, for all u,v € C' and A > 0,

(21)  ||(I = AF)u— (I =AF)v|? < |ju—v|* + XA = 22) || Fu — Fv|?.
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So, if A < 2a, then I — AF' is a nonexpansive mapping from C to H.
Next we list some elementary conclusions for the MEP whose solution is
denoted by MEP(O, ¢).

Proposition 2.4. (see [14]) Assume that © : C x C — R satisfies (A1)-
(A4) and let ¢ : C — R be a proper lower semicontinuous and convez
function. Assume that either (B1) or (B2) holds. For r > 0 and z € H,
define a mapping T,ge’“p) :H — C as follows:

1
T\9(z) = {z € C: O(z,y) + ¢(y) — p(2) + Sy —zz-2)20,vy e}

T

for all x € H. Then the following hold:
(i) for each x € H, Tr(@’@)(:z) is nonempty and single-valued;
(ii) TT(Q’“O) is firmly nonexpansive, that is, for any xr,y € H,

TPz — T Py|2 < (T P)x — TPy, z — y);

(iii) Fix(7. %)) = MEP(8, ¢);

(iv) MEP(6O, ¢) is closed and convez;

(v) ||TS(9’¢)$ —th(Q’s‘iIxHQ < %(Ts(@’@)a: - ]}(@’w)x,ﬂ(@’@)x —x) for all
s,t>0andx e H.

Definition 2.5. A mapping T : H — H is said to be an averaged mapping
if it can be written as the average of the identity I and a nonexpansive
mapping, that is,

T=(1-a)l+aS
where a € (0,1) and S : H — H is nonexpansive. More precisely, when the
last equality holds, we say that T is a-averaged. Thus firmly nonexpansive
mappings (in particular, projections) are %—averaged mappings.

Definition 2.6. (see [4]) Let S, T,V : H — H be given operators.

(i) T =(1—a)S+ aV for some o € (0,1) and if S is averaged and
V' is nonexpansive, then T' is averaged.

(ii) T is firmly nonexpansive if and only if the complement I —T is firmly
nonexpansive.

(iii) If T'= (1 — a)S + aV for some o € (0,1) and if S is firmly nonex-
pansive and V is nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That
is, if each of the mappings {Tl}f\i 1 is averaged, then so is the compos-
ite T --- T . In particular, if T3 is aj-averaged and T5 is ag-averaged,
where g, ay € (0,1), then the composite T1T5 is a-averaged, where
o =01+ a2 — Q9.

(v) If the mappings {7;}¥, are averaged and have a common fixed point,
then

N
(Fix(T;) = Fix(Ty - - - Twy).
=1
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The notation Fix(T") denotes the set of all fixed points of the mapping
T, that is, Fix(T) = {z € H : Tx = x}.

We need some facts and tools in a real Hilbert space H which are listed
as lemmas below.

Lemma 2.7. Let X be a real inner product space. Then there holds the
following inequality

lz +yl* < ll2l® + 2y, 2 +y), Va,yeX.

Lemma 2.8. Let H be a real Hilbert space. Then the following hold:
() lz =yl = ll=ll” = |yll> — 2(z — y,y) for all x,y € H;
(b) Az + pyll* = Mlzl|* + pllyll® — Aullz — yl* for all z,y € H and
A € 10,1] with N+ p=1;
(c) If {zn} is a sequence in H such that x,, — x, it follows that

lim sup [ — y|2 = limsup |z, — 2] + o — y|2, vy € H.
n—oo n—oo

It is clear that, in a real Hilbert space H, T : C — C'is k-strictly pseu-
docontractive if and only if the following inequality holds:
1-k
(Tz = Ty,z —y) < ||z —y|* - —5 I =Tz - - T)yl?, Va,yeC.
Lemma 2.9. (see [19, Proposition 2.1]). Let C' be a nonempty closed convex
subset of a real Hilbert space H and T : C'— C be a mapping.

(i) If T is a k-strictly pseudocontractive mapping, then T satisfies the
Lipschitzian condition

1+k
e =yl Vayec.

(ii) If T is a k-strictly pseudocontractive mapping, then the mapping
I—T is semiclosed at 0, that is, if {x,} is a sequence in C such that
Tp =% and (I —T)xy, — 0, then (I —T)z = 0.

(iii) If T is k-(quasi-)strict pseudocontraction, then the fized-point set

Fix(T) of T is closed and convex so that the projection Priy(r) 18
well defined.

[Tz =Tyl <

Lemma 2.10. (see [25]). Let C be a nonempty closed convex subset of a real
Hilbert space H. Let T : C — C be a k-strictly pseudocontractive mapping.
Let v and § be two nonnegative real numbers such that (v + 0)k < ~. Then

vz —y) +6(Tx —Ty)|| < (v + )|z —yll, Va,yeC.

Lemma 2.11. (see [16, Demiclosedness principle] ). Let C' be a nonempty
closed convex subset of a real Hilbert space H. Let S be a nonexpansive
self-mapping on C. Then I — S is demiclosed. That is, whenever {x,} is a
sequence in C weakly converging to some x € C' and the sequence {(I—S)x,}
strongly converges to some y, it follows that (I — S)x = y. Here I is the
identity operator of H.
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Lemma 2.12. Let A: C — H be a monotone mapping. In the context of
the variational inequality problem the characterization of the projection (see
Proposition 2.1 (i)) implies
ueVI(C,A) < u=Po(u—NAu), X>0.
Let C' be a nonempty closed convex subset of a real Hilbert space H.
We introduce some notations. Let A be a number in (0,1] and let p >

0. Associating with a nonexpansive mapping T : C' — C, we define the
mapping T : C — H by

Tz :=Tx — \uF(Tz), VzeC,

where F' : C — H is an operator such that, for some positive constants
k,m > 0, F' is k-Lipschitzian and n-strongly monotone on C; that is, F
satisfies the conditions:

|Fa— Fyl < slle —yll and (Fo - Fy,a—y) > gllz -yl
for all z,y € C.

Lemma 2.13. (see [24, Lemma 3.1]). T? is a contraction provided 0 < p <
20 that i
K27 at 18,

1Tz — Ty < (1= A7)llz —yll, Va,yeC,
where T =1 — /1 — pu(2n — ux?) € (0,1].

Lemma 2.14. (see [23, Lemma 2.1]). Let {a,} be a sequence of nonnegative
real numbers satisfying
nt1 < (1 - Wn)an + Wby + 1y, Vn >0,

where {wn}, {0n} and {r,} satisfy the following conditions:

(i) {wn} C[0,1] and 3 72 o wn = oo;

(ii) either imsup,, o, 6n <0 or Y > wy|dn| < 00;

(iii) 7, >0 for alln >0, and Y o7 | 1y < 00.
Then, lim,,_,o a, = 0.
Lemma 2.15. (see [18]). Assume that A is a y-strongly positive bounded
linear operator on H with 0 < p < ||A||7t. Then ||[I — pA| <1 — p7.

Let LIM be a Banach limit. According to time and circumstances, we use
LIM,,a,, instead of LIMa for every a = {a,} € [*°. The following properties
are well known:

e (i) for all n > 1, a, < ¢, implies LIM,a,, < LIM,,c,;
e (ii) LIM,,a,,+ v = LIM,a,, for any fixed positive integer N;
e (iii) liminf,,~ a, < LIM,a,, < limsup,,_,. a, for all {a,} € [*°.

The following lemma was given in [22, Proposition 2].

Lemma 2.16. Let a € R be a real number and let a sequence {a,} € I*° sat-
isfy the condition LIM,a,, < a for all Banach limit LIM. Iflimsup,,_, . (an+1—
an) <0, then limsup,, ,., an, < a.



8 L. C. CENG AND C. F. WEN

Recall that a set-valued mapping T: D(f ) € H — 2" is called monotone
if for all z,y € D(T ) f €Tz and g € Ty imply
A set-valued | mapping T is called maximal monotone if 7 is monotone and
(I + AXT)D(T) = H for each A > 0, where I is the identity mapping of H.
We denote by G(T (N) the graph of T It is known that a monotone mapping
T is maximal if and only if, for (x,f)e HxH, (f —g,z—y) >0 for every
(y,9) € G(T ) implies f € Tx. Next we provide an example to illustrate the
concept of maximal monotone mapping.

Let A: C — H be a monotone and Lipschitz-continuous mapping and let
N¢v be the normal cone to C at v € C, i.e.,

Nev={u€ H: (v—p,u) >0, VpeC}.
Define
~ Av + Neov, if v e C,
T”_{ 0, if v ¢ C.

Then, it is known in [21] that T is maximal monotone and 0 € Tw if and
only if v € VI(C, A).

3. MAIN RESULTS

Let C' be a nonempty closed convex subset of a real Hilbert space H and
let M, N be two integers. Throughout this section, we always assume the
following:

e ' : C' — H is a k-Lipschitzian and n-strongly monotone operator
with positive constants k,n7 > 0, and f : C' — R is a convex func-
tional with L-Lipschitz continuous gradient V f.

e A, : C — H is n-inverse strongly monotone for each i =1, ..., N, and
Bj : C — H is pj-inverse strongly monotone for each j =1, ..., M;

e A is a A-strongly positive bounded linear operator on H with ¥ €
(1,2) and V : C — H is an [-Lipschitzian mapping with { > 0;

e 0 : C x C — R is a bifunction satisfying conditions (A1)-(A4) and
@; : C = RU{+o0} is a proper lower semicontinuous and convex
function With restrictions (B1) or (B2) for each j =1, ..., M;

00<,u< Tand 0 <yl <7 with7=1—/1— p(2n— /mz)

o Po(I — )\tVf) = sI + (1 — s4)T; where T} is nonexpansive, s; =
=0l € (0,3) and A ¢ (0,1) — (0, 2) with limy_o A = 2;

o Po(I— A Vf) =sp I+ (1— sn)T where T, is nonexpansive, s, =
% € (0 ,5) and {\,} C (0, ) with lim,, 00 Ap, = %;

e AN :C — Cisamapping deﬁned by ANz = Po(I-AntAN) - Po(I—
/\l,tAl)xyt S (0, 1), for {Ai,t} C [ai,bi] C (0, 2771'), i=1,...,N;

e AN : C — Cis amapping defined by ANz = Po(I-An,AN) -+ Po(I—
M pAr)x with {\;i,} C [a;,b] C (0,2n;) and limy, o0 Ajp, = A, for
eachi=1,...,N;
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e AM . C — C is a mapping defined by AMz = Tr(Sf:”¢M)(I —
T‘M7tBM)'-‘T7~(121’<p1)(I —r1Bi)z,t € (0,1), for {rj+} C [¢j,d;j] C
(0,2u5), 3=1,...,M;

e AM . C — C is a mapping defined by AMz = T,ggfff’wm(] —
rarnBar) - TP P (I = vy By)a with {rj,} C [ej,d,] C (0,2p;)
and lim, o 7j, = 7, for each j =1,..., M;

o ():= ﬂjj\ilGMEP(@j, ©j, Bj) N ﬂfV:1VI(C, A;))NE # ( and Py is the
metric projection of H onto (2;

hd {an} C [Oa 1]7 {Sn} C (07min{%v ||A”_1}) and {St}te(()’min{Lf:’jl}) C
(0, min{3, [|A]~*}).

Next, put
/1; = Pc(f — Ai,tAi)PC(I — )\Z;l,tAifl) cee Pc(f — )\17,5141), Vite (0, 1),
Al = Po(I — Xy A))Po(I — Ni—1nAi—1) -+ Po(I — M\ A1), Y0 >0,

Ai’ _ T(ijﬁﬂj)(I_Tj’tBj)T(@jflﬁpjfl)(I_rj_LtBj_l) e T(létlle)(I_rl’tBl)’ vt e (0,1),

Tt Tj—1,t s

T,j,'fl Tj_l’n
fori=1,..,N, j=1,..,.M, A = AY = I and A = A? = I, where I is the
identity mapping on H.
It is clear that Fix(7T}) = Fix(T,) = 5. It is also easy to see that A! :
C—C, AL :C—C,Al:C— Cand A}, : C — C are all nonexpansive.
In this section, we introduce the first multistep relaxed implicit extragradient-
like scheme that generates a net {x;} te( ) in an implicit manner:

(3.1)

Al = T(@j’@j)(I_T,ijj)T(@jfl#ijl)(I_rj_LnBj_l) . 'Tél(j);Ml)(I_Tl,nBl)v Vn >0,

O,min{l,f_;jl}
up = TT(S,];/I’@M)(I - TM,tBM)TT(JSJ,M;;WM_I)(I —rym—14By-1) -
T1Sl?tl’¢1)([ - rl,tBl)wh

vy = Po(I — ANtAN)Po(I — AN—1tAN=1) - - Po(I — A+ Ar)uy,
x = Pol(I — st A)Tyoy + s (tyVay + (I — tuF)Tivy)].

We prove the strong convergence of {x;} as t — 0 to a point Z € {2 which is
a unique solution to the VIP

(3.2) (A-=Dz,p—2) >0, Vpe .

For arbitrarily given z¢ € C', we also propose the second multistep relaxed
explicit extragradient-like scheme, which generates a sequence {x,} in an
explicit way:

(3.3)
Onr— _
tn = T P (I = ragn Bar) T 2P (1 = vy 10 Bag—1) -+
(C]
TP (I — 11 3By ),
vp = Po(I = ANpwAN)Po(I — AN—1nAN-1) - - Po(I — M nA1)un,
Yn = YV, + (I — anpuF) v,
Tny1 = Pol(I — snA) T, + spyn), Yn >0,
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and establish the strong convergence of {z,,} as n — oo to the same point
Z € §2, which is also the unique solution to VIP (3.2).

Now, for t € (0, min{l,T2 ;Yl}) and s; € (0,min{3, | A 71}), consider a
mapping Q; : C' — C defined by

Quz = Po[(I — st AT AN AM x4 5,(ty Vi + (I — tuF) T AN AM z)], vV € C.

It is easy to see that @y is a contractive mapping with constant 1 — s4(7 —
1+ t(r —4l)). By the Banach contraction principle, @; has a unique fixed
point, denoted by x;, which uniquely solves the fixed point equation (3.1).

We summary the basic properties of {z;}. The argument techniques in
[11] can be extended to develop the new argument ones for these basic
properties whose proofs will be omitted.

Proposition 3.1. Let {x;} be defined via (3.1). Then
(i) {x¢} is bounded for t € (0, min{1, 2=1});

»T—l
(11) hmt_m th — TtxtH = 0, limt_>0 ||:Et At l’tH =0 and Hmt_)() ||$t -
AM || = 0 provided lim;_,o Ay = % (& limg0 s =0);
(iii) x¢ = (O, min{l 2_—7 ) — H s locally Lipschitzian provided s; :
(0, min{1, 2 - 71}) (0,min{3, ||A[|7}) ds locally Lipschitzian, Ay :

(0, mln{l, — 71}) [az, i] is locally Lipschitzian for eachi=1,..., N

and 7 : (0, min{1, 2

1) — [¢j, dj] is locally Lipschitzian for each

) T— 'yl
=1, .., M;
(iv) x¢ defines a continuous path from (0, 2 1}) into H provided
. (0, min{1, 2 — 71}) — (0, min{3, | A||71) is continuous, Aiy : (0 min{1, 2 — ,yl}) —
[ai, b;] is continuous for eachi =1,...,N, andr;; : (0, mln{l })

[¢j,d;] is continuous for each j =1,..., M.

We prove the following theorem for strong convergence of the net {x:}
as t — 0, which guarantees the existence of solutions of the variational
inequality (3.2).

Theorem 3.2. Let the net {x;} be defined via (3.1). If limy_gs; =0, then
xy converges strongly to a point & € 2 ast — 0, which solves the VIP (3.2).
Equivalently, we have Po(2I — A)T = Z.

Proof. We first note that we have the uniqueness of solutions of the VIP
(3.2), which is indeed a consequence of the strong monotonicity of A — I.

Next, we prove that x; — & as t — 0. Observing Fix(T}) = =, from (3.1),
we write, for given p € {2,

Tt —P=Tt — Wt +Wg—P
=z —w + (I — st A)Tyvy + se(ty Vg + (I — tpF)Tyvy) —

(
=z —w + (I — st A)(Tyoy — Tip) + se[tyVay + (I — tuF) Ty — p] + s (I — A)p
(

=z —wi + (I — st A)(Tyor — Tip) + se[t(WVay — pFp) + (I — tuF)Tiv, —
+St(I - A)pa

(I — tuF)p]
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where wy = (I — s A)Tyve + se(tyVay + (I — tpuF)Tv). Then, by Proposi-
tion 2.1 (i), we have

e = pl?

= (vt —wi,m¢ — p) + (I — stA)(Tror — Tip), 2t — p) + se[t(YVar — pF'p, vt — p)

+H((I —tuF) Ty — (I — tpF)p,x — p)| + se((I — A)p, z1 — p)

< (L= se)llae = plI* + se[(1 = t7) || — plI* + t7l]|2e — p]|?

+H{(YWV — uF)p,z = p)] + (I — A)p, x1 — p)

=1 =57 = 1+ t(r = D))zt = plI* + s:(t{(yV — pF)p, e — p) + (I = A)p, 2 — p)).

Therefore,

1

4 —p|? <

(tH{(YV —=pF)p, xe—p)+((I=A)p, xs—p)).

Since the net {xt}te( 2-5 4 is bounded (due to Proposition 3.1 (i)), we
)

0,min{1, =%
know that if {¢,} is a subsequence in (0, min{1, f:jl}) such that t, — 0 and

xt, — =¥, then from (3.4), we obtain x;, — z*. Let us show that z* € 2.

Indeed, by Proposition 3.1 (ii), we know that lim, o ||x¢, — T3, 2, || = 0.
Observe that
[P = A,V e, — 2|l = llst,@e, + (1= 50,) Ty, @1, — 2, ||

= (1 = st ezt — 24,
S |’1—‘tn$tn - xtn”?

where s;, = ﬂ%L € (0,3) for Ay, € (0,2). Hence we have

|1Pc(I — 2V f)a, — a,|

<N Po(I = 2V far, — Po(I = M,V fag, | + [|Po(I = M,V )z, — x4, ||
<\ =3V a, — I = M,V )z, | + [|Po( = A, V )z, — |

< (2 = M)V @)+ 1T, 20, — 2, |-

From the boundedness of {zy,}, sy, — 0 (& A, — 2) and ||T}, 24, — 21, || —
0, it follows that

* 2 * . 2
o = Po(I = 2V = lim a1, — Po(I = 2V f)a, || =0

So, z* € VI(C,Vf) = E. '
Furthermore, it can be shown that A z;, — z*, A uy, — x*, ug, — o
and v, — x* where j € {1,...,M}, m e {1,..., N}. Let

~ Apv+ Nov, veC,
ﬂ”—{ 0, v C,

where m € {1, ..., N}. By a standard argument, we can show that
(v—2a*,u) >0.

Since T}, is maximal monotone, we have z* € Tvn_l 10 and hence z* € VI(C, A,,),m =
1,2, ..., N, which implies x* € NN_,VI(C, A,;,). Next we prove that z* €
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ﬂjj\ilGMEP(Qj,apj,Bj). Since A{nxtn = TT(J tj’%)(l — rj’tnBj)Ag;lmtn,j €
{1,..., M}, we have
A wy, — Ay,

. . i1 . . "
QJ(A‘Z"‘rtn7y)_‘_(loj(y)_SOJ(Agnxtn)—i_(B]Agn xtn7y_Agnwtn>+<y_Agnxtn7 T't > Z 0
Jstn

By (A2), we have

j j—1 j Aznxtn - A{n_l:rtn
0i () =i (AL 20, ) +(B A g, y— AL v, )+ (y—A] o~
J7 n

Let z; =ty + (1 —t)z* for all ¢ € (0,1] and y € C. This implies that z; € C.
Then, we have
(3.5) '

(2t — A w1, Bjzt) , , -

> (A7, 21,) — @j(2) + {Zf — A} w1, Bjze) — (2 — Ay, BiAL wy,,)

. AJ niAJ* " .

—(2t — 4§n$tnv W) + 0;(a, Al x,,) '
= ¢;i(A7,21,) — wj(2) + (2t — A] w4, Bjze — Bj A w,,)
"‘(Zt — Agn&?tn, BJAin{L‘tn — B]A§;1$tn> — <Zt — Agnﬂi‘tn,

> Z 8,7(:‘/7A‘1];"xtn)

Al g anj_lx n i
%> + Qj(zt,Ainxtn)-
Note that HBjA{nxtn - BjAg;1$tn|| — 0 as n — oo. Furthermore, by the

monotonicity of Bj, we obtain (z; — Ainmtn, Bjz — Binna:tn> > 0. Then,

by (A4) we obtain

(3.6) (s — 2% Byza) > 5(@") — 95 () + Oy (z027).

Utilizing (A1), (A4) and (3.6), we obtain

0 = Qj(ztvzt) + SDJ(ZL‘) ‘P](Zt)
<tOi(21,y) + (1 — 1) 0j(z, %) + tp;(y) + (1 — )i (x*) — pj(21)
< t[0;(z,y) + 9 (y) — @j(2)] + (1 = t){z — 2%, Bjz)
=t[0;(z1,y) + ¢ (y) — ¢ (2)] + (1 = )y — 27, Bjz),
and hence

0< Oj(zt,y) + i (y) — wj(z) + (1 = t)(y — 2", Bjz).
Letting t — 0, we have, for each y € C,
0< 0;(x%y) +»j(y) —pj(@") + (y — 2", Bjz").
This implies that * € GMEP(6;, ¢;, B;) and hence z* € ﬂjj‘ilGMEP(QJ, v, Bj).
Therefore, 2* € N}L, GMEP (6, ¢;, Bj) NN, VI(C, A;) N 5 =

Next, we prove that z; — & as ¢ — 0. First, let us assert that z* is a
solution of the VIP (3.2). As a matter of fact, since

Ty = T — Wt + (I — stA)Tt/liVA,ngt + St(t’)/VZL‘t + (I — tMF)TtAéVA?/I.Z‘t),
we have

LIZ‘t—TtAiVAiwl‘t = ﬂ?t—’wt+St(I—A)TtA£VA£Ml’t+Stt(’}/VﬂS‘t—[LFTtAiVAiM[Et)
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Since Ty, AY and AM are nonexpansive mappings, [—T; A AM is monotone.
So, from the monotonicity of I — T3 AN AM it follows that, for p € 12,
0 < (I =TAY Ay — (I = TAY A )p, 2y — p) = (I = ToAY AM )z, 20 — p)

= (x1 —wy, 2 — p) + se((I — ATAY AM wy, w0 — p) + sit(WVay — pFT AN APy, 20 — p)
< se((I = AYTAN AV g 2y — p) + st (VW — pFTAY Ay, 2 — p)
= s((I — Az, 20— p) + (I = A)TAN AN — Dy, 20 — p)
+sit( YWy — pFTAN AMzy, 2y — p).

This implies that

(A=Dzy, xe—p) < (I-ANTAY AY =Dy, m—p)+t(7Va—pFT,AY AY @y, 20—p).

That is,
(3.7)
(A= Dy, ze —p) < (I = A)(Tyve — @), w0 — p) + {7V — pFTyve, 2 — p).

Now, replacing ¢ in (3.7) with ¢,, and letting n — oo, noticing the bounded-
ness of {yVx;, — pFT;, v, } and the fact that (I — A)(T}, ve, — x4,) — 0 as
n — 00, we obtain

(A= TIz*,z* —p) <0.
That is, * € 2 is a solution of the VIP (3.2); hence z* = Z by uniqueness.
In summary, we have proven that each cluster point of {z;} (ast — 0) equals
Z. Consequently, x; — Z as t — 0. O

Now, we prove the following result in order to establish the strong con-
vergence of the sequence {z,} generated by the multistep relaxed explicit
extragradient-like scheme (3.3).

Theorem 3.3. Let {x,} be the sequence generated by the explicit scheme
(8.3), where {ay,} and {s,} satisfy the following condition:

(C1): {an} € [0,1], {sn} C (0,3) and s, — 0, s, — 0 as n — oco.
Let LIM be a Banach limit. Then

LIM,,((A—1)Z,& — x,) <0,
where & = lim;_,o+ x¢ with z; being defined by
(3.8) 1zt = Po[(I — s; A)TAN AM gy + s,(ty Vg + (I — tpuF)T AN AMgy)],
where T, AN, AM . C — C are defined by

Tx = Pco(l — %Vf)a;,

ANz = Po(I = ANAN) - Po(I — M Az
and
AM g — TT§3M,<.DM)(I —ryBa) - _TT(191,<.01)(] —r Bz

for Ai € [a;,b;] C (0,2m;),i = 1,...,N and r; € [cj,d;] C (0,2u5),5 =
1, .., M.
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Proof. First, note that from the condition (C1), without loss of generality,
we may assume that 0 < s, < ||A||7! for all n > 0.

Let {z;} be the net generated by (3.8). Since T, AV and AM is are
nonexpansive self-mappings on C, by Theorem 3.2 with Ty = T, AN = AN
and Ai\/l = AM there exists limy_0x; € 2. Denote it by &. Moreover,
Z is the unique solution of the VIP (3.2). From Proposition 3.1 (i) with
T, =T, AN = AN and AM = AM we know that {z;} is bounded and so
are the nets {V,}, {AM:Ut} {ANAM 3} and {FTAN AM 2}

First of all, let us show that {x,} is bounded. To this end, take p € 2.
Then we get

lyn =2l = llanyVan + (I = anpF) T, A Apta, — p
= Han('ﬂ/xn — uFp) + (I — anp P T AN A xn — (I — anpF) T, A7 AN p|
< apYl|jzn = pll + anl|(VV = pF)pl[ + (1 = an7)|lzn — p
= (1 — an(T =)0 = pll + anl|(YV — nF)p],

which together with Lemma 2.15, implies that

PC[( - SnA)TnAﬁ[Af\z/[xn + Snyn] - pH

( — Sn )Tn/lqjva%xn + BnYn — p”

(I —snA) nAévA%xn - (I - snA)Tn/lf]VAﬁ/[p + 50 (Yn — p) + s (L — A)p||

(I — sn )TnArijr]\L/lwn — (I - SnA)TnAf”LVA’f’prH + snllyn — pll + snlll — All[lpll
L= sp¥)|lzn — pll + sn[(1 = an(T — 1)) [|l2n — pll

anll(YV = wF)pll] + sn |1 — Alll[p]|

(L= sn(y = D)z — pll + su(I(0V — pF)p|| + 11 — All[|p])

= (1= s,(5 — 1) ||lzn — pll + $n (7 — )||(’Y —pE)p|+IT=Alllpl

y—1
I H(vV—uF)pllJrIII AH”PH}
) ry_

lZns1 — pl

—_—~— — —— ——

I/\_|_|A IATIA I

< max{||z, —p
By induction
(YW = wF)pll + ([T = Allipll
¥y—1
This implies that {x,} is bounded and so are {Vx,},{un}, {vn}, {F'Thvn}
and {y,}. Thus, utilizing the control condition (C1), we get

e — pll < max{[lzo — p|, ! }, ¥n>o.

Po[(I — 8, A)Tnvn + Snyn] — Thon||
( - SnA)T Un + SnYn — n'UnH
snllyn — ATyvp|| = 0 as n — oo.

|Zn+1 — Tovn|

H IA I

One can show that

— 2
(3.9) | TANAM g — T AN AM g || < | AN AM gz, — AN AM | + M| 7 = Anl.

where sup,>o{L||Pc(I — 2V f)vp|l + 4|V f(vn)[| + L|va||} < M for some
M > 0. Also it is not difficult to derive that

N
(3.10) (| AN AM g, — AN ANz || < Mo Y [Ni = Ain| + | AM 2 — AN,
=1
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where supnzo{zi]il | A; A AM 2 1} < M, for some My > 0. Observe that

M
(3.11) [AM gz, — AM g, || < M Z s = Tjnl,
Jj=1

where sup, {312 1B A9 | 41 T80 #2) (1 By) AT (11 By) AT [} <
M, for some M > 0. In terms of (3.9)-(3.11) we calculate

|TAN AM g, — T AN AM || < | AN AM g, — AN AM | ;M!% — Al

— — 2
< AM @y, — AMay | + Mo > X — Xin| + Ml = Al

i=1
M

N
A — —~ 2
< M; E ‘Tj—’l”j,n|+M0£ |)\i_)‘i,n|+M|E_)‘n|‘
j=1 =1

Consequently, it is not hard to find that
(3.12)
|TAN AM 2y — 21|
<N TANAM gy — TAN AM g, || + | TAN AM g, — T AN AM || 4 (| T AN AM 2y, — 220011 |

M N

< e — anll + MlZVJ' — Tjnl + MOZP‘@' — Aim| + M|% = An| + [ Thvn — Tnia |
j=1 i=1

= |zt — @nll + €,

where €, = M) Zgjvil |Tj _Tj7n| + My sz\il |Ai — )‘i,n‘ +M|% — Al + | Trvn —
ZTnt1]] — 0 as m — 0o. Also observing that A is strongly positive, we have

(3.13) (Azy — Az, xp — ) = (A — o), 24 — T0) > 7|2 — mnH2

For simplicity, we write w; = (I—s;A)TAN AM x5, (tyVay+ (I —tuF)T AN AM z,).
Then we obtain that x; = Pow; and

Tt — Tp41

=a; —wi + ([ — s A)TANAM 3y + s, (ty Vg + (I — tuF)TAN AM 2y) — 2,14

= (I — s A)TANAM gy — (I — 5;A)xpy1 + se(tyVay + (I — tuF)TAN AM gy — Az, q)
+xs — Wy.

Applying Lemma 2.7, we have
(3.14)
It — a2
S ”(I — StA)TANAM$t — (I — StA).’EnJ,_lHQ
425 (TAN AM gy — t(WFTAN AM gy — A Vixy) — Axpyr, 20 — Tpy1) + 2(2p — we, T — Tpgr)
< ||(I — StA)TANAM{L‘t — (I — StA)ZL‘nJrle
125 (TAN AM gy — t(WFTAN AM gy — AVixy) — Axpyr, 2 — Tpy1)
S (1 — St:}/)QHTANAMZCt - l‘n+1”2 + 2St<TANAMCCt — T, Ty — I‘n+1>
—28it (WFTAN AMzy — Vg, 24 — 2pg1) + 250(w — A1, T4 — Tpg1)-
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Using (3.12) and (3.13) in (3.14), we obtain

(3.15)
lz¢ — @nga |2
< (1 — St’y)2‘|TANAM$t - 1:n+1”2 + 28t<TANAMCCt — T, Tt — $n+l>
+2sit(YVay — uFTAN AMay 2y — 2 1) + 280(xt — AZTpy1, T — Tpgr)
< (1= 59)*(llee — @nl| + €0)* + 28| TAN AMy — ||y — w1 |
+254t||yVay — uFTAN AM x| || — i1 || + 28¢(xs — ATpi1, ¢ — Tg1)
= (57 = 280)7 || — @nl® + |z — 20l
+(1 = s9)*[2llwe — @nllen + €n] + 25| TAV Ay — |||z — 2|
+254t||[yVay — uFTAN AM gy| ||y — i1 || + 28¢(xs — ATpi1, ¢ — Tt1)
— (27— 25070121 — 2l + |52 — 2all? + (1 — 567220 — Tnllen + €2
125 | TAN AM 3y — 24| | — Trar || + 286t | YV s — uFTAN AM gy]| || — 201 |
+2s1(xy — ATpy1, T4 — Tptt)
< (577 — 2s¢)(Awy — Azp, o0 — ) + [loe — 2al? + (1 = 59)?[2l|2e — zallen + €]
4284 || TAN AM 3y — 24| || — Trgr|| + 286t | YV s — pFTAN AM gy]||| 2 — 21|
+25t<xt - A$n+1, Tt — LL’n+1>
= $29(Azy — Axp, vp — ) + |20 — 20| + (1 — 89)?2]|2t — 2nllen + €2]
1254 | TAN AM 2y — |||zt — Tt || + 256t || YV e — pETAN AM gy ||| 24 — Ty ||
+2s¢[(x — Axpyr, T — Tpp1) — (Azy — Azp, 2 — 20)]
= S23(A(y — n), 21— ) + 70 — 22+ (L — 567 RlJe — nlen + €]
428 |TAN AMzy — wy||||2 — Tngr || + 286t||[ YV ey — pFTAN AM ||| 24 — 21 |
+25[((I — A)xg, xp — Tpg1) + (A(ze — Tps1)s Tt — Tos1) — (Alxy — o), 20 — xn) ]

Applying the Banach limit LIM to (3.15), from €, — 0 we have
(3.16)
LIM,, ||z — xn+1H2
< S2ALIM, (A(xy — x0), 2 — 20) + LIMy, ||y — 2, ||
4284 | TAN AM 3y — 24| LIM,, || 2 — 2yt || + 286t |y Vg — pFTAN AM g |LIM,, ||z — @i |
—|—2St[LIMn<(I — A)l‘t, Ty — a?n+1> + LIMn<A(SL't — ZL‘n+1), Ty — l’n+1>
—LIM,, (A(xt — @), Tt — Tp)].

Utilizing the property LIM,a, = LIM,a,+; of the Banach limit in (3.16),
we obtain
(3.17)
LIM, (A — Izy, 2y — x0)
= LIM,, ((A — I)x¢, 2 — Tp11)
< SILIM, (A(zy — xn), T — @) + %&[LIMont — x| = LIM,, ||z — 21 ||?]
HTAN AM 2y — 24 ||LIMy, ||z — || + [y Vzy — pFTAN AM g, ||LIM,, ||z — ]|
+LIM, (A(2s — 2py1), 2t — Tnt1) — LIMy (A(2y — 20), 20 — 20)
< SOLIM, (A(ze — @), o — ) + || TAN AM 2y — 24| LIM,, |2y — 2|
+t|yVay — uFTAN AM 4| LIM,, || 2 — 2]

Since as t — 0,

(3.18) st{A(xy — ), ¢ — xn) < s¢||All]|ze — :Cn||2 <siK — 0,
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where | Az — za|]? < K,
(3.19)
I TANAM 2y — 24| = 0 and  t|yVay — uFTAN AM 2| -0 ast — 0,

we conclude from (3.17)-(3.19) that

LIM, (A — )7, 7 — a)
< lim supLIM,, ((A — Iz, 2y — xp)
t—0

< limsup Y LIM,, (A(2¢ — @), 21 — ) + limsup||TAN AM gy — 4 ||LIM,, ||z — 20|
t—0

t—0
+lim supt||yVa, — pFTAN AM 2 ||LIM,, ||z — 2
t—0
=0.
This completes the proof. O

Now, using Theorem 3.3, we can establish the following strong conver-
gence of the sequence {z,} generated by the multistep relaxed explicit
extragradient-like scheme (3.3) to a point € {2, which is also the unique
solution of the VIP (3.2) whose proof is omitted.

Theorem 3.4. Let {x,} be the sequence generated by the explicit scheme
(3.3), where {an} and {s,} satisfy the following conditions:

(C1) {an} C[0,1], {sn} C (O, %) and oy, — 0, 8, — 0 as n — oo;

(C2) Y00 ) sn = 0.
If {zn} is weakly asymptotically regular (i.e., xpy1 — xn,, — 0), then x,
converges strongly to a point & € {2, which is the unique solution of the VIP

(3.2).
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