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Abstract

In this paper. we introduce the degenerate Daehee numbers and study a family ol differential equations
associaled with the generating function of these numbers. From those differential equations, we will be able
to obtain some new and interesting combinatorial identities involving the degenerate Dachee numbers and
generalized harmonic numbers.
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1. Introduction

The Daehee polynomials Dy) () of order r are given by the generating function

(=) -3 @5 (1)

For z = 0, DS,,T) = DT(ZT) (0) are called the Daehee numbers of order r. In particular, if » = 1, then
D, (z) = DY (x)and D,, = DY are respectively called Daehee polynomials and Daehee numbers.

As a degenerate version of Daehee numbers D,,, we introduce what we call the degenerate Daehee
numbers D,, y defined by

Aog (14 $log (1 + At - n
og (1+ 3 log (14 At)) = N (1.2)
log (14 At) — !
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We observe here that D, y — D, as A = 0. Also it is easy to see that

& . (=t -
DmAZE:&oLoA in:§:(kglsﬂmwx L (1.3)
=0 =0

Here S (n,1) is the Stirling number of the first kind.

Many mathematicians have studied the arithmetic and combinatorial properties of degenerate versions
of special numbers and polynomials, some of which are the degenerate Bernoulli polynomials (also called
Korobov polynomials of the second kind), the degenerate Bernouili polynomials of the second kind (also
called Korobov polynomials of the first kind), the degenerate Euler polynomials, the degenerate poly-
Bernoulli polynomials. the degenerate poly-Bernoulli polynomials of the second, the degenerate falling
factorial polynomials, and the degenerate Changhee polynomials (see [2] [1} [4) [8 13} 15, 16}, 23])

On the other hand, in [9, 10], Kim and Kim, and Kim developed some new methods for obtaining
identities related to Bernoulli numbers of the second kind and Frobenius-Euler polynomials of higher order
arising from certain non-linear differential equations. This idea of obtaining some interesting combinatorial
identities by using differential equations satisfied by the generating function of special numbers or special
polynomials turned out to be very fruitful (see [9] 10, 12} [14]).

The generalized harmonic numbers are defined as follows:

Hyo=1, forall N, (1.4)
1 1 1
Hyi=Hy= — 4+ — 4 f = 1.
AE A A e T (1.5)
Hy_1;-1  Hy—2;-1 H; 11 .
N  CEF R (16)

These special numbers have appeared previously in the paper [9].

The purpose of this paper is to introduce the degenerate Dachee numbers and study a family of differential
equations associated with the generating function of these numbers. From those differential equations, we
will be able to obtain some new and interesting combinatorial identities involving the degenerate Daehee
numbers and generalized harmonic numbers.

2. Differential equations arising from the generating function of degenerate Daehee numbers

Let .
F(t)=F =log <1+)\log(1+)\t)> : (2.1)
Then, by taking the derivative with respect to ¢ of (2.1)), we get
FW:EF@ (2.2)
dt
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From , we note that
d
F® = —pd) 2.3
g (2.3)
(DX _p 1 W\ —F
= -F
L+ A2 +1—|—)\t( )6
_ (=1 A o F (-1) o—2F
(1+ At)? (1+ At)?
Further, by taking the derivative with respect to ¢ of , we obtain
d
B - 2 p@ 2.4
o (2.4)
(1?23 5 (=D n) - F
) G LW
(1+ \t) (1+ M)
J— 2 —
+( 1) 2?)6—21?4_ (-1) . (—2F(1)> o—2F
(1+At) (1+ At)
(-1)° 2 F —2F —3F
_.I_
Continuing this process, we are led to put
1 N
F(N)_ﬂz W (N[ N)e —kF (2.5)
S '
=1

for N=1,2,3,....
On the one hand, from ({2.5)), we have

pven) _ 4y

—kF
HMNHZ% (N [A)e

1+/\tNZa’“NM< ) -

—kF
1+MN+1§:C”C (N [A)e

()Y Z —(k+1)F
(142"
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N N+1
(1+/\tN+1Z ~ D (N e
(-~

N
= —— 2 IANay (N[N e T+ (ANap (N | A) + (k=1 ap_y (N |N)e ™
(1+)\t)N+1 { 1 % k k—1

+Nay (N | ) e N+1>F} .
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On the other hand, by replacing N by N + 1 in (2.5)), we get

I -

—kF
(14 AN =

Now, by comparing (2.6) and (2.7, we have
ar (N+1]X)=ANa; (N |N),
aner (N +1]3) = Nay (N | A),
ak(N—f-l|)\):)\Nak(N])\)+(k—1)ak_1(N|)\),

N+

(2<k<N).
From (2.2)) and (2.5)), we note

o 1

1

_F _F
—ar (1] X :
1+)\t6 ar (1) c

1+ Mt

Thus, by (2.11]), we obtain
ap (1| N =1.

In addition, from ([2.3)) and ({2.5)), we observe
pe_ (DA p n (=1) _—or

1+ A 1+ \)?
— (1(;2)2 (a1 2| Ne F+az2|N €—2F) '

Hence, from ([2.13]), we have
a1 (2| A) =X, a2(2|N)=1.

(2.11)

(2.12)

(2.13)

(2.14)

Now, we are ready to determine ay (N + 1 | A)’s appearing in (2.8)), (2.9) and (2.10). From ({2.8]), we get

ai (N+1]X)=ANa; (N |
=ANA(N—=1)a; (N—=1]x)

=(AN)A(N —1)---X2a1 (2| N)
=\VNL.
By , we have

CLN+1(N+1|)\):NCLN(N‘)\)
=N(N—1)an_1 (N -1}

':N(N—l)---2a2(2|)\)
= N,

(2.15)

(2.16)

We remark here that the N x N matrix with the (i, ) entry given by a; (j | A)(1 < i,7 < n) is given by

1A A28 o ANV - )]
0 2!

0 o 3

00 -~ 0 (N —1)!
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We now turn our attention to ag (N + 1| \), for 2 < k < N. For k = 2 in (2.10), we have

az (N +1] ) (2.17)
=ANaz (N | A) + a1 (N | A)

= ANay (N | A) + AV "LV —1)!

=AN (AN = 1)az (N =1 A) + A\ "2(N = 2)1) + AN (N - 1) (2.18)

1 1
= MN (N -1 N -1 N=Int [ — 4 —
NN (N — 1) ag ( [ A)+ A NIt

=XNN(N-1) (AN —2)as (N =2 A) + A3 (N =3)1) + AN 1N <N1_+]ir)

1 1 1
! n o o N—1nan| =
MN(N=1) (N =2)as (N =2]A)+A N-<N_2+N_1+N>

11 1
N-1 N—-1

= N(N—-1)---2ao (2 N[ 2+ 24—
A ( ). 2a (2| \) 4+ A <2+3+ +N>
= \V"INIHy ;.

Here and in below Hy (0 < j < N) are as defined in (1.4), (1.5) and (1.6).
For k = 3 in (2.10)), we obtain

az (N +1]X\) (2.19)
= ANaz (N | A) +2a2 (N | )
= ANaz (N | A) + 20V "2(N — 1)!Hy_ 11
=AN (A(N = 1)ag (N =1 A)+2\V"3 (N —2)!Hy_o )
+2NVT2(N — D) Hy-14

Hy_on  Hy-
:)‘QN(N—U@B(N—H)\)+2!)\N2N!< Noa1 | Hy M)

N -1 N

= NN (N -1) (AN =2)az (N =2 A) + 2V (N = 3)!Hy_3,)
Hy 21 n Hy_ 11

N -1 N

+2 V2N (

= NN (N —1)(N =2)az (N —2|A) + 2N"2N1 <HN371 An-2. HN“)

N -2 N -1 N

H
= AV2N (N —1)---3a3 (3| A) + 2IA\V 2N <§1 +

_ Hi1  Hy; Hy_ 11
— 2NN o ’
(Tt M)

=2\ "2NIHy 5.

Hs Hy 11
4 + + N

Proceeding similarly to k = 2 and k = 3 cases, we can show that
as (N +1|X) =30V "3NIHy 5. (2.20)
Continuing in this fashion, we can find that

ag (N+1[2) = (k-1 INIHy, 4, (2<k<N). (2.21)



D. S. Kim, T. Kim, J. Nonlinear Sci. Appl. 5

Here we observe that (2.21]) holds also for k =1 and k = N + 1 (cf. (2.15)), (2.16)).
Thus, from (2.21]), we obtain the following theorem.

Theorem 2.1. For N =1,2,3,..., let us consider the following family of differential equations:

_ N
FNV) = 1 N At ——— Z DINVR(N — D) Hy 1 g 107, (2.22)
=1

where

Hyo=1, forallN,

1 1 1
Hvi=fv=gt g3+t
Hy 151  Hy_—2,-1 Hj 11 .
Hn o = »J »J Tt ¥ e 2< 5 < N

Then the above family of differential equations in (2.22)) have a solution

F:F(t):log<1+ilog(1+)\t)>.

3. Applications of differential equations

Here we will use Theorem [2.1]in order to derive some new and interesting identity involving the degenerate
Daehee numbers and generalized harmonic numbers.

From (2.1)), we get

Alog (1+ $log(1+At)) 1
log (1 + At) A

- (i DZ,AED (i (_1731m1>\m1tm>

m=1

Z n—1 -Dl, /\)n -1 tn
I n—1 '

=0

F(t) = log (1 + At) (3.1)

On the one hand, from (3.1]) we obtain

F) (3.2)

o n—1 _y\n—l-1
S () (ZD;!,M i )tn_N

n=N =0
oo n+N—-1 n+N—-1—1
Dy (—=X)
= N : "
e (S SO

n+N—1 Diy (—A) N1 ﬁ
nl’

:;(”+N)!<Z I _n—l—N—l

=0

where (z)y =z (r—1)---(x = N +1), for N > 1, and (x), = 1.
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Now, we observe that

ekl (3.3)
= io: (7k)m1 le
= mq!
> 1 1 i
= Z (k)™ — <log <1+log(1+)\t))> (3.4)
S— m1 A
= ™2 (log (1 + At
-3 (- Z Sy (ma, m1) ( ) (log (1 + At))™
A mg!
m1=0 mo=mi
o mo
S (8 o)
mo=0 \m1=0
x - th
Xm;@ S1(m3,ma) A g
m — tms
Z Z Z ' 51 (ma,my) S1 (g, mg) AT | —
m3=0 \mo=0m1=0 ms:
In turn, (3.3) gives us
1 —kF
——e¢ 3.5
(14 x)™ (3.5)

(e (N1 g
(BT er)
X Z (Z Z mlSl mg,ml)Sl(mg,mg))\m3 m2> :;3'

m3=0 \m2=0m71=0

3 (30 55 5 e (1Y @ 0

m3=0mo=0m1=0

tn
X K™ A28 (mg, my) Sh (M3, ma)) nl

On the other hand, from (1.2 and (3.5) we have

-3 (Y3 5 S 30

k=1 m3=0m2=0m1=0

x (—1)rtmatms ( ) (N+n—-mg—1),_,. (k—1)k™

m3
tn

X)\N+n_k_m2 Sl (m2’ ml) Sl (m3, m2) anl,k*1> 7[
n.

By equating (3.2) and (3.6[), we finally get the following theorem.
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Theorem 3.1. For N =1,2,3,..., andn=0,1,2,..., we have

Ntn—1 .
Ntnt1 (n 4 N)! +Zn Dy (=AML

-1
(=1) (N-1)! & I n+N-I

n

S35 S S e () (-,

1m3 Omg Om1

x (k — )lkmlANM*k*mQSl (ma,m1) St (m3, m2) Hy_1 3—1,

where Hy ;’s are as in (1.4), (L.5) and (1.6).
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