Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. ,

Research Article

Nonlincar Sciences

-LfEAL Journal of Nonlinear Science and Applications
=) o

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Some transcendence properties of integrals of Bessel
functions

Gulsah Oner?, Mikhail V. Neschadim®, Tahsin Oner®

?Dokuz Eylul University, 35210 Izmir, Turkey.
bSobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk, 630090, Russia.
“Department of Mathematics, Ege University, 35100 Izmir, Turkey.

Abstract

We prove that some integrals of Bessel functions are transcendence over ring of Bessel functions with
coefficients from the field of rational fractions of one variable.
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1. Introduction

In 1990 Lawrence Markus formulated the next problem:

Problem. Consider the differential field F' < Jo, J1,J2,... >, where F is the differential field of all
elementary functions over C(z). Is f J1 x)dzx in this field F' < Jy, Ji, Jo, ..

In the paper [11] the partlal answer was obtained to this question. More exactly, Sibuya Y. proved that

/J € C(a)[Jo(@), Ji(2)] if n = 1(2),
' ¢ C(x)lo(a), Ji ()] if n = 0(2),

and also [ J3(z)dx € C(z)[Jo(x), J1(z)].
In this paper we develop a technique from the paper [11] and prove that
L [ Jp(@)de & C(a)[o(@), Ji(w)], if m > 2.
2. [ (z)dz & C(z)[Jo(), Ji(2)], if m > 2.
3. [ J2(z)dx & C(z)[Jo(z), Ji(z)], if n > 0.
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In connection with the obtained statements, the following hypothesis naturally arises:
Hypothesis. If n > 0 and m > 2 then

/ I (@)de & C(2) o), 1 (2)].

Problems of this type are directly connected with the questions of differential algebra [4, Bl O] 10]. At
first, it is a statement as Liouville’s theorem that integrals of some differential equations are expressed by
elementary functions. Classical result of this kind is the theorem of Holder [3] that the Gamma function
I'(x) of Euler is not a solution any algebraical differential equation over field C(z) of rational functions of a
complex variable z. In our paper we use Siegel’s theorem [12] about algebraical independence functions z,
Jo(z), Ji(z) over the field C. Also these questions are connected with the problems of analytical theory of
numbers and problems of transcendence. For example, Shidlovskii A. B. (1959) proved usual theorems on
the transcendence and algebraical independence of values in algebraical points, a sufficiently wide class of
entire functions which are solutions linear differential equations with polynomial coefficients (see [7]). Some
consequences of this direction can be found in [I} 2] [6].

2. Main results

Let C be the field of complex numbers, = the complex variable and let C(x) be the field of rational
functions with variable x. For every nonnegative integer n, let us denote by J,,(x) the Bessel function of the

first kind of order n, i.e.
T\ <X (=D 2
= (3) X (2)

We consider the ring C(x)[Jo(z), J1(z)] of polynomials in Jy(x) and J;(z)] with coefficients in C(z).
We remind some well known facts about the Bessel functions [8| [13].

d
1. If 6 = xd—, then functions J,(x), n > 0, are solutions of the equation
T
Py 4 (22 —n?)y =0.

In particular, §2Jy(z) = —22Jo(z).
2. The following recurrence relations hold:

Jni1(z) = Jp_1(x) — 2Ju(2)', n>1,

rJpui1(z) = ndy(z) — xJy(x)’, n >0,

Tsa(2) = %”Jn(x) (@), n> 1,
Ji(z) = —J[)(.’L')/.

d . .. .
Here 1 denotes /. From the third relation it can be obtained that
T

C(@)[Jo(@), Ji(2)] = C(2)[Jn(2), Jnt1(2)], n > 0.
From these second relation
C(2)[Jn(x), Jnp1(2)] = C(2)[ (), 6Jn(x)], 7> 0.
From these relations we obtain that the field C(x)(J,,(z),dJ,(z)) is a differential algebra and it’s equal to

C(2)(Jo(), 8Jo(2)) = C(x)(Jo(x), J1(x))-

In addition, we will use the next fact
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3. Functions z, Jy(x), Ji(x) are algebraically independence over the field C [12].

Now we proceed to formulate and prove main results of this paper.

Theorem 2.1. For every m > 2, we have

/ Jo(@)™dz ¢ C(x) [ Jo(x), ()]
Proof. Assume, to the contrary, that we have

[ D@z € Cla)luta), ha)
Since xJ1(z) = —dJp(z), it follows that

[ @z € Cla)ln(a), s o)]
Hence, there is a polynomial F(x,&,n) € C(z)[&, n] such that

d

Ioa)™ = P, o). 80(2) + (ofe) e F (o Jfe), Bo(a) ¢

+(5J0(x))'£7F(x, Jo(x), 8Jo(x))

or
0 0
zJo(x)" = x%F(aﬁ, Jo(x),0Jo(z)) + 5J0(a:)8—§F(a;, Jo(x),0Jo(x))+
0
—|—(52J0(:L')8—77F(x, Jo(x),8Jo(x)).

Since 62Jo(z) = —2?Jo(x) and function z, Jo(x), J1(x) are algebraically independence over field C, we have
the identity

26™ = 20 F(3,6,m) + 1 F (3, £,1m) — 2% -0 F(3,£,1) 1)

- 81’ ySH M 7785 Sy T 877 yS>1)-

Write F' as a sum

F(x,€,1m) = Fo(x) + (Fio(x)n + Fiu(2)€) + ...+ Y Frin™ € + ...

i=0
m . .
where > Fy,n™ ¢ is the homogeneous component of F' of order m with variables &, 7. Substitute this
i=0
presentation of F into (1) and consider its homogeneous component of order m:
xé-m = Z Fmi(fE)/nm_ZSZ + Z Z'Fmi(lf)ﬂm_z+lgl_l o Zx2le($)(m . i)?’}m_z_lfl—i_l. (2)
i=0 i=0 i=0
Splitting (2) on monomials of £, 1, we obtain the system of identities:
x = 0Fm(x) — 2 Fpm-1(2),
0 = 6Fpm-1(z) + mFun — 22%F ma(2),
0 = dFnm—a(x) + (m—=1)Fpm-1 — 322F,m;m3(2),
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Let H; = Fyi, i =0,...,m, H = (Hy,...,Hy,)! is the vector-column, "t” - transpose, and

01 0 ... 00 0 0 0 ... 0 0
00 2 ... 0 0 m 0 0 e 0 0
Ay = 0 0 0 ... 00 A = 0 m—1 0 ... 0 0
00 0 ... 0 m 0 0 0 ... 0 0
00 0 ... 0 0 0 0 0 .. 10

are the matrices of order (m + 1) x (m + 1). Then we can write this system as

6H + (Ag — 22 A1) H = ze, (3)
where e = (0,0,...,0,1)!. Vector-column H(x) is a rational solution of this equation. The operator &
increases the degree of simplest fraction on unit

1 k k
5 - o _ oo k>

(x —z0)kF  (z— o)t (z—x0)

Therefore, if we present H(x) as the sum of simplest fractions and substitute it in this equation, then we
obtain

C Cr_ C
H(x):iJrx:_ll+...+?1+BO+le+...+Bna:”,

where Cy, ..., B, are vector-columns with elements from C. It means that the decomposition H (z) as the
sum of simplest fractions has only fractions of the form 1/zF.

Substituting H into (3) and equating coefficients under identical degrees x, we obtain the system of
equations

“kCy 4+ AoCh _—
—(k=1)Cx—1 + AoCr— = 0,
—(k=2)Ch—2 + ACr—2 — A1C, = 0,
-C1 + ACy - AC3 = 0,

AoBy — A1Cy = 0, @
By + AB1 — ACT = e
2By + AyBy — AiBy = 0,
nB, + AyB, — A1B,_o = 0,
A1B, 1 = 0,
A1B, = 0

Since the eigenvalues of matrix Ag are equal to zero, it follows from first k£ equations that we find
Ch=Ci_1=...=C1=0.
From the remaining equations, we consider subsystem with odd indices

(E + Ao)Bl = e,
(BE+ Ag)Bs = AiBy,
((2s+1)E + Ag)Bast1 = A1Bos_q,
A1Bosy1 = 0.

For arbitrary matrix A = (aj;) of order p x ¢ over the field R, we denote by o(A) the matrix of order

p % ¢ which consists of 0 and £1, and o(A),; = signay;.

ij
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Now calculate sequentially the vectors o(B1), o(B3), .. ..
Note that if u > 0 then

1 -1 1 .. —1)m
0 1 -1 ... 1)m+t
_ 0 1 e 1)m+2
o((uE + Ay) ™Y = (1)
0 0 0 ... -1
0 0 0 ... 1
Consequently
o(B1) =o((E+ Ap)~te) = £(1,-1,1,...)%,
o(Bs) = 0((3E + Ag)'B1) = £(1,-1,1,...)",
U(BQS+1> = :l:(17 17 17 )t
But from the equation A;Basi1 = 0 it follows that Basiq = (0,0,...,%)!, a contradiction, and the proof is
complete. O

Theorem 2.2. For every m > 2, we have

[ n@rds ¢ Ca)lnta), A

Proof. Proceed by contradiction: suppose that

/L@WWGQ@%@%M@]
Reasoning as in Theorem 2.1 we obtain the relation

™Iy ()™ = xm;F(x, Jo(z), 8.Jo(xz)) + 2™ 18Ty () 0 x, Jo(x),6Jo(x))+

o
+xm_152J0(93)88nF(x, Jo(z),8Jo(z)).

Using algebraical independence of functions x, Jo(x), J1(z) and using relation §2.Jy(x) = —22Jy(x) we obtain
the identity

(—1)™y™ = xm3F<x,5,n> a2 F(x,&,m) — zm“ﬁaiF (z,&,m).

Ox 77875
Considering homogeneous component of degree m on variables £,  we obtain the relation
SH + (Ag — 2*A))H = z' ", (5)
where v = (1,0,...,0,)%. Vector function H(zx) is a rational solution of this equation. Writing H(z) as a

sum of simplest fractions and substituting in the equation (5) and reasoning as in Theorem 2.1, we obtain

Cp | Ch c
Hay=S Gy O B Bt B,
x i x

where Cy, ..., B, - vector-columns are in C™*1,
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Substituting H in (5) and equating coefficients under same degrees x, we obtain the system of equations

—kC,, +  AoCy = 0,
—(k‘ — 1)Ck71 + ApCr_q = 0,
—(k—=2)Cr2 + AoCir2 — AICy, = 0,
—mC, +  AyCy, — A10m+2 = 0,
—(m—-1)Cr—1 + ACp1 — AiCpp1 = v,
-C1 + ACi — ACs 0,
ApBy — A1Cs = 0,
B, + AB1 - ACy = 0,
2By + A9By — Ai1By = 0,
nB, + AyB, — A1B,_o = 0,
A1B,1 = 0,
AB, = 0.
Since the eigenvalues of matrix Ay are equal to zero, we have
Co=C_1=...=C,, =0.
Let m be an even number. Then subsystem with odd indices has the form
(Ao — (m—1)E)Bp—1 = v,
(Ag— (m—=3)E)Bp—3 = A1Cp-1,
(A — E)C; = ACs,
(Ado+E)B1 = AiCy,
(Ao + (28 =+ 1)E>st+1 = AIBQSfla
A1Bast1 = 0
Therefore,
o(Cm-1) = (=1,0,0,...),
0(Cpm—3) = £(1,-1,0,...)t,
U(B28+1) — :l:(]-v ]-a ]-a )t
But from the equation AjBasi1 = 0 it follows that Bosy1 = (0,0,...,%) a contradiction.

Let m be an odd number. Then subsystem with even indices has the form

(Ag — (m = 1)E)Bp_1 = w,

(A0+25E)B2s = AlB2s—27
A1Bys = 0.

It can be supposed that Bag # 0. From the last equation, we find Bas = (0, ...,1)!, a # 0.
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Beginning from the first equation of system (7) we consistently find
o(Cm_1) = £(1,0,0,...)",

o(Cpm—3) = +(1,-1,0,...),

and so on
o(Cy) = +(1,-1,1,...,0,0,...)%

where the first (m — 1)/2 elements of vector Cy are zero.
From the equation AgBy = A1Cy we have o(By) = (x,0,1,...)%.
Moving from last to first equation of system (7) we consistently find

By(s—1y = a(0,...,0,m/2,2s,%)",

By(s—9) = a(0,...,0,m(m — 3)/8, (m(s — 1) + 2s(m — 1)) /3,%,%,*)",

and so on. Since o(Bpy) = (x,0,1,...)", we have s > (m — 1)/2. Hence when we move from the vector By
to the vector By(;_1) we obtain two nonzero elements on the places where there were two last zeros of the
vector Bsyy. Therefore, there is such a number k that

Bo, = a(0,2,y,...)"

But from the equation
(Ao + 2kE) By, = A1 Bog—2

we obtain
(Ao + 2kE) By, = a(2kz,*,...)",
AlBQk_Q = O[(O, *, .. .)t,
a contradiction. Thus, the theorem is proved. O

Next we need eigenvalues of matrix Ag + n?A;. The following lemma holds.

Lemma 2.3. The eigenvalues of the matriz Ag + n?Ay are equal to (m — 2k)n, k = 0,1,...,m, and the
coordinates eigenvector vy, corresponding to the eigenvalue (m — 2k)n, are equal to the coefficients of the
polynomial fi(x) = (1 —n222)k(1 + nx)™ 2%, arranged in the order of ascending powers of variable x.

Proof. Let f(x) =ap+ a1z + ...+ apa™ € Clx] and f/(x) its derivative on variable z. Consider the vector
v = (ag,ai,...,an)". We have

(Ag +n?A1)v = (a1, 2as, . .., mam,0)T 4+ n%(0,mag, (m — Dai, ..., am-1)7.

Since
ai + 2a9x + ... + maz™ Tt = flz),

nQ(maox + (m - 1)@1%2 +...+ am_lqjm) — _p2pmt2 <f(x)> /7

it follows that it is enough to prove the equality

fe(z) —n2z™*2 <f($)> "= (m - 2k)nfi(z).

xm
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Let f = fx(x). Then
f

1 —n2z2

/
14+nx’

f'= —2kn’x + (m —2k)n

From this, we obtain

m £l m—1
f/_an_erQx f 'r;:;x f—(m—Qk)nf:

2kn’x (m —2k)n
T 1-n2? U

f—n2z?f + mnlaf — (m —2k)nf =

1 1+nx
2kn’x (m—2k)n  2kntx3
=fl- 3.2 + 2,2
1 —n*x 14+ nx 1 —nx
— 2k)n’z?
_ (m=2k)n7a” + mn’x + (m — 2k‘)n> .
14+ nz
Simple computation shows that the last expression is equal to zero, hence the result. O

Theorem 2.4. For everyl > 2, we have
/ Ji(@)2de ¢ C(a)[Jola), ()]
Proof. Suppose, to the contrary, that we have
/Jl(x)Qdac € C(z)[Jo(z), J1(x)] = C(z)[Ji(x), 6 Ji(x)].
Then there is a polynomial F'(z,&,n) € C(x)[¢,n] such that
o6 = (o €)1 Pl 6o + (07 — 2)E 5P @€
Consider homogeneous of degree two of this relation. We have

6H + (Ag + (I — 22)A))H = ze,

where e = (0,0,1)". The vector function H(x) is a rational solution of this equation. Writing H(z) as a
sum of simplest fractions and substituting into this equation we obtain

Cr  Ci- C
H(z)= -2+ 22 4 4+ 24+ Bo+Biz +... + Bpa™,
x x x
where Cy, ..., B, are vector columns with elements from C.
We obtain a system of equations for Cy, ..., B, which is analogous to system (4). Since the eigenvalues

of matrix Ag 4 [2A; are equal to —2I, 0, 2[, there is inequality & < 2[ in the system (4).
Consider the subsystem with odd indices. From the first equations we obtain

Ci=C3=...=0.
Then the remaining equations are

(E + Ao + l2A1)Bl = e,
(3E+ Ag+1?A1)Bs = AiBy,
((28 + 1)E + Ao + l2A1)B23+1 = A1Bos_1,
A1Bosy1 = 0.
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A direct computation shows that

Therefore,

and so on

* —1 1
T,=0(pE+Ag+1PA) = « 1 -1 |, p=1,3,....
* * *

U(Bl) = :l:(la _17*)t? U(AIBI) = :E(O, 17 _1)t7
0(33) = i(lv _17*)t7 U(AlBS) - :i:(O, 1, —1)t,

U(B28+1) - :t(17 _17*)t'

But from the equation A;Bssi1 = 0 follows that Basy1 = (0,0,%)!, a contradiction. The proof is complete.

O
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