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1. Introduction

In this article, we consider the existence and uniqueness of positive solutions for a
class of singular fractional differential systems with coupled integral boundary conditions

as follows

( D8+u(t) + pl(t)fl(ta u(t)v U(t)) + QI(t)gl(t7 U(
Dy, v(t) + pa(t) falt, u(t), v(t)) + aa(t)ga(t, u(t), v(t)) = 0,

where a, B € R,n—1<a<nm—-1<pB<m,n, meN, n m2>2 Df and Dg+ denote
the Riemann-Liouville derivatives of orders a and 3, respectively. p;, ¢; € C((0,1),]0,00)),
a,b € C([0,1],]0,00)), fi € C((0,1) x [0,00) x (0,00),[0,00)), g: € C((0,1) x (0,00) x
0,00),[0,00)) and fi(t,x,y) may be singular at t = O 1 and y = 0, and g;(t, z,y) may
be singular at ¢ = 0,1 and z = 0 (i = 1,2). [ a(s)v(s)dA(s), [ b(s)u(s)dB(s) denote

!Corresponding author: Lishan Liu, School of Mathematical Sciences, Qufu Normal University, Qufu

273165, Shandong, Peoples Republic of China. Tel.:86-537-4458275; Fax:86-537-4458275.
2E-mail addresses: mathlls@163.com(L. Liu), Ihd200908@163.com(H. Li),

yhwu@maths.curtin.edu.au(Y. Wu).



2 L. Liu, H. Li and Y. Wu

the Riemann-Stieltjes integral with a signed measure, that is, A, B : [0,1] — [0, 00) are
functions of boundary variation. By a positive solution of BVP(1.1), we mean a pair of
functions (u,v) € C[0,1] x C0, 1] satisfying BVP(1.1) with u(¢) > 0 and v(t) > 0 for all
t € (0,1].

In recent years, boundary value problems for a coupled system of nonlinear differen-
tial equations have gained its popularity and importance due to its various applications
in heat conduction, chemical engineering, underground water flow, thermo-elasticity and
plasma physics. There have appeared some results for the existence of solutions or pos-
itive solutions of boundary value problems for a coupled system of nonlinear fractional
differential equations, see [1-11] and the references therein. Most of the results show that
the equations have either single or multiple positive solutions.

In [12], Cui et al. investigated the following singular problem

—a"(t) = f(t,2(t),y(1)),t € (0,1),
y'(t) = g(t,x(t),y(t)), t € (0,1),
y

0) / (t)dat), y(0) = / £(1)d5(1),
1)=y(1)=0

where fol y(t)da(t) and fol x(t)dF(t) denote the Riemann-Stieltjes integrals of y and = with
respect to a and 3, respectively; f € C((0,1) x [0,00) x (0,00),[0,00)), g € C((0,1) x
(0,00) x[0,00),[0,00)) and f(t, z,y) is nondecreasing in x and nonincreasing in y and may

(

~+

o
& ,

be singular at t = 0,1 and y = 0, while g(¢, x, y) is nonincreasing in = and nondecreasing
in y and may be singular at t = 0,1 and x = 0.
In [13], Wang et al. considered the following singular fractional differential system

with coupled boundary conditions

( Ditu(t) + f(t u(t), v(t) =0,

Dgzu(t) + g(t,u(t),v(t)) =0, te(0,1),

u(0) =/ (0) = =u"? =0,u(l) = ,ul/o v(s)dA;(s),
| 0(0) = (0) = -+ = "D = 0,0(1) = uz/o u(s)dAs(s),

where n — 1 < o; < n,n > 2, and D! is the standard Riemann-Liouvill derivative.
f e C((0,1)x[0,00) x (0,00),[0,00)), g € C((0,1) x (0,00) x [0, 00), [0,00)) and f (¢, x,y)
is nondecreasing in x and nonincreasing in y and may be singular at t = 0,1 and y = 0,
while ¢(¢,x,y) is nonincreasing in = and nondecreasing in y and may be singular at
t =0,1 and x = 0. By using the Guo-Krasnoselskii fixed point theorem, they obtained
the existence of a positive solution and the uniqueness of the positive solution under the

condition a; = «s.
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In [14], Henderson and Luca studied the system of nonlinear fractional differential
equations
Diu(t)+ f(t,v(t) =0, 0<t<l,n—1<a<n,
Dg+v(t) +g(t,u(t) =0, 0<t<lm-—1<pB<m,

with the integral boundary conditions

u(0) =/ (0) = --- = u"2(0) = 0,u(l) = /o u(s)dH(s),

2(0) = v/(0) = - - - = =D (0) = 0, p(1) = / o(s)dE (5),

0

where n,m € N, n, m > 2, Dg, and Dng denote the Riemann-Liouville derivatives of
orders a and 3 respectively and f, g : [0, 1] x [0, 00) — [0, 00) are continuous and f(¢,0) =
g(t,0) = 0 for all ¢t € [0,1]. They obtained the existence and multiplicity of positive
solutions for the above BVP by using the Guo-Krasnosel’skii fixed point theorem and
some theorems from the fixed point index theory, but they did not discuss the uniqueness
of positive solutions.

Motivated by the above mentioned work, the purpose of this article is to investigate the
existence and uniqueness of positive solutions for singular fractional differential systems
with coupled integral boundary conditions under certain conditions on the functions f;
and g; (i = 1,2). The main new features presented in this paper are as follows. Firstly, we
divided the functions of the BVP into f; and g; so that the boundary value problem has
a more general form. Secondly, D, and D§+ denote the Riemann-Liouville derivatives
of orders o and § in which « € (n — 1,n],8 € (m — 1, m],n,m € N. Thirdly, if dA(s) =
dB(s) = ds or h(s)ds, then BVP(1.1) reduces to a multi-point boundary value problem as
a special case. Fourthly, the nonlinearity is allowed to be singular in regard to time and
space variable elements. In particular, for any «, 5 € (0, +00), we obtain the existence
and uniqueness of positive solutions for singular fractional differential systems (1.1). The
results obtained herein generalize and improve some known results including singular and
non-singular cases.

The rest of the paper is organized as follows. In Section 2, we present the necessary
definitions and properties to prove our main results, and obtain the corresponding Green
function and some of its properties. In Section 3, we give the existence and uniqueness
theorem for the positive solutions with respect to a cone for the BVP (1.1). In Section
4, as an application, an interesting example is presented to illustrate the main result.

Conclusions are presented in Section 5.

2. Preliminaries and lemmas

For the convenience of the reader, we present some notations and lemmas to be used
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in the proof of our main result. They also can be found in the literature [15-18].
Definition 2.1 The Riemann-Liouville fractional integral of order o > 0 of a function
y:(0,00) = R is given by

I8 y(t) = ﬁ /0 (t — $)°y(s)ds

provided that the right-hand side is pointwise defined on (0,00).

Definition 2.2 The Riemann-Liouville fractional derivative of order o« > 0 of a continu-

ous function y : (0,00) — R is given by

where n = [a] + 1, [a] denotes the integer part of the number o, provided that the right

hand side is pointwise defined on (0, 00).
Lemma 2.1 [18] Let a > 0. If we assume u € C(0,1) N L(0,1), then the fractional
differential equation

Dg,u(t) =0

has u(t) = Cit* ™t + Cot* 2 4+ ... + Cyt*™N, C; € R (i = 1,2,--- ,N) as the unique
solution, where N = [a] + 1.

From the definition of the Riemann-Liouville derivative, we can obtain the statement.
Lemma 2.2 [18] Assume that v € C(0,1) N L(0,1) with a fractional derivative of order
a > 0 that belongs to C'(0,1) N L(0,1). Then

I8, Dg u(t) = u(t) + C1t* 4+ Cot 2 4+ 4 Ont* N,

for some C; € R (i =1,2,--- ,N), where N = [a] + 1.

In the following, we present the Green function of the fractional differential equation
boundary value problem.
Lemma 2.3 Let x,y € C(0,1) N LY(0,1) be given functions. Then the boundary value

problem

(DG ult) + =(t)
D0+U(t) y(t) =

 w(0) = w/(0) =+ = u™2(0) = 0,u(1) :/0 a(s)v(s)dA(s), (2.1)

0, O<t<ln—1<a<n,
0, O0<t<lm-—-1<p<m,

v(0) =0 (0) = --- = 0™ 2(0) = 0,0(1) = /0 b(s)u(s)dB(s),
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where n,m € N, n, m > 2, is equivalent to

u(t) = /Glts ds+/ Hi(t,s)y t € 10,1],

(2.2)
/GQtS dS+/H2t8 tE[O,l],
where
A 1
[ Gultys) = gu(tss) + gt / g1 (r, $)b(r)dB(r),
a—1 1 ’
Hi(t,s) = A / g2(T, 8)a(T)dA(T),
0 A ) (2.3)
Go(t,s) = ga(t, s) + Kztﬁ_l/ g2 (7, 8)a(T)dA(T),
0
tﬂ—l 1
HQ(t,S> = T gl(T,S)b(T)dB(T),
\ 0
and
1 [t =s))*t—(t—s)*" 0<s<t<1,
gi1(t,s) = =— . (2.4)
) | t(1—9)]*", 0<t<s<I,
1 [t =)= (t—s)" 0<s<t<I,
g2(t,8) = — o1 (2.5)
I(B) | [t(1 = s)] 0<t<s<lI,
in which A =1— A 1Ay #0, and A, = fo a(s)s’tdA(s fo 5)s*YdB(s).
Proof By Lemmas 2.1 and 2.2, the solution of the system (2.1) is
1 t
u(t) = ——/ (t —s)*a(s)ds + it + -+ e t* "t € [0, 1],
I'(a) Jo
) . (2.6)
o(t) = — -1 / (t— 5 Yy(s)ds + dt*L + -+ dpt®™ 1 € [0,1],
I'(8) Jo
where ¢;,d; € R (1 =1,2,3,--- ,n;j = 1,2,3,--- ,m). By using the conditions u(0) =
u'(0) = -+ = u»2(0) = 0 and v(0) = /(0) = --- = ™2 (0) = 0, we obtain c; = c3 =
w=c¢,=0and dy =d3=---=d,, =0. Then, by (2.6) we conclude
1 t
u(t) = ct* ! — W/o (t —s)* ta(s)ds,t € [0,1],
(2.7)

o(t) = dyt?1 — ﬁ /0 (t— 5)PYy(s)ds, t € [0,1].

Combining (2.7) with the conditions u(1) = fol a(s)v(s)dA(s) and v(1) = fol b(s)u(s)dB(s),
we deduce
1

c—L 1 — ) ta(s)ds = 1as [ — 55—7"3_1 T)aT S
e | G = [t - s = n (et

—L 1 — $)P Yy (s)ds = l scso"l—L 85—7'”’1957' T S
b= [ =9 s = [l = 5 [ nramaning)
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or equivalently

1
1—d1/ a(s)s"1dA(s) = / )l ds——// (T — 5)P 7 dA(
0
1
dl—cl/ b(s)s* 'dB(s / s)ds — — // )7 — 8)* tdB(
0 INCe

(2.8)
The above system in the unknowns ¢; and d; has the determinant
A 1 - fol a(s)sP~LdA(s)
— [ b(s)s* ' dB(s) 1
1 1 2.9
=1- (/o a(s)sﬂ_ldA(s)) (/0 b(s)so‘_ldB(s)) (29)
=1—-AAs.
So by (2.8) and (2.9) we obtain
11 [! = B A1 g )
o =% W/o(l_ // (r dB(r)z(s)d .
——/ / (1 — 5)"LdA(T)y(s) F?ﬂl)/o (l—s)ﬁ_ly(s)ds],
= — )y — A2 (1 —s)! s
0 AF(ﬁ)/<1 5)ds // dA(r)y(s)d .
/ / (7 —8)* tdB(T)z(s)ds + F?;)/o (1 —s)alaz(s)d:s].
Therefore, combmmg (2.7) with (2.10) and (2.11), we deduce
1 t o1 [ 1 .
u(t):—ﬁ/(t—s) z(s)ds + A m/o(l—s) x(s)ds
B Al // (7 = )" dB(r)x(s)ds (2.12)
i e -or a3 -]
v ——L —5)P! stﬁ—_lLl—sﬁ_lss
0= [ 6= wtsis + | o [ -9

AQ / / (1 — s)P Y dA(T)y(s)ds (2.13)

__/ / — )2 1dB(7)x(s)ds rﬁi) /01(1_5)0-1x<3)ds].

(T)y(s)ds,
(T)z(s)ds.
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We conclude
lt) =1 [ [ = s = = )ty
b [ e s - / e s)a—1x<s>ds]
+%(1>/1<1_5>a1 soste [ e = oy anstsas
t[// P dA()y(s)ds
// )7 — )" 1dA( ><>ds]

L =l —s)e Tt — (t— s)* a(s)ds
:m)[/ﬁ (1= 8 = (¢ = )" Ja(s)d
+/1t°‘1(— aly ds—— to‘l 5)* o

0
A1Ay

A /ta (1 —s)* ()d8+A/O t* 11— 5)* ta(s)ds

1] -
T

1

a—1 a—1 a—1 a—1 a—1 ﬁafl
:m{/[t (1= )" — (t—s) ]()ds+/t (1= s)* (s + S

[ e ds—// H
f“l// i [ o)

(2.14)

Therefore, we obtain

u(t) :m{/[ta M1—s)* = (t—s)* ()ds—l—/ (1 — 8)*” (>dS+AAIt

[// - syaneeiss [ [ e e an e
// — 5)" B ><>ds”
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’f[// (1 ) A)y(s)ds
// 11— 8)1dA(r ds—// ) (T — 5)7HdA( )()d8]

1 a—1 a—1 a—1 a—1 a—1
:m{/[t (1) = (t—s) ]()ds+/t (1= )" La(s)ds

t

| [ st srtasiats
v / / ) (L= 8) (7 s)ade(r)x(s)ds] }
t[// (1 = 5 aA(r)y(s)ds
w [ [ awta - <r—s>ﬁl1dA<T>y<s>ds]
/gl(ts ds+ //917’3 PVAB(r)a(s)ds

N “AI/O /O ga(7, 8)a(7)dA(T)y(s)ds
= [ Gutsyatoyis + [ e o

In a similar manner, we deduce

v(t):/lgg(ts ds+ //ggm Yy(s)ds

tﬁl//glrs PdB(r)x(s)ds (2.16)

:/ Go(t, s)y(s d8+/ Hs(t, s)x(s)ds.
0 0

(2.15)

Therefore, we obtain the expression (2.2) for the solution of problem (2.1). O

Lemma 2.4([19]) The functions g1 and go given by (2.4) and (2.5) have the following

properties:

(1 —t)s(1 — 5)*! s(1—s)*! (1 —t) !
T(a) = <07’ I'a) ) Vt,s € 0,1],

P71 —t)s(1 — s)Pt s(1—s)P! (or =11 —¢)P1

T () I() ) vt € [0 1],
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The following properties of the Green function play an important role in this paper.
Lemma 2.5 The Green functions G;(t,s), Hi(t,s) (i = 1,2) defined by (2.3) have the
following properties:

(1) Gi(t,s), Hi(t,s) are continuous functions on [0,1] x [0,1] and G,(t,s), H;(t,s) >
0,s,¢t€0,1 (i =1,2);

(2) Gi(t,s) < kis(1—s)" (or kit"), Hi(t,s) < kis(1—s)" (or kit"), Gi(t,s) >
kot?s(1 — )72, H(t,s) > kot"?s(1 —s) (i = 1,2), where

Y

A, 1 1 Ay ! _
kl_max{m/o b(T)dB(T)+F(a_1), AF(B—l)/o a(T)dA(T)-i-F(B_l),

m /0 b(r)dB(r), m /0 a(T)dA<T>},

= min A1 17'0‘_1 — T7)b(T T B lTﬁ_l —7)a(T T
b = {ma) | =), gt [ e = natnaac),

L 1 L1 —)b(r T L 17'5_1 —7)a(T T
St | =B, g [ = nataa >}

and vy =min{a— 1,8 -1}, v =max{a—1,5—1}.

Proof For any t,s € [0, 1], by (2.2), (2.4), (2.5) and Lemma 2.4, we get
Al a—1 !
Gi(t,s) =qi(t,s) + Kt g1(7, 5)b(7)dB(T)
A 0 e
<70 4 Dlias
S Ta-1 + At /0 g1(7, 8)b(T)dB(T)
_ 1

< B
“Ta-1 T Alfe-1 /0 b(r)dB(r)

_ (ﬁ /01 b(7)dB(T) + ﬁ) s(1—s)*,

(2.17)

or

sfj@ + Ar(ﬁl— gt /0 b(r)dB(7) (2.18)

<kt L

In a similar way, we can get

A 1
Ga(t,s) =ga(t, s) + =2t7" | gal7, s)a(r)dA(r)
A /0 1 (2.19)

< (ﬁ /01 a(t)dA(T) + m) s(1—s)",
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or
Ga(t,s) < kyto 71,
On the other hand, we have

Gi(t,s) =q1(t, s) + %t‘l_l/o g1(7, 8)b(7)dB(T)

AV Pro=l(1 — 7)s(1 — s)o!
ZK?ﬁ /0 I(a) b(T)dB(T) (2.20)

A ot — 7)b(T )t ts(1— )t
S [ T = B s -

In a similar way, we get

Ay g -1 -1
G2(t’S)ZAF(ﬁ)/O P71 — 7)a(r)dA(T)t T s(1 — 8)P L (2.21)

In the same way, we obtain the other inequalities about H;(t,s) (i = 1,2), so we omit it.

The proof is complete. a

For convenience in presentation, we present the assumptions to be used later in the
following.

(Ho) A,B:[0,1] — R are functions of bounded variation and fol gi(t, s)b(t)dB(t) >
0, [ git, s)a(t)dA(t) > 0 (i = 1,2) for all s € [0,1];

(Hy) f; € C((0,1) x [0,00) % (0,00),[0,00)) may be singular at t = 0,1 and y = 0,
fi(t, z,y) is nondecreasing in x and nonincreasing in y, and there exist \;, u; € [0, 1) such
that

C/\ifi(tamay) S fi(tacxay)a fi(ta'xacy) S Ciuifi@axay)a Vx,y > 070 € (07 1)7 1= 172

(Hz) ¢; € C((0,1) x (0,00) x [0,00),[0,00)) may be singular at ¢ = 0,1 and = = 0,
gi(t, x,y) is nonincreasing in x and nondecreasing in y, and there exist &, n; € [0,1) such
that

C&gi(t,ﬂi,y> < gi(t,I,Cy), gi(t,Cl',y) < Cimg’i(tal}y)a V%y > O7C € (07 1)7 L= 172

(H3) 0< fol pz(t)fl(t7 17 t’Y2)dt < 00, 0< f(]l QZ(t)gl(t7t727 1)dt < OO,i = 17 2.
Remark 1 (1) (Hy) implies that

fl(ta C.fL',y) S C)\ifi(taxay)a f’i(taxacy) S c“ifi(t,x,y),Vx,y > O7C > 17 1= 1727
(2) (Hs) implies that

gi(tvxacy) < Cgigi(thﬂy)? gl(t7x7y) < Cmgi<tacx7y)7vx7y > 07C > 17 1= 172
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Remark 2 By (H), (Hy) and (Hs), we can get
1 1
0< / pi(t) fi(t, 872, 1)dt < 00,0 < / qi(t)gi(t, 1,17?)dt < 00,i =1, 2.
0 0

For our constructions, we shall consider the Banach space £ = C[0, 1] equipped with
the standard norm |lu|| = maxcjoq|u(t)|. Let @ = {u € Elu(t) > 0,t € [0,1]}, @ is a
cone of E. Similarly, for each (z,y) € E x E, we write ||(x,y)||1 = max{||z|], ||y} . It is
easy to see that (F x E, || -||1) is a Banach space. We define a cone P of E X E by

P={(z,y) € ExE:a(t) = kt®|[(z,y)ll,y(t) = k|| (z,y)[l1, ¢ € [0, 1]}

where k = Z—; € (0,1), in which k; and ko are defined by Lemma 2.5. For any r > 0, let

B={(zy) € P:l(z,y)llh <r}, 0P = {(z,y) € P |[(z,9)[L =7}
Define an operator T : P\ {0} — E x E by

T(x,y) = (Ti(z,y), Ta(2,y)) ,

where the operators 71,75 : P\ {0} — @ are defined by
Ty (z,y)(t) :/0 Gu(t,s) [pr(s) f1(s,2(5), y(s)) + a(s)g1(s, 2(s), y(s))] ds

+ /0 Hy (L, 5) [p2(s) f2(s, 2(s), 4(5)) + ga(s)ga(s, x(s), y(s))] ds,

To(z,y)(t) :/0 Ga(t, s) [pa(s) fa(s,2(5), y(s)) + q2(s)ga(s, 2(s), y(s))] ds

+ / Ho(t, 5) [p1(5) fu (5, 2(5), y(5)) + @ (5)g1 (5, (5), y(s))] d.

Lemma 2.6 Assume that (Hy) and (Hs) hold. Then, for any 0 < r < R < 400,
T : (Pg\ P.) — P is a completely continuous operator.

Proof Firstly, we claim that T'(x,y) is well defined for (x,y) € P\ {#}. In fact, since
(x,y) € P\ {0}, we can see that

2(t) = Kt |[(z,y) [l > 0, y(t) = k|| (z,y) [l > 0, t € (0,1].

Let ¢ be a positive number such that ¢ > 1 and ||(z,y)||:/c < 1. From (H,;),(Hs) and

Remark 1, we have

fi(tv l‘(t), y(t)) < fz(ta Cy kt72||(x> y)”l)
k2| (z, y)la

DY)
<o (M) g

C

S C/\ifi (ta 17
(2.22)

= (k| (zy) ) fi 1, 07),0 = 1,2,
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gi(t, 2 (t),y(1)) < ST (k| (2, y) ) it 12, 1),0 = 1,2, (2.23)
Hence, for any ¢ € [0, 1], we get
Ty (z,y)(t) <k /Olpl(S)fl(S,x(S),y(S)) + q1(s)g1(s, 2(s), y(s))ds
+k /Olpz(S)fz(S, 2(s),y(5)) + ¢2(s)ga(s, (s), y(s))ds

1
<hr e (R () ) / pu(s)fi(s,1,57)ds
0

1
ey S (e () )™ / a1(s)ga(s, 5%, 1)ds (224)
0

1
e (k] (2, ) ) / pa(s) fols, 1, 57)ds
0

1
S @) [ als)es s Dds
0

<0Q.

Similarly, we can prove Ty(z,y)(t) < oo. Thus we can say that 7" is well defined on P\ {6}.
Secondly, we show that T'(Pg \ P,) C P. By Lemma 2.5, for all 7,t,5 € [0,1], we

obtain

Gi(t,s) > kt*7'Gy(1,5),  Ga(t,s) > ktP1Gy(r, 5),
Hi(t,s) >kt Hi(1,5), Hy(t,s) > kt’ " Hy(1,s),
Hi(t,s) > kt* 'Gy(r,s), Gi(t,s) > kt* ' Hy(r,s),
Hy(t,s) > kt®'Gy(1,5), Galt,s) > kt° "L Hy(1, s)

Hence, for (z,y) € (Pg\ P»),t € [0, 1], we have

Pr
>k}ta 1/ G1 T S p1 f1 S ZE(S) y(3>> +Q1(S)91(57~T(3)=y(5))] ds

+ gt / Hi (7, 5) [pa(3) fols, 2(5), 9(5)) + 0a(5)ga(5, (), y(s))] ds 22

>kt 2Ty (z,y) (1), V7€ [0,1],

Ti(z,y)(t) Zkt"_l/o Hy (7, 8) [p(s) fi(s, 2(s), y(s)) + @1 (s)g1(s, 2(s), y(s))] ds

1t [ Galrs) ) s, (5).9(9) + a9, (s) ()] s 220

>kt Ty(x,y)(7), V7 el0,1].
Then, Ty (2,9)(t) > k% |Ti(z,y)|| and Ty(z, 9)(¢) > K[ To(w, )], that is

Ti(z,y)(t) = k2 [[(Tr (2, y), Ta(2,9)[1-
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In the same way, we can prove that

Ty, y)(t) = k2[[(Ty (2, y), Ta(, y)) |1

Therefore, T(Pr \ P,) C P.

Next, we prove that 7' is a compact operator. Suppose V C Pg \ P, is an arbitrary
bounded set in £ x E. Then from the above proof, we know that T'(V') is uniformly
bounded. In the following, we shall show that 7'(V') is equicontinuous on [0, 1]. For all
(x,y) € V, t € ]0,1], using Lemma 2.3, we have

Ty(z,y)(t) = / Gu(t, ) [p1 () (5, 2(5), 4(5)) + 1 ()1 (5. 2(5), y(s))] ds

+/0 Hi(t, ) [pa(s) fa(s, 2(5),y(5) + q2(5)g2(5, 2(5), y(s))] ds
:%to‘_l/o (/o g1(T, S)b(T)dB(T)) [pl(s)fl(s,x(s),y(s))
+qi(s)g1(s,2(s), y(s))] ds

+/0 (1 - S);_(a)_ ol [p1(8) f1(s,2(s),y(s)) (2.27)

+qi(s)g1(s, 2(s), y(s))] ds

R
+ / Ty P)fs a(s),u(s))

+qi(s)gi(s, 2(s), y(s))] ds

ta—l

1 1
5 [ (] atr9ariaae)) o) o, 066)
0o \Jo
+ QZ(S)QQ(SJ I(S), y(S))} ds.
Differentiating the above formula with respect to ¢t and combining (H;) and (Hs), we

+

obtain

Ty (x,y) ()] = (a=1) Alta 2 ( a1(7,5) )) [pl(s)f1(5>$(3)ay(5))

+q1(8)91(8 (s ) y(s))
a— 1)1 — ) (= 1)(t — 5)*2
+/ < )

[p(s) (s, (), ()
T au(s)gn(s, (). y(s))]ds
N /t< D <)1 ) () fi(s, 2(5), ()

u(

I(
+ q1(8)g1(s, z(s), S))
oz—ltaQ 1

+ ga(s )92(8 (s y(S))

' ga(7, S)a(r)dA( >) [pals) fols, 2(s), 4(s))
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““Kmié(Amv@mmwm)m@ﬁuﬂﬁmm
+ a1(5)g1 (5, 2(5), y(s))]ds

Fla—1)t2(1 —s)* ! — (a—1)(t — 5)*2
*A I(a)
+ q1 S)91(87 ZE(S), y(S))] ds

Yo —1)to2(1 —s)o!
*[ [(a)

<

[p1(5) f1(s, 2(5), y(s))

[p1(s)fi(s, 2(s), y(s))

1
sm—nmﬁW%wWMWM/m@meWMS
0
1

+m—wm@“mwameﬁ/m@mwﬁww@
0

+ kMK (2, ) ) / (a -1t (1 —s)*" — (a —1)(t — )"

0 I'(a)
p1(s)fi(s,1,57)ds
4 le§1+m (kH(Z‘, y)Hl)im /O (a - 1)ta (1 — S)‘;(a)— (a — 1)(t — S)O‘

q1 (S)gl (57 3727 1)d5

bl o)) [ Gty

10=2(1 — g)o!
[(a)

102(1 — 5)°!

(a)

p(s)fi(s,1,87)ds

a1
+héwww@wmrm/ a1 (5)gn (s, 7, 1)ds
t

1
+w—nm&wwmwmrf/m@ﬁ@meS
0
1
+m—nm@mwmwmrm/@@mgamws
0

<M ()i [(a — 1)k1/0 p1(s)fi(s,1,87)ds
Pla—1Dt 21— s)*t — (a—1)(t — 5)*72
“ [(a)

a—1Dto72(1 — s)>!
*[ [(a)

p1(s)fi(s,1,87)ds

p1(s)f1(s, 1, s”)ds}
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1
+ c§1+"1(kr)_771 [(a — 1)k1/ @1(s)g1(s, 87, 1)ds
0

Pla—1Dt2(1 —s)2 - (a—1)(t — 5)*2
+/o I(a)

o [ s i (229)

G1(8)g1(s, 87, 1)ds

1
+ (o — 1) k22 (kr) = / pa(8) fals, 1,87?)ds
0

1
+ (o — Dk 2T (kr)~™ / G2(8)ga(s, 87, 1)ds =: K(t).
0

Exchanging the integration order, we have

/0 K (£)dt =M (kr) [(a—l)k1 /0 pl(s)fl(salas”)cw]

+ S () Tm [(oz - 1)k:1/0 ¢1(8)g1(s, 72, 1)d3]

, (2.29)
+ (a0 — kg2 () =+ / pa(s) fa(s, 1,87)ds
0

1
+ (@ — D)ky > (k) / q2(8)ga(s,s7,1)ds
0

< +00.

From the absolute continuity of the integral, we know that 77(V') is equicontinuous on
[0,1]. Thus, according to the Ascoli-Arzela theorem, T (V') is a relatively compact set. In
the same way, we can prove that T5(V) is a relatively compact set. Therefore, T'(V) is

relatively compact.

Finally, we prove that T : (Pg \ P,) — @Q is continuous. We need to prove only
T, Ty : (Pg\ P,) — Q are continuous. Suppose that (z,,%,), (zo,%) € Pr \ P, and
| (20, Yn) — (20, 90)|[1 = 0 (n — 00). Let S = sup{||(zn, yn)|l1|n =0,1,2,---}. We choose
a positive constant M such that S/M < 1 and M > 1. From (2.22) and (2.23), for any
t € (0,1), we know

filt, 20 (1), yn (1)) < MATH(Rp) ™1 fi(¢,1,62),n = 0,1,2--- i =1,2;

2.30
gl(t7xn(t)’ yn(t)) S Mfi""ni(kr)_mgi(t’t’h’ 1)7” = 07 17 2. ai = 17 2. ( )
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Then by Lemma 2.5, for any ¢ € [0, 1], we get

Ty 4 (8) — Ta(z0, 30)(8)] <o / (P2 () 1 (5 (), 9()) — f2(5. 70(s), 30(5))]
1 (19105 2a(5), 9u(5)) — 15, 705, 90(5))]] ds
Tk / [1p2(8) 1 f2(5: 2a(5), 9n()) — fals, Zo(s), yo(s)

+1a2(5)lg2(s, 20(5), Y (s)) = g2(s, 20(s), yo(s))] ds.
(2.31)

For any € > 0, by (Hs), there exists a positive number 6 € (0, 3) such that

/ klM’\iﬂ”(kr)_“ipi(s)fi(t, 1,t7?)ds < ZEL’
o ) (2.32)

/ B M () g (s)gu(t, 7, 1)ds < 5,
Hs)

where H;) = [0,6] U [l — §,1]. On the other hand, for (z,y) € Pz \ P, and t € [5,1 — 4],
we have
0<rkd <z(t),y(t) <R. (2.33)
Since f;(t,x,y) and g;(t,z,y) (i = 1,2) are uniformly continuous in [, 1 — §] x [rkd, b] x
[rkd, b], we have
Hm [ fi(s, 2n(s), yn(s)) — fis, 20(s), yo(s))]

n—-+o0o

— limgi(5,2a(5), yn(5)) — 9s(s, 20(s), yo(s)) (2.34)

n—-+o0o
=0

holds uniformly on [0,1 — d] for s. Then the Lebesgue dominated convergence theorem
yields that

1-6
/ D)) 155, 2 (5), 9n(5)) — Fi(s 2o, yols)) | ds — O,
5 (2.35)

/5 1 (5)] 1955, (), 9 (5)) — g5, 70(5). o) [ ds = 0, > oo,

Thus, for above € > 0, there exists a natural number N such that, for n > N, we have

kl/a [P1($)I1f1(5, 20 (5), ya(s)) = fi(s, 20(5), yo())]
+1a1(5)llg1(s, 7(5), yn(s)) — g1(s, 20(s), yo(s)) [} ds
+k1/5 [[P2(8) 1 f2(5, 20 (5), ya(s)) = fols, 2o(5), yo(s))]

+1a2(5)l192(5, 2 (3), yn(s)) — g2(s, 20(s), y0(s))] | < g

(2.36)
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It follows from (2.30)-(2.36) that when n > N

T3 (0, yn) — Ta(0, yo)
< ki /01 [[P1 ()11 (s, 2a(s), ya(s)) = fils. z0(s), yo(s))]
+1a1(5)llg1(s, (5), yn(s)) = g1(5, 20(s), yo(s)) [} ds
+h /01 [[P2(5)|1f2(5, 2(5), yn(s)) = fo(s, 20(5), yo(s))]

+1a2(5) 1925, 7 (5), yn(s)) — g2(5, 20 (s), yo(s)) [} ds

<k M“J““l(kr)_“lpl(s)fl(s, 1,5%) + 051+"1(k;7’)_"1q1(s)g1(s, $72,1)ds (2.37)
H(9) '

+ky M2 (k) =2y (8) fo(s, 1, 872) + M2 (kr) ""2qy(s)go(s, 872, 1)ds
H(6)

1-0
+k1/5 1 ()] f1(8, 20 (8), yn(s)) = fi(s, z0(s), yo(s))]
+ ‘(]1(3)H91<3, .Tn<8), yn<8)) - 91(37 ,CEo(S), y0<8))” ds
1-0
+k1/§ [[2(8)]fo (5, 2n(5), yn(s)) — fals,20(s), yo(5))]

+ ‘qZ(S)HgQ(S’xn(3)>yn(8)) - 92<3>$0(3),y0(5))” ds < €.

This implies that 7} : (Pg \ P,) — @ is continuous. Similarly, we can prove that T} :
(Pr\ P.) = Q is continuous. So, T': (Pr \ P,) — Q is continuous. By summing up, we
get that T': (Pg \ P,) — P is completely continuous. O

To prove the main results, we need the following well-known fixed point theorem.
Lemma 2.7 [20] Let Qy and Q2 be two bounded open sets in a Banach space E such that
0 and Qy CQy, A: PN (Q\ Q1) — P be a completely continuous operator, where 0
denotes the zero element of E2 and P is a cone of E. Suppose that one of the flowing two
conditions holds:

()| Aull < Jull, Yo € P10 [ Aull > Jull, Yu € P09y,

(i0)]| Au|| > [Jul|, Yu € PN oQy; || Au|l < [Jull, Yu € P N oQ,.

Then A has a fired point in PN (Qy \ Q).

3. Main results

In this section, we shall give sufficient conditions for the existence and uniqueness of a
positive solution for the BVP(1.1).
Theorem 3.1 Assume that conditions (Hy) — (Hs) hold. Then the BVP (1.1) has at

least one positive solution (z*,y*) and there exists a real number 0 < m < 1 such that

1 1
mt" < z(t) < =t mt™ < yr) < =", te0,1] (3.1)
m m



18 L. Liu, H Liand Y. Wu

where y1 = min{a — 1,5 — 1}.

Proof We first prove that the differential system (1.1) has at least one positive solution
(z*,y*). Choose d and D such that

i=1,2

+qi(s)gi(s,1,87))ds -

1 2 1
0 < d < min { ( (1> ka0 [ s s, 1)
0
2

D Zmax{ [kl(/o (pl(s)f1<8717872)+ql(8)gl(87 572’1)>d5+/0 (p2(3>f2(871’3w)

e YBYNINY ]
+ ¢2(5)ga(s, 87, 1))ds %72 :
(3.2)

Clearly 0 < d < 1 < D. By Lemma 2.6, T : Pp \ P; — P is completely continuous.
Extend T (denote T yet) to T : Pp — P which is completely continuous. Then, for
(x,y) € OP;, we have

dkt™ < z(t), y(t) <d, te[0,1]. (3.3)

By Remark 1 and (H,)-(Hs), we get

Ti(x,y)(t) > <411) 2 k2/0 s(1 —5)2(pi(s) fi(s,dks™,d) + q;(s)gi(s,d,dks"?))ds

1 Y2 1
—) k’z/ s(1 — )2 (pi(s) fi(s,dks™,1) 4+ qi(s)gi(s, 1, dks"?))ds
0

Vv

4

Vv

4

>

<1)72 ko /1 s(1— )" (d)‘ik’Aipi(S)fi(S’ $2,1) + dgikm(]i(s)gi(s, L ))ds
0

1 Y2 1
4_1) l{:gdmax{’\i’g"}kmax{’\“fi}/ s(1— )2 (pi(s) fi(s, 87, 1) + qi(s)gi(s,1,57?))ds
0

. 13
>d = ||(z,y)| @:1,2,156[1,11,
(3.4)

This guarantees that

IT(z, y)lln = [z, y)llx, (2, y) € OF%. (3.5)

On the other hand, for any (z,y) € 0Pp, we have

Dkt < x(t),y(t) < D,t € [0, 1. (3.6)
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Therefore, by Lemma 2.5, for any (z,y) € 0Pp and t € [0, 1], we have

Ta)0) ks [ pr(s) (s, D DRS™) + 4(8)an(s, Db, D)
0

+ Ky /Olpg(s)fg(s, D, Dks™) + qo(8)ga(s, Dks™, D)ds
<k [ DA D)+ )57, D)

+ ky /01 pa(s) fa(s, D, s7) + qa(s)ga(s, s7*, D)ds
<k /01 Dpy(s)fi(s,1,87) 4+ D%qi(s)g1(s, 872, 1)ds

+ Ky /1 D*py(5) fo(s,1,87) + D qy(s)ga(s, 872, 1)ds

0
<k DA G (/lpl(s)fl(sa 1,s7) 4+ qi(s)gi(s, 87, 1)ds
0

+ /0 pa(s) fa(s,1,87) + qa(s)ga2(s, s72, 1)ds)

<D = [[(z, y)]-

This guarantees that

1T(z, y)ll < Iz, y)ll1, V(2. y) € OPp.

19

(3.7)

(3.8)

By the complete continuity of 7', (3.5) and (3.8), and Lemma 2.7, we obtain that T" has
a fixed point (z*,y*) in Pp \ P;. Consequently, BVP(1.1) has a positive solution (z*,y*)

inP_D\Pd.

Next we will prove that there exists a real number 0 < m < 1 satisfying (3.1). Firstly,

we show that for any 0 € (0, %) we have
mtt < at(H) < =, mt <yr(t) < —t",  te[h,1].
m m
From Lemma 2.6, we know that (z*,y*) € P\ {6}. So we obtain that

0 <Kll(2%y) 1t <a™(8), v () < [[(2", y")]1-

(3.9)
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Let h be a constant such that M < 1and h > é > 1. By Lemma 2.3, we get

ZI)*(t) Sklt% [/lpl(s)fl (S,h, wsﬁz)
0

+q1(s)gn (s, —k:||(93 ;Ly )Hlsw,h) ds

1 * %
+/O pa(s) fo <S, h, —k:||(a: f;y )Hls”)

+ aa(5)9n ( Lt h) ds]

1 (3.10)
<k, [/0 P (R @y ) ) ™ pa () fa(s, 1,872)

+ R () (@, y ) )T () ga(s, 872, 1)ds

1
+/ h)\Q_HLQ(k”(I,*’y*)||1)—ﬂ2p2(8)f2<871,3'72>
0

+ W (K[| (2%, y) 1) "™ qa(s)ga(s, 872, 1)d8]
—Cotr,  tel 1)

On the other hand, it is obvious to see that vo—v; > 0, where y; = min{a — 1,5 — 1}, vy =
max {a — 1,3 — 1}. So we get

z*(t) =kl (=%, y") 11272
=kl (", y*)[[1t= e (3.11)
>k||(«*,y*) 072" e [0, 1],

In the same way, we can prove that y*(t) < Ct" and y*(t) > kl|(z*, y*)|107> "t t €
[0,1]. Then, we pick out m such that

11
— min ¢ k02| (2* - =
m mm{ H<x,y>ul,c,2},

which implies that (3.9) holds. Moreover, from the arbitrariness of 6, we get that for any
t € (0,1], (3.9) is satisfied. Specially, when ¢ = 0, by the boundary value conditions of
(1.1), we have 2*(0) = y*(0) = 0. So that we get that for any ¢ € [0, 1], (3.1) holds. This
completes the proof of Theorem 3.1. O

Theorem 3.2 Assume that conditions (Ho) — (Hs) hold. If \i + p; < 1 and & +n; <
1 (i = 1,2), then the BVP(1.1) has a unique positive solution (x*,y*) and it satisfies

(3.1).
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Proof Assuming the contrary, we find that the BVP(1.1) has a positive solution (z., y.)
different from (z*,y*). By (3.1), there exist py, p2 > 0 such that

1
pt < x*(t), yr(t) < —t",  Vtelo,1],
1 (3.12)

1
pat™ < x(t),  y.(t) < =t Vtel0,1].
P2

Hence, we have

pro2y«(t) < y*(t) < ——wp(t), YVt €[0,1]
P1P2
Clearly, p1p2 # 1. Put
>k * 1
pr= sup{p >0 | pa.(t) < 2™(t) < ;w*(t) py«(t) S y*(t) < —y.(t), VE € [0 1]}

It is easy to see that 1 > p* > p1ps > 0 and
pra(t) < at(t) < %x*(t), pu(t) <y (1) < %y*(t), we1.  (3.14)
By (H:) and (H;), we have
™ (057 (0) 2 it 7. 0), 0 (0)

>(p )M fi(t a(t), i (1))
=(p")7 filt, z.(t), Y« (2)),

%@w%myv»>%upaﬁxﬁ%u»

( gt x*() y«(t)) (3.15)
(p)7gi(t, 2. (1), yu (1), i=1,2,

where 0 = max {)\ +pi &+t =1, 2} such that o < 1. Therefore, we have
2" (t) =T (2", y")( / Gi(t,s) [pr(s) fa(s,27(5), y"(s)) + au(s)gu(s, 2" (s),y"(s))] ds
+/0 Hy(t, 5) [p2(s) fa(5, 27 (), 47 (5)) + g2(s)ga(s, 27(s), y"(s))] ds

>(p*)7 /OGl(tas) [p1(s)fi(s,27(s),57(s)) + q1(s)g1(s, 27 (s), y"(s))] ds

+ /0 Hy(t, 5) [pa(s) fals, 27 (s), 57 (5)) + qa(s)g2(s, 27 (s), 5" (s))] ds

=(p") T, y:)(t) = (p7) s (2).
(3.16)
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Similarly, we can get

y () = (p)7y(t),  2.(t) = (p7)

(t),  wlt) = (p)y"

Noticing that (p*)? > p* (0 < p*,0 < 1), we get to a contradiction with the maximality of

p*. Thus, the BVP(1.1) has a unique positive solution (z*,y*). This completes the proof

of Theorem 3.2.

O

Remark 3 Compared with the result in [12], we can see that for any o € (n —1,n], 5 €

(m —1,m],n,m € N, we can get the uniqueness of positive solutions of the BVP (1.1).

That is, we do not need the condition of & = 8. So our result is better than that in [12]

4. An example

We give an explicit example to illustrate our main result in Section 3. Let us consider the

singular differential system with couple boundary conditions

( 5
2

Dy, x(t) +

Let&:g,ﬁ

|
rol=a

_Vr W
ARG

3,
\/gzo, t€(0,1),

T /Y
\/_ gl(taxvy):%7
VY
t"r7 = )
92( y) ool = D)t
(t) =0b(t) = 1;
0 te |0 1
) 73 )
1 te L1
) 372 )
1
2 t - 11;
) e 27 }7

(4.1)
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1 1 1
57 51—772—57 52—771—57

! 2 1 ! 1
/plfl(s,l,l—s)ds:B - =1, /qlgl(s,l—s,l)ds:B 1,-],
; 36)° J, 2

! 1 ! 21
/p2f2(3,1,1—5)ds:B L=, /Q292(571—5>1)d5:B 515 |-
0 2 0 33

So all conditions of Theorems 3.1 and 3.2 are satisfied for (4.1), and our conclusion follows

§a
then

from Theorems 3.1 and 3.2, namely the BVP(4.1) has a unique positive solution (z*,y*)

and there exists an real number 0 < m < 1 such that

1
mt" < z(t) < =t mt" < yf(H) < =t tel0,1] (3.1)
m

1
m

where v = min{aa — 1,5 — 1} = %

5. Conclusions

In this paper, by using the mixed monotone operators and the Guo-Krasnoselskii fixed
point theorems, we have established the existence and uniqueness of positive solutions for
a class of singular fractional differential systems with coupled integral boundary conditions
for any real number «, 5 € (0,4+00). It is worth noting that in this paper we divide the
functions into the former of f; + ¢g; ( = 1,2) and add different conditions to f; and g;.
From this point, our result is more general than that in [12, 13].

Acknowledgements

The authors were supported financially by the National Natural Science Foundation
of China (11371221, 11571296).

References

[1] H. Salem, On the existence of continuous solutions for a singular system of nonlinear
fractional differential equations, Appl. Math. Comput. 198 (2008) 445-452.

[2] X. Su, Boundary value problem for a coupled system of nonlinear fractional differ-
ential equations, Appl. Math. Lett. 22 (2009) 64-69.

[3] W. Feng, S. Sun, Z. Han, Y. Zhao, Existence of solutions for a singular system of
nonlinear fractional differential equations, Comput. Math. Appl. 62 (2011) 1370-
1378.



24

[4]

[5]

[10]

[11]

[12]

[13]

[14]

[15]

L. Liu, H Li and Y. Wu

M. Rehman, R. Khan, A note on boundary value problems for a coupled system of
fractional differential equations, Comput. Math. Appl. 61 (2011) 2630-2637.

C. Bai, J. Fang, The existence of a positive solution for a singular coupled system
of nonlinear fractional differential equations, Appl. Math. Comput. 150 (2004)
611-621.

B. Ahmad, J. Nieto, Existence results for a coupled system of nonlinear fractional
differential equations with three-point boundary conditions, Comput. Math. Appl.
58 (2009) 1838-1843.

W. Yang, Positive solutions for a coupled system of nonlinear fractional differential
equations with integral boundary conditions, Comput. Math. Appl. 63 (2012)
288-297.

S. Liu, G. Wang, L. Zhang, Existence results for a coupled system of nonlinear
neutral fractional differential equations, Appl. Math. Lett. 26 (2013) 1120-1124.

C. Yuan, Two positive solutions for (n — 1, 1)-type semipositone integral boundary
value problems for coupled systems of nonlinear fractional differential equations,
Commun. Nonlinear Sci. Numer. Simul. 17 (2012) 930-942.

W. Liu, L. Liu, Y. Wu, Positive solutions of a singular boundary value problem for
systems of second-order differential equations, Appl. Math. Comput. 208, 511-519
(2009).

J. Henderson, R. Luca, Existence and multiplicity for positive solutions of a system
of higher-order multi-point boundary value problems, Nonlinear Diff. Equ. Appl.
20 (3) (2013) 1035-1054.

Y. Cui, L. Liu, X. Zhang, Uniqueness and existence of positive solutions for singular
differential systems with coupled integral boundary value problems, Abstr. Appl.
Anal. (2013) Article ID: 340487.

Y. Wang, L. Liu, X. Zhang, Y. Wu, Positive solutions for (n-1,1)-type singular frac-
tional differential system with coupled integral boundary conditions, Abstr. Appl.
Anal. (2014) Article ID: 142391.

J. Henderson, R. Luca, Existence and multiplicity of positive solutions for a system
of fractional boundary value problems, Bound. Value. Prob. 2014 (60)(2014) 1-17.

A. Lomtatidze, L. Malaguti, On a nonlocal boundary-value problems for second

order nonlinear singular differential equations, Georgian Math. J. 7 (2000) 133-154.



[16]

[17]

[18]

[19]

[20]

[21]

Positive solutions for singular fractional differential systems with IBC 25

S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional Integral and Derivative:
Theory and Applications, Gordon Breach, Switzerland (1993).

[. Podlubny, Fractional Differential Equations, Mathematics in Science and Engi-
neering, vol. 198. Academic Press, New York (1999).

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies, vol. 204. Elsevier,
Amsterdam (2006).

C. Yuan, Multiple positive solutions for (n-1, 1)-type semipositone conjugate bound-
ary value problems of nonlinear fractional differential equations, Electron. J. Qual.
Theory Differ. Equ. 36 (2010) 1-12.

D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic
Press, San Diego (1988).

D. Guo, Y. Cho, J. Zhu, Partial Ordering Methods in Nonlinear problems, Nova
Science Publishers, Inc. New York, 2004.



