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1. INTRODUCTION

The following definition is well known in the literature:

Definition 1.1. A function f : I € R = (—o0,+00) — R is said to be convex

function if
flte+ (1 -t)y) <tf(x) + (1 —1t)f(y) (L.1)
holds for all z,y € I and ¢t € [0, 1].

Definition 1.2 ([5]). Let X be a real linear space and D C X be a convex set and
f D — R be a mapping on D, for any constant £ > 0, then f(z) is said to be a

e-convex on D, if satisfies the following inequality

fltz+ (A =t)y) <tf(x)+ (A —-1)f(y) +e (1.2)

holds for all z,y € D and ¢ € [0,1].
In [T1] the concept of m-convex functions below was innovated.
Definition 1.3 ([1I]). For f:[0,b] = R, and b > 0 and m € (0, 1], if

[tz +m(1 —t)y) <tf(x) +m(l—1)f(y)
is valid for all z,y € [0,b] and ¢ € [0, 1], then we say that f is an m-convex function
on [0, b].
Definition 1.4 ([7]). For f:[0,b] = R, and b > 0 and («,m) € (0,1]2, if
fOz+m(1 = A)y) < A%f(z) +m(l =A%) f(y) (1.3)
is valid for all z,y € [0,b] and A € [0, 1], then we say that f(z) is a («, m)-convex

function on [0, b].
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Theorem 1.1 ([Il Theorem 2.2]). Let f : I° CR — R be a differentiable mapping
on I°, a,b € I° with a < b. If | f'| is convex on [a,b], then the following inequality

holds:
f(a) + f(b) 1 b (b—a)(|f (@) + |f'(B)])
’ 5 — b—a/a f(x) dx‘ < 3 . (1.4)

Theorem 1.2 ([8, Theorem 1 and 2]). Let f : I CR — R be differentiable on I°,
a,b € I with a <b. If |f'|? is convez on [a,b] and ¢ > 1, then

’f(a)Q _a/ fo (If( >|q+|f'<b>|q>“? (L5)

2
and
/ 1/q
() - s [ a5 (@O
In [2], the followmg HerImte—Hadamard type inequality for m-convex functions
was proved.

Theorem 1.3 ([2]). Let f : Ry — R be m-convex and m € (0,1]. If f € Li([a,b])
for 0 <a <b< oo, then

b a m m) mjla/m
[ o)z < mn{ KO EIGm) w4 SO)

2 ’ 2

b—a
In this paper, we will introduce a new concept “(a,m)-e-convex function” and

establish some integral inequalities of Simpson’s type for («, m)-e-convex functions.

2. DEFINITION AND LEMMAS

Now we give a definition of the called (a, m)-e-convex functions.
Definition 2.1. For f : [0,b*] — R and (a,m) € (0, 1]?, for any constant £ > 0,
then f is said to be a (a, m)-e-convex on I, if
Fte+m(1 = t)y) <1 f(@) +m(l — t2) f(y) + ¢ (2.1)
holds for all ,y € [0,b*] and t € [0,1].

Remark 1. (1) If f is (o, m)-e-convex on [0,b*] and « = 1, then we say that f is
an m-e-convex on [0, b*].
(2) If f is (o, m)-e-convex on [0,b*] and @ = m = 1, then it is e-convex on [0, b*].
To establish some new extended Simpson’s type inequalities for («, m)-e-convex

functions, we need the following lemmas.

Lemma 2.1. Let f: I CR — R be a differentiable function on I°, a,b € I° with
a<b. If f' € Li([a,b]) and A >0, and n € N, then

()\1+2 [ +22f Tok) ;f(x% 1)+ f(b }
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4n2 {Z/ (M _t> "(twzk—2 + (1 — t)zop—1) dt
+ ;/0 <m - t) f(tzap—1 + (1 — t)zay) dt} (2.2)

In particular, we have

(1) if A=4, then

n—1
61[ +2kzlf Lo +4Zf (wor—1) + f(b ] /f

:% [Z/O (3 — t> [ (tzop—2 + (1 — t)wop—y) dt
+ Z/ (3 ) (twor—1 + (1 — t)zar) dt] (2.3)

(2) if A=0, then

2171[f(a)+27§f(1:2k) +f(b)}—b1a/abf(x da
3 [ ns s g

+ Z/o (T—=t)f"(tror—1 + (1 — t)zar) dt] , (2.4)

where T, = a + k(b a) (k=0,1,---,2n).
Proof. By integration by parts, the result is followed. The proof is completed. [

By taking n =1 in Lemma we have the following identities.

Lemma 2.2. Let f: I CR — R be a differentiable function on I°, a,b € I° with
a<b. If f' € Li([a,b]) and X\ > 0, then

[ ear() o)L [ was
:b;“[/;(AiQ—t>f’<ta+(1—t)a;rb)dt
+/01()\i2—t)f’(ta;b—i—(l—t)b)dt}

If letting A = 0 in Lemma we can obtain
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Lemma 2.3 ([T, p. 91, Lemma 2.1]). Let f : I CR — R is differentiable on I°. If
f € Li([a,b]) for a,b € I with a < b, then

b —a !
f(a);rf(b) _ bia/a f(z)de = b 5 (1—2t)f (ta+ (1 —t)b)dt.  (2.5)

0
3. SOME NEW INTEGRAL INEQUALITIES OF SIMPSON’S TYPE
In this section, the integral inequalities of Simpson’s type related to (a,m)-e-

convex function are discussed.

Theorem 3.1. Let f : Ry = [0,+00) — R be differentiable function on Ry, a,b €
Ry with a < b, and f' € Ly([a,b]). If|f|? is (e, m)-e-convex on [0, 2] for constant
£>0,2>0, (a,m) € (0,1)> and ¢ > 1, then

Alw{fwuf(a;b) +f(b)]b_1a/abf(x)dw

b—a
<
- 4

[C<A>]1‘3{ [A<a, NIF (@7 + m(C0) — Ala, )

fa+b\|?
(%)

+ [B(a,/\) ’(“ ; b) +m(C(\) — B(a, \)) f(i) +50(A)} } (3.1)
where
C[2a(A+2) F4](A 4+ 2)* 4+ A22X — (A +2))
Ale, ) = (a+ 1)(a+2)(\+2)o+2 ’ (3.2)
Bla, ) = (aX+ X =2)(A +2)*F! 42013 o) = A +4 (3.3)

(a+1)(a+2)(A+2)2t2 200 +2)%°

Proof. Since |f'|? is (c, m)-e-convex function on [0, 2], from the Lemma and

Holder’s integral inequality, we have that

A%Q {f(a) +)\f<a+b> +f(b)]i/bf(x)dx

b—al (! b
< UO t- 5 (ta+(1—t) ; >dt
! ., a+b
o t_w\f(t o)
b—af( [ A e A ot e via
=73 {(/0 t_A+2‘dt) [/0 X (t a

T+ m(1— 1)

<[

1—1

2 a
t— ——|dt
A2 )

() )}

o] ([
()

f(a2+b>
)\+2(

+m(1—t%)
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22 oo [ato 1w+ men) - ato, 10|50 ecen)]
+ {B(a, N '(“ ;L b) () — Bl (;) q+€C(>\)} }
The proof of Theorem is thus completed. O

Corollary 3.1.1. Under the assumptions of Theorem[3.1], if A =0, then

L0 I0 L  fyas
LS|l 2
2

armaral (5] () +]} (34)

Theorem 3.2. Let f : Ry — R be differentiable function on Rgy, a,b € Ry with
a <b, and f’ € Li([a,b]). If || is (a,m)-e-convex on [0, %] for constant € > 0,
and (o, m) € (0,1)% and ¢ > 1, then

R T L

b—a[22% +1)|f (@) +m(2*(0® + a+2) = 2)|f (b/m)|¢ <]+
= 4 [ 29t (a4 1)(a + 2) +2} - (35)

)+
am(a+2)
(a+1)(a+2)

Proof. Since |f'|? is (a,m)-e-convex function on [0, 2], by the Lemma and

Hoélder’s integral inequality, we have

‘f )+ f(b) _a/f w

b—a

'(ta+ (1 —t)b)|"dt

l

a[/01|12t|dt] [/|12t|t°‘|f )9+ m(1— )|f(b/m)|q+€]dt}

_b-a [z(zaa+ DIf (@ +m(2%(0? +a +2) = 2)|f'(b/m)|" 5]3_
4

20t (a+ 1) (a+2) 2
Theorem [3.1]is proved. 4

Theorem 3.3. Let f : Ry — R be differentiable function on Ry, a,b € Ry with
a<b, and f' € Li([a,b]). If |f'|7 is (o, m)-e-convez on [0, L] for constant e > 0,
A>0, (a,m) € (0,12 and ¢ > 1, then

r@ (5 1 s0] -5 [ @

vl
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b )\M + 2211*1 1—1 I b q 1
—a q—1 q—1 q a q
< ( ) {[ @)+ 2T ( ) +s]
(A +2)aT a+1 a+1 2m

+Léi1 /(a;by f’<b>q+5r}. (3.6)

Proof. From the Lemma and the Holder’s integral inequality, by the (o, m)-e-

am
a+1

convexity of function |f’|?, we have

sl f@ () s ]—/f )da
(s

s a) [ (e
f’(a;nb) q+e> dt} % + (/01
(550l ()

2

q/(a—1) 1-1
t— —— dt
A+ 2 )

]}

+m(l—t%)

[t

+m(1 —t%)

SUELTRNAIRS C N Sy LR PR
4 ()\+2)q_1 a+1 a+1 2m
1
1 (a+b\|T am |, b ? q
+L¢+1f( 2 ) aril \m)| | g
Theorem [3.3] is proved. O

Corollary 3.3.1. Under the assumptions of Theorem[3.3, if A =0, then

@O0 L [ e <P [ i
el ()] [l ()l ()] )

Theorem 3.4. Let f : Ry — R be differentiable function on Rgy, a,b € Ry with
a <b, and f’ € Li([a,b]). If || is (a,m)-e-convex on [0, %] for constant € > 0,
and (o, m) € (0,1)% and ¢ > 1, then

@210 L [ feas

= A

)

Proof. Since |f'|7 is (o, m)-e-convex function on [0, 2], from the Lemma and
Holder’s integral inequality, we have that

flay+f) 1
5 fb_a/af(:r)dx
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1
gb‘T“/ 1= 2] | ' (ta + (1 — t)b)| "t
0

1

a[/ol‘l_gt‘q“q_l)dtr;[/Ol[t‘ﬂf()q—km( ()| (b/m)|" + ] at

b—a( q-1 ) [If’(a)q + am| ' (b/m)|* “r
4 \2¢-1 a1 '

Theorem is proved. O

Theorem 3.5. Forn € Ny andn > 2, let f : Ry — R be differentiable function
on Ry, a,b € Ry with a < b, and ' € Li([a,b]). If |f'| is (o, m)-e-convex on [O, %]
for constant € > 0, A\ > 0 and (o, m) € (0,1]?, then

1

(A+2[ +2§:fxzk kZlf(wzk 1)+f} _a/f

n

(Ao, M) (s 2) [+m(CN) = Al )| (a1 /m)|

k=1

B(a, | f' (z2r—1) |[+m(C(A) = B(e, N))| f’(xgk/m)’—f—QEC()\)}, (3.8)

where x, = a+ k(g;a) (k=0,1,---
by (3.2) and (3.3]) respectively.

Proof. Since |f'| is («, m)-e-convex function on [O, %}, from the Lemma and

Holder’s integral inequality, we have that

,2n) and A(a, ), B(a, \) and C(«) are defined

1

g | +2zfm kzlf@% )+ 105 [ s

S1)4;; LG:_l/ol - A+2‘|f taok o + (1 — t)wap_1) |dt
+ g:l/ol t— ALH |f (twor—1 + (1 — t)xgk)|dt}
Sz;;z{é/ol t— /\LH [t“]f’(xzk,2)|+m(1 — )| f (mgk,l/m)]ﬁ} dt
+ ,i:l/ol t— )%2 [t“|f’(x2k_1)|+m(1 ta)|f’(x2k/m)}+s}dt}
b ;pm, WIS (w212) [+m(CON) — Al \)| £ (521/m)|

+ B(a, N)| f' (z2r—1) [+m(C(X) = B(e, )| f' (w21 /m) |+2sC()\)} . (3.9

The proof of Theorem [3.5]is thus completed. O
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Corollary 3.5.1. Under the assumptions of Theorem[3.3, then

A1) [ +22f o) ;f(xzk 1) + f(b }

b—a
<
~ 4n

{ (1= m)(A(a, \) + B(a, \) + 2mC(N)]  sup  |f'(2)] + 260()\)}.
a<z<b/m

Theorem 3.6. Forn € Ny andn > 2, let f : Ry — R be differentiable function

on R, a,b € Ry with a < b, and f' € Ly([a,b]). If |f| is m-e-convez on |0, m%]

for constant € > 0 and m € (0, 1], then

1

n<A+2>[ ”fo% “me 1) + S0 } /f

b—a 3n()\2+4)()\+2)+>\3+12)\+16 ,
=82 [ 6(\+ 2) (@)
m3n(>\2+4)()\+2)—()\3+12)\+16) o a e
* Crey (# Ga)l G
23n(A2 +4)(A+2) + A+ 12X+ 16|,/ b 2e(\? + 4)
g 50+ (e )l om

Proof. By the (3.9) and the m-e-convexity of the function |f’|, we have that
n—1 n
1
W[f(a)+22f($2k)+)\kz_lf<$2k1 + f(b } /f

[ 0, M| (225-2) [+m(C () — A, )| ' (25-1/m) |

- 4n2

+ Bla, M| (@ai-1) [+m(C() = B, M| (wan/m) [ +2:C (V)|
—a A3+ 120+ 16 [2n — (2k — , m(2k — 2)
= 4n2 2_:{ 6( +2)3 [ 2n ‘f(a)|+ 2n ( )’

()\ o 7 ()

3\@

m(A3 + 3)2 + 4) [Qn— (k1)

|

3(A+2)3 2n
N +3X2+4[2n - (2k—1)
I ‘ ( )l
m(\3 + 12X +16) [2n — 2k]| ,, [ a b (A2 +4)
6(\+2)3 [ on f( ) (m)]+ 2(\ +2)2 }
Cb—a[3n(A\+4)A+2)+ N +120+16 ,
8n? { 6(\ +2)° (@
3IN(A2+4)A+2)— (N +122+16) (| ,, [ a I
ettt e () ()
m23n(/\2+4)()\+2)+/\3—|—12/\+16 ,( )+ A2+4}
6(\+2)3 2 (A +2)?
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The proof of Theorem [3.6] is thus completed. O

Corollary 3.6.1. Under the assumptions of Theorem[3.3, we have

(1) if A =4, then

()\:_2 { +22f Lok) Zf(ﬂﬁ% 1)+ f(b } z)dx
_1236 - {(4571—&-16 f'(a |+m(45n—16)< ’<§1)’+ f’(i)’)
m?(45n + 16) /<Tsz>’+1808:|; (3.11)

(2) if A=0, then

';n[f(a) +2§f(x%> +f<b>}—b_1a/abf<x>dm

s o+l @lemen -2 (|7 () | (3)])
’(7122)’—1—125} (3.12)

<
~ 48n2

+m?(3n + 2)
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