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Abstract

Two hybrid steepest-descent schemes (implicit and explicit) for finding a solution of the general system
of variational inequalities (in short, GSVI) with the constraints of finitely many variational inclusions for
maximal monotone and inverse-strongly monotone mappings and a minimization problem for a convex and
continuously Fréchet differentiable functional (in short, CMP) have been presented in a real Hilbert space.
We establish the strong convergence of these two hybrid steepest-descent schemes to the same solution of
the GSVI, which is also a common solution of these finitely many variational inclusions and the CMP. Our
results extend, improve, complement and develop the corresponding ones given by some authors recently in
this area.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||, C be a nonempty closed
convex subset of H and Po be the metric projection of H onto C. Let T': C' — C be a self-mapping on
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C. We denote by Fix(T') the set of fixed points of T" and by R the set of all real numbers. A mapping
A: H — H is called ¥-strongly positive on H if there exists a constant 7 > 0 such that

(Aw,z) > Alle|?, Vo€ H.
A mapping F' : C' — H is called L-Lipschitz continuous if there exists a constant L > 0 such that
[Fz— Fy|| < Lllz —yll, Va,y€C.

In particular, if L = 1 then F' is called a nonexpansive mapping; if L € [0,1) then F is called a contraction.
Let A: C — H be a nonlinear mapping on C. The variational inequality problem (VIP) associated with
the set C' and the mapping A is stated as follows: find z* € C such that

(Az*,xz —x*) >0, VzeCl. (1.1)

The solution set of VIP (1.1) is denoted by VI(C, A).

The VIP (1.1) was first discussed by Lions [19] and now is well known. Variational inequalities have
extensively been investigated, see [1, 2, 3, 15, 20, 21, 23, 25, 27, 29, 30, 31, 32, 33| for more details. In 1976,
Korpelevich [18] proposed an iterative algorithm for solving VIP (1.1) in Euclidean space R™:

Yn = Pc(xn - TAl’n),
e PC(xn - TAyn)v Vn >0,

with 7 > 0 a given number, which is known as the extragradient method. The literature on the VIP is vast
and Korpelevich’s extragradient method has received great attention given by many authors, who improved
it in various ways; see e.g., [6, 8, 9, 12, 14] and references therein, to name but a few.

In 2001, Yamada [26] introduced the following hybrid steepest-descent method for solving the VIP (1.1)
with C' = Fix(95)

Tnt1 = (I — A\ppA)Sxy,, Vn >0,

where S : H — H is a nonexpansive mapping with Fix(S) # (), A: H — H is a x-Lipschitzian and n-strongly
monotone operator with positive constants x,7 > 0,0 < u < i—’;, and then proved that under appropriate
conditions, the sequence {z,} converges strongly to the unique solution of VIP (1.1) with C' = Fix(95).

Furthermore, let f : C — R be a convex and continuously Fréchet differentiable functional. Consider
the convex minimization problem (CMP) of minimizing f over the constraint set C'

minimize{ f(x) : x € C} (1.2)

(assuming the existence of minimizers). We denote by I" the set of minimizers of CMP (1.2). It is well
known that the gradient-projection algorithm (GPA) generates a sequence {z,} determined by the gradient
V f and the metric projection Pp:

Tpt1 := Po(x, — AV f(xy)), Yn>0, (1.3)
or more generally,
Tnt1 = Po(xn — MV f(zy)), Yn>0, (1.4)

where, in both (1.3) and (1.4), the initial guess x( is taken from C arbitrarily, the parameters A or A,
are positive real numbers. The convergence of algorithms (1.3) and (1.4) depends on the behavior of the
gradient Vf.

In order to find a solution of the minimization problem (1.2) for a convex and continuously Fréchet
differentiable functional f : C' — R, Ceng, Ansari and Yao [7] proposed the following iterative method

Tny1 = PolonyVa, + (I — appF)Sxy,), Yn > 0. (1.5)
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In [10], Ceng, Guu and Yao introduced one general composite implicit scheme that generates a net {z;} in
an implicit way

Ty = (I — QtA)TJ?t + Qt[Ta:t - t(pLFT.’Et — ’)/f(.flit))] (16)

Very recently, inspired by Ceng, Guu and Yao [10], Jung [7] introduced one general composite implicit
scheme that generates a net {x;} in an implicit way

and also proposed another general composite explicit scheme that generates a sequence {z,} in an explicit
way

{yn = ap YV, + (I — anpF)Thx,. (18)

Tn+1 = (I - IBnA)Tnxn + BnYn, Yn >0,

On the other hand, let F1, Fy : C'— H be two mappings. Consider the following general system of variational
inequalities (GSVI) of finding (z*,y*) € C x C such that

{<V1F1y* tof—ytr—2*) >0, VzeC, (1.9)

(roFor* +y* —a*,x —y*) >0, Vrel,

where v > 0 and v» > 0 are two constants. The solution set of GSVI (1.9) is denoted by GSVI(C, Fi, F3).
Recently, many authors have been devoting the study of the GSVI (1.9); see e.g., [11, 13, 28] and the
references therein. In 2008, Ceng, Wang and Yao [12] transformed the GSVI (1.9) into the fixed point
problem of the mapping G = Po(I — v1F1)Po(I — voFy), that is, Gz* = x*, where y* = Po(I — vaFy)z*.
Throughout this paper, the fixed point set of the mapping G is denoted by =.

Let B be a single-valued mapping of C' into H and R be a multivalued mapping with D(R) = C.
Consider the following variational inclusion: find a point x € C' such that

0 € Bz + Ra. (1.10)

We denote by I(B, R) the solution set of the variational inclusion (1.10). In particular, if B = R = 0, then
I(B,R) = C. If B =0, then problem (1.10) becomes the inclusion problem introduced by Rockafellar [22].
Let a set-valued mapping R : D(R) ¢ H — 2¥ be maximal monotone. We define the resolvent operator
Jr 1 H — D(R) associated with R and A as follows:

Jra=(I+AR)"', VxeH,

where A is a positive number.

In this paper, we introduce one hybrid implicit steepest-descent scheme and another hybrid explicit
steepest-descent scheme for finding a solution of the GSVI (1.9) with the constraints of finitely many
variational inclusions for maximal monotone and inverse-strongly monotone mappings and the minimization
problem (1.2) for a convex and continuously Fréchet differentiable functional in a real Hilbert space. We
establish the strong convergence of these two hybrid steepest-descent schemes to the same solution of the
GSVI (1.9), which is also a common solution of these finitely many variational inclusions and the CMP (1.2).
In particular, we make use of weaker control conditions than previous ones for the sake of proving strong
convergence. Our results extend, improve, complement and develop the corresponding ones announced by
some authors recently in this area.



Z.R. Kong, L.C. Ceng, Y. C. Liou, C. F. Wen, J. Nonlinear Sci. Appl. 0 (0000), 000-000 4

2. Preliminaries

Let C' be a nonempty closed convex subset of a real Hilbert space H. We write x,, — x to indicate that
the sequence {x,} converges weakly to x and z,, — x to indicate that the sequence {z,} converges strongly
to x. Moreover, we use wy,(z,) to denote the weak w-limit set of the sequence {x,}, i.e.,

wy(zn) :={x € H : ,, — x for some subsequence {x,,} of {z,}}.

The metric (or nearest point) projection from H onto C is the mapping Po : H — C which assigns to
each point z € H the unique point Pox € C satisfying the property

— Pz = inf ||z — y| =: d(z,C).
|z — Poxll = inf |lz — yll =: d(=, C)

The following properties of projections are useful and pertinent to our purpose.
Proposition 2.1. (/27, 30]) Given any x € H and z € C. One has
(i) z=Pox & (x—z,y—2) <0, VyeC;
(i) z=Pex & |z —z|> < |z —yl® = |ly —2[*, Yy € C;

(i) (Pcx — Poy,x —y) > ||[Pcx — Poyl|?, Yy € H, which hence implies that Po is nonexpansive and
momnotone.

Definition 2.2. A mapping T : H — H is said to be firmly nonexpansive if 27" — I is nonexpansive, or
equivalently, if T' is 1-inverse strongly monotone (1-ism),

(x —y,Tx —Ty) > |Tz — Ty||*, Va,y € H;

alternatively, T is firmly nonexpansive if and only if T can be expressed as T = %(I +S), where S: H - H
is nonexpansive; projections are firmly nonexpansive.

Definition 2.3. A mapping F': C — H is said to be

(i) monotone if
<F.%'—Fy,x‘—y>20, Viﬁ,yEC;

(ii) n-strongly monotone if there exists a constant n > 0 such that

(iii) a-inverse-strongly monotone if there exists a constant a > 0 such that

<F.’L’—Fy,.%'—y>ZCKHFI'—FyH2, V~Tayec~

It can be easily seen that if T' is nonexpansive, then I — T is monotone. It is also easy to see that
the projection P¢ is 1-ism. Inverse-strongly monotone (also referred to as co-coercive) operators have been
applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if F': C — H is a-inverse-strongly monotone, then F' is monotone
and é-LipSChitZ continuous. Moreover, we also have that, for all u,v € C' and A > 0,

(I = AF)u — (I = AF)v||* < |Ju —v||* + A\ = 2a)||Fu — Fvl]2. (2.1)

So, if A < 2a, then I — AF' is a nonexpansive mapping from C to H.
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Proposition 2.4. ([12]) For given z*,y* € C, (x*,y*) is a solution of the GSVI (1.9) if and only if x* is
a fixed point of the mapping G : C' — C defined by

Gx = Po(I — v Fy)Po(I —veFy)z, Yz e C,
where y* = Po(I — voFy)x™.

In particular, if the mapping Fj : C' — H is (j-inverse-strongly monotone for j = 1,2, then the mapping
G is nonexpansive provided v; € (0,2¢;] for j = 1,2. We denote by = denote the fixed point set of the
mapping G.

Definition 2.5. A mapping T : H — H is said to be an averaged mapping if it can be written as the
average of the identity I and a nonexpansive mapping, that is,

T=(1-a)l+aS

where a € (0,1) and S : H — H is nonexpansive. More precisely, when the last equality holds, we say that

T is a-averaged. Thus firmly nonexpansive mappings (in particular, projections) are %—averaged mappings.

Proposition 2.6. (/5]) Let T : H — H be a given mapping.

(i) T is nonexpansive if and only if the complement I — T is %—ism.

(ii) If T is v-ism, then for v > 0, vT is %—ism.

(11i) T is averaged if and only if the complement I—T is v-ism for some v > 1/2. Indeed, for o € (0,1), T
s a-averaged if and only if I — T is %—ism.

Proposition 2.7. (/5]) Let S, T,V : H — H be given operators.

(i) If T = (1 —«)S + aV for some a € (0,1) and if S is averaged and V is nonexpansive, then T is
averaged.

(i1) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(i5i) If T = (1 — a)S + aV for some o € (0,1) and if S is firmly nonexpansive and V' is nonexpansive,
then T 1s averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the mappings
{Tz}fL is averaged, then so is the composite Ty - - - Ty. In particular, if T1 is ai-averaged and Ty is
ag-averaged, where ay, a9 € (0,1), then the composite TiT is a-averaged, where o = a1 + g — ajae.

(v) If the mappings {T;}~., are averaged and have a common fived point, then

N
() Fix(T}) = Fix(Ty - - - Tiy).
=1

The notation Fix(T') denotes the set of all fized points of the mapping T, that is, Fix(T) = {x € H : Tx = x}.
We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.8. Let H be a real Hilbert space. Then the following hold:
(a) llz =yl = ll2l]2 = lyl> — 2(@ — y ) for all @,y € H;
(0) 12z + pyl* = Allz||* + pllyll* — Aullz — y||* for all z,y € H and A, p € [0,1] with A+ p = 1;
(c) If {zn} is a sequence in H such that x,, — x, it follows that

limsup ||z, — y||* = limsup ||z, —z||* + ||z —y||>, Yy <€ H.
n—oo n—oo

Lemma 2.9. (/16]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let S be a
nonezpansive self-mapping on C with Fix(S) # 0. Then I — S is demiclosed. That is, whenever {x,} is a
sequence in C weakly converging to some x € C and the sequence {(I — S)x,} strongly converges to some vy,
it follows that (I — S)x =y. Here I is the identity operator of H.
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Lemma 2.10. ([28]) Let F : C — H be a monotone mapping. In the context of the variational inequality
problem the characterization of the projection implies

ue VI(C,F) < wu=PFPo(u—AFu), X>0.

Let C' be a nonempty closed convex subset of a real Hilbert space H. We introduce some notations. Let
A be a number in (0,1] and let © > 0. Associating with a nonexpansive mapping 7 : C' — C, we define the
mapping T? : C' — H by
Tz :=Tx — \uF(Tx), Ve,

where F' : C' — H is an operator such that, for some positive constants «,n > 0, F' is x-Lipschitzian and
n-strongly monotone on C'; that is, F' satisfies the conditions:

|Fz — Fy|| < sllz —yl| and (Fz—Fy,z—y) >nlz -yl
for all z,y € C.

Lemma 2.11. ([12]) T? is a contraction provided 0 < p < %; that is,

1Tz — Tyl < (1= Ar)llz —yll, Vo, €C,

where 7 =1 — /1 — p(2n — px2) € (0, 1].

Remark 2.12. Since F' is x-Lipschitzian and n-strongly monotone on C', we get 0 < n < k. Hence, whenever
0<p< i—’;, we have 7 =1 — /1 — u(2n — ux?) € (0,1].

Lemma 2.13. ([24]) Let {a,} be a sequence of nonnegative real numbers satisfying
an+1 < (1 —wp)ap + wpdp + 1, Y0 >0,

where {wn}, {0n} and {r,} satisfy the following conditions:
(i) {wn} C [0,1] and Y07 wyp = 00;
(ii) either imsup,, o 0n < 0 or > 07wy |0p| < 005

(iii) vy > 0 for alln >0, and Y07 v, < 00.
Then, lim,_ . a, = 0.

Lemma 2.14. ([20]) Assume that A is a y-strongly positive bounded linear operator on H with 0 < p <
[ Then |1 - pA] < 1 3.

Let LIM be a Banach limit. According to time and circumstances, we use LIM,a,, instead of LIMa for
every a = {a,} € [*°. The following properties are well known:

(i) for all n > 1, a, < ¢, implies LIM,,a,, < LIM,,cp;

(ii) LIMpan4n = LIMya,, for any fixed positive integer V;

(iii) liminf, o0 an, < LIMya, < limsup,,_, ., a, for all {a,} € [*°.

Lemma 2.15. Let a € R be a real number and let a sequence {a,} € I°° satisfy the condition LIMa, < a
for all Banach limit LIM. If limsup,,_,(@nt+1 — an) < 0, then limsup,,_, . a, < a.

Recall that a set-valued mapping T :D(T) C H — 2% is called monotone if for all ,y € D(T), f € Tx
and g € Ty imply
(f —g.x—y) >0

A set-valued mapping 7T is called maximal monotone if T' is monotone and (I + )\f)D(f) = H for each

A > 0, where I is the identity mapping of H. We denote by G(T') the graph of T. It is known that a
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monotone mapping T is maximal if and only if, for (z, f) € Hx H, (f —g,z—y) > 0 for every (y,g) € G(T)
implies f € Tx. Next we provide an example to illustrate the concept of maximal monotone mapping.
Let A: C — H be a monotone and Lipschitz-continuous mapping and let Nov be the normal cone to C
atvedld,ie,
Nev={ue H:(v—p,u) >0, Vpe C}.
Define
fv:{ Av+ Nov, if veC,
0, ifvegC.

Then, it is known in [44] that T is maximal monotone and 0 € T if and only if v € VI(C, A).
Let R: D(R) C H — 2" be a maximal monotone mapping. Let A, z > 0 be two positive numbers.

Lemma 2.16. ([14]) There holds the resolvent identity

7 7
— 1 - = H.
)\:U—I—( )\)JR,,\m), Vz €

Remark 2.17. For A, u > 0, there holds the following relation

JR,)cT = JR,;L(

e = Tyl < o =yl + 3= (G W raw =yl + <llz = Tnl). Vv € H, (22)
Lemma 2.18. (/29]) Jg. is single-valued and firmly nonexpansive, i.e.,
(Jraz — Jrpy,x —y) > [Jraz — Jpayl®, Vo,y € H.
Consequently, Jg ) is nonexpansive and monotone.

Lemma 2.19. (/29]) Let R be a maximal monotone mapping with D(R) = C. Then for any given A >
0, u € C is a solution of problem (1.10) if and only if u € C satisfies

u = Jpx(u— ABu).

Lemma 2.20. ([34]) Let R be a mazimal monotone mapping with D(R) = C and let B : C — H be a
strongly monotone, continuous and single-valued mapping. Then for each z € H, the equation z € (B+AR)x
has a unique solution xy for A > 0.

Lemma 2.21. (/8]) Let R be a mazximal monotone mapping with D(R) = C and B : C — H be a monotone,
continuous and single-valued mapping. Then (I + A(R+ B))C = H for each A > 0. In this case, R+ B s
mazximal monotone.

3. Main results

Let C' be a nonempty closed convex subset of a real Hilbert space H. Throughout this section, we always
assume the following;:

f: C — Risa convex functional with L-Lipschitz continuous gradient Vf, F' : C' — H is a x-Lipschitzian
and 7-strongly monotone operator with positive constants x,n7 > 0, and F}; : C — H is (j-inverse strongly
monotone for j =1, 2;

A is a -strongly positive bounded linear operator on H with 4 € (1,2), V : C — H is an [-Lipschitzian
mapping with [ > 0, R; : C — 2¥ is a maximal monotone mapping, and B; : C — H is n;-inverse strongly
monotone for each i = 1,..., N; 0 < pp < = 20 and 0 <7l < 7 with 7 =1 — /T — (21 — px2);

G : C — C is a mapping defined by G:U = Pc(I —v1F1)Po(I — vaFo)x with 0 < v; < 2¢; for j =1,2;

Po(I - )\tVf) = s;I + (1 — s¢)T; where T} is nonexpansive, s; = Z=2tL € (0,3) and X : (0,1) — (0, 2)
with lim;_o Ay = PC(I A Vf) = spI + (1 — s,)T,, where T), is nonexpanswe Sy = 2= jl\"L € (0, 2) and
{An} C(0,2) Wlth hlrnn_>Oo An = 2
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AN . C — C is a mapping defined by ANz = JRyAne (L = ANtBN) - Iy, (I — A eBr)w,t € (0,1),
for {\i+} C [ai,b]) € (0,2n;), i = 1,...,N; AY : C — C is a mapping defined by A)z = JRy ann (I —
AN BN) - TRy Ay (L= A Br)z with {\; n} C [ag, bi] C (0,27;) and limy, 00 Ay = i, for each i = 1,..., N;

2 =N, I(B;,R)NENT #0 and Py is the metric projection of H onto £2;

fon} € 011, {3} € (O.minfd, [A]71}) and {5¢}oppngr, 22}y © (O ming 3. [AI ).

Next, put o

A?ﬁ = JRi,M,t(I - )‘i,tBi)‘]Ri—l)\i—l,t(I - )‘i—lthi—l) T ‘]R1,>\1,t(l - )‘177531)7 vt € (0’ 1)’

and
A, = JRixin L = NinBi) IR a1 = Nic1nBic1) - Jryag,, (L — A B1), Vn >0,

for all i € {1,..., N}, and AY = AY = I, where [ is the identity mapping on H.

Since V f is L-Lipschitzian, it follows that V f is 1/L-ism; see [16] (see also, [3]). By Proposition 2.6 (ii)
we know that for A > 0, AV f is ﬁ-ism. So by Proposition 2.6 (iii) we deduce that I — AV f is %-averaged.
Now since the projection P¢ is %—averaged, it is easy to see from Proposition 2.7 (iv) that the composite

Po(I — AV f) is %—averaged for A € (0,%). Hence we obtain that for each t € (0,1), Po(I — AV f) is

W—averaged for each A\; € (0, %) Therefore, we can write
2—X\L 24+ ML
Po(I = NV[) = =1+ == 25T = sl + (L= s)T,,
where T} is nonexpansive and s; := s;(\¢) = # € (0,3) for each A, € (0,%). It is clear that A\, —

% < s — 0. Similarly, for each n > 0, Po(I — A,V f) is W—averaged for each \,, € (0, %) Therefore,

we can write

2— A\, L 24\ L
Po(I = V) = 4” I+ +4” Ty = spd 4 (1 = 5,)Th,
where T, is nonexpansive and s, := s,(\,) = Q*Q"L € (0,3) for each A\, € (0,%). It is clear that

A — # & s, — 0. Note that Fix(T}) = Fix(T,,) = I'. By Proposition 2.4, we know that G is
nonexpansive and = = Fix(G). Since {\;+} C [a;,b;] C (0,27n;), utilizing (2.1) and Lemma 2.18 we have
that for all z,y € C

ANz = ANyl = TRy an, (I = AneBn)AY e = JRN,ANE(I — AvaBn)AY Tyl
< = AvaBy) AN e = (1 = Avg By) A7yl
1AY 2 — Ay

[ 4iz — Agy]

I IAIAIAINA A

1472 — Ayl|
[z =y,

which implies that A% : C' — C' is a nonexpansive mapping for all ¢ € (0,1). Similarly, we have that for all
z,yeC

(AN 2 — Ayl = | Jry an (I = AN BN) AN 2 — TRy an.. (I = AN BN) AN 1y ||
< A5z — Ayl
= llz =yl
which implies that A% : C — C is a nonexpansive mapping for all n > 0.

In this section, we introduce the first hybrid implicit steepest-descent scheme that generates a net
{xt}te(omin{l,f_;jl}) in an implicit manner:

xy = Po|(I — s AT AN Gy + si(ty Vi + (I — tuF)Ti AN Gay)). (3.1)
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We prove the strong convergence of {z;} as t — 0 to a point Z € {2 which is a unique solution to the VIP
(A—Dz,p—2) >0, Vpe . (3.2)

For arbitrarily given xg € C, we also propose the second hybrid explicit steepest-descent scheme, which
generates a sequence {z,} in an explicit way:

{yn = anyVan + (I — aguF)T, A Gay, (3.3)

i1 = Po|(I — s, AT, AN Gy + spyn],  ¥n >0,

and establish the strong convergence of {z,} as n — oo to the same point Z € {2, which is also the unique
solution to VIP (3.2).

Now, for ¢ € (0, min{1, E%jl}), and s; € (0, min{%, | A]|71}), consider a mapping @Q; : C — C defined by
Qix = Po[(I — st AT AN G + si(tYVa + (I — tuF)T, AN Gz)], V€ C.

It is easy to see that @ is a contractive mapping with constant 1 — s;(3 — 1 + ¢(7 — +{)). Indeed, by
Proposition p2.4 and Lemmas 2.11 and 2.14, we have
Qi — Quyll < (I = s; AT AY G + s1(tyVa + (I — tpF) T, AY Gr)
— (I = st ATAY Gy — sy(tyVa + (I — tuF) T, ALY Gy) |
< (I = st AT AY G — (I = st AT AN Gy|
+ 5|tV + (I — tuF) AN Gz) — (tyVy + (I — tuF )T, AN Gy) ||
< (1= s)TAN Gz — TLAN Gyl + siltr|Va — V|
(I = tuP)TiAY Ga — (I — tpF)T,AY Gy
< (1 =s)llz =yl + siltyllle =yl + (1 = t7)]lz — yl]
— 1= 15— 1+ t(r —))]llz — yll.

Since 7 € (1,2), 17—l >0and 0 < t < mln{l,T 7l} < == ;17 it follows that 0 < ¥ — 14+ t(7 —~l) < 1,
which together with 0 < s, < min{3, ||A[| 71} < 1 yields 0 < 1 —s,(y—1+¢(r — 1)) < 1. Hence @, : C — C
is a contractive mapping. By the Banach contraction principle, Q¢ has a unique fixed point, denoted by x4,
which uniquely solves the fixed point equation (3.1).

We summary the basic properties of {x;}.

Proposition 3.1. Let {x;} be defined via (3.1). Then
(i) {2} is bounded for t € (0, min{1, 2 == vl})"
(i3) limy_yo ||2¢ — Tyae|| = 0, limg g |2y — AN z¢|| = 0 and limg_sq ||zs — Gag|| = O provided limy o s; = 0;

(1i1) x : (O, , E:jl}) — H s locally Lipschitzian provided s; : (0, min{1, 2 — wl}) — (0,min{3, |A|7'})
is locally Lipschitzian and X; ¢ : (0, min{1, 27 }) [ai, bi] is locally Lipschitzian for each i =1,...,N;

(iv) x; defines a continuous path from (0 mln{l }) into H provided s; : (0, mln{l 7l}) (0, min{3, | A|71})

is continuous and ;¢ : (0, min{1, 2 — 71}) [az, bi| is continuous for each i =1,...,N.
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Proof. (i) Let p € 2. Noting that Fix(G) = =, Fix(T;) = I' and Aip = p for each i = 1,..., N, by the
nonexpansivity of G,T; and A} and Lemmas 2.11 and 2.14 we get
lz: — pl| < |(I — st AT AN Gy + si(ty Vi + (I — tuF)T AN Gay) — p|
= ||(I = st ATy AN Gy — (I — st A)TLAN Gp + sp(ty Vg + (I — tuF)T AN Gy — p) + s:(1 — A)pl|
< (I = s AT AY Gy — (I = se AYTAY G| + sillty Ve + (I — tpF) LAY Gay — pl| + s4l|(1 — A)p|
= (I = se ATy AY Gay — (I — s, AT AY G|
+ sel|(I = tuF)YLAY Gy — (I — tpF) T AN Gp + t(yVay, — pFp)| + sl (I — A)pl|
< (1= s)ITAY Gy — TiAY Gl + si[|(I — tpF)TAY Gy — (I — tpF)TAY G|
+t(Y|[Var = Vpll + 7V — wFplD)] + sl|(1 — A)p
< (X = sWllwe = pll + se[(L = t7)[|we = pll + (V|2 — pll + | (VV = pnF)pl)] + sell T = Allllpl]
= [ =s:(y = 1+ t(r = AD)]llwe — pll + selllT = Allllpll + £[|(vV = wF)pll].
So, it follows that
11— Allllpll + el (v V — pF)p]|
y—=14+t(t—~l)
< I = Allllpll +tli(zV — pF)pll
< 5.1
11— Allllpll + [I(+V = pF)pl|
-1 |
Hence {;} is bounded and so are {Va}, {AN Gz}, {Ti AN Gy}, and {FT, AN Gay}.
(ii) By the definition of {x;}, we have

lz: —pl| <

<

|zt — TiAN Gay|| = | Po[(I — s; AT AN Gy + s:(tyVay + (I — tuF) T AN Gay)] — PoTiAN Gay |
< I = st A)TAY Gy 4 si(tyVay + (I — tuF) T AN Gry) — Ty AN G|
= ||si[(I = AT AN Gy + t(yVay — pFT AN Gay)] ||
= sl (I — AT AY Gy + t(yVary — pFTAY Gy )|
< sil|I — A TiAN Gy || + t|yV s — pFTAN Gyl — 0 ast — 0,
by the boundedness of {Vz;}, {T; AN Gx;} and {FT;ANGx} in the assertion (i). That is,
lim |2 — T4 G| = 0. (3.4)

Since p = Gp = Pc(I — v1F1)Pc(I — voF»)p and Fj is (j-inverse-strongly monotone with 0 < v; < 2¢; for
j =1,2, we deduce that

|Gz — p||? = || Pc(I = i F1)Pe(I — vaFy)xy — Po(I — 1 FY) Po(I — va Fy)p)|)?
< (I = 1 F1)Po(I — vaFy)ay — (I — 1 Fy)Po(I — o Fy)p||?
< ||Po(I — vaFy)ay — Po(I — vaFy)p)||?
+ v1(v1 — 2C) | FLPo(I — voFy)ay — FyPo(I — va Fy)pl|?
<||Po(I — vaFy)xs — Po(I — vaFy)pl? (3.5)
< (I = weF)a; — (I — 2 F)p||
= ||(zs = p) — va(Foxy, — Fop)||?
< le = pl1 + va(vs — 26) | Py — Fopl|?
< e = pll*.
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Also, since B; : C — H is m;-inverse-strongly monotone for each ¢ = 1,..., N, by Lemma 2.18 we have
1Ai G = plI* = TR, p o (I = Nt Bi) A7 G — TR, o (1 = Nie Bl
< = XigBi) A Gare — (I = Nig Bi)pl®

< A7 Gy — pl? + Nig(Nig — 200)|| Bi AL Gay — Bip|)? (3.6)
< |Gy — pl|* + Xig(Niy — 2n)|| BiAy Gy — Bip)?
< |Gz, — p|?,

for each i € {1,2,..., N}. Simple calculations show that
Ty —P=Ty — Wy + W — P
=z —wy+ (I — stA)Tt/liVGxt + s¢(tyVay + (I — tuF)TtAéVGxt) —-p
=z —wp+ (I — stA)(Tt/livat — Tt/liVGp) + s[t(vVay — pFp)
+ (I = tpF LAY Gy — (I = tpF)p) + s(1 — A)p,
where wy = (I — s AT AN Gy + si(tyVay + (I — tuF)T AN Gxy). For simplicity, we write #; = Po(I —
voFy)xy, yo = Po(I —v1F1)Z and p = Po(I —veFy)p. Then y, = Gay and p = Po(I — v1 F1)p = Gp. Hence,
by Lemmas 2.11 and 2.14 , from (3.5)-(3.7) we obtain that
[zt = pl* = (21 — w, & — p) + (I — s: AN (T AY Gy — TiAY Gp), e — p) + se[t(YV iy — pFp, e — p)
+ (I = tuF)YTAY Gy — (I — tuF)p, xy — p)] + s((I — A)p, 1 — p)
<{((I- stA)(TtAiVG:L‘t — Tt/lfVGp), xp — p) + s[t(yVay — pFp, e — p)
+ (I = tuF)YTAY Gy — (I — tpuF)p, x — p)] + s((I — A)p, 1 — p)
= ((I — s A) (T AN Gy — T AN Gp), 2 — p) + s¢[(I — tuF )T AN Gy — (I — tpF)p, z¢ — p)
+t(y(Vae = Vp,ae —p) + (WWp — uFp, 2 — p))| + se{(I — A)p, ¢ — p)
< (I = st A)(TAY Gy — T AY Gp) ||| — p
+ i (I = tuF)T,AY Gy — (I = tpF)pl|||z — pl|
+t(y[Vae — Vpllllze — pll + WV — nFpl||lze — pl)] + sel[(L — A)pllllze — p|
< (1= s T AY Gy — TiAY Gpll|lae — pll + si[(1 — ¢ | T2 AY Gy — pll |l — pl|
+ (Y|l = pl* + [V = pFplllae = pl)] + sell(I = Apll ||z — p|
< (1= s AY Gy — plll|ze — pl| + se[(1 — t7) | A Gy — ||| — p|
+t(ylllxe = pl* + WV — pFllllze — p)] + st (I = A)pll[|z: — p|
= (1= s:(y = 1+ t7)| A Gy — pl |z — pl|
+ st (yl|xe = pl* + 1WVp — pFpllllze — pll) + sel (T = A)plll|z — p]
< (1= sy = 1+ ) (14N G = pl” + 1z — )
+ st (yl|xe = p|* + |7V — pFpllllze — pl) + sel (I = A)pllllz: — p|
< (1= 5u(3 = 1+ )5 (145G, — I + Iz — )
+ st (yl|xe = pl* + |7Vp = pFpllllze = pll) + sel (T = A)plll|z: — p]

1 i
< (=517 = L) [IG = pl* + Xig(Nig = 2001 Bidy Gy — Bpl|*

(3.7)

+ |z = pl?] + sit(Yllze = pl® + |2V — uFplll|ze — pl) + sell (1 — A)plll|ze — pl].
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Hence,
Iz =l < (1 = ey — 1+ 7)) [1Pe(T ~ maFo)as — Po(T — maFo)pl?
+ (v — 2G) | Frde — Fip|l* + Nig(Nig — 2m3) | Bi A} Gy — Bipl|®
+ |z — plI?] + st (yllze — plI* + WV — wFpllllz: — pl) + sl (T — A)pllllz: — pll
S(I-s(y—1+ tT))%[Hﬁ?t — plI* + va(va — 2¢o) | Fowy — Fopl|?
+ vi (v — 2G| Fide — Fip||* + Nig(Nig — 20:) | BiAy Gay — Bipl|?
+ |z — plI*] + st (yllze — plI* + WV — wFpllllz: — pll) + sl (I — A)pll]lz: — pll

B 1—s;(7v—1+1tr
= (1= 57 = 14 1 = D) =l = D 0, ) i — o

+11(2C — ) || Fide — F1p||* + it (2m; — )\z‘,t)”BiAi_lGl‘t — Bip|)?]
+ 5:(t[|vVp — puFp||||lze — pl| + [[(I — A)pl|||z: — pl|)

1—s(7—14+1t
&@2‘*”M@@—WHB%—BM2

+11(2G = v) | FiZs — Fupl|* + Aie(20i — Nig)|| Bidy™ ' G — Bipl|?]
+ st (V= pF)pllllze — pll + (1 = A)pll[|ze — pll),
which together with v; € (0,2¢;),j =1,2 and {\;;} C [a;, b;] C (0,2n;),i = 1,..., N, implies that

1—s(7—14+1t
&w2-%ﬂM@@—ww5%—&m2

+11(2G — )| Fid — Fupl® + ai(2m; — b)|| B Ay Gy — Bip||?]

1—s(y—14+1tr
< 20T 06 — ) | o — Fop?

+11(2G — v1)||Frde — Fupl® + Xig (20 — Nig) | Bidy ' Gy — Bip||?]
< s¢(t|vVp — pFpll|lze — pl + [|(I — A)pll||lz: — pl)-

(3.8)

< |l = pl* =

Since limy_,o s; = 0 and {z;} is bounded, we have
lim || Foxy — Fop| = lim | F1& — Fip| = lim | B;A 'Gay — Bipl| =0, Vi€ {1,..,N}. (3.9)
t—0 t—0 t—0

Utilizing Lemmas 2.8 (a) and 2.18, we obtain that for each i € {1,..., N}

[4iGxy = plI* = TR p, (T = Xy Bi) A3 Gy = Tgox, (T = Aie Bo)pl?
< (I = XigBi) A7 Gy — (I = X\iyB)p, A;Gy — p)

1 . ;
= 5(”(1 — XigBi) Ay Gy — (I = Xy Bi)pl|? + || 4Gy — pl|
—|(I = Mg Bi) AT Gy — (I — XiyBi)p — (4G — p)||?)

Lo pie i i i i

< (M Gy = pl* + 14iGry = p||* = |47 Gy — 4Gy = Nig(Bidi™ G — Bip)||*)
1 , . . i

< S (llwe = pl* + 148Gz, = plI* = 147 Gy = 4iGwy = Niy(Bidi™ Gy — Bip) ),

which immediately leads to
[4iGae = pl* < ||z — pl* = || 4;7" Gy — AjGae — Xio(Bi ;™ Gy — Bip)|®
= |z — pll* — 1457 Gy — AjGae||* = NP4\ Bi Ay~ Gy — Bip||?
+ 2)\,~7t<Ai_1Gxt — AiGiEt, Bi/lf;_lGxt — Bip)
<@ = pl? = |4; Gy — ALGay||® + 2Xi || A} Gy — AjGay ||| B AL Gy — Byp)).

(3.10)
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Combining (3.8) and (3.10) we conclude that
_ L
e = pl* < (1= s0(3 = 14 t7)) 5 (140G = plI* + e = pII*)
+sit(ylllwe = pl* + 11V — pFpllllze = pll) + sell (1 = Apllze — pll
1 - ,
< (=53 =1+ tn)g{lle = pl* = 45 Gy — 4G *
A G — G| BiAi Gy — Bapll + o — plI?}

+ sit(Yll|zy — pl|® + WV — wFpll||ze — pll) + sel|(I = A)pll ||z — p

1—s(7y—1+¢
= [ sy~ Lt #(r = D) — pl? - LD

+ (1= s¢(F = L+ tr))Nig| AT Gy — AiGay|||| Bi AL Gy — Bip|
+ se(t)vVp — pFpll|lze — pll + (1L — A)pl[l|lze — pll)
1—s:(y —14t71)
2
+ Xitl|[ AT Gy — AiGay|||| Bi AT Gy — Bip|
+ st(tl|vVp — pFp||[|ze — pll + (I — A)pllllz — pl]),
which hence yields

1—s:(y —14t71)
2

A Gy — AiGay|)?

< [l = pl* ~ 147 Gay — AiGa|?

| AL Gy — ALGay||? < Nigl| A Gy — ALGaey ||| Bi A Gy — Bip|
+ s¢(t||vVp — pEpll||ze — p|| + [[(I — A)pl|||z: — p||)-

Since {\i+} C [ai, b)) C (0,2m;), limy—os; = 0 and lim;_, HBZ-/liflGxt — Bip|| = 0 (due to (3.9)), we deduce
from the boundedness of {z;} and {AiGx;} that

lim | AT Gy — AiGay|| =0, Vie{l,..,N}. (3.11)
.
Furthermore, in terms of the firm nonexpansivity of Po and the (j-inverse strong monotonicity of Fj for
j = 1,2, we obtain from v; € (0,2¢;),j = 1,2 and (3.5) that
|17 — BII* = | Pe(I — vaFa)z — Po(I — vaFo)p|?
<A —voF2)zy — (I — voFo)p, &t — P)

1 - -
= 1T = vaFo)zy — (T = w2 Pa)pl* + |3 = pII* = I(T — vaF)ae — (I = vaFo)p = (& = )]

1 . . . .
§[|\$t —pll> + 13 — BII* — (¢ — &) — va(Foxy — Fop) — (p — D) ]
1 . . . .
= §[H$t —pll?+ 17 — B — | (ze — &) — (0 — D)|I?
+2v9((z — ) — (p — D), Fawy — Fap) — v3||Faxy — Fap|?],
and
lye — plI*> = | Pc(I — viF1)& — Po(I — i F1)p|?
< = F1)Z — (I = viF1)p,ye — p)
1 . . . .
= 5[”(1 — )& — (I =PRI+ lye — pl* = | = i )& — (I — i F)p — (g — p) ]

I

IN

1. . N . N
Slll7e = PI* 4+ llye —pl* = 1@ — w) + (0 — D)
+ 201 (FiZ — AP, (B — ye) + (p — D)) — vi | Fady — Fup||?]

1 - - - . -
< Sl =pl* + lly = I = 1@ = y0) + (0 = DI + 21(FiZs = Fip, (30— ye) + (p = D)))-
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Thus, we have
1 = BI1* < llwe = plI* = (@t — Z2) — (0 = D) + 202 (22 — &1) — (0 — B), Fowe — Fap) (3.12)
— v3|| By — Fopl?,

and
lye = plI* < llze = pl* = 1@ — ye) + (0 = B)II* + 201 || Fae — Fipll| (& — ye) + (0 = D). (3.13)
Consequently, from (3.5), (3.6), (3.5) and (3.12) it follows that
lze = pl|* < (1 —se(7 =1+ tT))%(II/lith —pl* + [z — pl*)
+sit(yl|ze = pl* + |7V — pFpllllze = pl) + sel (I — A)pllllz — p|
< (1= 5u(3 = 1+ 7)) 5 (1 — pl* + oo — o)
+set(Ylllze — pl> + 17Vp = uFpllllze = pll) + sl (1 = Aplll|z: — p|
< (1 503 = 1+ 1) 5 (0 — P + e — pl?)
+ st (yll|ze = pl* + 17V — pFpllllze = pll) + sel (T = A)pllllz — p|
< (1= sy = 1 ) gl =P = e = 30) = (0= I

+ 2u| (e — &) — (p — D)|[|| Fowe — Fapl| + ||z — pl*]
+ sit(Yll|z — pl|*> + WV — wFpll||ze — pll) + sel| (I — A)pll ||z — p
B 1—s;(7v—1+1tr1 5 5

=[-8 1t =)l - P D ) )

+ (1 = s5¢(y = 1+ t7)vall(ze — 3¢) — (p — D) ||| Fawe — Fapl|

+ s:(tlvVp — pFpll||lz: — pll) + [|(L = A)p|| |z — pl|)
l—St(’_)/—1+tT)

9

+ s5¢(t|YVp — uFp|||z: — pl) + |(T — A)pll||lz: — pl)),

I

I(ze = @) = (p = B)I* + vl (e — &) = (p = D[ Faze — Fapll

< |lze = plI* ~

which yields

L D 2 - 0 p)

< v|(ze — 1) — (p = D[ Fwe — Fopll + s:(t|vVp — pFpl||z: — pl)) + (1 — A)pllllz: — pl])-
Since limy_0 s¢ = 0 and limy_ || Fozy — Fop|| = 0 (due to (3.9)), we deduce from the boundedness of {z;}

and {Z;} that
lim | (@1 — &) — (0 — )| = 0.
—0

I

(3.14)
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In the meantime, from (3.5), (3.6), (3.8) and (3.13) it follows that
2 = 1 2 2
lze = plI" < (1 = 5¢e(3 = 1+ t7))5 (| Goe = plI” + llze = pII)
+sit(Ylllae — pl* + |7V — pFplllz: — pll) + s:ll(T = Apll [l — p]
i 1
= (L= s(y = 1+t7))5 (llye —pl* + [z — plI*)
+ st (yl|xe = pl* + |7V — pFpllllze — pll) + sel (T = A)plll|z: — p
_ 1 - -
< (L= se(y = L tm))5[llae —pll> = 1@ — ) + (0 — D)7
+ 201 || P — Fip||[(Z: — ye) + (0 — D) + Il — pl?]
+ sit(Yl|ze = pl” + |17V — pFpll|xe = pll) + sell (1 = Apllf|x — p]
N l—se(y—1+14t7), . N
= [ s 1t =)l ol - P D g 4

+ (1 —st(y = L+ tr)vi||Faze — Fip||||(Z — ye) + (p — D) ||
+ 5:(t[|vVp — puFpl|||lze — pl| + [[(I — A)pl|||z: — pl|)

1l—s;(y—141t1), . . - i~ _
2D @)+ 0= DI + s~ Fipll @) + (0~ )

+ 5:(t[|vVp — uFpl|l|lze — pll + (L = A)pll||lz: — pl)),

< [l = pl* =

which leads to

L0 I g+ o )P

< w|Fizy — Fiplll|(Z — ye) + (p = D)|| + se(tlvVp — pFpl|||z: — pl| + |(I — A)pll||lz: — pl])-

Since limy_0 s¢ = 0 and limy_¢ || F1Z:— F1p|| = 0 (due to (3.9)), we deduce from the boundedness of {z;}, {Z:}
and {y;} that

%i_{% (@t —yt) + (p = P)|| = 0. (3.15)

Note that
2t — yell < M[(we — 2¢) — (p = D) + (& — we) + (p — D).

Hence from (3.14) and (3.15) we get
lim |z — y]| = lim ||zy — Gay]| = 0. (3.16)
n—oo n—,oo
Also, observe that
|Gy — AY Gay|| = || 4] Gy — A G|
Thus, from (3.11) we get
li — AN =0. 1
lim |Gy ; Gayl| =0 (3.17)
In addition, it is easy to see that
lze = AN @el| < |2 = Gal| + |Gy — AY Gae|| + || AF Gy — AN |
So, from (3.16) and (3.17) it follows that
li — AN x| = 0. 1
lim [l — A ]| = 0 (3.18)
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Further, it is not hard to find that
lz: — Tiae|| < ||lze — TiAN Gy || + | T AN Gy — TGy || + || Ty Gy — Tya|
< ||lwp — TiAN G| + | AN Gy — Gae|| + || Gy — 24|
Consequently, from (3.4), (3.16) and (3.17) it follows that
lim [lzy — Ty || = 0. (3.19)

(iii) Let ¢,t9 € (0, min{l, f%jl ). For simplicity, we write v; = ANGx;. Then we know that x; =
Po[(I — st A)Tyvy + se(tyVey + (I — tuF)Tiv)]. Since Vf is %—ism, Po(I — MV f) is nonexpansive for
At € (0, 2). So, it follows that for any given p € £2,
[Pe(L = AV o || < [|[Pe(I — MV fog, — pll + [|pll
= |Pc(I = AV v, — Po(I = eV f)pll + [Ipll
< llveg — 2l + llpll
< [Joroll + 2[pll-
This implies that {Pc(I — AV f)vy, } is bounded. Also, observe that
APo(I = AVf) = 2= NI 4Po(I =M Vf) = (2= Ay D)T
2+ AL Yo 2+ AL el
APo(I = NVf)  4Pc(I = M,VS) 2 — M\ L 2 — ML

| Thvty — Tigveo |l = ||

< —

—_ || 2+)\tL vt(} 2+)\tOL UtOH + H2+)\tOLvt0 2+ AtLUtOH

_ ||4(2 + AtoL)PC(I — AtVf)’UtO — 4(2 + )\tL)Pc(I — )\tOVf)UtO H + 4L|)\t — Ato‘ ”Q} H
(2+ ML) (2 + M L) (2+ ML) (2+ ML)

AL(Aty — M) Po(I — MV o + 42+ ML) (Po(I — AV oy, — Po(l — Ay Vo)
PESWAICES W) |
AL\ — Ay, | ol (3.20)
(2+ ML) 2+ A L)1
AL, = MllPeU = MV fvwll | 42+ ML) P = MV fvw, — Poll = MgV F)ve|
- (24+ ML)(2+ ML) 2+ ML)(2+ ML)
AL — Ay
(24+MNL)(2+ ML)
< A = A |[LIPe (I = AV fug || + 4V f (vi) || 4+ Lot |[]

< M| — Mgy,

[0

where Supte(O,min{l,Q;;’l}){LHPC(I_ AV v || +4V f(vg)|| + Ljvgg ||} < M for some M > 0. So, by (3.20),
T—y
we have that
[ Tyve — Tigveo || < (| Thve — Toveo || + ([ Thve — Tho v |l
< Joe = vgol| + M A¢ = Ao | (3.21)
AM

< lve — v || + TISt — Sty -
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Utilizing (2.1) and (2.2), we obtain that
[vr = violl = 147 Gy — Ay G |
= TRy aw. (I = AN BN)AY T Gy = Ty Ay, (I = ANtg BN) ARy~ Gy |
< Ry aw. (I = AN BN)AY T Gy — Jgy ay, (I = Ango Br) Ay 7 Gay|
+ TRy n, (I = ANt BN)AY 71 Gy — Jry sy (T = AN o BN) Apy G|
< NI = ANBN)AN Gy — (I — A 4o Bn) AN 71y
+[|(I = AN o BN)AY T Gy — (I = Ango BN)Apy "Gy || + ANy — At X

1 - —

X ()TWHJRN,AN,t(I - AN,tOBN)/liV Gy — (I - )‘N,toBN)AiX lGxtoH
1 - p—

+ v (I = AntoeBn)AY ' Gy — TRy A (I — )‘N,toBN)/liX LGy ||)
»to

_ (3.22)
< vt = ANl (IBNAY T G| + M) + ([ A Gy — A ' Gy |

< At — Ao (I BN AN Gyl + M)

+ AN-1 = ANt (I BN AN 2G| + M) + | AN 72 Gy — A 2G|
< At — Anao | (IBN AN T G| + M)

+ IAN—1t = AN—140 (I BNo1 AN 2G| + M)

o A = A (| BiAYGa|| + M) + | AYGary — A G|

N
< Moy [N = Nigol + e — a1,
i=1

where
sup ﬁH‘JRi:)\i,t (I - )‘i,toBi)Ai_lGxt - (I - )‘i,toBZ’)Aéo—lG‘rto H
t€(0,min{1,2=L})1<i<N

~l
1
tral

(I - )‘i,toBi)AzZ;_lGxt - ']Ri7>\i,t0 (I - )‘LtoBi)Aio_letOH} < ]/\4\,

for some M > 0 and SUP, ¢
(3.21) and (3.22) we get

27 }){Zij\il | B; A Gy + ]\/4\} < My for some My > 0. By combining

0,min{1, = o

AM
| Thvr — Thgvo || < Ve — vgo || + Tlst — S|
N 3.23
I v ) S W LN o
L I
1=
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In terms of (3.23), we calculate

llwr — @, || < ||(I — stA)Thve + s¢(tyVay + (I — tpF)Tvy)

— (I = 510 A) Ty vey — Sto(toYVwey + (I — topF) Tiyve,) ||

<N = stA)Thve — (I — s A)Tyve]| + [|[(L — st A)Tyve — (L — 59 A) T 01, ||
+ |5t = st |ltYV e + (I — tuF ) Tive|| + seo || [ty Ve + (I — tpF) Tyvy]
— [toyV @y, + (I — topF") Ty vy, ] |

< 150 = stal I AN Toell + (1 = s5039) | T — Togti |
+ st = swolltvVawy + (I — tpF ) Tove|| + s4[|(E — o)y Ve + toy (Ve — Vi)
— (t — to)uFTyve + (I — topF)Tyvy — (I — topF) Ty, vy, ||

N
< st = siol AN Tewell + (1 = st 2 = 20l + Moy [ Xit — i
=1

AM
+ T\St — Sto|] + 15t = stol | Tevel] + (V| Ve || + pl| FThve])]

+ st [(YIIVae|| + pl| FTyvg )|t — tol + toyl|lze — 240 || + (1 — toT) || Tive — Thovg, |[]

N
< st = sep ATl + (1 = seoW) e — 20| + Mo | Aie = Aty
i—1

AM
+ T'St — Sto|] + 15t = Sto| (1 Thvel] + Y[V we|| + pl[ FThve])

+ 810 (YIVel| + pl[ ETeoe )|t = ol + suotollle — we || + 510 (1 = toT)[[[ s — 4o |

4M

N
+ My Z |Ait — Aito| + T|5t — Sto]-

i=1
This immediately implies that
AT vell + (| T3vell + A1V 2| + pll FTyve|
St (Y — 1+ to(T — ’yl))

1 —54(3 — 1+ to7) i
M \; . _
Sto( -1+t T—fyl DZ| (A2 %to|+ I3 ’St StOH

’7|’V5Ut|| + pll F T

Ty — X <
H t tOH— 1+t0( )

st — st0] +

|t = tol

IANNTyoel| + | Tevell + Y[V ael| + pl| FTove || + 22
S(7— 1+ to(T — 1))

’YHVfUtH + pl| F T
— 1 +to(r — A1)

|5t = sto| + — |t — tol

A i 40|
+sto(ﬁ—1+tof—vl Z‘ i~ Aol

Since s : (0, mln{l ’Yl}> — (0,min{3, | A|[71}) is locally Lipschitzian and A;; : (0 mm{l })
1) — Cis locally

[a;, b;] is locally Lipschitzian for each i = 1,..., N, we conclude that z; : (0, mm{l7
Lipschitzian.
(iv) From the last inequality in (iii), the result follows immediately. O

T—l

We prove the following theorem for strong convergence of the net {z;} as ¢ — 0, which guarantees the
existence of solutions of the variational inequality (3.2).

Theorem 3.2. Let the net {x;} be defined via (3.1). If limy_o s, = 0, then x; converges strongly to a point
Z € 2 ast — 0, which solves the VIP (3.2). Equivalently, we have Po(2I — A)Z = &.
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Proof. We first show the uniqueness of solutions of the VIP (3.2), which is indeed a consequence of the strong
monotonicity of A — I. In fact, since A is a J-strongly positive bounded linear operator with 4 € (1, 2), we
know that A — I is (§ — 1)-strongly monotone with constant ¥ — 1 € (0,1). Suppose that Z € 2 and & € {2
both are solutions to the VIP (3.2). Then we have

(A-Dz,2—17) <0, (3.24)
and

(A-Dz,2—7) <0. (3.25)
Adding up (3.24) and (3.25) yields

(A= Dz —(A-D)i, & — ) <0.

The strong monotonicity of A — I implies that £ = & and the uniqueness is proved.
Next, we prove that z; — 7 as t — 0. Observing Fix(T}) = I', Fix(G) = £ and A} p = p, from (3.1), we
write, for given p € (2,
Ty —p=Tp — W+ W —Pp
=x—wp+ (I — stA)TtAiVGxt + s¢(tyVay + (I — tuF)Tt/l{VGa:t) —-p
=t —wi + (I — s;A) (T AN Gy — TiANGp) + sty Vay + (I — tuF)Ti AN Gy — p)
+s:(I —A)p
= — wi + (I — s;A) (T AN Gy — T AN Gp)
+ si[t(YVay — pFp) + (I — tpF)TiAY Gy — (I — tpF)p) + s:(I — A)p,
where w; = (I — s A)Ty AN Gy + s(ty Vg + (I — tuF)T, AN Gzy). Then, by Proposition 2.1 (i), we have
lz: — plI> = (xr — we, 2r — p) + (I — se AN (T AN Gy — T AN Gp, 2 — p) + se[t(YVay — pFp, ¢ — p)
+{(I = tpF)TAY Gy — (I — tpF)p, x — p)] + s¢((I — A)p, 1 — p)
< (1= sey)we = pl* + se[(1 = ) |ze = pl|* + tyl]Jze — pl|?
+ (Y = pF)p,x — p)] + (I = A)p, x¢ — p)
= [ = 85— 1+ t(r — D)l — pI + e KV — pF)p, i — p) + (I — A)p, 0 — p).
Therefore,
1
y—14+t(t—7l)
Since the net {xt}te(o,min{l,f%jl}) is bounded (due to Proposition 3.1 (i)), we know that if {¢,} is a sub-

(H(YV = pF)p,xe — p) +((I = A)p,z — p)). (3.26)

lze = plI* <

sequence in (0, min{1, f:jl ) such that ¢, — 0 and x;, — x*, then from (3.26), we obtain z;, — z*. Let

us show that z* € 2. Indeed, by Proposition 3.1 (ii), we know that lim, _,~ ||z, — Gz, || = 0. Hence,
according to Lemma 2.9 we get z* € Fix(G) = Z. In the meantime, by Proposition 3.1 (ii), we know that
lim, 00 ||z, — T3, 24, || = 0. Observe that
[1Po(I = A,V ), — e, || = [[se, @, + (1= s0,)Th, 21, — o1, |
= (1= s, Ty, 20, — 4, |

S ||1—‘tn$tn - xtn ||7
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where s, = Q*X"L €(0,1) for A, € (0, %). Hence we have

2 2
1Pe(l = 7V o, —at, || < |Pe(l = £V fzr, = Po(l = M, Ve, | + 1Pl = A,V ze, —at,|

2
< (= 7V, — (I = A,V e |+ 1P = M,V f)ze, — @l
2
From the boundedness of {z,}, s, — 0 (& A, — %) and ||T}, 24, — 24, | — 0, it follows that

o = Po(I = 2V )] = Tim |z, — Po(T = <V ), ]| =0.

So, * € VI(C,Vf) = I'. Next we prove that z* € ﬂ%il (B, Ry). As a matter of fact, it is easy to
see from (3.16) and (3.17) that A7"Gxy, — 2* for each m = 1,...,N. Since B,, is ny-inverse strongly
monotone, B, is a monotone and Lipschitz continuous mapping. It follows from Lemma 2.21 that R,, + B,
is maximal monotone. Let (v,g) € G(Ryn+Bp), i-e., g—Bpnv € Ryv. Again, since A7 Gy, = Jg,, A, (I —
/\m,tan)AZi_letmm € {1,2,..., N}, we have

A;:_lGl'tn - )\m,tanAZlL_lGxtn S (I + )‘mytan)A?}LGxt"7
that is,
1

)\m,tn

(A7 Gy, — A7 Gy, — At B A7 Gan,,) € R A7 Gy,

In terms of the monotonicity of R,,, we get

1

)\m,tn

(v—AY"Gay,, g — Bpv — (AP Gy, — A Gy, — At B A 'Gay,,)) > 0

and hence
(v— A]'Guxy,,, g)
1

)\m,tn

> (v — A" Gy, By + (AgflGxtn — A" Gy, — Mg, Bm/ltmnflG:Btn»

m—1
Atn GLUtn - Ametn
)\m,tn
m—1
Atn Gl’tn — A?}LGﬂftn>
)\m,tn

Since || A7 Gy, — A;ZflG:L‘th — 0 (due to (3.11)) and || B, A7 Gy, — Bm/lnglGxth — 0 (due to the
Lipschitz continuity of By,), we conclude from A7 Gz, — x* and {1, } C [am, bm] C (0, 27,,) that

= (v— A"Gay,, B — By A" Gy, + B A7 Gy, — B A]' " 'Gry,, + )

> (v — A" Gy, B A Gy, — Bm/lgfletJ + (v — A7 Gay,,,

lim (v — A" Gy, g) = (v —2%,9) > 0.

1—00
It follows from the maximal monotonicity of By, + Ry, that 0 € (R, + By,)x*, i.e., 2* € I( By, Ry,). Thus,
T* € 0%21 (B, Ry). Consequently, it is known that

N
2" € () UBm, Rm)NENT =: £2.
m=

Finally, let us show that z* is a solution of the VIP (3.2). As a matter of fact, since

xy=x —we + (I — stA)Tt/liVG:L't + s (tyVay + (I — tuF)Tt/lfVGxt),
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we have
Tt — EAivGﬂSt =Ty — W + St(I - A)TtAiVGl‘t + Stt(’)/v.’l/’t - uFﬂAiVGQTt)

Since G, T; and A} are nonexpansive, I — T; AN G is monotone. So, from the monotonicity of I — T ANG, it
follows that, for p € (2,

0 < (I = TANG)a— (I = TLANGYp,zy — p) = (I — TAN G,y — p)

(g — wp, ¢ — p) + s({(I — AT AN Gy, 24 — p) + sit(YWay — pFT AN Gy, x4 — p)
se{(I — AT AN Gy, 2y — p) + sit(YVay — uF T, AN Gy, o — p)

se{(I — A)zy, 20 — p) + 8¢ ((I — A)(TANG — Iy, 2 — )

+ st (WWary — pFTAN Gy, zp — p).

Al

This implies that
(A= Dy, x —p) < (I = A(TANG — Dy, xp — p) + t(YVay — pFT AN Gy, xp — p). (3.27)

Now, replacing ¢ in (3.27) with ¢,, and letting n — oo, noticing the boundedness of {yVz;, — uFT;, AN Gy, }
and the fact that (I — A)(T3, A G — Iy, — 0 as n — oo (due to (3.4)), we obtain

(A—=1I)z*,z* —p) <0.

That is, z* € 2 is a solution of the VIP (3.2); hence * = & by uniqueness. In summary, we have proven
that each cluster point of {z;} (as ¢t — 0) equals Z. Consequently, x; — & as t — 0.
The VIP (3.2) can be rewritten as

(2 —A)z—z,2—p) >0, VYpen.
Recalling Proposition 2.1 (i), the last inequality is equivalent to the fixed point equation

Po(2 — A)i = 7.

Taking F' = %I, u=2and v =1 in Theorem 3.2, we get
Corollary 3.3. Let {x;} be defined by
Tt = PC[(I - StA)TtAiVGZL‘t + St(tVIEt + (]. - t)TtAiVGCCt)]

If limy_,0 st = 0, then {x;} converges strongly ast — 0 to a point T € (2, which is the unique solution of the
VIP (3.2).

First, we prove the following result in order to establish the strong convergence of the sequence {x,}
generated by the hybrid explicit steepest-descent scheme (3.3).

Theorem 3.4. Let {z,} be the sequence generated by the explicit scheme (3.3), where {ay,} and {s,} satisfy
the following condition:
(C1) {an,} C[0,1], {s,} C(0,3) and o, = 0, s, — 0 as n — oo.
Let LIM be a Banach limit. Then
LIM,, (A — #,% — z,) <0,

where & = lim;_,g+ x; with x; being defined by
xy = Po[(I — stA)TANGmt + s¢(tyVay + (I — t,u,F)TANth)], (3.28)

where T,G, AN : C — C are defined by Tx = Po(I — 2V f)z, Gz = Po(I — viF1)Po(I — voFy)x and
ANJE = JRNJ\N(I — )\NBN) . ~-JR17)\1(I — )\131)26 with Vj S (O,QCj),j =1,2 and >\z S [ai,bi] C (0,2771') fOT
eachi=1,...,N.
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Proof. First, note that from the condition (C1), without loss of generality, we may assume that 0 < s, <
| A||= for all n > 0.

Let {z;} be the net generated by (3.28). Since 7, G and A" is are nonexpansive self-mappings on C,
by Theorem 3.2 with T; = T and Aiv = AN there exists lim;_,o z; € 2. Denote it by . Moreover, T is the
unique solution of the VIP (3.2). From Proposition 3.1 (i) with 7; = T and A = AV, we know that {x;}
is bounded and so are the nets {Va}, {AN G}, {TAN Gy} and {FTANGx,}.

First of all, let us show that {x,} is bounded. To this end, take p € 2. Then we get

||yn *pH = HOén’YVl'n + (I - OénHF)TnAfnyn *pH
= |lan(YVan — uFp) + (I - O‘n:uF)TnAgG%z - - an:uF)TnAng”
< apYlflzn = pll + anl|(VV — pF)pll + (1 = an7) |20 — p
= (1 —an(r =AD)l[zn — pll + anl|(V = nF)p|,
which together with Lemma 2.14, implies that
201 = pll = [ Pol(I — sn A)TW AN Gty + snya] — |
< (I — 8, AT AN Gy, + 8095 — |
= |(I = 8, A) T, AN Gy, — (I — 5, AT, AY Gp + 800 (Y — p) + 80(I — A)p|
< H(I - SnA)TnArijxn - (I - SnA)TnAiLVGpH + SnHyn _pH + SnHI - AHHPH
< (1 =spY)lzn = pll + snl(1 — an(r =) |lzn — |
+ an||(YV = pE)pll] + snll I — Allllpl]
< (I =sn(y = Dllzn —pll + su(|(vV — wF)pll + [T = Al[Ip]])
_ _ V—uFp||+]I-A
4 s(n— D)l 50 (5 MOV =] 1= Allp]

-1
|(vV — wF)pl||l + [T — All||p]
|, -

}.

< max{ ||z, — p|
By induction
[V = uE)pl + I = Allllpl

-1
This implies that {z,} is bounded and so are {Vx,}, {T,, AN Gz, }, {FT,AY Gz, } and {y,}. Thus, utilizing
the control condition (C1), we get
|2ns1 — Tp AN Gy || = || Po[(I — sp A)Tn AN Gy 4 snyn] — T AN Gy ||
< (T = 8, AT AN Gy + 50yn — T AY Gy |

= spllyn — AT AN Gz, || = 0 as n — oco.

[2n = pll < max{|[zo —p, }, ¥n>0.

For simplicity, we write v,, = AN Gz, for all n > 0. Then, utilizing the similar arguments to those of (3.21),
we have that

—~ 2
| TAN Gy, — To AN G| < | AN Gy — AN G| + M]3 = Anl. (3.29)

where sup,>o{L| Pc(I = 2V f)on| + 4[|V f(vn)|| + Lljva|} < M for some M > 0. Utilizing the similar
arguments to those of (3.22), we have that

N
AN G — AN G| < Mo Y [Nign — Adl, (3.30)
i=1
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where

1 . .
sup  {~——I[Jr,n . (I — NiBi) AL Gy — (I = NiBi) A" ' Gay|

n>0,1<i<N A\in

1 . ) ~
+ Y”(I ~ NiB) AT Gy — Jg, 2 (I — NiBi) A7 G|} < N,

for some N > 0 and supnzo{zi]\il |Bi ALz, || + N} < My for some My > 0. In terms of (3.29)-(3.30) we
calculate

— 2
T AN G — Ty A Gan | < AN G — A7) G| + M| 7 = A

N
_ )
< My E IAi — Xinl +M|Z — Al
i=1

Consequently, it is not hard to find that
|TAN Gy — zpia|| < || TAN Gy — TAN Gy || + | TAYN Gy, — Tp AN G| + | T AN Gy — 2041 |

N
— )
<z — 2l + MOZIM = Ainl + M\Z — M| + |1 T A Gy — 2| (3.31)
=1
= ||zt — xn|| + €n,

where ¢, = M, SN A = il + ]\7|% — M| + 1T AN G2y — 241 — 0 as n — oo. Also observing that A
is strongly positive, we have

(Azy — Ay, — ) = (AT — T0), 20 — ) > 7|2 — 202 (3.32)
For simplicity, we write w; = (I — s; A)TANGzy + si(tyVay + (I — tuF)TANGx;). Then we obtain that

zy = Pow; and

Ty — 1 =2 — wy + (I — s; A)TAN Gy + s(ty Vg + (I — tuF)TANGry) — 41
= (I — s A)TANGzy — (I — 5t A)xpy1 + s:(tyVay + ([ — tuF)TAN Gy — Azpy1) + 20 — wy.
Observe that
e — npr || < (I — se AT AN Gy — (I — $p.A)Tns1]|? + 20z — wi, 2 — )
+ 25t<T/1NGxt — t(#FTANGl‘t —yVay) — Azpi1, 20 — Tpt)
<||(I = s A)TAN Gy — (I — s¢A) x4 ||
+ 25t<T/1NGxt — t(#FTANGl‘t —yVay) — Azpi1, T — Tpt)
<(1- sﬁ)QHTANG:Ut — xn+1||2 + 28t<T/1NGCEt — T, Ty — Tpt1)
— 25tt<,LLFTANGCCt — YV, o — pi1) + 28:{xy — ATpg1, Tt — Tpt1)-

(3.33)
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Using (3.31) and (3.32) in (3.33), we obtain
l|x: — a:n+1||2 <(1- sﬁ)QHTANGxt — anHQ + 2st<T/1NGxt — T, Tp — Tpt1)
+ 284t {(yVy — pETAN Gy, ey — Tpy1) + 28¢(xt — AZTpy1, Tp — Try1)
< (1= 5251 — Tall + €0)? + 25| TAY Gy — 0 — B
+ 254ty Vg — uFTANGxtH |zt — Tpt1l] + 28¢{xy — A1, T — Tpt1)
= (527 — 2505 — wall® + 172 —
(1= 5672220 — Tallen + ] + 25 TAN Gy — [l — s
+ 284t ||y Vi — ,uFTANGxtH ey — Tppr|| + 28¢(xy — Axppr, T — Tptr)
= (517 = 2807z — @nl® + |z — 20 + (1 = 5:9)2[2/|2¢ — 2allen + €3]
+ 25| TAN Gy — e[| — T || 4+ 286t YV e — pFET AN Gy ||| — g |
+ 2s¢(xy — ATpy1, Tt — Tpit) (3.34)
< (s?ﬁ — 284)(Axy — Ay, y — ) + |20 — :an\|2 + (1 - stf_y)2[2||a:t — Tpllen + ei]
+ 28¢|TAN Gy — 4| ||zt — Trgr || + 286t ||y Var — puFTAN Gy ||| — 2ppn |
+ 28¢(1t — ATpi1, Tt — Tny1)
= siy(Awy — Az, oy — xn) + ||l — 20 ]|? + (1= 57)*2]| 20 — 2allen + €]
+ 25| TAN Gy — 4| || s — Zngr || + 280t ||y Vay — pFTAN Gy ||| — 2pgr |
+ 2s¢[{xy — Axpy1, o — Tpg1) — (Axy — Ay, 20 — x4)]
= si7( Az — x0), w0 — n) + |2 — 2]1? + (1= 59)? 2[00 — zallen + €]
+ 25¢|TAN Gy — 4| ||zt — Trgr || + 286t ||y Vs — pFTAN Gy ||| — 2ppn |
+ 25 [((I = A)ze, ¢ — Tng1) + (Al — Tn1), 0t — Tng1) — (A(@e — @n), T — T0)].
Applying the Banach limit LIM to (3.34), from €, — 0 we have

LIM,, ||2; — 2pi1]?

< S2ALIM, (A(xy — x0), 2 — 20) + LIMy, ||y — 2, ||
+ 25| TAN Gy — 24 ||LIM,, || — Tt || + 286t ||y Vg — pFT AN Gay||LIM,, || — 20yt || (3.35)
+ 28 [LIM, (I — A)zy, 4 — Tpg1) + LIMy (A(xp — Tpy1), o — Tpt1)
— LIM, (A(zt — @), 2t — Tn)]-

Utilizing the property LIM,a, = LIM,,a,+1 of the Banach limit in (3.35), we obtain
LIMn<(A — I)l‘t, Tt — .’Bn> = LIMn<(A — I).ZUt, Tt — .%'n+1>

St 1
< %WLIMMA(M —Zn), T — xp) + g[LIMont — 2, ||* = LIM,, ||zt — 2pg1]?]
t

+ | TAN Gy — 2 ||LIM,, ||z — || + t|YV 2y — pET AN Gay||[LIM,, ||z — ||

+ LIM, (A(zy — pt1), 2 — Tpt1) — LIMp (A(xy — x), 2 — ) (3.36)
< ?LIMTL(A(Q% —x) @ — an) + | TAN Gy — 24| [LIMy s — 20|
+ t||YVay — pFTAN Gay||[LIM,, ||z — 4]
Since as t — 0,
se(A(zy — x0), 2 — ) < s¢l| Al || — 20| < 5:K — 0, (3.37)

where [[A][le; - a2 < K,

|TAN Gy — a¢|| — 0 (see (3.4)) and t|yVa; — uFTANGzy|| =0 ast — 0, (3.38)
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we conclude from (3.36)-(3.38) that

LIM,,((A—1)Z,& — x,) < limsupLIM,((A — Iz, x; — xp)
t—0

< lim sup%LIMMA(xt — &), 2t — o) + limsup||TAN Gry — 24| LIM, ||z — 24|
t—0 t—0

+ limsupt||[yV oy — pFTAN Gay||LIM,, ||z — 24|
t—0

= 0.
This completes the proof. O

Now, using Theorem 3.4, we establish the strong convergence of the sequence {z,} generated by the
hybrid explicit steepest-descent scheme (3.3) to a point Z € {2, which is also the unique solution of the VIP
(3.2).

Theorem 3.5. Let {x,,} be the sequence generated by the explicit scheme (3.3), where {a,} and {s,} satisfy
the following conditions:

(C1) {an} C [0,1], {sn} C (0,3) and a, = 0, s, — 0 as n — oo;

(C2) 35y sn =0
If {x,} is weakly asymptotically regular (i.e., Tpi1 — xn — 0), then x,, converges strongly to a point T € {2,
which is the unique solution of the VIP (3.2).

Proof. First, note that from the condition (C1), without loss of generality, we may assume that «,7 < 1
28n (¥ )
and7<1foralln>0

Let x; be defined by (3.28), that is,
= Po[(I — s; AT AN Gy + s¢(TAN Gy — t(uWFTAYN Gy — 4V xy)],

for ¢t € (0, mm{l l}) where Ta = Po(I— 2V f)z, Go = Po(I— v Fy)Po(I—va o)z, ANa = Jpy (I —
ANBN) - JRh)\l(I — A\ Bp)z with v; € (O,QCj),j = 1,2 and \; € [a;,b] C (0,27;),7 = 1,..., N, and
lim¢ oz := & € §2 (due to Theorem 3.1). Then Z is the unique solution of the VIP (3.2).

We divide the rest of the proof into several steps.

Step 1. We see that

1OV = uF)pll + 1T = Alllip]
51

[#n — pl| < max{|[zo —pl, b, Vn >0,
for all p € £ as in the proof of Theorem 3.4. Hence {z,} is bounded and so are {Vu,},{ANGz,},
{FT,ANGz,} and {y,}.

Step 2. We show that limsup,,_, (I — A)Z,x, — Z) < 0. To this end, put

={(A-DZ,&—x,), Yn>0.

Then, by Theorem 3.4 we get LIM,,a,, < 0 for any Banach limit LIM. Since {x,} is bounded, there exists

a subsequence {z,; } of {z,} such that

limsup(an+1 — an) = imsup(an,+1 — an;)
n—oo ]—}oo

and x,, — v € H. This implies that x,,4+1 — v since {x,} is weakly asymptotically regular. Therefore, we
J .7+

have

w— lm (T — 2y, 1) = w — lim (T —2,;) = (T —v),
J—00 J]—00

and so
lim Sup(an-‘rl - an) = lim <(A I) ( — Tn; +1) ('% - wn])> = 0.

n—00 J—0
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Then, by Lemma 2.15, we obtain limsup,,_,, a, < 0, that is,

limsup(( — A)Z,z, — &) = limsup((4A — I)Z,& — x,) < 0.

n—oo n—oo

Step 3. We show that lim,, .o ||z, —Z|| = 0. Indeed, for simplicity, we write w,, = (I — s, A)T,, AN Gz, +
Spyn for all n > 0. Then z,.1 = Pow,. Utilizing (3.3) and 7,4 G& = %, we have

Yn — & = (I — anuF) T, AN Gy, — (I — anuF) T, AN GE + o (VW a, — pFi),

and
Tl — & = Tpy1 — Wy + (I — 5o A) (T AN Gy — T AN GE) + 5 (yn — &) + s0(I — A)Z.

Applying Lemmas 2.14 and 2.18, we obtain

lyn — 2|2 = ||(I — anpuF)To AN Gy — (I — anpF) Ty ANGE + o (YVan — pFE)|?
<N = anuF)T, AN Gy, — (I — anuF )T AN GE||? + 200, (WV 2y, — uF %,y — )
< (1= an7)?||@n — Z|1* 4 2an |7V iy — nFI|||ly, — Z|
< Nan — 2|12 4 200y Van — pFE||lyn — &,
and hence
|Znt1 — Z|?

= ||(I = sp A) (T AN Gy, — ToANGE) + 80(yn — &) + (I — A)T + Tpy1 — wy|?
<N = s, AT AN Gy, — T ANGE) || + 25, (yn — &, 201 — )

+28p0((I — A)Z, 2p41 — T) + 2{(Tp41 — Wy, Tpg1 — T)
< NI = sn AT AN Gy, — T ANGE) || + 25, (yn — &, 201 — )

+ 28, (I — A)Z, Tpp1 — T)

- ~ - ~ - - 3.39
< (1= 5072l — 3 + 250 g0 — F|znss — 3] + 250((I — A)F, 1 — 7) (3.39)

< (1= s09)2llzn = 2l + sn(llyn — 21 + 21 = 3(?) + 250 (] — A, 2np1 — 7)

< (L= sn9)?llzn — 2l + sullzn — 2> + 200 [V an — pF2 |||y — 7]

+ sulltnt1 — Z[* + 28,((I = AT, 2n41 — 7)
= [(1 = 507)* + sull2n — 2> + 2ansnllyVan — uFz||[lyn — 2|
+ spllrner — 2|2 + 28, (I — A)Z, 2001 — T).
It then follows from (3.39) that
~ 1—5n7)2+5n ~ n ~ ~
lonen = 2| < EEPRE | — 3 + 122200y Vn — pFE |y — F]
+2((I — Az, zpt1 — 7))
250 (=1 - 25, (7—1 - .
= (1= 20 g, — 3|2 4+ 20 . LS (2a, |V — pFE||lyn — 7|
+ 5072 l|lon — 2| + 2(( — A)Z, 2np1 — 7))
= (1= wn)l|2n — 2> + wndn,
where w, = 25;‘&1;1) and
O = i gy om0V = Wl = 3+ 3070 = 3l + 20 ~ A7, tp1 = )L

It can be readily seen from Step 2 and conditions (C1) and (C2) that w, — 0, > .2 w, = oo and
limsup,, ,o, 6n, < 0. By Lemma 2.13 with r, = 0, we conclude that lim, o ||z, — Z|| = 0. This completes
the proof. m

Corollary 3.6. Let {z,,} be the sequence generated by the explicit scheme (3.3). Assume that the sequences
{an} and {s,} satisfy the conditions (C1) and (C2) in Theorem 3.5. If {x,} is asymptotically regular (i.e.,
Tpt1 — T — 0), then {z,} converges strongly to a point & € 2, which is the unique solution of the VIP
(3.2).
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Putting p =2, F = %I and v =1 in Theorem 3.5, we obtain the following.

Corollary 3.7. Let {x,} be generated by the following iterative scheme:

Un = anVa, + (1 — an) T AN Gy,
Tni1 = Po|(I — s, A)Tp AN Gy + spyn],  ¥n > 0.

Assume that the sequences {a,} and {s,} satisfy the conditions (C1) and (C2) in Theorem 3.5. If {x,} is
weakly asymptotically regular (i.e., Tpi1 — xn — 0), then {x,} converges strongly to a point & € 2, which
is the unique solution of the VIP (3.2).

Putting o, = 0,¥n > 0 in Corollary 3.7, we get the following.

Corollary 3.8. Let {x,} be generated by the following iterative scheme:

Tni1 = Po[(I — sp(A—D)T, AN Gz,), ¥n > 0.

Assume that the sequence {sn} satisfies the conditions (C1) and (C2) in Theorem 3.5 with oy = 0,Yn > 0.
If {z,} is weakly asymptotically reqular (i.e., Tpi1—x, — 0), then {x,,} converges strongly to a point & € {2,
which is the unique solution of the VIP (3.2).
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