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VRÀ2Á�Â�Ã	ÄTÅ|Æ	Ã	Ç�Å�È�À2Á�SÊÉ2Æ2ËPËPÅ�À2Å�Ã	Ì	Æ8Í�Î2Ï�Ã	ÄTÅ=Ð�À8Í�Ñ�Ã2Å�Ã	Æ	ÒyÃ8Í�Ó#Á�É2Ò'ÇqÔ4Ã2Á�Õ!Å�Ö�Ç�Ñ�Á¤×	À	Æ2Ô,Å�Ã2Å�Ã	Æ	ØÙÑ�Á
Ô4Ã2Á�È�Æ'Ó¨Á�Â�Î�Í�Ö�Ç�Ò�Ó¨ËMÆ	Ú�Æ	Û	Æ�Ü'Ô,Å�Ó�Í�Ã	Æ	Û	Æ�Ü'×	À	Æ	Û'Î�Í�É2Ã2Á�Ø¤ÔZÍ�Ç�Å�ÔZÍ�Ç�Æ	Û	Æ�Ü2ÔZÍ�Ç�Å�ÔZÍ�Ç�Æ	Ý2Å�Ö�Û�Á�Ø�Â�Æ2Á�Î8Á�È�Æ	Æ
ÆmÇ�Þ4É�ÞßVRÀ2Á�Â�Ã2Á�ÅqÔZÍ�Ç�Å�ÔZÍ�Ç�Æ	Ý2Å�Ö�Û�Á�ÅqÆ2Ö�Ý	Æ2Ö�Î8Å�Ã	Æ2Å¤Ò'Ñ�Î2Ò	Å�Ç�Ö�ÒàÔ,Á�á!Ã	ÄTÔlÆ	Ã2Ö�Ç�À	Ð'Ô,Å�Ã	Ç�Á�ÔlÉ	Î2Òm×2Á�S
Î2Ð�Ý2Å�Ã	Æ	ÒâÉ2Æ	Ã8Í�Ô4Æ	Ý2Å�Ö�Û	Æ'ÓãÔ,Á�É8Å�Î8Å�Ø�Ü1Ñ�Û�Á�Ç�Á�À	Ä6ÓàÆ	Ã	Ç�Å�È�À2Á�SÊÉ2Æ2ËPËPÅ�À2Å�Ã	Ì	Æ8Í�Î2Ï�Ã	ÄTÅyÁ�×2Å�À8Í�Ç�Á�À	Ää×2Á
Ñ�À2Å�Ô,Å�Ã	ÆâÆvÛ�Á�Á�À�É2Æ	Ã8Í�Ç�Í�Ô?Á�×	Æ2Ö�Ä1Ñ#Í�åKÇ�Ö�Ç�Å�×2Å�Ã	Ã	Ð�åæÉ8Á�Î2È�Á�Ö�À2Á�Ý	Ã	Ð�åç×8Í�Ô4Ò'Ç�Ï�Æâ×	À2Á�Ö�Ç�À8Í�Ã2Ö�Ç�Ñ�Å�Ã'S
Ã	Ð�ådÃ2Å�Î8Á�Û'Í�Î2Ï�Ã2Á�Ö�Ç�Ï¨Ö�Î8Á�ÕfÃ	Ä6ÓqÖ�À2Å�ÉqÆ£×	À2Á�Ì2Å�Ö�Ö�Á�Ñ�èêé�Ü2ë�ì�Þ

VRÆ2ËPËPÅ�À2Å�Ã	Ì	Æ8Í�Î2Ï�Ã	ÄTÅ6Ð�À8Í�Ñ�Ã2Å�Ã	Æ	ÒRÉ2À2Á�Â�Ã2Á�È�Á\×2Á�À#Ò�É2Û'ÍKÑ�Á�Ú�Ã	Æ	Û'Í�åKÇPÇ�Í�Û	Õ!Å6ÑKÚ�Í�É�Í�Ý8Í�Ó|Û'Î�Í�Ö�Ö�Æ'S
Ý2Å�Ö�Û�Á�Ø|Ô,Å�Ó�Í�Ã	Æ	Û	Æ£íîÁ�Â�À8Í�Ç�Ã	ÄTÅ�Ú�Í�É�Í�Ý	Æ�ï�Ü�È�Æ'É2À2Á�É2Æ	Ã8Í�Ô4Æ	Û	Æ¤í�É2Ñ�Æ	Õ!Å�Ã	Æ2Å�Ç�Å�Î�Í1ÑTÑ�Ò'Ú�Û�Á�Ø!ÕfÆ'É2Û�Á�Ö�Ç�Æ�ï�Ü
Ç�Å�×'Î8Á�×	À2Á�Ñ�Á�É2Ã2Á�Ö�Ç�ÆÙí�É2Æ	Ã8Í�Ô4Æ	Û'ÍPÇ�Å�×'Î8Á�Ñ�Ä6Ó=×2Á�Ç�Á�Û�Á�Ñ�ï�Ü�É2Æ2ËPËMÐ�Ú�Æ	Æqíñð�Î8Å�Û	Ç�À2Á�Ó'Æ2Ô4Æ	Ý2Å�Ö�Û	Æ	Ø¤Í�Ã8Í�Î2Æ	Ú
×2Á�Ñ�Å�À�Ó'Ã2Á�Ö�Ç�Å�Ø¤ð�Î8Å�Û	Ç�À2Á�É8Á�Ñ�ï�Ü	×	À	Æ¨Æ	Ú�Ð�Ý2Å�Ã	Æ	Æ¤ËMÆ	Ú�Æ	Ý2Å�Ö�Û	Æ'Ó©×	À2Á�Ì2Å�Ö�Ö�Á�Ñ=Ö�Ç�Á�Ó�Í�Ö�Ç�Æ	Ý2Å�Ö�Û�Á�È�Á=×2Å�À2Å�Ã2Á�S
Ö�Íßè ò�ì�Ü4×	À	ÆvÆ2Ö�×2Á�Î2Ï�Ú�Á�Ñ#Í�Ã	Æ	ÆàÛ�Á�Ã	Ì2Å�×	Ì	Æ	ÆàËMÀ8Í�Û	Ç�Í�Î�Í�ÑyËMÆ	Ú�Æ	Û�Å©Û�Á�Ã'É8Å�Ã2Ö�Æ	À2Á�Ñ#Í�Ã	Ã	Ä6ÓàÖ�À2Å�Éóè ô�ì6Æ
Ç�ÞDÉ�Þ¨WqÃ2Á�È�Æ2Å=×	À2Á�Â�Î8Å�Ô4ÄoËMÆ'Î2Ï�Ç�À8Í�Ì	Æ	ÆvÕfÆ'É2Û�Á�Ö�Ç�ÆvÑ�Ö�Æ'Î2Ï�Ã2Á¤×2Á�À	Æ2Ö�Ç�Ä6ÓpíîËMÀ8Í�Û	Ç�Í�Î2Ï�Ã	Ä6Ó8ïPÖ�À2Å�S
É�Í�Óâ×	À	Æ	Ñ�Á�É2Ò'ÇßÇ�Í�Û	Õ!Å¤ÛàÃ2Å�Á�Â�Ó#Á�É2Æ2Ô,Á�Ö�Ç�ÆõÆ	Ú�Ð�Ý2Å�Ã	Æ	ÒmÛ	À8Í�Å�Ñ�Ä6ÓmÚ�Í�É�Í�ÝàÉ	Î2ÒmÐ�À8Í�Ñ�Ã2Å�Ã	Æ	ØàÑ�Ý8Í�Ö�Ç�S
Ã	Ä6Ó£×	À2Á�Æ	Ú�Ñ�Á�É2Ã	Ä6ÓqÉ2À2Á�Â�Ã2Á�È�Á¥×2Á�À#Ò�É2Û'Í�è ö�ì�Þ�`KÀ8Í�Ñ�Ã2Å�Ã	Æ	Ò¤Ñ=É2À2Á�Â�Ã	Ä6Ó¤×	À2Á�Æ	Ú�Ñ�Á�É2Ã	Ä6ÓyÁ�×	Æ2Ö�Ä1Ñ#Í�åKÇ
ð�Ñ�Á�Î2åKÌ	Æ	å?Ã2Å�Û�Á�Ç�Á�À2Á�ØßËMÆ	Ú�Æ	Ý2Å�Ö�Û�Á�ØßÖ�Æ2Ö�Ç�Å�Ô4ÄsÖ!×2Á�Ç�Å�À#Ò	Ô4Æ�ÜD×	À	Æ	Ý2Å�Ôp×2Á�Û'Í�Ú�Í�Ç�Å�Î2Ïq×	À2Á�Æ	Ú�Ñ�Á�É2Ã2Á�Ø
Ð�Û'Í�Ú�Ä1Ñ#Í�Å�ÇqÃ8Í¨É8Á�Î2å^Ö�Á�Ö�Ç�Á�Ò'Ã	Æ	ØvÖ�Æ2Ö�Ç�Å�Ô4ÄPÜ4Ö�Á�Ó'À8Í�Ã	Ò'åKá!Æ'Ó#Ö�ÒßÚ�Í¨Ñ�Ö�ÅfÑ�À2Å�Ô4Ò�ð�Ñ�Á�Î2åKÌ	Æ	Æ�Þ¨÷jÍ�Û	Æ2Å
Ö�Æ2Ö�Ç�Å�Ô4ÄøÔ,Á�È�Ð�ÇmÂ�Ä1Ç�ÏâÛ'Î�Í�Ö�Ö�Æ2ËMÆ	Ì	Æ	À2Á�Ñ#Í�Ã	ÄøÛ'Í�ÛùÖ�Æ2Ö�Ç�Å�Ô4ÄøÖmú�Á�Ö�Ç�Í�Ç�Á�Ý	Ã2Á�ØDûã×8Í�Ô4Ò'Ç�Ï�å|ÜTÚ�Í�Ã	Æ'S
ÔZÍ�åKá!Æ2Å|×	À2Á�Ô,Å�ÕfÐ�Ç�Á�Ý	Ã2Á�Å=×2Á�Î8Á�Õ!Å�Ã	Æ2Å©Ô,Å�Õ|É2Ð�Ö�Æ2Ö�Ç�Å�ÔZÍ�Ô4Æ�ÜjÁ�Â�Î�Í�É�Í�åKá!Æ2Ô4ÆÙ×2Á�Î2Ã2Á�ØÙ×8Í�Ô4Ò'Ç�Ï�å|Ü
ÖMÁ�É2Ã2Á�Ø�Ö�Ç�Á�À2Á�Ã	ÄPÜ2Æ¤ÔZÍ�À	Û�Á�Ñ�Ö�Û	Æ2Ô4ÆyÖ�Æ2Ö�Ç�Å�ÔZÍ�Ô4Æ�Ü8ÖKÉ2À	Ð�È�Á�Øßè ü�ì�Þ

V|Í�Ã	Ã8Í�ÒaÀ8Í�Â�Á�Ç�Íp×2Á�Ö�Ñ�Ò'á|Å�Ã8ÍpÀ8Í�Ö�Ö�Ô,Á�Ç�À2Å�Ã	Æ	åýÎ8Á�Û'Í�Î2Ï�Ã2Á�S�Á�É2Ã2Á�Ô,Å�À	Ã2Á�ØæÖ Ó#Å�Ô4ÄþíñH!IM]1ïqÉ	Î2Ò
Ð�À8Í�Ñ�Ã2Å�Ã	Æ	ÒfÉ2Æ2ËPËMÐ�Ú�Æ	ÆfÉ2À2Á�Â�Ã2Á�È�ÁR×2Á�À#Ò�É2Û'ÍRÖ1É2À2Á�Â�Ã2Á�Ø©×	À2Á�Æ	Ú�Ñ�Á�É2Ã2Á�Ø¨ÑRÔjÎ�Í�É2ÿ!Æ'Ó=Ý'Î8Å�Ã8Í�Ó¥ÖTÈ�À8Í�S
Ã	Æ	Ý	Ã	ÄTÔ4ÆãÐ�Ö�Î8Á�Ñ�Æ	Ò	Ô4Æõ×2Å�À	Ñ�Á�È�ÁÙÀ2Á�É�Í'ÞõH!IM] É	Î2ÒmÐ�À8Í�Ñ�Ã2Å�Ã	Æ	ÒmÉ2Æ2ËPËMÐ�Ú�Æ	ÆmÉ2À2Á�Â�Ã2Á�È�ÁÙ×2Á�À#Ò�É2Û'Í
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ÖPÛ	À8Í�Å�Ñ�ÄTÔ4Æ�Ð�Ö�Î8Á�Ñ�Æ	Ò	Ô4Æq×2Å�À	Ñ�Á�È�Á¥Æ¤Ç�À2Å�Ç�Ï�Å�È�Á¥À2Á�É�Í=Æ2Ö�Ö�Î8Å�É8Á�Ñ#Í�Ã	ÄdÑ¥À8Í�Â�Á�Ç�Í�Óßè ��ì�Æßè ��ìjÖ�Á�Á�Ç�Ñ�Å�Ç�S
Ö�Ç�Ñ�Å�Ã	Ã2Á	Þâb è ��ì1×2Á�Ö�Ç�À2Á�Å�Ã	ÄæH!IM]sÉ	Î2ÒâÐ�À8Í�Ñ�Ã2Å�Ã	Æ	ÒvÉ2Æ2ËPËMÐ�Ú�Æ	ÆvÉ2À2Á�Â�Ã2Á�È�Á�×2Á�À#Ò�É2Û'Í�Ö¨Û�Á�Ã	Ñ�Å�Û'S
Ç�Æ	Ñ�Ã	ÄTÔ Ý'Î8Å�Ã2Á�Ô1Þ¨VPÎ2ÒßÀ8Í�Ö�Ö�Ô,Á�Ç�À2Å�Ã	Ã	Ä6ÓvÀ8Í�Ú�Ã2Á�Ö�Ç�Ã	Ä6ÓvÖ Ó#Å�ÔdÑqÐ�Û'Í�Ú�Í�Ã	Ã	Ä6ÓßÀ8Í�Â�Á�Ç�Í�Óß×2Á�Î2Ð�Ý2Å�Ã	Ä
Í�×	À	Æ2Á�À	Ã	ÄTÅyÁ�Ì2Å�Ã	Û	ÆãÑßÀ8Í�Ñ�Ã2Á�Ô,Å�À	Ã2Á�ØùÔ,Å�Ç�À	Æ	Û�Å�Ü6É8Á�Û'Í�Ú�Í�Ã	Ä Æ'ÓmÐ�Ö�Ç�Á�Ø	Ý	Æ	Ñ�Á�Ö�Ç�ÏâÆãÀ8Í�Ñ�Ã2Á�Ô,Å�À	Ã8Í�Ò
Ö Ó#Á�É2Æ2Ô,Á�Ö�Ç�Ï2Þ

� C��
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boÌ	Æ'Î2Æ	Ã'É2À2Å
QT = G × [0 < t 6 T ]

Ü�Á�Ö�Ã2Á�Ñ#Í�Ã	Æ2Å�ÔsÛ�Á�Ç�Á�À2Á�È�ÁÙÒ'Ñ�Î2Ò	Å�Ç�Ö�Ò
p
S�Ô,Å�À	Ã	Ä1Øã×	À#Ò�S

Ô,Á�Ð�È�Á�Î2Ï�Ã	Ä1ØÙ×8Í�À8Í�Î	Î8Å�Î8Å�×	Æ	×2Å�É
G = {x = (x1, x2, . . . , xp) : 0 < xβ < `β, β = 1, 2, . . . , p}Ö�È�À8Í�Ã	Æ	Ì2Å�Ø

Γ
À8Í�Ö�Ö�ÔZÍ�Ç�À	Æ	Ñ#Í�Å�Ç�Ö�Òf×2Å�À	Ñ#Í�ÒRÃ8Í�Ý8Í�Î2Ï�Ã2Á�S�Û	À8Í�Å�Ñ#Í�ÒfÚ�Í�É�Í�Ý8ÍNÉ	Î2ÒRÐ�À8Í�Ñ�Ã2Å�Ã	Æ	ÒPÉ2Æ2ËPËMÐ�Ú�Æ	Æ

É2À2Á�Â�Ã2Á�È�Á!×2Á�À#Ò�É2Û'Í|Ö1É2À2Á�Â�Ã2Á�Ø¨×	À2Á�Æ	Ú�Ñ�Á�É2Ã2Á�Ø
∂ν0xβ

u
×2Á�À#Ò�É2Û'Í

ν (0 < ν < 1)
×2ÁR×	À2Á�Ö�Ç�À8Í�Ã2Ö�Ç�Ñ�Å�Ã'S

Ã2Á�Ø¤×2Å�À2Å�Ô,Å�Ã	Ã2Á�Ø
xβ (β = 1, 2, . . . , p)

Ñ=ÔjÎ�Í�É2ÿ!Æ'Ó£Ý'Î8Å�Ã8Í�Ó��

∂α0tu = Lu+ f(x, t), (x, t) ∈ QT ,
íUé�ï

u|Γ = µ(x, t), t > 0,
íÊë�ï

u(x, 0) = u0(x), x ∈ G,
íÊò�ï

È�É8Å

Lu =

p∑

β=1

Lβu, Lβu =
∂

∂xβ

(
kβ(x, t)

∂u

∂xβ

)
+ rβ(x, t) ∂

ν
0xβ

u− qβ(x, t)u,

0 < c0 6 kβ 6 c1, rβ 6 0, |rβ | 6 c2, qβ > q∗ > 0,

∂α0tu = 1
Γ(1−α)

t∫
0

u̇(x,η)
(t−η)α dη �

É2À2Á�Â�Ã8Í�Òõ×	À2Á�Æ	Ú�Ñ�Á�É2Ã8Í�ÒóJPÍ�×	Ð�Ç�Áv×2ÁvÑ�À2Å�Ô,Å�Ã	Æp×2Á�À#Ò�É2Û'Í
α
Ü
0 <

α < 1
Ü
u̇ = ∂u/∂t

Ü
∂ν0xβ

u = 1
Γ(1−ν)

xβ∫
0

u′(x1,x2,...,xβ−1,ξ,xβ+1,...,xp,t)
(xβ−ξ)ν dξ

Ü
0 < ν < 1 �

É2À2Á�Â�Ã8Í�Ò
×	À2Á�Æ	Ú�Ñ�Á�É2Ã8Í�Ò JPÍ�×	Ð�Ç�Áâ×2Áv×	À2Á�Ö�Ç�À8Í�Ã2Ö�Ç�Ñ�Å�Ã	Ã2Á�Ø ×2Å�À2Å�Ô,Å�Ã	Ã2Á�Ø

xβ
Ü
β = 1, 2, . . . , p

ÜN×2Á�À#Ò�É2Û'Í
ν
Ü

0 < ν < 1
Ü
u′ = ∂u/∂x

Ü
c0
Ü
c1
Ü
c2 �

×2Á�Î8Á�ÕfÆ	Ç�Å�Î2Ï�Ã	ÄTÅ!×2Á�Ö�Ç�Á�Ò'Ã	Ã	ÄTÅ�Þ
gDÍ�Ô,Å�Ç�Æ2Ô1Ü2Ý	Ç�Á

kβ(x, t)
Ü
qβ(x, t)

Ü
f(x, t) �

Ú�Í�É�Í�Ã	Ã	ÄTÅRËMÐ�Ã	Û	Ì	Æ	Æ
x
Æ
t
Ç�Í�Û	Æ2Å�Ü2Ý	Ç�Á

kβ(x, t) ∈ C3,1(QT ), qβ(x, t), f(x, t) ∈ C
2,1(QT ), β = 1, 2, . . . , p,

È�É8Å
QT = G × [0 6 t 6 T ], G = G ∪ Γ

Ü
Cm,n �

Û'Î�Í�Ö�Ö¤ËMÐ�Ã	Û	Ì	Æ	Ø�ÜZÃ2Å�×	À2Å�À	Ä1Ñ�Ã	Ä6ÓmÑ�Ô,Å�Ö�Ç�Å
Ö�Á©Ö�Ñ�Á�Æ2Ô4Æ�Ý8Í�Ö�Ç�Ã	ÄTÔ4Æ�×	À2Á�Æ	Ú�Ñ�Á�É2Ã	ÄTÔ4Æ�×2Á�À#Ò�É2Û'Í

m
×2Á

x
Æq×2Á�À#Ò�É2Û'Í

n
×2Á

t
ÞN÷jÍ�Û	Æ2Å!Ã2Å�Ö�Û�Á�Î2Ï�Û�Á

Ú�Í�Ñ�Ä1ÿ|Å�Ã	Ã	ÄTÅPÐ�Ö�Î8Á�Ñ�Æ	Ò£È�Î�Í�É2Û�Á�Ö�Ç�Æ�×2Á�Ç�À2Å�Â�Ð�åKÇ�Ö�Ò¤×	À	Æ¤×2Á�Ö�Ç�À2Á�Å�Ã	Æ	ÆqÀ8Í�Ú�Ã2Á�Ö�Ç�Ã2Á�Ø�Ö Ó#Å�Ô4Ä Ñ�Ç�Á�À2Á�È�Á
×2Á�À#Ò�É2Û'Í©Í�×	×	À2Á�Û�Ö�Æ2ÔZÍ�Ì	Æ	Æ�Þ

� C���	��D{����8¾�	���	�½Z¾�	! K~�"j¾j{�#$"j{'}#¾�	���'¾j{�#%�'&�~� K{

bpÚ�Í�Ô4Û	Ã	Ð�Ç�Á�ØyÁ�Â�Î�Í�Ö�Ç�Æ
QT

Ú�Í�É�Í�É2Æ2ÔãÀ8Í�Ñ�Ã2Á�Ô,Å�À	Ã	Ð�åsÖ�Å�Ç�Û	Ð�Þ6k\À2Á�Ö�Ç�À8Í�Ã2Ö�Ç�Ñ�Å�Ã	Ã	Ð�å?Ö�Å�Ç�Û	Ð£Ñ�Ä6S
Â�Å�À2Å�ÔmÀ8Í�Ñ�Ã2Á�Ô,Å�À	Ã2Á�Ø�×2Á|Û'Í�Õ|É8Á�Ô4Ð£Ã8Í�×	À8Í�Ñ�Î8Å�Ã	Æ	å

Oxβ
ÖMÿfÍ�È�Á�Ô

hβ = `β/Nβ
Ü
β = 1, 2, . . . , p :

ωhβ
=
{
x
(iβ)
β = iβhβ : iβ = 0, 1, . . . , Nβ , β = 1, 2, . . . , p

}
, ωh =

p∏

β=1

ωhβ
.

k\À	Æ¤ð�Ç�Á�ÔàÂ�Ð�É8Å�ÔàÁ�Â�Á�Ú�Ã8Í�Ý8Í�Ç�Ï
ωhβ

�
Ô4Ã2Á�Õ!Å�Ö�Ç�Ñ�Á¥Ñ�Ö�Å�Ó£Ñ�Ã	Ð�Ç�À2Å�Ã	Ã	Æ'Ó£Ð�Ú�Î8Á�Ñ¥Ö�Å�Ç�Û	Æ

ωhβ

Þ
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QPÍfÁ�Ç�À2Å�Ú�Û�Å
0 6 t 6 T

Ç�Í�Û	Õ!ÅPÑ�Ñ�Å�É8Å�ÔàÀ8Í�Ñ�Ã2Á�Ô,Å�À	Ã	Ð�ålÖ�Å�Ç�Û	Ð

ω′
τ =

{
0, tj+β/p = (j + β/p) τ, j = 0, 1, . . . , j0 − 1; β = 1, 2, . . . , p

}
,

Ö�Á�É8Å�À#Õ|Í�á!Ð�å Ã8Í�À#Ò�É2ÐãÖ£Ð�Ú�Î�Í�Ô4Æ
tj = jτ

Ü1Ç�Í�ÛãÃ8Í�Ú�Ä1Ñ#Í�Å�Ô4ÄTÅyËMÆ	Û	Ç�Æ	Ñ�Ã	ÄTÅqÐ�Ú�Î2Ä
tj+β/p

Ü
β =

1, 2, . . . , p− 1
Ü
τ = T/j0

Þ,h�Ð�É8Å�ÔvÁ�Â�Á�Ú�Ã8Í�Ý8Í�Ç�Ï
ω′
τ �

Ô4Ã2Á�Õ!Å�Ö�Ç�Ñ�ÁfÐ�Ú�Î8Á�Ñ|Ö�Å�Ç�Û	Æ
ω′
τ

Ü�É	Î2Ò©Û�Á�Ç�Á�À	Ä6Ó
t > 0

Þ
kMÅ�À2Å�Ø'É8Å�ÔùÇ�Å�×2Å�À	Ï¤Û�×2Á�Ö�Ç�À2Á�Å�Ã	Æ	å Î8Á�Û'Í�Î2Ï�Ã2Á�S�Á�É2Ã2Á�Ô,Å�À	Ã	Ä6ÓâÖ Ó#Å�ÔpÉ	Î2ÒyÐ�À8Í�Ñ�Ã2Å�Ã	Æ	ÒãíUé�ï�ÞPVPÎ2Ò

ð�Ç�Á�È�Áf×2Á¥Í�Ã8Í�Î8Á�È�Æ	ÆqÖ=èêé��'Ü	Ö�Þ	ô��'é�ì�Ð�À8Í�Ñ�Ã2Å�Ã	Æ2Å¥íUé�ï�×2Å�À2Å�×	Æ	ÿ|Å�ÔmÑ=Ñ�Æ'É8Å

Pu = ∂α0tu− Lu− f = 0,

Æ'Î2Æ
p∑

β=1

Pβu = 0, Pβu =
1

p
∂α0tu− Lβu− fβ.

QPÍRÛ'Í�Õ|É8Á�Ôâ×2Á�Î2Ð�Æ	Ã	Ç�Å�À	Ñ#Í�Î8Å
∆β =

(
tj+(β−1)/p, tj+β/p

]
, β = 1, 2, . . . , p

Ü'Â�Ð�É8Å�Ôß×2Á�Ö�Î8Å�É8Á�Ñ#Í�S
Ç�Å�Î2Ï�Ã2ÁfÀ2Å�ÿfÍ�Ç�Ï=Ú�Í�É�Í�Ý	Æ

Pβv(β) =
1

p
∂α0tv(β) − Lβv(β) − fβ = 0, t ∈ ∆β, β = 1, 2, . . . , p,

íñô�ï

v(β) = µ(x, t), x ∈ Γβ,
íÊö�ï

v(1)(x, 0) = u0(x),

v(β)(x, tj+(β−1)/p) = v(β−1)(x, tj+β/p), β = 2, 3, . . . , p,

v(1)(x, tj) = v(p)(x, tj), j = 1, 2, . . . , j0 − 1,

íÊü�ï

È�É8Å
Γβ �

Ô4Ã2Á�Õ!Å�Ö�Ç�Ñ�ÁmÈ�À8Í�Ã	Æ	Ý	Ã	Ä6ÓpÇ�Á�Ý2Å�Ûp×2ÁvÃ8Í�×	À8Í�Ñ�Î8Å�Ã	Æ	å
xβ
Ü
fβ(x, t)

Ü
β = 1, 2, . . . , p �×	À2Á�Æ	Ú�Ñ�Á�Î2Ï�Ã	ÄTÅNËMÐ�Ã	Û	Ì	Æ	Æ�Ü�Á�Â�Î�Í�É�Í�åKá!Æ2Å6Ç�Á�ØfÕ!Å6È�Î�Í�É2Û�Á�Ö�Ç�Ï�å|Ü#Ý	Ç�Á\Æ

f(x, t)
Ü�Ð�É8Á�Ñ�Î8Å�Ç�Ñ�Á�À#Ò'åKá!Æ2Å

Ð�Ö�Î8Á�Ñ�Æ	åaÃ2Á�À2Ô4Æ	À2Á�Ñ�Û	Æ
p∑

β=1

fβ = f.

baè ��ì�Ã8Í�Ø'É8Å�Ã£É2Æ2Ö�Û	À2Å�Ç�Ã	Ä1ØyÍ�Ã8Í�Î8Á�ÈPÉ2À2Á�Â�Ã2Á�Ø¤×	À2Á�Æ	Ú�Ñ�Á�É2Ã2Á�Ø �

1

Γ(1− α)

tj+β/p∫

0

u̇(x, η)

(tj+β/p − η)α
dη

=
1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)
u
s/p

t
+O(τ/p), u

s/p

t
=
us/p − u(s−1)/p

τ/p
.

í ��ï

VRÀ2Á�Â�Ã	Ð�åo×	À2Á�Æ	Ú�Ñ�Á�É2Ã	Ð�åæ×2Á�À#Ò�É2Û'Í
ν (0 < ν < 1)

×2Á£×	À2Á�Ö�Ç�À8Í�Ã2Ö�Ç�Ñ�Å�Ã	Ã2Á�Øâ×2Å�À2Å�Ô,Å�Ã	Ã2Á�ØmÍ�×'S
×	À2Á�Û�Ö�Æ2Ô4Æ	À	Ð�Å�Ôã×2Á¥Í�Ã8Í�Î8Á�È�Æ	ÆqÖ=èêé�é�ì �

∂ν0xβ
u =

1

Γ(2− ν)

iβ∑

mβ=1

(
x1−ν
iβ−mβ+1 − x1−ν

iβ−mβ

)
uxβ ,mβ

+O(hβ),

uxβ ,mβ
=
umβ

− umβ−1

hβ
.

í ��ï



ü �T��������
�� 5 < 5

÷jÍ�Û	Æ2ÔõÁ�Â�À8Í�Ú�Á�Ô1ÜAÍ�×	×	À2Á�Û�Ö�Æ2Ô4Æ	À	Ð�Ò�Û'Í�Õ|É8Á�ÅPÐ�À8Í�Ñ�Ã2Å�Ã	Æ2Å¨íñô�ï�Ã2Á�Ô,Å�À8Í
β
ÖM×2Á�Ô,Á�á!Ï�åæí ��ï6Æví ��ï

Ý	Æ2Ö�Ç�Á£Ã2Å�Ò'Ñ�Ã2Á�ØÙÀ8Í�Ú�Ã2Á�Ö�Ç�Ã2Á�ØvÖ Ó#Å�Ô,Á�ØßÆ�ÜD×	À	Æ2Ö�Á�Å�É2Æ	Ã	Ò'ÒÙÈ�À8Í�Ã	Æ	Ý	Ã	ÄTÅ=Æ�Ã8Í�Ý8Í�Î2Ï�Ã	ÄTÅ¥Ð�Ö�Î8Á�Ñ�Æ	ÒDÜ�×2Á�S
Î2Ð�Ý	Æ2ÔmÀ8Í�Ú�Ã2Á�Ö�Ç�Ã	Ä1ØyÍ�Ã8Í�Î8Á�ÈRÚ�Í�É�Í�Ý	ÆvíUé�ï��AíÊò�ï �

∆α
0tj+β/p

y = Λyj+β/p + ϕ
j+β/p
β , x ∈ ωh, β = 1, 2, . . . , p,

í ��ï

Λy = (aβyxβ )xβ
+ rβ

1

Γ(2− ν)

iβ∑

mβ=1

(
x1−ν
iβ−mβ+1 − x1−ν

iβ−mβ

)
yxβ ,mβ

− dβy,

yj+β/p
∣∣
γh,β

= µj+β/p, j = 0, 1, . . . , j0 − 1,
íUé���ï

y(x, 0) = u0(x), x ∈ ωhβ
,

íUé�é�ï
È�É8Å£Û�Á�ð�ËPËMÆ	Ì	Æ2Å�Ã	Ç�Ä

aβ �
Ö�Å�Ç�Á�Ý	Ã	ÄTÅ¤ËMÐ�Ã	Û	Ì	Æ	Æ�ÜZÛ�Á�Ç�Á�À	ÄTÅ£Ñ�ÄTÂ�Æ	À8Í�åKÇ�Ö�ÒàÆ	Ú¨Ð�Ö�Î8Á�Ñ�Æ	ØàÑ�Ç�Á�À2Á�È�Á

×2Á�À#Ò�É2Û'Í£Í�×	×	À2Á�Û�Ö�Æ2ÔZÍ�Ì	Æ	ÆÙÃ8ÍfÀ8Í�Ñ�Ã2Á�Ô,Å�À	Ã2Á�ØÙÖ�Å�Ç�Û�Å�Þ\W�Á�ÕfÃ2Á©Æ2Ö�×2Á�Î2Ï�Ú�Á�Ñ#Í�Ç�Ï2ÜAÃ8Í�×	À	Æ2Ô,Å�À�ÜDÖ�Î8Å�É2Ð#S
åKá!Ð�åaÍ�×	×	À2Á�Û�Ö�Æ2ÔZÍ�Ì	Æ	åsÛ�Á�ð�ËPËMÆ	Ì	Æ2Å�Ã	Ç�Á�Ñ

kβ(x, t)
�

aβ = kβ(x1, . . . , xβ−1, xβ − 0.5hβ , xβ+1, . . . , xp, t), t = tj+1/2,

∆α
0tj+β/p

y =
1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)
y
s/p

t
, y

s/p

t
=
ys/p − y(s−1)/p

τ
,

γh,β �
Ô4Ã2Á�Õ!Å�Ö�Ç�Ñ�Á¥È�À8Í�Ã	Æ	Ý	Ã	Ä6Ó£×2ÁfÃ8Í�×	À8Í�Ñ�Î8Å�Ã	Æ	å

xβ
Ð�Ú�Î8Á�Ñ2Ü

β = 1, 2, . . . , p
Þ

GDC��
	 � "j~���¾�	��� �Ù{�����"�	�����¿  K{��j¿j¿ ��	��D{����8¾�	���	�½Z¾�	! K~�"j¾�	
	 �'&�~� ��

kMÅ�À2Å�Ø'É8Å�ÔvÇ�Å�×2Å�À	Ï!Û¥Æ	Ú�Ð�Ý2Å�Ã	Æ	åó×2Á�È�À2Å�ÿ!Ã2Á�Ö�Ç�Æ¤Í�×	×	À2Á�Û�Ö�Æ2ÔZÍ�Ì	Æ	Æ¨Î8Á�Û'Í�Î2Ï�Ã2Á�S�Á�É2Ã2Á�Ô,Å�À	Ã2Á�ØqÖ Ó#Å�S
Ô4ÄpÆ¨Ð'Â�Å�É2Æ2Ô,Ö�Ò©Ñ|Ç�Á�Ô1Ü'Ý	Ç�Á!Û'Í�Õ|É8Á�Å\Ñ|Á�Ç�É8Å�Î2Ï�Ã2Á�Ö�Ç�Æ¤Ð�À8Í�Ñ�Ã2Å�Ã	Æ2Å=í ��ïZÃ2Á�Ô,Å�À8Í

β
Ã2ÅMÍ�×	×	À2Á�Û�Ö�Æ2Ô4Æ'S

À	Ð�Å�Ç=Ð�À8Í�Ñ�Ã2Å�Ã	Æ2Å©íUé�ï�Ü'Ã2Á=Ö�Ð'Ô,ÔZÍ|×2Á�È�À2Å�ÿ!Ã2Á�Ö�Ç�Å�ØyÍ�×	×	À2Á�Û�Ö�Æ2ÔZÍ�Ì	Æ	Æ

ψ = ψ1 + ψ2 + . . . + ψp

Ö�Ç�À2Å�Ô4Æ	Ç�Ö�Ò¤Û¤Ã	Ð�Î2åd×	À	Æ
τ → 0

Æ
|h| → 0

Þ
k\Ð�Ö�Ç�Ï

u = u(x, t) �
À2Å�ÿ|Å�Ã	Æ2Å�Ú�Í�É�Í�Ý	ÆoíUé�ï��AíÊò�ï�ÜPÍ

yj+β/p Ü β = 1, 2, . . . , p �
À2Å�ÿ|Å�Ã	Æ2Å

À8Í�Ú�Ã2Á�Ö�Ç�Ã2Á�ØqÚ�Í�É�Í�Ý	Æâí ��ï��AíUé�é�ï�Þ
k\À2Á�Ô,Å�ÕfÐ�Ç�Á�Ý	Ã	ÄTÅ=Ú�Ã8Í�Ý2Å�Ã	Æ	Ò

yj+β/p Â�Ð�É8Å�ÔùÖ�À8Í�Ñ�Ã	Æ	Ñ#Í�Ç�ÏqÖ uj+β/p = u(x, tj+β/p)
ÜD×2Á�Î�Í�È�Í�Ò

zj+β/p = yj+β/p − uj+β/p Þ=kMÁ�É8Ö�Ç�Í�Ñ�Î2Ò'Ò yj+β/p = zj+β/p + uj+β/p Ñ¤À8Í�Ú�Ã2Á�Ö�Ç�Ã2Á�Å=Ð�À8Í�Ñ�Ã2Å�Ã	Æ2Å
í ��ï�Ü	×2Á�Î2Ð�Ý	Æ2Ô

1

p

1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)
z
s/p

t
= Λβz

j+β/p + ψ
j+β/p
β ,

íUé�ë�ï

È�É8Å

ψ
j+β/p
β = Λβu

j+β/p + ϕ
j+β/p
β −

1

p

1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)
u
s/p

t
.

íUé�ò�ï

IKÂ�Á�Ú�Ã8Í�Ý	Æ	Ñ©Ý2Å�À2Å�Ú
◦
ψβ =

(
Lβu+ fβ −

1

p
∂αotu

)j+1/2 íUé�ô�ï
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Æ£Ú�Í�Ô,Å�Ç�Æ	Ñ2Ü2Ý	Ç�Á
p∑

β=1

◦
ψβ = 0,

Å�Ö�Î2Æ p∑

β=1

fβ = f,

×	À2Å�É8Ö�Ç�Í�Ñ�Æ2Ô
ψβ = ψ

j+β/p
β

ÑfÑ�Æ'É8Å

ψβ =
◦
ψβ +

∗
ψβ.

÷�Á�È�É�Í

ψ
j+β/p
β = Λβu

j+β/p + ϕ
j+β/p
β −∆α

0tj+β/p
u+

◦
ψβ −

◦
ψβ

=
(
Λβu

j+β/p − Lβu
j+1/2

)
+
(
ϕ
j+β/p
β − f

j+1/2
β

)

−

(
∆α

0tj+β/p
u−

1

p
(∂αotu)

1/2

)
+

◦
ψβ =

∗
ψβ +

◦
ψβ,

È�É8Å

∗
ψβ =

(
Λβu

j+β/p − Lβu
j+1/2

)
+
(
ϕ
j+β/p
β − f

j+1/2
β

)
−

(
∆α

0tj+β/p
u−

1

p
(∂αotu)

j+1/2

)
.

INÝ2Å�Ñ�Æ'É2Ã2Á	ÜjÝ	Ç�Á ∗
ψβ = O(hβ + τ)

Ü ◦
ψβ = O(1)

ÜjÇ�Þ�Å�Þ¥Û'Í�Õ|É�Í�ÒÙÆ	Ú©Ö Ó#Å�Ô í ��ï��AíUé�é�ï\Ã2Á�Ô,Å�À8Í
βÍ�×	×	À2Á�Û�Ö�Æ2Ô4Æ	À	Ð�Å�Ç©Ñ¥Á�Â�Ä1Ý	Ã2Á�ÔàÖ�Ô4ÄTÖ�Î8ÅRÖ�Á�Á�Ç�Ñ�Å�Ç�Ö�Ç�Ñ�Ð�åKá!Ð�åaÚ�Í�É�Í�Ý	ÐÙíñô�ï��AíÊö�ï�Þ

÷jÍ�Û	Æ2ÔãÁ�Â�À8Í�Ú�Á�Ô1Ü2Ö Ó#Å�ÔZÍqí ��ï��AíUé�é�ï1Á�Â�Î�Í�É�Í�Å�Ç¥Ö�Ð'Ô,ÔZÍ�À	Ã2Á�ØyÍ�×	×	À2Á�Û�Ö�Æ2ÔZÍ�Ì	Æ2Å�Ø

ψ =

p∑

β=1

ψβ =

p∑

β=1

(
◦
ψβ +

∗
ψβ) =

p∑

β=1

∗
ψβ = O (|h|+ τ) , |h| = max

16β6p
hβ .

� C�� �� 	
	��j¿j��	��� � ��	��D{����8¾�	���	�½Z¾�	! K~�"j¾�	
	 �'&�~� ��

VPÎ2Òã×2Á�Î2Ð�Ý2Å�Ã	Æ	ÒpÍ�×	À	Æ2Á�À	Ã	Ä6ÓõÁ�Ì2Å�Ã2Á�ÛùÂ�Ð�É8Å�Ôs×2Á�Î2Ï�Ú�Á�Ñ#Í�Ç�Ï�Ö�Òp×	À	Æ	Ã	Ì	Æ	×2Á�ÔoÔZÍ�Û�Ö�Æ2Ô4Ð'ÔZÍÙÉ	Î2Ò
À2Å�ÿ|Å�Ã	Æ	Ò¤Ö�Å�Ç�Á�Ý	Ã2Á�È�Á=Ð�À8Í�Ñ�Ã2Å�Ã	Æ	Ò¤Á�Â�á|Å�È�ÁfÑ�Æ'É�Í¤íîÖ�Ô1Þ�èêé�ë'Ü���Þ8ò�ò ��ìîï �

A(P )y(P ) =
∑

Q∈ � ′(P )

B(P,Q)y(Q) + F (P ),

È�É8Å
P
Ü
Q �

Ð�Ú�Î2Ä Ö�Å�Ç�Û	Æ�ÜNr ′(P ) �
Á�Û	À2Å�Ö�Ç�Ã2Á�Ö�Ç�ÏmÐ�Ú�Î�Í

P
Ü1Ã2ÅyÖ�Á�É8Å�À#Õ|Í�á|Å�È�ÁàÖ�Í�Ô,Á�È�ÁvÐ�Ú�Î�Í'Þ

JMÁ�ð�ËPËMÆ	Ì	Æ2Å�Ã	Ç�Ä
A(P ), B(P,Q) > 0

Ð�É8Á�Ñ�Î8Å�Ç�Ñ�Á�À#Ò'åKÇ¥Ð�Ö�Î8Á�Ñ�Æ	Ò	Ô

A(P ) > 0, B(P,Q) > 0, D(P ) = A(P ) −
∑

Q∈ � ′(P )

B(P,Q) > 0.
íUé�ö�ï

Y4Í�Ú�Ã2Á�Ö�Ç�Ã	Ð�ålÚ�Í�É�Í�Ý	ÐÙí ��ï��AíUé�é�ï6×2Å�À2Å�×	Æ	ÿ|Å�ÔmÑ=Ñ�Æ'É8Å �

1

p

1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)
y
s/p

t
=
(
aβy

j+β/p
xβ

)
xβ

+
rβ

Γ(2− ν)

iβ∑

mβ=1

(
x1−ν
iβ−mβ+1 − x1−ν

iβ−mβ

)
y
j+β/p
xβ ,mβ

− dβy
j+β/p + ϕ

j+β/p
β ,

íUé�ü�ï



� �T��������
�� 5 < 5

yj+β/p
∣∣
γh,β

= µj+β/p, j = 0, 1, . . . , j0 − 1,
íUé'��ï

y(x, 0) = u0(x), x ∈ ωhβ
.

íUé ��ï
YjÅ�ÿ|Å�Ã	Æ2ÅPÚ�Í�É�Í�Ý	ÆâíUé�ü�ï��AíUé ��ï6×	À2Å�É8Ö�Ç�Í�Ñ�Æ2ÔãÑfÑ�Æ'É8ÅPÖ�Ð'Ô,Ô4Ä

y =
∗
y +

◦
y,

È�É8Å ∗
y �

À2Å�ÿ|Å�Ã	Æ2ÅNÁ�É2Ã2Á�À2Á�É2Ã	Ä6Ó¨Ð�À8Í�Ñ�Ã2Å�Ã	Æ	Ø�íUé�ü�ï,ÖTÃ2Å�Á�É2Ã2Á�À2Á�É2Ã	ÄTÔ4Æ£Û	À8Í�Å�Ñ�ÄTÔ4Æ¨Ð�Ö�Î8Á�Ñ�Æ	Ò	Ô4Æ�íUé'��ï
ÆqÁ�É2Ã2Á�À2Á�É2Ã	ÄTÔ4Æ�Ã8Í�Ý8Í�Î2Ï�Ã	ÄTÔ4Æ�Ð�Ö�Î8Á�Ñ�Æ	Ò	Ô4Æ �

1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

) ∗
y
s/p

t =

(
aβ

∗
y
j+β/p

xβ

)

xβ

+ rβ
1

Γ(2− ν)

iβ∑

mβ=1

(
x1−ν
iβ−mβ+1 − x1−ν

iβ−mβ

) ∗
y
j+β/p

xβ ,mβ
− dβ

∗
y
j+β/p

,

íUé ��ï

∗
y
j+β/p∣∣∣

γh,β
= µj+β/p, j = 0, 1, . . . , j0 − 1,

íÊë��ï

∗
y(x, 0) = 0,

íÊë'é�ï

Í ◦
y �

À2Å�ÿ|Å�Ã	Æ2ÅyÃ2Å�Á�É2Ã2Á�À2Á�É2Ã	Ä6ÓóÐ�À8Í�Ñ�Ã2Å�Ã	Æ	Ø íUé�ü�ï©ÖyÁ�É2Ã2Á�À2Á�É2Ã	ÄTÔ4ÆdÛ	À8Í�Å�Ñ�ÄTÔ4ÆóÐ�Ö�Î8Á�Ñ�Æ	Ò	Ô4ÆùÆ
Ã2Å�Á�É2Ã2Á�À2Á�É2Ã	ÄTÔ4ÆyÃ8Í�Ý8Í�Î2Ï�Ã	ÄTÔ4Æ�Ð�Ö�Î8Á�Ñ�Æ	Ò	Ô4ÆâíUé ��ï �

1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

) ◦
y
s/p

t =

(
aβ

◦
y
j+β/p

xβ

)

xβ

+ rβ
1

Γ(2− ν)

iβ∑

mβ=1

(
x1−ν
iβ−mβ+1 − x1−ν

iβ−mβ

) ◦
yxβ ,mβ

− dβ
◦
y
j+β/p

+ ϕ
j+β/p
β ,

íÊë�ë�ï

◦
y
j+β/p∣∣

γh,β
= 0, j = 0, 1, . . . , j0 − 1,

íÊë�ò�ï

◦
y(x, 0) = u0(x).

íÊë�ô�ï
baè ��ìDÉ8Á�Û'Í�Ú�Í�Ã8Í
�q~�  K{à@8C��N 2�����

` = pj + β − 1 > 1
5N+�-�� ���|�2�������!������� - $A��"���
'��$A����
 -

−t1−α
j+β/p + 2t1−α

j+(β−1)/p − t1−α
j+(β−2)/p > 0, j = 0, 1, . . . , j0 − 1; β = 2, 3, . . . , p.

k\À	Æ	Ñ�Á�É2ÒmíUé ��ï��AíÊë'é�ï1ÛqÛ'Í�Ã2Á�Ã	Æ	Ý2Å�Ö�Û�Á�Ô4Ð�Ñ�Æ'É2Ð£ÆqÆ2Ö�×2Á�Î2Ï�Ú�Ð�Ò¤Î8Å�Ô,Ô4ÐÙé�Ü2×2Á�Î2Ð�Ý8Í�Å�Ô1Ü�Ý	Ç�Á=Û�Á�ð�Ë\S
ËMÆ	Ì	Æ2Å�Ã	Ç�ÄóÐ�À8Í�Ñ�Ã2Å�Ã	Æ	ÒßíUé ��ï�Æ¤Û	À8Í�Å�Ñ�ÄTÅMÐ�Ö�Î8Á�Ñ�Æ	ÒßíÊë��ï�Ð�É8Á�Ñ�Î8Å�Ç�Ñ�Á�À#Ò'åKÇ¥Ð�Ö�Î8Á�Ñ�Æ	Ò	ÔdíUé�ö�ï�Æ

D(xβ, tj+β/p) = dβ > q∗ > 0, D(0, tj+β/p) = 1 > 0, D(`β, tj+β/p) = 1 > 0.

÷jÍ�Û	Æ2ÔaÁ�Â�À8Í�Ú�Á�Ô1Ü,Ã8Í¤Á�Ö�Ã2Á�Ñ#Í�Ã	Æ	ÆâÇ�Å�Á�À2Å�Ô4ÄæòßíîÖ�Ô1Þ�èêé�ë	Ü ��Þjò�ô�ô �'ò�ô#ö�ìîïMÉ	Î2ÒßÀ2Å�ÿ|Å�Ã	Æ	Ò ∗
y
Ú�Í�É�Í�S

Ý	ÆvíUé ��ï��AíÊë'é�ï6×2Á�Î2Ð�Ý8Í�Å�ÔàÁ�Ì2Å�Ã	Û	Ð �

‖
∗
y
j+1

‖C 6 max
0<t′6jτ

(
‖µ−β(x, t

′)‖Cγ + ‖µ+β(x, t
′)‖Cγ

)
,

íÊë�ö�ï
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È�É8Å
‖y‖C = max

x∈ωh

|y|, ‖y‖Cγ = max
x∈γh

|y|.

VPÎ2Ò�Á�Ì2Å�Ã	Û	ÆßËMÐ�Ã	Û	Ì	Æ	Æ ◦
y
×	À	Æ2Ô,Å�Ã	Æ2Ô Á�Ì2Å�Ã	Û	Ð�Ã8Í¨Ö�Î8Á�ÅqíîÖ�Ô1Þ£èêé�ë	Ü�Ö�Þ�ò�ô#ü�ìîï�Þ|`KÀ8Í�Ñ�Ã2Å�Ã	Æ2Å�íÊë�ë�ï

×2Å�À2Å�×	Æ	ÿ|Å�ÔmÑ=Ñ�Æ'É8Å

1

p

1

Γ(2− α)
(τ/p)1−α ◦

y
j+β/p

t = Λβ

◦
y
j+β/p

+ ϕ̃
j+β/p
β ,

íÊë�ü�ï

È�É8Å

ϕ̃
j+β/p
β = ϕ

j+β/p
β −

1

p

1

Γ(2− α)

pj+β−1∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

) ◦
y
s/p

t .

`KÀ8Í�Ñ�Ã2Å�Ã	Æ2Å©íÊë�ü�ï�×	À	Æ	Ñ�Å�É8Å�ÔàÛ¤Û'Í�Ã2Á�Ã	Æ	Ý2Å�Ö�Û�Á�Ô4Ð¤Ñ�Æ'É2Ð �

[
1

p1−α

1

Γ(2− α)

1

τα
+
aβ,iβ+1 + aβ,iβ

h2β
−

rβ
Γ(2− ν)

1

hνβ
+ dβ

]
◦
y
j+β/p

iβ

=
aβ,iβ+1

h2β

◦
y
j+β/p

iβ+1 +

[
aβ,iβ
h2β

−
rβ

Γ(2− ν)

(
−x1−ν

3(β)
+ 2x1−ν

2(β)
− x1−ν

1(β)

) ]◦
y
j+β/p

iβ−1

−
rβ

Γ(2− ν)

1

hβ

[ (
x1−ν
iβ+1 − x1−ν

iβ

) ◦
y
j+β/p

0 +
(
−x1−ν

iβ+1 + 2x1−ν
iβ

− x1−ν
iβ−1

) ◦
y
j+β/p

1

+ . . . +
(
−x1−ν

4(β)
+ 2x1−ν

3(β)
− x1−ν

2(β)

) ◦
y
j+β/p

iβ−2

]
+Φ(Pj+β/p),

È�É8Å

Φ(P(j+β/p)) =

[
1

p1−α

1

Γ(2− α)

1

τα
(
2− 21−α

)] ◦
y
j+(β−1)/p

iβ
+ ϕ

j+β/p
β ,

ϕ
j+β/p
β = ϕ

j+β/p
β +

1

Γ(2− α)

1

τ

(
t1−α
2/p − t1−α

1/p

) ◦
y
j+(β−2)/p

iβ

−
1

τ

1

Γ(2− α)

pj+β−2∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)(◦
y
s/p

iβ
−

◦
y
(s−1)/p

iβ

)
.

k\À2Á�Ñ�Å�À	Æ2ÔoÑ�Ä1×2Á�Î2Ã	Æ2Ô,Á�Ö�Ç�ÏàÐ�Ö�Î8Á�Ñ�Æ	ØpÇ�Å�Á�À2Å�Ô4Ä ôóíUèêé�ë'ÜTÈ�Î�Þ1ö'Ü���ë'Ü!íÊë�ö�ï��AíÊë���ï�ìîï�ÜKÆ2Ö�×2Á�Î2Ï�Ú�Ð�Ò
Ñ�Ä1ÿ|Å�Ð�Û'Í�Ú�Í�Ã	Ã	Ð�ådÎ8Å�Ô,Ô4Ð�é �

P(β) = P (x, tj+β/p),

A(P(β)) =

[
1

p1−α

1

Γ(2− α)

1

τα
+
aβ,iβ+1 + aβ,iβ

h2β
−

rβ
Γ(2− ν)

1

hνβ
+ dβ

]
> 0,

B(P(β), Q) =

{
aβ,iβ+1

h2β
;

[
aβ,iβ
h2β

−
rβ

Γ(2− ν)

(
−x1−ν

3(β)
+ 2x1−ν

2(β)
− x1−ν

1(β)

) ]
;

1

p1−α

1

Γ(2− α)

1

τα
(
2− 21−α

)
;

1

τ

1

Γ(2− α)

[(
t1−α
j+β/p − t1−α

j+(β−1)/p

)
;
(
− t1−α

j+β/p + 2t1−α
j+(β−1)/p − t1−α

j+(β−2)/p

)
;



é�� �T��������
�� 5 < 5

(
−t1−α

j+(β−1)/p + 2t1−α
j+(β−2)/p − t1−α

j+(β−3)/p

)
; . . . ;

(
−t1−α

3/p + 2t1−α
2/p − t1−α

1/p

) ]
;

−
rβ

Γ(2− ν)

1

hβ

[ (
x1−ν
iβ+1 − x1−ν

iβ

)
;
(
−x1−ν

iβ+1 + 2x1−ν
iβ

− x1−ν
iβ−1

)
; . . . ;

(
−x1−ν

4(β)
+ 2x1−ν

3(β)
− x1−ν

2(β)

) ]}
> 0,

D
′

(P(β)) = A(P(β))−
∑

Q∈ � ′

β(P )

B(P(β), Q) =
1 + p1−αΓ(2− α)ταdβ

p1−αΓ(2− α)τα
> 0,

É	Î2Ò£Ñ�Ö�Å�Ó
Q ∈

r ′′
β−1

Ü
Q ∈

r ′
β,

∑

Q∈ � ′′

β−1

B(P(β), Q) =
1

p1−α

1

Γ(2− α)

1

τα
(2− 21−α) > 0,

1

D′(P(β))

∑

Q∈ � ′′

β−1

B(P(β), Q) =
(2− 21−α)

1 + p1−αΓ(2− α)τα
6

1

1 + p1−αΓ(2− α)τα
6 1,

íÊë���ï

È�É8Å
r ′

(
P

(
x, t

j+β
p

))
=
r ′

β +
r ′′

β−1,

r ′
β �

Ô4Ã2Á�Õ!Å�Ö�Ç�Ñ�Á¥Ð�Ú�Î8Á�Ñ
Q = Q(ξ, tβ) ∈

r ′(P (x, tβ)),

r ′′
β−1 �

Ô4Ã2Á�Õ!Å�Ö�Ç�Ñ�Á¥Ð�Ú�Î8Á�Ñ
Q = Q(ξ, tβ−1) ∈

r ′(P (x, tβ−1)).
QPÍfÁ�Ö�Ã2Á�Ñ#Í�Ã	Æ	ÆqÇ�Å�Á�À2Å�Ô4Ä ôqíîÖ�Ô1Þ�èêé�ë'Ü	È�Î�Þ8ö�ìîï�Æ¤Ñ=Ö�Æ'Î2Ð�íÊë���ï�×2Á�Î2Ð�Ý8Í�Å�ÔãÁ�Ì2Å�Ã	Û	Ð �

‖
◦
y
j+β/p

‖C 6 p1−αΓ(2− α)τα‖ϕ
j+β/p
β ‖C +

(2− 21−α)

1 + p1−αΓ(2− α)τα
‖
◦
y
j+β/p

‖C .
íÊë ��ï

INÌ2Å�Ã	Æ2Ô
‖ϕ

j+β/p
β ‖C ,

È�É8Å

ϕ
j+β/p
β = ϕ

j+β/p
β +

1

Γ(2− α)

1

τ

(
t1−α
2/p − t1−α

1/p

) ◦
y
j+(β−2)/p

−
1

p

1

Γ(2− α)

pj+β−1∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

) ◦
y
s/p

t = ϕ
j+β/p
β

+
1

τ

1

Γ(2− α)

[(
t1−α
j+β/p − t1−α

j+(β−1)/p

) ◦
y
0
+
(
−t1−α

j+β/p + 2t1−α
j+(β−1)/p − t1−α

j+(β−2)/p

) ◦
y
1/p

+ . . .+
(
−t1−α

3/p + 2t1−α
2/p − t1−α

1/p

) ◦
y
j+(β−2)/p

]
.

íÊë ��ï

÷jÍ�ÛqÛ'Í�Û¤Ñ�Ä1À8Í�Õ!Å�Ã	Æ	ÒDÜ�Ö�Ç�Á�Ò'á!Æ2ÅPÑfÛ	À	Ð�È�Î2Ä6ÓqÖ�Û�Á�Â�Û'Í�Ó¤×2Á�Î8Á�ÕfÆ	Ç�Å�Î2Ï�Ã	ÄPÜ�Ñ¥Ö�Æ'Î2Ð©Ñ�Ä1ÿ|Å�Ð�Û'Í�Ú�Í�Ã	Ã2Á�Ø
Î8Å�Ô,Ô4Ä Æ	Ú=è ��ì�Ü	Ç�Á|Æ	Ú©íÊë ��ï�×2Á�Î2Ð�Ý8Í�Å�ÔàÁ�Ì2Å�Ã	Û	Ð

‖ϕj+β/p‖C 6 ‖ϕ
j+β/p
β ‖C +

21−α − 1

p1−αταΓ(2− α)
max

06s6β−2
‖
◦
y
j+s/p

‖C .
íÊò��ï
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]ã×2Á�Ô,Á�á!Ï�åæíÊò��ï�Æ	Ú©íÊë ��ï�Ã8Í�Ó#Á�É2Æ2Ô

max
06s6β

‖
◦
y
j+s/p

‖C 6
21−α − 1

1 + p1−αταΓ(2− α)dβ
max

06s6β−1
‖
◦
y
j+s/p

‖C

+
p1−αταΓ(2− α)

1 + p1−αταΓ(2− α) + dβ
max
06s6β

‖ϕ
j+β/p
β ‖C

6 max
06s6β−1

‖
◦
y
j+s/p

‖C + p1−αταΓ(2− α) max
06s6β

‖ϕ
j+β/p
β ‖C .

íÊò'é�ï

]�Ð'Ô,Ô4Æ	À	Ð�Å�ÔdíÊò'é�ï6Ö�Ã8Í�Ý8Í�Î�Íf×2Á
β = 1, 2, . . . , p

Ü8Í!Ú�Í�Ç�Å�Ôm×2Á
j ′ = 0, 1, . . . , j

ÞZ÷�Á�È�É�Í=×2Á�Î2Ð�Ý	Æ2Ô

‖
◦
y
j+1

‖C 6 ‖
◦
y
0
‖C + p1−αΓ(2− α)

j∑

j′=0

τα
p∑

β=1

max
06s6β

‖ϕ
j′+s/p
β ‖C .

íÊò�ë�ï

÷jÍ�Û	Æ2ÔãÁ�Â�À8Í�Ú�Á�ÔmÆ	ÚRÁ�Ì2Å�Ã2Á�ÛvíÊë�ö�ï�ÆßíÊò�ë�ï6Ö�Î8Å�É2Ð�Å�Ç©Á�Û�Á�Ã	Ý8Í�Ç�Å�Î2Ï�Ã8Í�Ò�Á�Ì2Å�Ã	Û'Í

‖yj+1‖C 6 ‖y0‖C + max
0<t′6jτ

(
‖µ−β(x, t

′)‖Cγ + ‖µ+β(x, t
′)‖Cγ

)

+ p1−αΓ(2− α)

j∑

j′=0

τα
p∑

β=1

max
06s6β

‖ϕ
j′+s/p
β ‖C .

íÊò�ò�ï

c\Ç�Í�Û�Ü8Ö�×	À8Í�Ñ�Å�É	Î2Æ	Ñ#Í
��~�	�"j~� K{ @8C � - �	������$ -���- ��$ - ����"�$����õ���	�����

(9)
9
(11)

 2��� - �����	
��¨0 - $����#������$	/T�p����$	$	/T�
�£0#"���
 - �v�#������� * �����ß��� - �����="����¥��$	���¤����������

(9)
9
(11)

��0#"���
'�����	�	
�� -�� ��$	�	�
(33)

5
���	��
��������
���� ÷�Å�Á�À2Å�ÔZÍ¤éPÁ�Ö�Ç�Í�Å�Ç�Ö�ÒqÖ�×	À8Í�Ñ�Å�É	Î2Æ	Ñ�Á�Ø�Æ£×	À	Æ

qβ(x, t) > 0
Þ

>AC��K{	�8¾�	! K~�"j¾j{�# �'&!	�½Z¿  	��� � ��	��D{����8¾�	���	�½Z¾�	! K~�"j¾�	
	$�'&�~� ��

k\À2Å�É8Ö�Ç�Í�Ñ�Æ2ÔõÀ2Å�ÿ|Å�Ã	Æ2ÅMÚ�Í�É�Í�Ý	ÆqÉ	Î2Ò£×2Á�È�À2Å�ÿ!Ã2Á�Ö�Ç�Æ�Ñ=Ñ�Æ'É8ÅRÖ�Ð'Ô,Ô4Ä
z(β) = v(β) + η(β)

Ü
z(β) =

zj+β/p,
È�É8Å

η(β)
Á�×	À2Å�É8Å�Î2Ò	Å�Ç�Ö�ÒqÐ�Ö�Î8Á�Ñ�Æ	Ò	Ô4Æ

1

p

1

Γ(2− α)

pj+β∑

s=1

(
t1−α
j+(β−s+1)/p − t1−α

j+(β−s)/p

)
η
s/p

t
=

◦
ψβ,

x ∈ ωh + γh,β, β = 1, . . . , p, η(x, 0) = 0.

÷jÍ�Û	Õ!Å�Ü	Û'Í�Û¨Æ¨Ñ¨è ��ì�É8Á�Û'Í�Ú�Ä1Ñ#Í�Å�Ç�Ö�ÒDÜ2Ý	Ç�Á
η
j+β/p
(β) = O(τα)

Ü
β = 1, 2, . . . , p

Ü
j = 0, 1, 2, . . . , j0 − 1

Þ
eRÐ�Ã	Û	Ì	Æ	Ò

v(β)
Á�×	À2Å�É8Å�Î2Ò	Å�Ç�Ö�ÒqÐ�Ö�Î8Á�Ñ�Æ	Ò	Ô4Æ �

∆α
0tj+β/p

v(β) = Λβv(β) + ψ̃β,
íÊò�ô�ï

v
j+β/p
(β) = −η(β), xβ = 0,

íÊò�ö�ï

v(x, 0) = 0,
íÊò�ü�ï

È�É8Å
ψ̃β = Λβη(β) +

∗
ψβ,

∗
ψβ = O(hβ + τ).
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LNÃ8Í�Î8Á�È�Æ	Ý	Ã2Áâè ��ì�É8Á�Û'Í�Ú�Ä1Ñ#Í�Å�Ç�Ö�ÒDÜZÝ	Ç�Á
Λβη(β) = O(τα)

Ü
β = 1, 2, . . . , p

Ü4Å�Ö�Î2ÆâÖ�Ð�á|Å�Ö�Ç�Ñ�Ð�åKÇ
Ã2Å�×	À2Å�À	Ä1Ñ�Ã	ÄTÅRÑfÚ�Í�Ô4Û	Ã	Ð�Ç�Á�Ø�Á�Â�Î�Í�Ö�Ç�Æ

QT
×	À2Á�Æ	Ú�Ñ�Á�É2Ã	ÄTÅ

∂2u

∂t2
,

∂4u

∂x2β∂x
2
ν

,
∂2+αu

∂x2β∂t
α
,

∂2f

∂x2β
, 1 6 β, ν 6 p, β 6= ν.

VPÎ2Ò¤Á�Ì2Å�Ã	Û	Æ¤À2Å�ÿ|Å�Ã	Æ	Ò£Ú�Í�É�Í�Ý	ÆâíÊò�ô�ï��AíÊò�ü�ï6Ñ�Á�Ö�×2Á�Î2Ï�Ú�Ð�Å�Ô,Ö�ÒqÇ�Å�Á�À2Å�Ô,Á�Øvé�Þ,÷�Á�È�É�Íf×2Á�Î2Ð�Ý	Æ2Ô

‖vj+1‖C 6M

(
|h|

τ1−α
+ τ2α−1

)
, |h| = max

16β6p
hβ.

INÇ�Ö�å6É�Íf×2Á�Î2Ð�Ý8Í�Å�Ô

‖zj+1‖C 6 ‖vj+1‖C + ‖ηj+1‖C 6M

(
|h|

τ1−α
+ τ2α−1

)
.

c\Ç�Í�Û�Ü8Ö�×	À8Í�Ñ�Å�É	Î2Æ	Ñ#Í
��~�	�"j~� K{ � C �N 2�����â��������#�

(1)
9
(3)

�2�������v�����	$A����
'��$	$ - �£$A��0#"���"�/1
�$ - �¨

QT

"����¥��$	�A�
u(x, t)

���U ��¥������
� ��R�P$A��0#"���"�/1
�$	/\�K

QT

0#" - �2�
 - ��$	/\�

∂2u

∂t2
,

∂4u

∂x2β∂x
2
ν

,
∂2+αu

∂x2β∂t
α
,

∂2f

∂x2β
, 1 6 β, ν 6 p, β 6= ν.
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