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}
.

_OÖ2ïOî2Ô�Ý�Ô�Ø4í'Ù
w
í�Ô�Ù�Ö2Ü	ç	Ü	ö

C0
Õ�å�ëA×�ØwâAÙ�Ú�Þ1ê#Ù�Ý�áIî2Ô�Ó2Ô�äãë�Ù�öIÛã×�ð�ñ,P^Ü	ÓAÙ�Ý�ì�í	Ü2Ø¦ê�×�í	Ý�Ô�Ó X â2Ô�Ø,×�Ó2Ô�Øí�Ô�Ù�Ö2Ü	ç	Ü	Ü

C0 ∈ coalc(C)
âAÙ�Ú�Ô�ê�×�Ø\ø�ÖA×�Ø,×�â	ÝãØ4â2Ô�ä!×�ì�Ý�ê#Ù

desc(C0)\C0
ñ4PSÔ�ëÉØ4â2Ô�ä!×�ì�Ý�ê�Ô�Ø

c X î2Ô XÝ�Ô�Ø4í�Ô�êóí�Ô�ë�Ù
C
Õ�å�ëA×�Ø î2Ô�â	Ü2ØTÙ�Ý�á

descc(C) =
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c X������4X í�Ô�ëAÔ�Ø´Ý�Ô�à�ë�ÙSÜ`Ý�Ô�Ö2á�í�ÔqÝ�Ô�à�ë�Ù'÷#í�Ô�à�ë�Ù^ë	Ö2ïãÖ2ö^Õ�Ô�à�ÔSî2Ô�Ý�Ô�Ø4í'Ùî2×�Ó2×�ì�×�ú2×�â	Ü2×!ê�ì�×�æÉî2Ô�Ó2Ô�äãë�Ù�öIÛ!Ü'æ¦í�Ô�Ù�Ö2Ü	ç	Ü	ðõâ2×Oî	å�ì�Ý�Ô�ü ��ÿ�ñ¨H�éOÔ�Ó2Ø4å�Ö2Ü	Ó	å�×�ØÒÖA×�Ø,Ø4å�÷�ì�Ô�ëA×�Ó#äãÙ XÛ!å�öeâ2×�Ô�Õ�æ#Ô�ë2Ü2Ø4Þ¨×që�Ù�ÖA×�×SÓ2×�Ú�å�Ö2á�Ý�Ù�Ý�Þ�ÓAÙ�Õ�Ô�Ý�Þ@ü ��ÿ�Ô

c X����¨X í�Ô�ë�Ù�æ¦Ü c X������4X í�Ô�ë�Ù�æªñ� 	�� � { � ü �'÷�ÓAÙ�Ú�ëA×�Ö\ý�ñ ��ÿ C��b 2���	�
c ∈ N1
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n
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d
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N
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C
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3)
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_OÖ2ïÉî2Ô�ì�Ý�Ó2Ô�×�â	Ü	ïwØTÙ�Ý�×�ØTÙ�Ý�Ü	ú2×�ì�í�Ô�ðõØ,Ô�ëA×�Ö2Ü¦ø�éOéO×�í	Ý�Ü	ê�â2Ô�ð�H1H���� å�ëAÔ�Õ�â2ÔãÜ2ì�î2Ô�Ö2á�Ú�Ô�ê#Ù�Ý�á

c X����¨X í�Ô�ë2Þùü ��ÿ�ñTL ÓAÙ�Õ�Ô�Ý�×óü �'÷'ÓAÙ�Ú�ëA×�Ö �'ñþý�ÿ�ëAÔ�í'Ù�Ú�Þ1ê#Ù�×�Ý�ì�ïõì�ÖA×�ë2å�öIÛ`Ù�ï
� 	 �A� 	�� { � ü �'÷	ÓAÙ�Ú�ëA×�Ö �'ñþý�ÿ C��b 2���	�

c ∈ N1
*
C(⊆ Fn

q )
�m�	�	$k���	$	/1�¦� - �¦���	�	$	/

n
�I�4�	$	� ���������$	/¨�´"�������� -�� $	�k���

d
$����õ0 - �k���

Fq
5	� 0� 2���	�>
�/10 - �	$ � ����� � $k��"���
'��$k����
 -

n− Zc(C) + 1 < q.
� ( �

= - �
C
� 
�� � ����� �

c �%$�& � - � - �r� -	# ���ã�õ� - ����� - � -	# ��� * � -	# ���`
�/10 - �	$ � ����� � $k��"���
'��$k����
 -

c <
n

Zc(C)
.

� � �

M^ÚOÓAÙ�Ú�ëA×�Ö�Ù��'ñ (ãÓAÙ�Õ�Ô�Ý�Þiü ��ÿ�ê�Þ1Ý�×�í'Ù�×�Ý
u � 	 " ��'yA� 	 C'�b 2���	� c ∈ N1

*
C(⊆ Fn

q )
� �	�	�	�	���������	�	� � - � ���	�	$	/

n
�`�4�	$	�2��������$	/¨�

"�������� -�� $	�k���
d
$����õ0 - �k���

Fq
5¨+�-	# ���q��� � � - ���

C

�/10 - �	$ � ����� �  2��� - 
��k�

Zc(C) = min{c(n− d), n}.

_ãÙ�ÖA×�×!Ô�î	Ó2×�ëA×�Ö2Ü2Ø
q X Ü	ú	â	Þ¨×qí�Ô�ë2Þ R,Ü'ë�Ùãd UõÙ�Ö	ÖA×�ÓAÙ'ñ1P^å�ì�Ý�á

Fq[X1, X2, . . . , Xm]
dfí�Ô�Ö2á Xç2Ôqî2Ô�Ö2Ü	â2Ô�Ø,Ô�ê

m
î2×�Ó2×�Ø,×�â	â	Þ6æèìbí�Ô�ø�éOéSÜ	ç	Ü2×�â	Ý�Ù�Ø4ÜÉÜ	Ú^î2Ô�Ö2ï�s'Ù�Ö2å#Ù

Fq
÷
Fr
q[X1, X2, . . . , Xm]

d
î2Ô�ë2î	Ó2Ô�ì�Ý�ÓAÙ�â2ì�Ý�ê�Ôõî2Ô�Ö2Ü	â2Ô�Ø,Ô�êõì�Ý�×�î2×�â	Ü\â2×>ê�Þ1ûã×

r
í�Ô�Ö2á�çAÙ

Fq[X1, X2, . . . , Xm]
÷tì�Ý�×�î2×�â	á�Ø,Ô Xâ2Ô�ØTÙ

Xt1
1 X

t2
2 . . . Xtm

m (∈ Fq[X1, X2, . . . , Xm])
×�ì�Ý�á ∑m

i=1 ti,
Ù�ì�Ý�×�î2×�â	á

deg(f)
î2Ô�Ö2Ü	â2Ô�ØTÙ

f ∈ Fq[X1, X2, . . . , Xm]
×�ì�Ý�á�ØTÙ�í�ì�Ü2ØTÙ�Ö2á�âAÙ�ï Ü	Ú

ì�Ý�×�î2×�â2×�ðèê�æ#Ô�ë2ï'Û!Ü'æ�êqâ2×�à�Ô!Ø,Ô�â2Ô�Ø,Ô�ê2ñTP^å�ì�Ý�á2÷'í	Ó2Ô�Ø,×bÝ�Ô�à�Ô	÷
P1,P2, . . . ,Pn

d@éSÜ	í�ì�Ü	Ó2Ô�ê#Ù�â	â2Ô�×
å�î2Ô�Ó#ï�ëAÔ�ú2×�â	Ü2×qø�ÖA×�Ø,×�â	Ý�Ô�êóî	Ó2Ô�ì�Ý�ÓAÙ�â2ì�Ý�ê#Ù>[^×�Ø,Ø4Ü	â	à�Ù

Fm
q = Fq × . . .× Fq

÷	à�ëA×
n = qm

ñTn�Ô�à�ë�Ù
q X Ü	ú	â	Þ1ð`í�Ô�ëóR,Ü'ë�Ùbd UõÙ�Ö	ÖA×�ÓAÙ

RMq(r,m)
î2Ô�Ó#ï�ë2í'Ù

r
Ô�î	Ó2×�ëA×�Ö2ï	×�Ý�ì�ïóì�ÖA×�ë2å�öIÛ!Ü2ØõÔ�Õ�ÓAÙ�Ú�Ô�Ø ü 
�ÿ #

RMq(r,m) =
{
(f(P1), f(P2), . . . , f(Pn)) : f ∈ Fr

q[X1, X2, . . . , Xm]
}
.

M^ÚóÖA×�Ø,Ø4Þ (wÓAÙ�Õ�Ô�Ý�Þ ü ��ÿ6ê�Þ1Ý�×�í'Ù�×�Ý�÷�ú	Ý�Ôwë	Ö2ï\î	Ó2Ô�Ü	Ú�ê�Ô�Ö2á�â2Ô�à�ÔõâAÙ�Õ�Ô�ÓAÙwîAÙ�ÓAÙ�Ø,×�Ý�Ó2Ô�ê
r
÷
q
Ü

m
í�Ô�ë

RMq(r,m)
ì�Ô�ê�îAÙ�ë�Ù�×�Ý¼ìóí�Ô�ëAÔ�Ø

RMq(r
′,m)

÷të	Ö2ï\î2Ô�Ó#ï�ë2í'Ù
r′
í�Ô�Ý�Ô�Ó2Ô�à�Ô�ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï

å�ì�ÖAÔ�ê�Ü2×
r′ 6 m(q − 1).

ntÙ�í	Ü2ØÒÔ�Õ�ÓAÙ�Ú�Ô�Ø1÷2â2×^Ý�×�Ó#ï'ïwÔ�Õ�Û!â2Ô�ì�Ý�Ü�÷2Ø,Ô�ä`â2Ô>ì�ú	Ü	Ý�Ù�Ý�á2÷2ú	Ý�Ôãë	Ö2ïèí�Ô�ë�Ù
��

q(r,m)
ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï�Ô�ç2×�â	í'Ù

r 6 m(q − 1).
� ���

� C�� ����AyA� , 	 � 	 �������'��{	� , C¨L ÓAÙ�Õ�Ô�Ý�×>ü ��ÿ�î	Ó2×�ëAì�Ý�Ù�ê�ÖA×�âAÙóì�ÖA×�ë2å�öIÛ`Ù�ï
� 	 �A� 	�� { * C �b 2���	�

c ∈ N1
*
r,m(∈ N)

�����	�k� * ��� - 
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��k�
r < q

* �
C
�

RMq(r,m) � � - �a$����ô0 - �k��� Fq
5 �6���	�Ò
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c <
√

q
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� - � - �

C
� 
�� � ����� �

c �%$�&'� � - � - � 5
_!Ô�í'Ù�Ú�Ù�Ý�×�Ö2á�ì�Ý�ê�ÔSÝ�×�Ô�Ó2×�Ø4Þ (¨Ô�î	å'Õ�Ö2Ü	í�Ô�ê#Ù�â2Ô^ê!ü ��ÿ'Ü!Ô�ì�â2Ô�ê�Þ1ê#Ù�×�Ý�ì�ïª÷�êbúAÙ�ì�Ý�â2Ô�ì�Ý�Ü�÷�âAÙ6ÖA×�Ø,Ø,×Iý

ÜõÓ2×�Ú�å�Ö2á�Ý�Ù�Ý�Ù�æ¼ÓAÙ�Õ�Ô�Ý�Þ ü 
�ÿ�ñOM^ÚãÖA×�Ø,Ø4Þ ýqê�Þ1Ý�×�í'Ù�×�Ý�÷�ú	Ý�Ô�î	Ó	Ü
q 6 c < N

í�Ô�ë\â2×!ï'ê�Ö2ï	×�Ý�ì�ï
c X

���¨X í�Ô�ëAÔ�Ø1ñ ntÙ�í	Ü2ØmÔ�Õ�ÓAÙ�Ú�Ô�Ø1÷�Ô�Ý�í	Ó	Þ1Ý�Þ¨ØmÔ�ì�Ý�Ù�×�Ý�ì�ï ê�Ô�î	Ó2Ô�ìwÔ�Ý�Ô�Ø1÷�Õ�å�ëA×�ÝõÖ2Ü í�Ô�ë
RMq(r,m)

ï'ê�Ö2ï'Ý�á�ì�ïÉÖ2Ü2Õ�Ô>â2×Sï'ê�Ö2ï'Ý�á�ì�ï
c X����¨X í�Ô�ëAÔ�Ø êóì�Ö2å�úAÙ�× c ∈ {d

√
q
r e, . . . , q − 1}

ë	Ö2ïÉîAÙ�ÓAÙ�Ø,×�Ý�Ó2Ô�ê
qÜ

r
÷�å�ëAÔ�ê�ÖA×�Ý�ê�Ô�Ó#ï'öIÛ!Ü'æOå�ì�ÖAÔ�ê�Ü	ö

r < q
÷�ÜOÕ�å�ëA×�Ý1Ö2ÜOí�Ô�ë

RMq(r,m)
ï'ê�Ö2ï'Ý�á�ì�ïSÖ2Ü2Õ�Ô1â2×4ï'ê�Ö2ï'Ý�á�ì�ï

c X����¨X í�Ô�ëAÔ�Ø\êSì�Ö2å�úAÙ�× c ∈ {2, 3, . . . , q−1}
ë	Ö2ï!îAÙ�ÓAÙ�Ø,×�Ý�Ó2Ô�ê

q
Ü
r
÷�å�ëAÔ�ê�ÖA×�Ý�ê�Ô�Ó#ï'öIÛ!Ü'æ`å�ì�ÖAÔ�ê�Ü	ö

r > q
ñ�LmÝ�×�Ô�Ó2×�Ø,× �Éî	Ó2×�ëAì�Ý�Ù�ê�ÖA×�âßÔ�Ý�ê�×�Ý�âAÙ¦ø�Ý�Ô�Ý�ê�Ô�î	Ó2Ô�ìóë	Ö2ï´ì�Ö2å�úAÙ�ï

r > q
ñ�LQÝ�×�Ô�Ó2×�Ø,×��
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î	Ó2×�ëAì�Ý�Ù�ê�ÖA×�âeÔ�Ý�ê�×�Ý´ë	Ö2ïôì�Ö2å�úAÙ�ï
r < q

î	Ó	Ü
c ∈ { q

r , . . . , q − 1}
ñiH�éOÔ�Ó2Ø4å�Ö2Ü	Ó	å�×�ØiÖA×�Ø,Ø4ÞO÷

ì�Ô�ëA×�Ó#äãÙ�Û!Ü2×qâ2×�Ô�Õ�æ#Ô�ë2Ü2Ø4Þ¨×që�Ù�ÖA×�×SÓ2×�Ú�å�Ö2á�Ý�Ù�Ý�ÞOñ
� 	�� � { * C �b 2���	�

c ∈ N1
*
r,m(∈ N)

*
C
�

RMq(r,m) � � - �¦$����É0 - �k��� Fq
51+�-	# ���I��� � � - ���

C

�/10 - �	$ � ����� �  2��� - 
��k�

Zc(C) = min{c(n− d), n}.

C
L ì�Ô�Ô�Ý�ê�×�Ý�ì�Ý�ê�Ü	Üèì6ÓAÙ�Õ�Ô�Ý�Ô�ð�ü 
�ÿAí�Ô�ë

C
ï'ê�Ö2ï	×�Ý�ì�ï>ÓAÙ�ì�û!Ü	Ó2×�â	Ü2×�Ø\ç	Ü	í'Ö2Ü	ú2×�ì�í�Ô�à�Ôqí�Ô�ë�Ù

C∗ =
RM∗

q(r,m)
÷	à�ëA×

RM∗
q(r,m) =

{
(f(P2), . . . , f(Pn)) : f ∈ Fr

q[X1, X2, . . . , Xm]
}
,

Ù
P1,P2, . . . ,Pn

dféSÜ	í�ì�Ü	Ó2Ô�ê#Ù�â	â2Ô�×Oå�î2Ô�Ó#ï�ëAÔ�ú2×�â	Ü2×Oø�ÖA×�Ø,×�â	Ý�Ô�ê>î	Ó2Ô�ì�Ý�ÓAÙ�â2ì�Ý�ê#Ù`[^×�Ø,Ø4Ü	â	à�Ù
Fm
qÝ�Ù�í�Ô�×�÷Sú	Ý�Ô

P1 = (0, 0, . . . , 0) ∈ Fm
q

÷
n = qm

ñfM^Ú¼ì�ÖA×�ëAì�Ý�ê�Ü	ïaÝ�×�Ô�Ó2×�Ø4Þ ý�ë	Ö2ïôí�Ô�ë�Ù
C∗

ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïÒÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C

∗) = min{c(ń − d́), ń}
÷Tà�ëA×

ń
d ë	Ö2Ü	âAÙõí�Ô�ë�Ù

C∗ ÷�Ù d́ d ×�à�Ô
Ø4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�×wÓAÙ�ì�ì�Ý�Ô�ï'â	Ü2×�ñ ]SÔ�ë

C
î2Ô�Ö2å�úAÙ�×�Ý�ì�ï Ü	ÚÉí�Ô�ë�Ù

C∗ ëAÔ�Õ�Ù�ê�ÖA×�â	Ü2×�Ømê�âAÙ�úAÙ�ÖAÔ¼Ô�ë2â2Ô�ð
í�Ô�Ô�Ó�ë2Ü	âAÙ�Ý�ÞO÷TÓAÙ�ê�â2Ô�ð

f(P1) ∈ Fq
ñõKbÝ�ì�ö6ë�Ù¦ê�Þ1Ý�×�í'Ù�×�Ý�÷Tú	Ý�Ô

n = ń + 1
ñ¦]^Ó2Ô�Ø,×�Ý�Ô�à�Ô	÷4Ü	Úõü 
�ÿ

ì�ÖA×�ë2å�×�Ý�÷�ú	Ý�Ôbë	Ö2ï!í�Ô�ë�Ù
C
Ø4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�×1ÓAÙ�ì�ì�Ý�Ô�ï'â	Ü2×

d
ÓAÙ�ê�â2Ô

d́+1
ñ4L\Ô�Õ�Ûã×�Øõì�Ö2å�úAÙ�×�ê�×�Ö2Ü	ú	Ü	âAÙ

f(P1)
Ø,Ô�ä!×�ÝSÕ�Þ1Ý�áIÓAÙ�ê�â2Ô�ð!Ü'Ö2Ü!â2×TÓAÙ�ê�â2Ô�ð

0
� âAÙ�î	Ó	Ü2Ø,×�Ó�÷�ë	Ö2ï

f(X1, . . . , Xm) = X1+X2+. . .+
Xm

Ü'Ö2Ü
f(X1, . . . , Xm) = 2

ì�Ô�Ô�Ý�ê�×�Ý�ì�Ý�ê�×�â	â2Ô���ñ¦n�Ô�à�ë�Ù¦ê�Þ1î2Ô�Ö2â	ï'öIÝ�ì�ï´â2×�ÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C) >

Zc(C
∗)
ÜwÓAÙ�ê�×�â2ì�Ý�ê�Ô

Zc(C
∗) = min

{
c(ń− d́), ń

}
= min

{
c(n− 1− (d− 1)), n − 1

}
= min

{
c(n− d), n− 1

}
.

]^Ó2Ô�Ø,×óÝ�Ô�à�Ô	÷4ê�ì�Ü'Ö2å
(1)

ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï Ô�ç2×�â	í'Ù
Zc(C) 6 min{c(n − d), n}

ñ¦R4Ù�ì�ì�Ø,Ô�Ý�Ó	Ü2Ø
ì�Ö2å�úAÙ�ð�÷�î	Ó	Ü�í�Ô�Ý�Ô�Ó2Ô�Ø ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïõÓAÙ�ê�×�â2ì�Ý�ê�Ô

min{c(n − d), n − 1} = c(n − d)
ñ^n�Ô�à�ë�Ù'÷kê�Ô Xî2×�Ó	ê�Þ6æª÷	ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïwâ2×�ÓAÙ�ê�×�â2ì�Ý�ê�Ô

Zc(C) > c(n− d)
÷AÙ'÷	ê�Ô X ê�Ý�Ô�Ó	Þ6æª÷	ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï¦â2×�ÓAÙ�ê�×�â Xì�Ý�ê�Ô

Zc(C) 6 c(n−d)
ñ,j�âAÙ�ú	Ü	Ý�÷�×�ì�Ö2Ü`ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï>ÓAÙ�ê�×�â2ì�Ý�ê�Ô

min{c(n−d), n−1} = c(n−d)
÷

Ý�Ôãê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï¦ÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C) = c(n− d).

R4Ù�ì�ì�Ø,Ô�Ý�Ó	Ü2Ø ì�Ö2å�úAÙ�ð�÷�î	Ó	Üóí�Ô�Ý�Ô�Ó2Ô�Ø\ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï�ÓAÙ�ê�×�â2ì�Ý�ê�Ô
min{c(n−d), n−1} = n−1

ñ
P^å�ì�Ý�á

ϕ∗ : Fr
q[X1, X2, . . . , Xm] → Fn−1

q

ï'ê�Ö2ï	×�Ý�ì�ïßí�Ô�ë2Ü	Ó	å�öIÛ!Ü2Ø@Ô�Ý�Ô�Õ�ÓAÙ�ä!×�â	Ü2×�Øií�Ô�ë�Ù
C∗ ÷

Ù
ϕ : Fr

q[X1, X2, . . . , Xm] → Fn
q

ï'ê�Ö2ï	×�Ý�ì�ïÉí�Ô�ë2Ü	Ó	å�öIÛ!Ü2ØßÔ�Ý�Ô�Õ�ÓAÙ�ä!×�â	Ü2×�Øßí�Ô�ë�Ù
C
÷'Ý�ñ2×�ñ

ϕ∗(f) = (f(P2), . . . , f(Pn)), ϕ(f) = (f(P1), . . . , f(Pn)).

P^å�ì�Ý�á
C0 = {v1, . . . ,vc}(∈ coalc(C

∗))
daÝ�Ù�í'Ù�ï!í�Ô�Ù�Ö2Ü	ç	Ü	ïãí�Ô�ë�Ù

C∗ ÷�ú	Ý�ÔIØTÙ�í�ì�Ü2ØTÙ�Ö2á�â2Ô�×6ú	Ü2ì�ÖAÔ
â	å�ÖA×�ðÒê�î2Ô�Ó2Ô�äãë�Ù�×�Ø,Ô�Øi×�ðÒî	Ü	ÓAÙ�Ý�ì�í�Ô�Ømê�×�í	Ý�Ô�Ó X â2Ô�Ø,×�Ó2×¦ÓAÙ�ê�â2Ô n − 1

÷�à�ëA×
vi = ϕ∗(fi)

÷
fi ∈

Fr
q[X1, X2, . . . , Xm]

÷
i ∈ {1, . . . , c}

ñ>L�í�Ô�ëA×
C
ÓAÙ�ì�ì�Ø,Ô�Ý�Ó	Ü2Øaí�Ô�Ù�Ö2Ü	ç	Ü	ö

C1 = {u1, . . . ,uc}(∈
coalc(C))

ì�ÖA×�ë2å�öIÛã×�à�Ô`ê�Ü'ë�Ù$#
ui = ϕ(X1fi mod Xq

1),
à�ëA×

i ∈ {1, . . . , c}
ñ n�Ô�à�ë�Ùõê�Þ1î2Ô�Ö2â	ï'öIÝ�ì�ïÒÓAÙ�ê�×�â2ì�Ý�ê#Ù

u1,0 = 0, . . . ,uc,0 = 0
ñ j�âAÙ�ú	Ü	Ý�÷�×�ì�Ö2Ü

ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïèÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C

∗) = min{c (n− d), n− 1} = n− 1
÷�Ý�Ôqê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïÉÓAÙ�ê�×�â2ì�Ý�ê�Ô

Zc(C) = n.VTì�Ö2Ü
c(n−d) > n

÷�Ý�Ô¨ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï!ÓAÙ�ê�×�â2ì�Ý�ê�Ô
min{c (n−d), n} = n

÷�Ù'÷�Ú�âAÙ�ú	Ü	Ý�÷
min{c (n−

d), n − 1} = n − 1
ñ´n�Ô�à�ë�Ùõê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïÒÓAÙ�ê�×�â2ì�Ý�ê�Ô

Zc(C) = n
ñ´VTì�Ö2Ü ä!×

c (n − d) < n
÷

Ý�Ôwê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï ÓAÙ�ê�×�â2ì�Ý�ê�Ô
min{c (n − d), n} = c (n − d)

Ü�÷tê¦Ý�Ô¦ä!×óê�Ó2×�Ø4ïª÷4ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï
ÓAÙ�ê�×�â2ì�Ý�ê�Ô

min{c (n−d), n−1} = c(n−d)
ñ,n�Ô�à�ë�ÙSê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïóÓAÙ�ê�×�â2ì�Ý�ê�Ô

Zc(C) = c (n−d)
ñ

ntÙ�í	Ü2ØßÔ�Õ�ÓAÙ�Ú�Ô�Ø1÷	Ü2Ø,×�×�ÝóØ,×�ì�Ý�Ô>ÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C) = min{c (n− d), n}

ñ
B
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� 	�� � { � C �b 2���	�

r,m(∈ N)
*
C
�

RMq(r,m) � � - �ß$���� 0 - �k��� Fq
�!�4�	$	�2��������$	/¨�ô"���� ���� -�� $	�k���

d
5b+�-	# ���

1)
�����	�

r < q
* � - 
�/10 - �	$ � ����� �  2��� - 
��k�

d = qm − rqm−1;
2)
�����	�

r > q
* � - 
�/10 - �	$ � ����� ��- �k��$	�	�

d 6 (q − 1) qm−2.

C
H�Ô�à�Ö�Ù�ì�â2Ô ü 
�ÿ6Ø4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�×èÓAÙ�ì�ì�Ý�Ô�ï'â	Ü2×

q X Ü	ú	â2Ô�à�Ô¦í�Ô�ë�Ù�R,Ü'ë�Ùwd UõÙ�Ö	ÖA×�ÓAÙ
RMq(r,m)Ø,Ô�ä`â2Ô>ê�Þ1ú	Ü2ì�Ö2Ü	Ý�á�ì�ÖA×�ë2å�öIÛ!Ü2ØÒÔ�Õ�ÓAÙ�Ú�Ô�Ø #

d = (η + 1) qµ,
� � �

à�ëA×
η
deÔ�ì�Ý�Ù�Ý�Ô�í>Ô�ÝbëA×�ÖA×�â	Ü	ï

m(q−1)−r
âAÙ
q−1

ì�úAÙ�ì�Ý�â	Þ¨Ø
µ
÷�Ý�ñ�×�ñ

m(q−1)−r = µ(q−1)+η,à�ëA×
η < q − 1

ñ
R4Ù�ì�ì�Ø,Ô�Ý�Ó	Ü2Ø Ô�Ý�ëA×�Ö2á�â2ÔÒí'Ù�äãëAÔ�×¼Ü	Úõë2ê�å#æ å�ì�ÖAÔ�ê�Ü	ðaÖA×�Ø,Ø4ÞOñfP^å�ì�Ý�á

r < q
ñùn�Ô�à�ë�Ù î	Ó	Ü

ëA×�ÖA×�â	Ü	Ü
m(q− 1)− r

âAÙ
q− 1

ìbÔ�ì�Ý�Ù�Ý�í�Ô�Ø î2Ô�Ö2å�ú	Ü2Ø
m(q− 1)− r = (m− 1)(q− 1)+ q− 1− r.j�âAÙ�ú	Ü	Ý�÷

η = q − 1− r
÷2Ù

µ = m− 1
Ü�÷	ì�Ô�Ô�Ý�ê�×�Ý�ì�Ý�ê�×�â	â2Ô	÷

d = (q − r) qm−1 = qm − rqm−1.

P^å�ì�Ý�á
r > q

ñ,n�Ô�à�ë�Ù>ê>ì�Ü'Ö2å � ����î2Ô�Ö2å�ú	Ü2Ø

q 6 r 6 m(q − 1),

(q − 1) + 1 6 r 6 (m− 1)(q − 1) + q − 1,
ntÙ�í¦í'Ù�í

r > q
÷'Ý�Ô

r
î	Ó2×�ëAì�Ý�Ù�ê�Ü2Ø,Ôóê`ê�Ü'ëA×

r = x(q − 1) + y
ñ,n�Ô�à�ë�Ù

(q − 1) + 1 6 x(q − 1) + y 6 (m− 1)(q − 1) + q − 1,

à�ëA×
x
Ü
y
Ý�Ù�í	Ü2×�÷2ú	Ý�Ôãê�Þ1î2Ô�Ö2â	ï'öIÝ�ì�ïwâ2×�ÓAÙ�ê�×�â2ì�Ý�ê#Ù

1 6 x 6 m− 1, 1 6 y 6 q − 1.

ntÙ�í¦í'Ù�í
r = x(q − 1) + y

÷'Ý�Ô

m(q − 1)− r = (m− x− 1)(q − 1) + q − 1− y.

P^å�ì�Ý�á
α = m−x−1

÷
β = q−1−y

ñ�ntÙ�íãí'Ù�í`ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï
1 6 y 6 q−1

÷�Ý�Ô
β ∈ {0, . . . , q−2}

÷
Ù'÷�Ú�âAÙ�ú	Ü	Ý�÷

β
d Ô�ì�Ý�Ù�Ý�Ô�í´Ô�ÝèëA×�ÖA×�â	Ü	ï

m(q − 1) − r
âAÙ

q − 1
ìãúAÙ�ì�Ý�â	Þ¨Ø

α
ñ`ntÙ�í	Ü2ØaÔ�Õ�ÓAÙ�Ú�Ô�Ø1÷

êóì�Ü'Ö2å � � �6Ø4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�×OÓAÙ�ì�ì�Ý�Ô�ï'â	Ü2×qí�Ô�ë�Ùãê�Þ1ú	Ü2ì�Ö2ï	×�Ý�ì�ï¦î2Ô`éOÔ�Ó2Ø4å�ÖA×

d = (q − y) qm−x−1.

Lôì�Ü'Ö2åèâ2×�ÓAÙ�ê�×�â2ì�Ý�ê
1 6 x 6 m− 1

Ü
1 6 y 6 q − 1

î2Ô�Ö2å�ú	Ü2Ø

d 6 (q − 1) qm−2. B

� 	 �A� 	�� { � C)�b 2���	�
c ∈ N1

*
r > q

*
C = RMq(r,m) � � - � $����\0 - �k��� Fq

5`+�-	# ���ó� - �
C
$k�

� 
�� � ����� �
c �%$�&'� � - � - � 5

C
H�Ô�à�Ö�Ù�ì�â2ÔèÖA×�Ø,Ø,×��>ë	Ö2ïõØ4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�à�ÔÉÓAÙ�ì�ì�Ý�Ô�ï'â	Ü	ï

d
í�Ô�ë�Ù

C
êÉì�Ö2å�úAÙ�×

r > q
ê�Þ1î2Ô�Ö Xâ	ï	×�Ý�ì�ï¦Ô�ç2×�â	í'Ù

d 6 (q − 1) qm−2.
KbÝ�ì�ö6ë�Ù>ì�ÖA×�ë2å�×�Ý

c(qm − qm−1 + qm−2) 6 c(n− d).
� 
 �



q � ����$	/^�b� - ��/��,�#�����������	�k��"��ã
è���	�����	�w���
!�k��/a�	$� - "k�����	�	� � �
Kbç2×�â	Ü2Ø ê�×�Ö2Ü	ú	Ü	â	å

n− Zc(C) + 1
ñ

PSÔãÖA×�Ø,Ø,× (që	Ö2ïÉí�Ô�ë�Ù
C
ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï¦ÓAÙ�ê�×�â2ì�Ý�ê�Ô

Zc(C) = min{c(n− d), n}.

LQì�Ö2å�úAÙ�×
Zc(C) = n

ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï\ÓAÙ�ê�×�â2ì�Ý�ê�Ô
n − Zc(C) + 1 = 1

÷4ÙèÚ�âAÙ�ú	Ü	Ý�÷4î2ÔwÝ�×�Ô�Ó2×�Ø,×¦ý
í�Ô�ë

C
â2×Sï'ê�Ö2ï	×�Ý�ì�ï

c X����¨X í�Ô�ëAÔ�Ø1ñR4Ù�ì�ì�Ø,Ô�Ý�Ó	Ü2Ø ì�Ö2å�úAÙ�ð�÷	í�Ô�à�ë�Ù`ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïwÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C) = c(n− d)

ñTL�ê�Ü'ë2å � 
 ��î2Ô�Ö2å Xú	Ü2Ø ÓAÙ�ê�×�â2ì�Ý�ê�Ô

n− Zc(C) + 1 = qm − c(n− d) + 1 6 qm − c(qm − qm−1 + qm−2) + 1.
� ���

P^Ó2Ô�ê�×�Ó	Ü2ØÒê�Þ1î2Ô�Ö2â2×�â	Ü2×Oâ2×�ÓAÙ�ê�×�â2ì�Ý�ê#Ù

qm − c(qm − qm−1 + qm−2) + 1 < q.

PSÔ�ì�ÖA×�ë2â2×�×Oø�í	ê�Ü	ê#Ù�ÖA×�â	Ý�â2Ô

1 <
1

qm−1
−

1

qm
+ c

(
1−

1

q
+

1

q2

)
.

��� �

ntÙ�í´í'Ù�í´Ý�Ó2×�Ý�á�×�ì�Ö�Ù�à�Ù�×�Ø,Ô�×�ê�Ô�Ú�ÓAÙ�ì�Ý�Ù�×�Ýõî	Ó	Ü\ê�Ô�Ú�ÓAÙ�ì�Ý�Ù�â	Ü	Ü ê�×�Ö2Ü	ú	Ü	â	Þ
q
÷tÜ´×�à�Ô¦Ø4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�×

Ú�âAÙ�ú2×�â	Ü2×ãÓAÙ�ê�â2Ô
1, 5

î	Ó	Ü
q = 2

÷�ÜõÝ�Ù�íõí'Ù�íõê�Ý�Ô�Ó2Ô�×`ì�Ö�Ù�à�Ù�×�Ø,Ô�×`Ø,×�â	á�ûã×ãî2×�Ó	ê�Ô�à�Ô	÷kÝ�Ô�â2×�ÓAÙ�ê�×�â Xì�Ý�ê�Ô ��� ��ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï`î	Ó	ÜãÖ2ö^Õ�Þ6æ
c ∈ N1

÷
q > 2

Ü
m ∈ N

ñtn�Ô�à�ë�Ù^Ü	Ú1Ô�ç2×�â2Ô�í � ����Ü ��� ��ì�ÖA×�ë2å�×�Ý�÷
ú	Ý�Ô�ë	Ö2ï¦Ö2ö^Õ�Þ6æ

c ∈ N1
÷
q > 2

Ü
m ∈ N

ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï¼â2×�ÓAÙ�ê�×�â2ì�Ý�ê�Ô � ( ��ñ!M^Ú`Ý�×�Ô�Ó2×�Ø4Þ (�ÓAÙ XÕ�Ô�Ý�Þùü ��ÿ,ì�ÖA×�ë2å�×�Ý�÷ªú	Ý�Ôóå�ì�ÖAÔ�ê�Ü2× � � �6ë	Ö2ï¦í�Ô�ë�Ù
C
â2×qê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïªñSntÙ�í	Ü2ØôÔ�Õ�ÓAÙ�Ú�Ô�Ø1÷ªì�Ô�à�Ö�Ù�ì�â2Ô

Ý�×�Ô�Ó2×�Ø,×>ýSí�Ô�ë
C
â2×Sï'ê�Ö2ï	×�Ý�ì�ï

c X����¨X í�Ô�ëAÔ�Ø1ñ B
� 	 �A� 	�� {èB�C �b 2���	�

c ∈ N1
*
r < q

*
C = RMq(r,m) � � - �è$�����0 - �k��� Fq

5 �6���	�`
�/10 - �	$ � ����� �
 2��� - 
��k�

c > q
r

* � - � - �
C
$k� � 
�� � ����� �

c �%$�&'� � - � - � 5
C
H�Ô�à�Ö�Ù�ì�â2ÔõÖA×�Ø,Ø,× ��Ø4Ü	â	Ü2ØTÙ�Ö2á�â2Ô�×ÉÓAÙ�ì�ì�Ý�Ô�ï'â	Ü2×

d
í�Ô�ë�Ù

C
î	Ó	Ü

r < q
ê�Þ1ú	Ü2ì�Ö2ï	×�Ý�ì�ï î2Ô

éOÔ�Ó2Ø4å�ÖA×
d = qm − rqm−1 ñTn�Ô�à�ë�Ù n− d = rqm−1 ÷'à�ëA× n dië	Ö2Ü	âAÙãí�Ô�ë�Ù

C
ñ

cbâAÙ�ÖAÔ�à�Ü	ú	â2Ô`ëAÔ�í'Ù�Ú�Ù�Ý�×�Ö2á�ì�Ý�ê�åwÝ�×�Ô�Ó2×�Ø4Þ��ãÓAÙ�ì�ì�Ø,Ô�Ý�Ó	Ü2Ø ë2ê#Ù`ì�Ö2å�úAÙ�ï�#

(Zc(C) = n) ∧ (Zc(C) = c(n− d)).

Kbú2×�ê�Ü'ë2â2Ô	÷2ú	Ý�Ôãë	Ö2ïÉì�Ö2å�úAÙ�ï
Zc(C) = n

î2ÔãÝ�×�Ô�Ó2×�Ø,×óý^í�Ô�ë
C
â2×Sï'ê�Ö2ï	×�Ý�ì�ï

c X����¨X í�Ô�ëAÔ�Ø1ñR4Ù�ì�ì�Ø,Ô�Ý�Ó	Ü2Ø@ì�Ö2å�úAÙ�ð�÷Tî	Ó	Ü í�Ô�Ý�Ô�Ó2Ô�ØQê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïÒÓAÙ�ê�×�â2ì�Ý�ê�Ô
Zc(C) = c(n − d)

ñ´n�Ô�à�ë�Ù
ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïwÓAÙ�ê�×�â2ì�Ý�ê�Ô

n− Zc(C) + 1 = qm − c(n− d) + 1 = qm − crqm−1 + 1.
� � �

PSÔ�ì�Ý�Ù�ê�Ü	ê�éOÔ�Ó2Ø4å�Ö2å � � ��êóéOÔ�Ó2Ø4å�Ö2å � ( ��÷'î2Ô�Ö2å�ú	Ü2Ø #

qm − crqm−1 + 1 < q.

PSÔ�ì�ÖA×�ë2â2×�×Oâ2×�ÓAÙ�ê�×�â2ì�Ý�ê�Ô>ø�í	ê�Ü	ê#Ù�ÖA×�â	Ý�â2Ô

1 <
1

qm−1
−

1

qm
+
cr

q
,

í�Ô�Ý�Ô�Ó2Ô�×!ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï¦ë	Ö2ïÉÖ2ö^Õ�Ô�à�Ô
c ∈ N1

÷Aå�ëAÔ�ê�ÖA×�Ý�ê�Ô�Ó#ï'öIÛã×�à�Ô�å�ì�ÖAÔ�ê�Ü	ö
c > q

r

÷AÜ�éSÜ	í�ì�Ü	Ó2Ô Xê#Ù�â	â2Ô�à�Ô
q > 2

÷
m ∈ N

ñTj�âAÙ�ú	Ü	Ý�÷2ë	Ö2ï
c(∈ N1) >

q
r

å�ì�ÖAÔ�ê�Ü2× � ( ��ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïªñ
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P^å�ì�Ý�áõë	Ö2ï

c(∈ N1) >
q
r

ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï Ü å�ì�ÖAÔ�ê�Ü2× � � ��ñ¼n�Ô�à�ë�ÙõÜ	Ú�ÓAÙ�ê�×�â2ì�Ý�ê#Ù�ë	Ö2ï
Zc(C)ì�ÖA×�ë2å�×�Ý�÷2ú	Ý�Ô

c <
n

c(n− d)
.

� ý � �

ntÙ�í¦í'Ù�íwê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïwå�ì�ÖAÔ�ê�Ü2×
c > q

r

÷'Ý�Ô`Ü	Ú � ý � �6ì�ÖA×�ë2å�×�Ý

q

r
6 c <

√
n

n− d
.

K¨ë2âAÙ�í�Ô>î2Ô`å�ì�ÖAÔ�ê�Ü	ö Ý�×�Ô�Ó2×�Ø4Þaê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ï¦å�ì�ÖAÔ�ê�Ü2×
r < q

÷'Ú�âAÙ�ú	Ü	Ý�÷

q

r
<

√
n

n− d
=

√
q

r
,

ú2×�à�ÔqÕ�Þ1Ý�áOâ2×¨Ø,Ô�ä!×�Ý�ñ6HTÖA×�ëAÔ�ê#Ù�Ý�×�Ö2á�â2Ô	÷#ë	Ö2ï
c(∈ N1) >

q
r

å�ì�ÖAÔ�ê�Ü2× � � �tâ2×1ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïªñTntÙ�í	Ü2Ø
Ô�Õ�ÓAÙ�Ú�Ô�Ø1÷�î	Ó	Ü

c(∈ N1) >
q
r

ë	Ö2ï¦Ö2ö^Õ�Þ6æõÚ�âAÙ�ú2×�â	Ü	ð
Zc(C)

í�Ô�ë�Ù
C
å�ì�ÖAÔ�ê�Ü2× � ( �bê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïª÷

Ùãå�ì�ÖAÔ�ê�Ü2× � � ��â2×^ê�Þ1î2Ô�Ö2â	ï	×�Ý�ì�ïª÷kÙ'÷'Ú�âAÙ�ú	Ü	Ý�÷Aî2ÔãÝ�×�Ô�Ó2×�Ø,×óý^í�Ô�ë
C
â2×Sï'ê�Ö2ï	×�Ý�ì�ï

c X����¨X í�Ô�ëAÔ�Ø1ñ BntÙ�í	Ü2Ø Ô�Õ�ÓAÙ�Ú�Ô�Ø1÷�âAÙ�ð'ëA×�â	Þôå�ì�ÖAÔ�ê�Ü	ïª÷#î	Ó	Ü�í�Ô�Ý�Ô�Ó	Þ6æ
q X Ü	ú	â	Þ¨×bí�Ô�ë2ÞrR,Ü'ë�ÙSd@UõÙ�Ö	ÖA×�ÓAÙOï'ê�Ö2ï XöIÝ�ì�ï

c X����¨X í�Ô�ë�Ù�Ø4Ü�÷AÜÉå�ì�ÖAÔ�ê�Ü	ïª÷	î	Ó	ÜÉí�Ô�Ý�Ô�Ó	Þ6æ q X Ü	ú	â	Þ¨×Sí�Ô�ë2ÞeR,Ü'ë�Ù!dùUõÙ�Ö	ÖA×�ÓAÙãâ2×^ï'ê�Ö2ï'öIÝ�ì�ï
c X����¨X í�Ô�ë�Ù�Ø4Ü�ñQKIì�â2Ô�ê�â2Ô�ð Ó2×�Ú�å�Ö2á�Ý�Ù�Ý Ø,Ô�ä!×�Ý Õ�Þ1Ý�á\î	Ó2×�ëAì�Ý�Ù�ê�ÖA×�âôâAÙ�Ó	Ü2ì�ñbý�ñeKbÝ�Ø,×�Ý�Ü2Ø1÷1ú	Ý�Ô
ê>ÓAÙ�Õ�Ô�Ý�×>ü � ÿ�Ô�î	å'Õ�Ö2Ü	í�Ô�ê#Ù�â	Þ�í'Ö2öIú2×�ê�Þ¨×OÝ�×�Ô�Ó2×�Ø4ÞaâAÙ�ì�Ý�Ô�ï'Ûã×�ð¦ÓAÙ�Õ�Ô�Ý�ÞeÕ�×�ÚSëAÔ�í'Ù�Ú�Ù�Ý�×�Ö2á�ì�Ý�ê2ñ

���	È������	�A����������¨��������°����
c
¬ Í'Î�¬º�����À��������®

�¦�t� 	 �t{	� ���t{
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