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C∞(Q) �E� �~�8}�w8x X ��� �~�8�8���]xJ�8���8x����8z������|�8��y���� Γ(X) � �~���~����x �� z|{����8�d�~�8�8���|���~���8�1���8y�z]��z|w8z|�������ty8���~���8z|���8xtz]�8������������}�w8z � ���S��w�{�z~��y�� � ��� � z|����� � z|�S�~����}��8� � �~��� � }��� � ��������} Q � �P��������y8�5�8������y��8�1y8���|w����������t����y��8������w��������W���8�~z|w��6v��������|� � ��z~���]x � �8��� C∞(Q) �E� �~�8}�w��
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BFDJ_uF®8¯d®#gheh®
T °	±²°2³�´³�µ	±	±²¶�·�¸�·�¹	±»º�¼�µ	½�¾�°2³�µ	µ2³�¿�À'ÁÂÀ8Ã	±2Ä�·�µ	±	ÅÇÆ'È�·8Ä�Ä�·

C∗ [ ·�È2¿�³�É8°�Ê1É�È2±	¶�Æ	±'ËÇÃ2ÀÌÄ�¼�À�³�Í·�È2¿�³�É8°F·�±	¹2³�Ä�Æ�À8ÍÎ±ÏÃ2À8°#Å�¸2Æ�À8¼�À8ÍÇÄ�¾�°	½�Æ	¾�½�°2³ÐÆÂ·�È2¿�³�É8°F·8ÑÓÒJÀ8µZNP³�Í2Ñd·�µF·'Êr¼�°F·8É�À8¾�³�Ô Õ�Ö5HØ×hOJ· [Ã'È�·�µ2Ä�Æ	±2ÑÓÉ8Ù5ÈFÀ�¼�Ù5¸F³�ÈF³�µ2À�Ä�³�Ñ,³�Í2Ä�¾�¼�À
AW ∗ [ ·�È2¿�³�É8°�ÊdÄ�¾8·�¼�´!±'ËÏÃ	°2³�¸FÑ,³�¾�À�ÑÓÑrµ2À8¿�À8¹	±2Ä�ÈF³�µ	µ	Ù5Ë±2Ä�Ä�ÈF³�¸FÀ8¼#·�µ	±	Í�Ê	À8¾�µ2À�Ä�Å'Ú!±'Ë#Ä�ÅÐÆÐ¾�³�À8°	±	±ÛÀ8Ã2³�°F·�¾�À8°	µ	Ù5ËÛ·�È2¿�³�É8°�ÜÝÄ�Ñ1×#À�É8¶�À8°�Ô Þ�ÖÝß�×dR�¸2µ	±2ÑÏ±	¶�¼#·�à [µ	Ù5ËJ°2³�¶�½�È2á�¾8·�¾�À8¼2Ê�Ã2À�È2½�¹2³�µ	µ	Ù5ËS¼Wâ�¾�À�Ñ�µF·�Ã	°F·�¼8ÈF³�µ	±	±�Ê�Ä�¾8·�È�·�°2³�·�È2±	¶�·�ã	±	Å!Ã	°2À8±	¶�¼�À�È2á�µ2À8Í

AW ∗ [·�È2¿�³�É8°	Ù
M
¾�±	ÃF·

I
¼Ð¼�±'¸F³

∗ [ ·�È2¿�³�É8°	Ùä¼�Ä�³�ËMÈ2±	µ2³�Í	µ	Ù5Ë�À8¿�°F·�µ	±	¹2³�µ	µ	Ù5Ë�À8Ã2³�°F·�¾�À8°2À8¼2ÊF¸F³�Í2Ä�¾�¼�½ [å Ú!±'Ë�¼�Ä�Ã2³�ã	±F·�È2á�µ2À�ÑÓÉ�·�µF·�Ë#À8¼�À�ÑÓÑ,À�¸2½�ÈF³ÐµF·�¸Zã2³�µ	¾�°2À�Ñ Z(M)
·�È2¿�³�É8°	Ù

M
Ôçæ�è�Ö]×Mé1·�µF·�Ë#À8¼#·

Z(M) [ ¶�µF·�¹	µF·�Å!µ2À8°2Ñd·1¼Wâ�¾�À�Ñ�Ñ,À�¸2½�ÈF³�Ã2À8°2À�à¸�·�È�·8Ä�áPÄ�Æ'·�È2Å'°	µ	Ù�Ñ�Ã	°2À8±	¶�¼�³�¸F³�µ	±2³�ÑbÄ�À�¶�µF·�¹2³�µ	±	Å [Ñr±?¼PÆ�À�Ñ,Ñr½�¾8·�¾�±	¼�µ2À8Í
AW ∗ [ ·�È2¿�³�É8°2³ Z(M)

×rê�Ã2À�Ä�ÈF³�¸FÄ�¾�¼�±	±�Ê�¾8·�Æ	±2³�Ñ,À�¸2½�È2±`Ä�¾8·�È2±ÐµF·�¶�Ù1¼#·�¾�á�Ä�Å
Ñ,À�¸2½�È2Å	Ñr±ZOJ·�Ã'È�·�µ2Ä�Æ�À8¿�Àmëíì�±'È2á�É�³�°	¾8·ZÜ \ OPìhß�×�G!³�¾8·�È2á�µ2À�³Ð±	¶�ÈFÀ�à!³�µ	±2³`Ä�¼�À8Í2Ä�¾�¼ \ OPìÎ¸�·�µ2À	ÊµF·�Ã	°	±2Ñ,³�°�Ê	¼mÔ î	ÊFï�× ð8Ö]×,ñP³�µ	¾�°F·�È2á�µ	Ù�Ñ²Ñ,³�Ä�¾�À�ÑÎ¼Ø¾�³�À8°	±	± \ OPì�Å'¼8È2Å	³�¾�Ä�ÅMÃ	°2³�¸FÄ�¾8·�¼8ÈF³�µ	±2³S¾8·�Æ	±'ËÑ,À�¸2½�ÈF³�Ím¼?¼�±'¸F³PÃ	°#Å	Ñ,À8Í�Ä�½'Ñ,ÑrÙòÀ�¸2µ2À8°2À�¸2µ	Ù5Ë \ OPìóÜÝÄ�Ñ1×�Ô î'ÊFï�× ð2× ï�Ö]Ê�Ôçæ�æ�ÖÝß�×êôÄ�¼�Å'¶�±²Äm°F·�¶�¼�±	¾�±2³�Ñ»¾�³�À8°	±	±²µ2³�Æ�À�Ñ,Ñr½�¾8·�¾�±	¼�µ2À8¿�ÀÂ±	µ	¾�³�¿�°	±	°2À8¼#·�µ	±	Åó¼#·�àØµ2À�³�Ñ,³�Ä�¾�ÀÏÄ�°2³ [¸2±ÂÀ8Ã2³�°F·�¾�À8°	µ	Ù5ËÎ·�È2¿�³�É8°ÂÄ�¾8·�È2±Â¶�·�µ	±2Ñd·�¾�á

∗ [ ·�È2¿�³�É8°	Ù LS(M)
ÈFÀ8Æ'·�È2á�µ2À�±	¶�Ñ,³�°	±2ÑrÙ5ËÂÀ8Ã2³�°F· [¾�À8°2À8¼2Ê5Ã	°	±2Ä�À�³�¸2±	µ2³�µ	µ	Ù5Ë²Æó·�È2¿�³�É8°2³�ÒJÀ8µ²NP³�Í2Ñd·�µF·'Ê�È2±2É�À

AW ∗ [ ·�È2¿�³�É8°2³ M ×²êôÄ�È2½�¹F·8³�·�È [¿�³�É8°ÂÒJÀ8µZNP³�Í2Ñd·�µF·
M
Êhã2³�µ	¾�°

Z(LS(M))
¼�·�È2¿�³�É8°2³

LS(M)
À8¾�À�à¸F³�Ä�¾�¼8È2Å	³�¾�Ä�ÅÇÄÛ·�È2¿�³�É8°2À8Í

L0 := L0(Ω,Σ, µ)
¼�Ä�³�Ë�Æ'È�·8Ä�Ä�À8¼m°F·�¼�µ	Ù5ËbÃ2À8¹	¾�±�¼�Ä å ¸2½�±	¶�Ñ,³�°	±2ÑrÙ5Ë�Æ�À�ÑrÃ'ÈF³�Æ�Ä�µ	Ù5ËÏÒP½�µ	Æ	ã	±	Í�Ê

¶�·�¸�·�µ	µ	Ù5Ë�µF·`µ2³�Æ�À8¾�À8°2À�Ñõ±	¶�Ñ,³�°	±2Ñ,À�ÑöÃ	°2À�Ä�¾�°F·�µ2Ä�¾�¼�³
(Ω,Σ, µ)

ÄÃ2À�È2µ2À8ÍbÈFÀ8Æ'·�È2á�µ2ÀmÆ�À8µ2³�¹	µ2À8Í
Ñ,³�°2À8Í

µ
Ô ï�Ê�÷'×çæ�Ê�÷'× ÷�Ö]×5YdÄ�È2±�à!³

M
ë
AW ∗ [ ·�È2¿�³�É8°F·'ÊF¾�À Z(LS(M))

³�Ä�¾�áÐ°F·8Ä�´!±	°2³�µ	µF·�Å
f [ ·�È [¿�³�É8°F·

C∞(Q)
Ê	À8¾�¼�³�¹F· å ÚØ·�ÅMÄ�¾�À8½�µ2À8¼�Ä�Æ�À�Ñr½`Æ�À�ÑrÃF·�Æ	¾�½ Q ¸	È2ÅMÉ8½�ÈF³�¼�À8Ím·�È2¿�³�É8°	Ùõã2³�µ	¾�°F·�È2á�µ	Ù5Ë

Ã	°2À�³�Æ	¾�À8°2À8¼Ø±	¶
M
Ô Þ�Ö]×,YdÄ�¾�³�Ä�¾�¼�³�µ	µ2À¼�À8¶�µ	±	Æ'·8³�¾?¼�À8Ã	°2À�Ä ÀS¼�À8¶�Ñ,À�àØµ2À�Ä�¾�±m°2³�·�È2±	¶�·�ã	±	±

∗ [ ·�È2¿�³�É8°
LS(M)

¼W¼�±'¸F³
∗ [ ·�È2¿�³�É8°	ÙZÈ2±	µ2³�Í	µ	Ù5Ë L0 [ À8¿�°F·�µ	±	¹2³�µ	µ	Ù5ËMÜ C∞(Q) [ À8¿�°F·�µ	±	¹2³�µ	µ	Ù5ËFß�À8Ã2³�°F·�¾�À8°2À8¼2Ê¸F³�Í2Ä�¾�¼�½ å Ú!±'Ëb¼MÄ�À�À8¾�¼�³�¾�Ä�¾�¼�½ å Ú³�Ñ \ OPìÎµF·�¸ L0 È2±2É�À C∞(Q)

×PGJÈ2Åb°2³�´³�µ	±	Åbâ�¾�À8ÍÌ¶�·�¸�·�¹	±
µ2³�À�É�Ë#À�¸2±2Ñ,ÀÏÃ2À�Ä�¾�°2À�³�µ	±2³m¾�³�À8°	±	± \ OPìöµF·�¸ C∞(Q)

Ê�Ã2À�¸FÀ�É8µ2ÀÌ¾�À�Ñr½�Ê�Æ'·�ÆÇâ�¾�À�É8Ù5ÈFÀÌÄ�¸F³�È�·�µ2À
HØ×�OJ·�Ã'È�·�µ2Ä�Æ	±2Ñø¼óÔçæ�æ�ÖW¸	È2Å²Ñ,À�¸2½�ÈF³�ÍùµF·�¸óÆ�À�Ñ,Ñr½�¾8·�¾�±	¼�µ	Ù�Ñr±

AW ∗ [ ·�È2¿�³�É8°F·8Ñr±�×òúJ·8Ä�¾�±	¹	µ2À	Ê¸	È2Å \ OPìÂµF·�¸ L0 Ê6â�¾8·`¶�·�¸�·�¹F·`°2³�´³�µF·Ð¼�Ô û�Ö]Ê6¿�¸F³!¸�·�µ2À`°F·�¶�ÈFÀ�à!³�µ	±2³ \ OPìÂµF·�¸ L0 ¼ÛÃ	°#Å	Ñr½ åÄ�½'Ñ,Ñr½ÛÀ�¸2µ2À8°2À�¸2µ	Ù5Ë \ OPì�×
ü
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L0 À�É�È�·�¸�·8³�¾ùÄ�¼�À8Í2Ä�¾�¼�À�Ñ °2³�¿�½�È2Å'°	µ2À�Ä�¾�±ä±õ¸2±	¶�� å µ	Æ	¾�µ2À8ÍäÃ2À�È2µ2À8¾�Ù
ÜÝÀ8Ã	°2³�¸F³�ÈF³�µ	±	ÅbÄ�Ñ1×�µ	±	à!³S¼?°F·�¶�¸F³�ÈF³÷�ß�×5êõÄ�¼�Å'¶�±bÄPâ�¾�±2Ñ1Ê�³�Ä�¾�³�Ä�¾�¼�³�µ	µ2ÀÐ°F·8Ä�Ä�Ñd·�¾�°	±	¼#·�¾�áMÀ�É8Ú!±	Í
Æ'È�·8Ä�Ä5°2³�¿�½�È2Å'°	µ	Ù5Ë!¸2±	¶ å µ	Æ	¾�µ2À Ã2À�È2µ	Ù5ËØÑ,À�¸2½�ÈF³�ÍØµF·�¸ C∞(Q)

¸	È2ÅÄ�¾�À8½�µ2À8¼�Ä�Æ	±'ËÆ�À�ÑrÃF·�Æ	¾�À8¼
Q
Ê

À8¾�¼�³�¹F· å Ú!±2ÑòÃ2À�È2µ	Ù�ÑòÉ8½�ÈF³�¼�Ù�Ñä·�È2¿�³�É8°F·8Ñ
B
Ê�±�¸	È2ÅÌâ�¾�À8¿�ÀmÆ'È�·8Ä�Ä�·mÑ,À�¸2½�ÈF³�ÍZ½�Ä�¾8·�µF·�¼8È2±	¼#·�¾�á

Ä�¾�°	½�Æ	¾�½�°	µ	½ å ¾�³�À8°2³�Ñr½ÐÀJ¼�À8¶�Ñ,À�àØµ2À�Ä�¾�±Û±'Ë?°F·�¶�ÈFÀ�à!³�µ	±	Å`¼SÃ	°#Å	Ñr½ å Ä�½'Ñ,Ñr½ØÀ�¸2µ2À8°2À�¸2µ	Ù5ËMÑ,À�¸2½ [ÈF³�Í�×�NJ·8Ä�¾�À�Å'ÚØ·�Å�°F·8É�À8¾8·ÐÃ2À�Ä�¼�Å'Ú³�µF·Ø°2³�´³�µ	± å â�¾�À8Í�¶�·�¸�·�¹	±�×
	dÈF³�¸2½�³�¾ÛÀ8¾�Ñ,³�¾�±	¾�á2Ê�¹	¾�À?¼`Ä�È2½ [¹F·8³�Ê�Æ�À8¿�¸�·MÉ8½�ÈF³�¼#·M·�È2¿�³�É8°F·
B
µ2³!Å'¼8È2Å	³�¾�Ä�ÅÌÑr½�È2á�¾�±	µ2À8°2Ñr±	°	½�³�Ñ,À8Í�ÊhÃ2À8µ	Å'¾�±2³

γ [ À�¸2µ2À8°2À�¸2µ2À�Ä�¾�±
C∞(Q) [ Ñ,À�¸2½�È2ÅÎ¾�°2³�É8½�³�¾ÏÑ,À�¸2±2ÒP±	Æ'·�ã	±	±�Ê5Ã2À�¸FÀ�É8µ2À�¾�À8Í�Ê�¹	¾�À�Ä�¸F³�È�·�µF·�¼ÎÔ î	Ê5ï�× ð2× ï�Ö�Ã	°	±Ç¼�¼�³�¸F³ [µ	±	±�Ä�¾�°2À8¿�À

γ [ À�¸2µ2À8°2À�¸2µ	Ù5Ë \ OPìÌµF·�¸�Æ�À�Ñ,Ñr½�¾8·�¾�±	¼�µ	Ù�Ñr± AW ∗ [ ·�È2¿�³�É8°F·8Ñr±�×�êóµF·8Ä�¾�À�Å'Ú³�Í�°F· [É�À8¾�³�¸FÀ8Æ'·�¶�Ù1¼#·8³�¾�Ä�Å�ÊJ¹	¾�ÀZ¸	È2ÅõÑr½�È2á�¾�± [ σ [ Æ�À8µ2³�¹	µ	Ù5ËòÉ8½�ÈF³�¼�Ù5Ëö·�È2¿�³�É8° B
Ê�¾�×1³�×ø¾�³�Ëõ·�È2¿�³�É8°�Ê

Æ�À8¾�À8°	Ù�³Ø±	¶�À�Ñ,À8°2ÒPµ	ÙUÃ	°#Å	Ñ,À�Ñr½�Ã	°2À8±	¶�¼�³�¸F³�µ	± å É8½�ÈF³�¼�Ù5Ë�·�È2¿�³�É8°ÌÄ�¹2³�¾�µ2À8¿�ÀÛ¾�±	ÃF·'Ê�Ã2À8µ	Å'¾�±	Å
γ [À�¸2µ2À8°2À�¸2µ2À�Ä�¾�±ä±öÄ�¾�°2À8¿�À8Í

γ [ À�¸2µ2À8°2À�¸2µ2À�Ä�¾�± C∞(Q) [ Ñ,À�¸2½�È2ÅöÄ�À8¼�ÃF·�¸�· å ¾�×ôê ¹F·8Ä�¾�µ2À�Ä�¾�±�Ê â�¾�À
¼�³�°	µ2ÀØ±M¸	È2ÅMÑr½�È2á�¾�±	µ2À8°2Ñr±	°	½�³�ÑrÙ5ËbÉ8½�ÈF³�¼�Ù5Ëm·�È2¿�³�É8°�×

ñP³�µ	¾�°F·�È2á�µ	Ù�Ñø¼�°F·8É�À8¾�³mÅ'¼8È2Å	³�¾�Ä�ÅÇÃ2À8µ	Å'¾�±2³mÃF·8Ä�Ã2À8°	¾8·�¸	È2ÅÎ¾�À8¹	µ2À8¿�ÀÌ°2³�¿�½�È2Å'°	µ2À8¿�ÀÌ¸2±	¶�� [å µ	Æ	¾�µ2À?Ã2À�È2µ2À8¿�À C∞(Q) [ Ñ,À�¸2½�È2Å X ×�TJ·8Ä�Ã2À8°	¾ Γ(X)
¸	È2Å

X
Ä�À�Ä�¾�À8±	¾Ð±	¶SÀ�¸2µ2À8¶�µF·�¹	µ2À`À8Ã	°2³�¸F³ [ÈF³�µ	µ	Ù5ËS°F·�¶�É8±2³�µ	±	Å!³�¸2±	µ	±	ã	ÙÎÉ8½�ÈF³�¼�À8ÍØ·�È2¿�³�É8°	Ù

B
±!µF·8É�À8°F·�Ã2À8ÃF·�°	µ2ÀW°F·�¶�È2±	¹	µ	Ù5ËSÆ'·�°�¸2±	µF·�ÈFÀ8¼2×

G!À8Æ'·�¶�Ù1¼#·8³�¾�Ä�Å�Ê1¹	¾�À�°F·�¼�³�µ2Ä�¾�¼�À�ÃF·8Ä�Ã2À8°	¾�À8¼
Γ(X)

±
Γ(Y )

³�Ä�¾�áÌµ2³�À�É�Ë#À�¸2±2Ñ,À�³�±Â¸FÀ�Ä�¾8·�¾�À8¹	µ2À�³
½�Ä�ÈFÀ8¼�±2³P¸	È2ÅÛ±	¶�À�Ñ,À8°2ÒP±	¶�Ñd·

C∞(Q) [ Ñ,À�¸2½�ÈF³�Í X ±
Y
×

C6D��Mph®8¯duFo	phe�'®�f��Fg��Ø®���uF®8¯d®#ghe��
T ½�Ä�¾�á

B
ë Ã	°2À8±	¶�¼�À�È2á�µF·�ÅõÉ8½�ÈF³�¼#·Â·�È2¿�³�É8°F·ÂÄ�µ	½�ÈF³�Ñ

0
±õ³�¸2±	µ	±	ã2³�Í

1
×òGJÈ2ÅóÆ'·�à¸FÀ8¿�À

µ2³�µ	½�ÈF³�¼�À8¿�À
e ∈ B

Ã2À�ÈFÀ�àØ±2Ñ
Be = {q ∈ B : q 6 e}

×`RW¾�µ2À�Ä�±	¾�³�È2á�µ2À�¹F·8Ä�¾�±	¹	µ2À8¿�ÀmÃ2À8°#Å�¸2Æ'·'Ê
±	µ'¸2½�ã	±	°2À8¼#·�µ	µ2À8¿�ÀP±	¶

B
Ê�Ñrµ2À�à!³�Ä�¾�¼�À

Be
Å'¼8È2Å	³�¾�Ä�ÅÉ8½�ÈF³�¼�À8ÍØ·�È2¿�³�É8°2À8Í?Ä�µ	½�ÈF³�Ñ

0
±³�¸2±	µ	±	ã2³�Í

e
×

ì�À8¼�À8°#Å'¾�ÊP¹	¾�À
D ⊂ B

Ñr±	µ2À8°F·�µ	¾�µ2À�³�Ã2À�¸FÑrµ2À�à!³�Ä�¾�¼�ÀÇ¸	È2Å
E ⊂ B

ÊW³�Ä�È2±ù¸	È2ÅùÆ'·�à¸FÀ8¿�À
µ2³�µ	½�ÈF³�¼�À8¿�À

e ∈ E
Ä�½�Ú³�Ä�¾�¼�½�³�¾Û¾8·�Æ�À�³

0 6= q ∈ D
Ê�¹	¾�À

q 6 e
×PNJ·8ÑóÃ2À8µF·�¸FÀ�É8±	¾�Ä�ÅÌÄ�ÈF³�¸2½ å Ú³�³

¼#·�àØµ2À�³SÄ�¼�À8Í2Ä�¾�¼�ÀØÃ2À�È2µ	Ù5ËmÉ8½�ÈF³�¼�Ù5Ë�·�È2¿�³�É8°�×
��®#sFph®�qtoäC6DÝBòÔ î'Ê�æ�×çæ�× î�Ö]×��W 2�����

B � 0 - �	$������� ��6��
��b�����8����"�� *
0 6= e ∈ B

�
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supD1 = e
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ì�À8¼�À8°#Å'¾�Ê�¹	¾�ÀØÉ8½�ÈF³�¼#·?·�È2¿�³�É8°F·
B
±2Ñ,³�³�¾ÐÄ�¹2³�¾�µ	Ù1Í�¾�±	ÃZÜ ±'È2±

B
ë
σ [ Æ�À8µ2³�¹	µF·�ß�Ê�³�Ä�È2±MÈ å É�À�³Ä�³�Ñ,³�Í2Ä�¾�¼�ÀWµ2³�µ	½�ÈF³�¼�Ù5ËPÃ2À8ÃF·�°	µ2À1¸2±	¶�� å µ	Æ	¾�µ	Ù5ËSâ�ÈF³�Ñ,³�µ	¾�À8¼W±	¶

B
µ2³dÉ�À�ÈF³�³d¹2³�ÑmÄ�¹2³�¾�µ2À	×hYdÄ�È2±SµF·

É8½�ÈF³�¼�À8Í�·�È2¿�³�É8°2³
B
Ä�½�Ú³�Ä�¾�¼�½�³�¾ÐÄ�¾�°2À8¿�À?Ã2À�ÈFÀ�àØ±	¾�³�È2á�µF·�Å�Æ�À8µ2³�¹	µF·�Å�Ñ,³�°F·'Ê2¾�À

B
À�É�Å'¶�·�¾�³�È2á�µ2À

±2Ñ,³�³�¾ÐÄ�¹2³�¾�µ	Ù1Í�¾�±	ÃÏÔ ÷'Ê'¿�È�×&'�Ê)(�î�Ö]×
TPÀ�È2µ	½ å É8½�ÈF³�¼�½Ç·�È2¿�³�É8°	½

B
É8½�¸F³�Ñ»µF·�¶�Ù1¼#·�¾�á+*-,$.&/1032&4

σ
46517$8!9;:<8&7$=FÊ�³�Ä�È2±Ç¼
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±2Ñ,³�³�¾�Ä�Å

¾8·�Æ�À�³P°F·�¶�É8±2³�µ	±2³
{ei}i∈I

³�¸2±	µ	±	ã	Ù
1
Ê'¹	¾�ÀÉ8½�ÈF³�¼#·Ø·�È2¿�³�É8°F·

Bei

±2Ñ,³�³�¾?Ä�¹2³�¾�µ	Ù1Ím¾�±	Ã�Ê�¸	È2Å`¼�Ä�³�Ë
i ∈ I

×hT °	±2Ñ,³�°2À�ÑbÑr½�È2á�¾�± [ σ [ Æ�À8µ2³�¹	µ2À8Í`É8½�ÈF³�¼�À8Í?·�È2¿�³�É8°	ÙÎÄ�È2½�àØ±	¾tÈ å É�·�Å!Ñr½�È2á�¾�±	µ2À8°2Ñr±	°	½�³�Ñd·�ÅÉ8½�ÈF³�¼#·�·�È2¿�³�É8°F·'Êh¾�×�³�×`¾8·�Æ'·�ÅÏÃ2À�È2µF·�ÅÏÉ8½�ÈF³�¼#·�·�È2¿�³�É8°F·
B
Ê�Æ�À8¾�À8°F·�ÅÌ¸FÀ8Ã	½�Ä�Æ'·8³�¾b°F·�¶�¸F³�È2Å å Ú³�³

Ä�³�Ñ,³�Í2Ä�¾�¼�À?Æ�À8µ2³�¹	µ	Ù5Ëm¼�Ã2À�È2µ2³S·�¸	¸2±	¾�±	¼�µ	Ù5Ë�Ñ,³�°ÏÔ î'Ê�æ�× ÷'×çæ�è�Ö]×
T ½�Ä�¾�á

Q
ëôÄ�¾�À8½�µ2À8¼�Ä�Æ	±	ÍmÆ�À�ÑrÃF·�Æ	¾�Ê�Ä�À�À8¾�¼�³�¾�Ä�¾�¼�½ å Ú!±	ÍmÃ2À�È2µ2À8Í�É8½�ÈF³�¼�À8Í�·�È2¿�³�É8°2³

B
×�RtÉ�À [¶�µF·�¹	±2Ñ²¹2³�°2³�¶

C∞(Q)
Ñrµ2À�à!³�Ä�¾�¼�À`¼�Ä�³�ËMµ2³�Ã	°2³�°	Ù1¼�µ	Ù5ËbÒP½�µ	Æ	ã	±	Í

α : Q → [−∞,+∞]
Ê	Ã	°	±	µ	± [Ñd· å Ú!±'ËS¶�µF·�¹2³�µ	±	Å ±∞

È2±	´!átµF·�µ	±	¿�¸F³�µ2³�Ã'ÈFÀ8¾�µ	Ù5Ë!Ñrµ2À�à!³�Ä�¾�¼#·�Ë�×,T °	±³�Ä�¾�³�Ä�¾�¼�³�µ	µ2À�Ñ�À8Ã	°2³�¸F³ [ÈF³�µ	±	±Û·�È2¿�³�É8°F·�±	¹2³�Ä�Æ	±'ËÛÀ8Ã2³�°F·�ã	±	ÍÐ±Ð¹F·8Ä�¾�±	¹	µ2À8¿�ÀSÃ2À8°#Å�¸2Æ'·J¼
C∞(Q)

À8µ2ÀJÄ�¾8·�µ2À8¼�±	¾�Ä�ÅM·�È2¿�³�É8°2À8Í
µF·�¸MÃ2À�ÈF³�Ñ
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¸F³�Í2Ä�¾�¼�±	¾�³�È2á�µ	Ù5ËM¹	±2Ä�³�ÈM±`°F·8Ä�´!±	°2³�µ	µ2À8ÍMÃ2À8°#Å�¸2Æ�À8¼�ÀØÃ2À�È2µ2À8ÍM¼�³�Æ	¾�À8°	µ2À8ÍM°2³�´³�¾ [Æ�À8Í�×?>S½�µ	Æ	ã	±	Å
1Q
Ê�¾�À�à¸F³�Ä�¾�¼�³�µ	µ2ÀS°F·�¼�µF·�ÅÐ³�¸2±	µ	±	ã2³�µF·

Q
Ê�Ä�È2½�àØ±	¾S³�¸2±	µ	±	ã2³�ÍÛ·�È2¿�³�É8°	Ù

C∞(Q)±mÃ2À8°#Å�¸2Æ�À8¼�À8Íb³�¸2±	µ	±	ã2³�Ím¼?¼�³�Æ	¾�À8°	µ2À8Í�°2³�´³�¾�Æ�³
C∞(Q)

Ô î'Ê�æ�× ð2× ÷�Ö]×
\ µ2À�à!³�Ä�¾�¼�ÀÎ¼�Ä�³�ËÇ±'¸F³�ÑrÃ2À8¾�³�µ	¾�À8¼Ç±	¶ C∞(Q)
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C∞(Q)

ÊhÆ�À8¾�À8°F·�ÅÏ±	¶�À�Ñ,À8°2ÒPµF·M±2Ä�Ë#À�¸2µ2À8Í
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É8½�ÈF³�¼�À8Í�·�È2¿�³�É8°2³
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×rêÇ¸�·�È2á�µ2³�Í	´³�ÑÎâ�¾�±`¸2¼�³PÉ8½�ÈF³�¼�Ùö·�È2¿�³�É8°	ÙòÀ8¾�À�à¸F³�Ä�¾�¼8È2Å å ¾�Ä�Å�×�T °	±Ûâ�¾�À�Ñ

À8¾�À�à¸F³�Ä�¾�¼8ÈF³�µ	±	±ó³�¸2±	µ	±	ãF·
1
±	¶

B
Ä�À8¼�ÃF·�¸�·8³�¾ÌÄÛÒP½�µ	Æ	ã	±2³�Í

1Q
Ê�·�µ	½�È2á

0
±	¶

B
Ä`ÒP½�µ	Æ	ã	± [³�Í�Ê�¾�À�à¸F³�Ä�¾�¼�³�µ	µ2ÀZ°F·�¼�µ2À8Í²µ	½�È å ×���È2¿�³�É8°	½

C∞(Q)
É8½�¸F³�Ñ»À�É�À8¶�µF·�¹F·�¾�áZ¹2³�°2³�¶
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(B)

Ê5·�³�³
Æ�À�ÑrÃ'ÈF³�Æ�Ä�±2ÒP±	Æ'·�ã	± å ¹2³�°2³�¶

L0
C
(B)

×�êAÄ�È2½�¹F·8³�ÊdÆ�À8¿�¸�·bÉ8½�ÈF³�¼#·b·�È2¿�³�É8°F·
B
±ZÃ2À�ÈF³ÛÄ�Æ'·�È2Å'°2À8¼

ÒP±	Æ�Ä�±	°2À8¼#·�µ	ÙJÊ�·�È2¿�³�É8°	Ù
L0
R
(B)

±
L0
C
(B)

É8½�¸F³�ÑÎÀ�É�À8¶�µF·�¹F·�¾�á`¹2³�°2³�¶
L0 Ê'È2±2É�ÀØ¹2³�°2³�¶ L0(B)

×
T ½�Ä�¾�á

X
ë ÈF³�¼�Ù1ÍZ½�µ	±	¾8·�È2á�µ	Ù1Í

L0(B) [ Ñ,À�¸2½�È2á�Ä`·�È2¿�³�É8°F·�±	¹2³�Ä�Æ	±2Ñr±ÇÀ8Ã2³�°F·�ã	±	Å	Ñr± x + y±
αx
Ê
x, y ∈ X

Ê
α ∈ L0(B)

× TPÀ�Ä�Æ�À�È2á�Æ	½ ·�È2¿�³�É8°F·
L0(B)

Æ�À�Ñ,Ñr½�¾8·�¾�±	¼�µF·'ÊM¾�ÀöÈF³�¼�Ù1Í
L0(B) [ Ñ,À�¸2½�È2á X Ä�¾8·�µ2À8¼�±	¾�Ä�ÅÏÃ	°F·�¼�Ù�Ñ

L0(B) [ Ñ,À�¸2½�ÈF³�Ñ1Êh³�Ä�È2±ÏÃ2À�ÈFÀ�àØ±	¾�á xα := αx
Ê
x ∈ X

Ê
α ∈ L0(B)

×,ê²¸�·�È2á�µ2³�Í	´³�Ñ
L0(B) [ É8±2Ñ,À�¸2½�È2á X É8½�¸F³�ÑÂµF·�¶�Ù1¼#·�¾�áÐÃ	°2À�Ä�¾�À

L0(B) [ Ñ,À�¸2½�ÈF³�Ñ1×
L0(B) [ Ñ,À�¸2½�È2átµF·�¶�Ù1¼#·8³�¾�Ä�Å!¾�À8¹	µ	Ù�Ñ1Ê8³�Ä�È2±J¸	È2ÅPÈ å É�À8¿�À�µ2³�µ	½�ÈF³�¼�À8¿�À α ∈ L0(B)

Ä�½�Ú³�Ä�¾�¼�½�³�¾
¾8·�Æ�À�³

x ∈ X
Ê�¹	¾�À

αx 6= 0
×�� Ä�µ2À	Ê�¹	¾�ÀÛ¸	È2Å�¾�À8¹	µ2À8¿�À

L0(B) [ Ñ,À�¸2½�È2Å X Ñrµ2À�à!³�Ä�¾�¼�À
eX

³�Ä�¾�á
¾�À8¹	µ	Ù1Í

L0(Be) [ Ñ,À�¸2½�È2áJ¸	È2ÅÈ å É�À8¿�À 0 6= e ∈ B
Ê�Ã	°	±?â�¾�À�Ñ1Ê

eX
Å'¼8È2Å	³�¾�Ä�Å

L0(B) [ Ã2À�¸FÑ,À�¸2½�ÈF³�Ñ¼
X
×
L0 [ Ñ,À�¸2½�È2á X µF·�¶�À8¼�³�ÑA°2³�¿�½�È2Å'°	µ	Ù�Ñ1Ê�³�Ä�È2±²±	¶�½�Ä�ÈFÀ8¼�±	Å

ex = 0
¸	È2ÅÇ¼�Ä�³�Ë

e ∈ A ⊂ B
Ê

¿�¸F³
x ∈ X

ÊdÄ�ÈF³�¸2½�³�¾�Ê�¹	¾�À
(supA)x = 0

×ZêAâ�¾�À�Ñ»Ä�È2½�¹F·8³�Ê,¸	È2ÅÂÆ'·�à¸FÀ8¿�À
x ∈ X

À8Ã	°2³�¸F³�ÈF³�µ
±'¸F³�ÑrÃ2À8¾�³�µ	¾

s(x) = 1 − sup{e ∈ B : ex = 0}
Ê�Æ�À8¾�À8°	Ù1Í²µF·�¶�Ù1¼#·8³�¾�Ä�ÅÇµ2À�Ä�±	¾�³�ÈF³�Ñ»â�ÈF³�Ñ,³�µ [¾8·

x
×ØYdÄ�È2±

X
ë °2³�¿�½�È2Å'°	µ	Ù1Í

L0 [ Ñ,À�¸2½�È2á2Ê�¾�À	Ê�À8¹2³�¼�±'¸2µ2À	Ê eX ¾8·�Æ	à!³?Å'¼8È2Å	³�¾�Ä�ÅÌ°2³�¿�½�È2Å'°	µ	Ù�Ñ
eL0 [ Ñ,À�¸2½�ÈF³�Ñ�¸	È2ÅÈ å É�À8¿�ÀJµ2³�µ	½�ÈF³�¼�À8¿�À e ∈ B

×�VJ³�¿�Æ�ÀJ¼�±'¸F³�¾�á2Ê�¹	¾�ÀPµ2À�Ä�±	¾�³�È2±`â�ÈF³�Ñ,³�µ	¾�À8¼S±	¶W°2³ [¿�½�È2Å'°	µ2À8¿�À
L0 [ Ñ,À�¸2½�È2Å X À�É�È�·�¸�· å ¾Ä�ÈF³�¸2½ å Ú!±2Ñr±`Ä�¼�À8Í2Ä�¾�¼#·8Ñr±�� s(x)x = x

Ê
s(αx) = s(α)s(x)

Ê
s(x+ y) 6 s(x) ∨ s(y)

¸	È2ÅÛ¼�Ä�³�Ë
x, y ∈ X

Ê
α ∈ L0 ×T ½�Ä�¾�á

X
ëö°2³�¿�½�È2Å'°	µ	Ù1Í

L0 [ Ñ,À�¸2½�È2á ± Y ⊂ X
×hHt¸F³�ÑrÃ2À8¾�³�µ	¾

s(Y ) = sup{s(y) : y ∈ Y }
É8½ [¸F³�ÑZµF·�¶�Ù1¼#·�¾�áØµ2À�Ä�±	¾�³�ÈF³�ÑÂÃ2À�¸FÑrµ2À�à!³�Ä�¾�¼#·

Y
×�� Ä�µ2À	Ê'¹	¾�À!°2³�¿�½�È2Å'°	µ	Ù1Í

L0 [ Ñ,À�¸2½�È2á X Å'¼8È2Å	³�¾�Ä�Å
¾�À8¹	µ	Ù�ÑÎ¾�À8¿�¸�·Ø±M¾�À�È2á�Æ�À?¾�À8¿�¸�·'Ê2Æ�À8¿�¸�·

s(X) = 1
×

é�½�¸F³�ÑZ¿�À8¼�À8°	±	¾�á2Ê'¹	¾�À°2³�¿�½�È2Å'°	µ	Ù1Í
L0 [ Ñ,À�¸2½�È2á X Å'¼8È2Å	³�¾�Ä�Å`¸2±	¶�� å µ	Æ	¾�µ2ÀÃ2À�È2µ	Ù�ÑöÜ d [ Ã2À�È [µ	Ù1Í�ß�Ê2³�Ä�È2±M¸	È2ÅÛÈ å É�À8¿�ÀØµF·8É�À8°F· {xi}i∈I ⊂ X

±ÛÈ å É�À8¿�ÀØ°F·�¶�É8±2³�µ	±	Å {ei}i∈I
³�¸2±	µ	±	ã	ÙòÉ8½�ÈF³�¼�À8Í

·�È2¿�³�É8°	Ù
B
Ä�½�Ú³�Ä�¾�¼�½�³�¾J¾8·�Æ�À�³

x ∈ X
Ê�¹	¾�À

eix = eixi
¸	È2Å!¼�Ä�³�Ë

i ∈ I
×hêÏâ�¾�À�ÑÌÄ�È2½�¹F·8³�Ê�â�ÈF³�Ñ,³�µ	¾

x
µF·�¶�Ù1¼#·8³�¾�Ä�ÅÌÃ2³�°2³�Ñ,³�´!±	¼#·�µ	±2³�ÑäµF·8É�À8°F·

{xi}i∈I
À8¾�µ2À�Ä�±	¾�³�È2á�µ2À�°F·�¶�É8±2³�µ	±	ÅZ³�¸2±	µ	±	ã	Ù

{ei}i∈I±�À�É�À8¶�µF·�¹F·8³�¾�Ä�ÅÌ¹2³�°2³�¶
mixi∈I(eixi)

×STP³�°2³�Ñ,³�´!±	¼#·�µ	±2³
mixi∈I(eixi)

À8Ã	°2³�¸F³�ÈF³�µ2ÀmÀ�¸2µ2À8¶�µF·�¹	µ2À	Ê
Ã2À�Ä�Æ�À�È2á�Æ	½�±	¶?°F·�¼�³�µ2Ä�¾�¼

eix = eixi = eiy
Ê
x, y ∈ X

Ê
i ∈ I

Ê�Ä�ÈF³�¸2½�³�¾�Ê�¹	¾�À
ei(x − y) = 0

¸	È2Å
¼�Ä�³�Ë

i ∈ I
Ê	À8¾�Æ	½�¸�·'Ê	¼?Ä�±'È2½Û°2³�¿�½�È2Å'°	µ2À�Ä�¾�±

L0 [ Ñ,À�¸2½�È2Å X Ê	¼�Ù1¾�³�Æ'·8³�¾Ð°F·�¼�³�µ2Ä�¾�¼�À x = y
×

\ µ2À�à!³�Ä�¾�¼�À ¼�Ä�³�ËSÃ2³�°2³�Ñ,³�´!±	¼#·�µ	±	Í mixi∈I(eixi)
Ê�¿�¸F³

{xi}i∈I ⊂ E ⊂ X
Ê�·

{ei}i∈I
ëö°F·�¶�É8±2³ [µ	±2³d³�¸2±	µ	±	ã	ÙZ¼

B
µF·�¶�Ù1¼#·8³�¾�Ä�Å!ã	±	Æ'È2±	¹2³�Ä�Æ�À8ÍÀ�É�À�ÈFÀ8¹	Æ�À8Í!Ã2À�¸FÑrµ2À�à!³�Ä�¾�¼#·

E
¼
X
±SÀ�É�À8¶�µF·�¹F·8³�¾�Ä�Å

¹2³�°2³�¶
mix(E)

×�YdÄ�È2±
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L0 [ Ñ,À�¸2½�È2á X Å'¼8È2Å	³�¾�Ä�Å
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X
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±
{ei}i∈I
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eB
ÊF¾�À
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1
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×
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±Ì±2Ä�Ã2À�È2á�¶�½�Å
d [ Ã2À�È2µ2À8¾�½ L0 [ Ñ,À�¸2½�È2Å X Ê�¼�Ù�É�³�°2³�Ñ x ∈ X

¾8·�Æ�Ê
¹	¾�À�É8Ù

(1 − e)x = 0
±
eix = xi

¸	È2Å�¼�Ä�³�Ë
i ∈ I

×5GJÈ2Å
y = ex ∈ eX
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eiy = xi
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×
BNJ·8Ñ�Ã2À8µF·�¸FÀ�É�Å'¾�Ä�ÅÄ�ÈF³�¸2½ å Ú!±2³,ÈF³�¿�Æ�ÀtÃ	°2À8¼�³�°#Å	³�ÑrÙ�³5Ä�¼�À8Í2Ä�¾�¼#·�ã	±	Æ'È2±	¹2³�Ä�Æ	±'ËÀ�É�À�ÈFÀ8¹2³�ÆÑrµ2À [à!³�Ä�¾�¼2×

� 'uF®#p
	Ì¯d®#gheh®ùC6D��D �W 2�����
X � d

 0 - �	$	/1�
L0  Ý� - �2 ���� * E � $6��0� 2��� - �?0 - �6�r$ - �?������
 -

�2
X
*
α ∈ L0 4�+�- �~���



ï8÷ �r�	�	�	$�� 4��?4 * >S��"��2� - 
�� 4��4

(i) mix(mix(E)) = mix(E) �
(ii) mix(αE) = αmix(E) �
(iii)

�5���	�
Y � L0  0 - �6� - �2 ����Ð
 X * � - mix(Y ) � d

 0 - �	$	/1�
L0  0 - �6� - �2 ����`
 X �

(iv)
�5���	�

U � �2 - � - "��W�2��Ï�2 L0  Ý� - �2 ���� X $��
L0  Ý� - �2 ���� Z * � - Z �'
���������� �

d
 0 - �	$	/��

L0  Ý� - �2 ��6���Î� mix(U(E)) = U(mix(E))
4

RW¾�Ñ,³�¾�±2ÑÇ¾8·�Æ	à!³SÄ�ÈF³�¸2½ å Ú³�³PÃ2À�ÈF³�¶�µ2À�³
� 'uF®#p
	Ì¯d®#gheh®òC6D���D

(i)
�ø��%�� - �ô� - �8$ - �

d
 0 - �	$ - �

L0  Ý� - �2 ��6� X �~ �"Ð������
� 2���Ï����� - �
� �6������$6� x * ��� - s(x) = 1 �

(ii)
�5���	�

Y � d
 0 - �	$	/1�

L0  0 - �6� - �2 ����M
Ø"�� �� �����"�$ - � L0  Ý� - �2 ��6� X �Û��������%�� - � -
0 6=

e ∈ B
�~ �"Ð������
� 2���?����� - ��$6��$� ��6��
 - ���#�����r0 - ����$6�

ge 6 e
* ��� -

geY = geX
* � -

Y = X
4

C (i)
×MTPÀ�Ä�Æ�À�È2á�Æ	½

1 = s(X) = sup{s(x) : x ∈ X}
Êh¾�ÀM¸	È2Å�È å É�À8¿�Àmµ2³�µ	½�ÈF³�¼�À8¿�À g ∈ BÄ�½�Ú³�Ä�¾�¼�½�³�¾S¾8·�Æ�À�³

xg ∈ X
Ê�¹	¾�À

pg = gs(xg) 6= 0
Ê�±Ð³�Ä�È2±

yg = pgxg
Ê�¾�À

s(yg) = pg 6 g
×rêÂÄ�±'È2½

¾�³�À8°2³�ÑrÙô÷'×çæ�Ê�µF·�Í'¸F³�¾�Ä�ÅÏ¾8·�Æ�À8ÍZµF·8É�À8°
{ei}i∈I

Ã2À8ÃF·�°	µ2Àm¸2±	¶�� å µ	Æ	¾�µ	Ù5ËÌâ�ÈF³�Ñ,³�µ	¾�À8¼�±	¶
B
Ê�¹	¾�À

supi∈I ei = 1
±
ei = s(yi)

¸	È2Åbµ2³�Æ�À8¾�À8°2À8¿�À
yi ∈ X

×!TPÀ�Ä�Æ�À�È2á�Æ	½
X
ë
d [ Ã2À�È2µ	Ù1Í L0 [ Ñ,À�¸2½�È2á2Ê¾�À�±2Ñ,³�³�¾�Ä�ÅZ¾8·�Æ�À8ÍÎâ�ÈF³�Ñ,³�µ	¾

x ∈ X
Êh¸	È2ÅÏÆ�À8¾�À8°2À8¿�À

eix = eiyi
Êr¼�¹F·8Ä�¾�µ2À�Ä�¾�±�Ê

ei = s(eiyi) =
s(eix) 6 s(x)

¸	È2ÅÛ¼�Ä�³�Ë
i ∈ I

×?	dÈF³�¸FÀ8¼#·�¾�³�È2á�µ2À	Ê
s(x) = 1

×
(ii)

HPÄ�Ã2À�È2á�¶�½�Å�¾�³�À8°2³�Ñr½b÷'×çæ�Ê�¼�Ù�É�³�°2³�Ñó¾8·�Æ�À8ÍbµF·8É�À8°
{ei}i∈I

Ã2À8ÃF·�°	µ2ÀÐ¸2±	¶�� å µ	Æ	¾�µ	Ù5Ë�â�ÈF³ [Ñ,³�µ	¾�À8¼Ç±	¶
B
ÊW¹	¾�À

supi∈I ei = 1
±
eiY = eiX

¸	È2ÅùÆ'·�à¸FÀ8¿�À
i ∈ I

×ôYdÄ�È2±
x ∈ X

Êt¾�À
eix ∈ eiX = eiY ⊂ Y

×,Qh·�ÆmÆ'·�Æ
Y
ë
d [ Ã2À�È2µ	Ù1Í L0 [ Ñ,À�¸2½�È2á2Ê	¾�À?Ä�½�Ú³�Ä�¾�¼�½�³�¾?¾8·�Æ�À�³ y ∈ Y

Ê'¹	¾�À
eiy = eix

¸	È2ÅM¼�Ä�³�Ë
i ∈ I

Ê'±MÃ2À8â�¾�À�Ñr½
x = y ∈ Y

×
BG·�ÈF³�³tµF·8ÑÏÃ2À8µF·�¸FÀ�É8±	¾�Ä�Å`°F·�¶�ÈFÀ�à!³�µ	±2³P¾�À8¹	µ2À8¿�À
d [ Ã2À�È2µ2À8¿�À L0(B) [ Ñ,À�¸2½�È2ÅÐ¼!¼�±'¸F³WÃ	°#Å	Ñ,À8¿�ÀÃ	°2À8±	¶�¼�³�¸F³�µ	±	Å²¾�À8¹	µ	Ù5Ë

d [ Ã2À�È2µ	Ù5Ë L0(Be) [ Ñ,À�¸2½�ÈF³�Í�Ê5¿�¸F³ 0 6= e ∈ B
×ÇT ½�Ä�¾�á

B
ë Ã2À�È2µF·�Å

É8½�ÈF³�¼#·�·�È2¿�³�É8°F·'Ê
X
ëí¾�À8¹	µ	Ù1Í

L0(B) [ Ñ,À�¸2½�È2á2Ê {ei}i∈I ëí°F·�¶�É8±2³�µ	±2³Û³�¸2±	µ	±	ã	Ù ¼
B
Ê
ei 6= 0¸	È2ÅÛÈ å É�À8¿�À i ∈ I

×��r·8Ä�Ä�Ñ,À8¾�°	±2Ñ²Ã	°#Å	Ñ,À�³JÃ	°2À8±	¶�¼�³�¸F³�µ	±2³
∏

i∈I

eiX =
{
{yi}i∈I : yi ∈ eiX

}

L0(B) [ Ã2À�¸FÑ,À�¸2½�ÈF³�Í eiX ¼
X
Ê
i ∈ I

Ê�ÄÃ2À8Æ�À�À8°�¸2±	µF·�¾�µ	Ù�Ñr±Ç·�È2¿�³�É8°F·�±	¹2³�Ä�Æ	±2Ñr±ÂÀ8Ã2³�°F·�ã	±	Å	Ñr±Ï±
À8Ã	°2³�¸F³�È2±2ÑóÀ8¾�À�É8°F·�à!³�µ	±2³

U : X →
∏

i∈I eiX
Ê2Ã2À�È�·�¿�·�Å

U(x) = {eix}i∈I
×5RtÉ8Ù1¹	µ	Ù�ÑóÀ�É8°F·�¶�À�Ñ

½�Ä�¾8·�µF·�¼8È2±	¼#·8³�¾�Ä�ÅbÄ�ÈF³�¸2½ å Ú³�³
� 'uF®#p
	Ì¯d®#gheh®bC6DE@6D

(i)
∏

i∈I eiX
�������M� - �8$	/1�

L0  Ý� - �2 ���� 4
(ii)

�5���	�
X � d

 0 - �	$	/1�
L0  Ý� - �2 ���� * � - ∏

i∈I eiX
�����	�?���'
���������� �

d
 0 - �	$	/��

L0  Ý� - �2 ��6����
U
�������?�2 - � - "��W�2��Î�2

X
$�� ∏

i∈I eiX
4

��D	�S¯dghsFphs�¯dg��Ø®
L0 
 qts�¯���f,e

L0 [ .&2&8!9;=&8&7$= 7�$7 .&7$:<517$=Ïµ2³�Ã	½�Ä�¾�À8¿�ÀmÑrµ2À�à!³�Ä�¾�¼#· Y ±	¶
L0 [ Ñ,À�¸2½�È2Å X µF·�¶�Ù1¼#·8³�¾�Ä�Å

L0 [ Ã2À�¸ [Ñ,À�¸2½�È2á?¼
X
¼�±'¸�·

Lin(Y,L0) =

{
n∑

i=1

αiyi : αi ∈ L0, yi ∈ Y, i = 1, . . . , n, n ∈ N

}
,

¿�¸F³
N
ë Ñrµ2À�à!³�Ä�¾�¼�À`¼�Ä�³�ËMµF·�¾�½�°F·�È2á�µ	Ù5Ë�¹	±2Ä�³�È�×5YdÄ�È2±

X
ë
d [ Ã2À�È2µ	Ù1Í L0 [ Ñ,À�¸2½�È2á2ÊF¾�ÀØ¼ÐÄ�±'È2½½�¾�¼�³�°#à¸F³�µ	±	Å�÷'× û

(iii) mix(Lin(Y,L0))
³�Ä�¾�á

d [ Ã2À�È2µ	Ù1Í L0 [ Ã2À�¸FÑ,À�¸2½�È2áÐ¼ X ×	�±2Ä�¾�³�Ñd·
{xi}i∈I

±	¶
L0 [ Ñ,À�¸2½�È2Å X µF·�¶�Ù1¼#·8³�¾�Ä�Å

L0 [ .&2&8!9;=&8&7 8!9�����$2���2<*-7$=FÊ�³�Ä�È2±J¸	È2ÅtÈ å É8Ù5Ë
α1, . . . , αn ∈ L0 Ê xi1 , . . . , xin ∈ {xi}i∈I

Ê
n ∈ N

Ê�°F·�¼�³�µ2Ä�¾�¼�À ∑n
k=1 αkxik = 0

¼8ÈF³�¹2³�¾Ø°F·�¼�³�µ2Ä�¾�¼#·



=Ø�2$#&%t$	�6��$ - 0 - �	$	/ �
C∞(Q)

 Ý� - �2 ��	� ï8û

α1 = . . . = αn = 0
×
L0 [ È2±	µ2³�Í	µ2ÀMµ2³�¶�·�¼�±2Ä�±2Ñd·�ÅÌÄ�±2Ä�¾�³�Ñd· {xi}i∈I

±	¶
d [ Ã2À�È2µ2À8¿�À L0 [ Ñ,À�¸2½�È2Å XµF·�¶�Ù1¼#·8³�¾�Ä�Å

L0 [ � � �$2���7 *�� ��* 9 .��FÊ2³�Ä�È2±
mix(Lin({xi}i∈I , L

0)) = X
×

H ¶J¾�³�À8°2³�ÑrÙä÷'×çæP¼�Ù1¾�³�Æ'·8³�¾`Ä�ÈF³�¸2½ å Ú³�³
� 'uF®#p
	Ì¯d®#gheh® ��DÝBFD	=Ø���

L0  �	�	$6���	$ - $6�����
��6���2� - �b���6�������r/ {xi}i∈I


d
 0 - �	$ - �

L0  Ý� -  �2 	�6�
X
���6�|�2 �% "!�6�1 2��� - 
���� � �	
��	
����6��$6��$	/��

(i) {xi}i∈I � L0  6�8����6���	��������� �
(ii)

=Ø���Û��%���/
	
x ∈ X

*
0 6= e ∈ B

�~ �"Ð������
� 2���Ð����� - ��$6��$� ��6��
 - �m�#�����r0 - ����$6�
g 6 e

* ��� -
gx ∈ g Lin({xi}i∈I , L

0)
4

RW¾�Ñ,³�¾�±2Ñ1Ê6¹	¾�À
L0 [ È2±	µ2³�Í	µF·�ÅbÀ�É�À�ÈFÀ8¹	Æ'·`Æ�À8µ2³�¹	µ	Ù5Ë L0 [ È2±	µ2³�Í	µ2ÀÛµ2³�¶�·�¼�±2Ä�±2ÑrÙ5ËbÄ�±2Ä�¾�³�Ñó¼�Ä�³ [¿�¸�·Å'¼8È2Å	³�¾�Ä�Åmã	±	Æ'È2±	¹2³�Ä�Æ	±2Ñ²Ñrµ2À�à!³�Ä�¾�¼�À�Ñ1ÊF¾�×2³�×,¼�³�°	µ2À?Ä�ÈF³�¸2½ å Ú³�³

� 'uF®#p
	Ì¯d®#gheh® ��DEC6D �5���	�
A = {x1, . . . , xk} � L0  �	�	$6���	$ - $6�����
��6���2� - �t0 - �6�r$ - �?������
 -


d
 0 - �	$ - �

L0  Ý� - �2 ��6� X * � - mix(Lin(A,L0)) = Lin(A,L0)
4

C
T ½�Ä�¾�á

x ∈ mix(Lin(A,L0))
Ê
{ei}i∈I

ë °F·�¶�É8±2³�µ	±2³�³�¸2±	µ	±	ã	Ù ±
{yi}i∈I ⊂ Lin(A,L0)¾8·�Æ	±2³�Ê6¹	¾�À

eix = eiyi
¸	È2Å�¼�Ä�³�Ë

i ∈ I
×PQh·�ÆbÆ'·�Æ

eix ∈ Lin(A,L0)
Ê�¾�À

eix =
∑k

j=1 α
(i)
j xj

¸	È2Å
µ2³�Æ�À8¾�À8°	Ù5Ë

α
(i)
j ∈ L0 Ê j = 1, . . . , k

×Ìê�Ù�É�³�°2³�ÑÓ¾8·�Æ�À�³
βj ∈ L0 Ê,¹	¾�À eiβj = eiα

(i)
j

¸	È2ÅZ¼�Ä�³�Ë
i ∈ I

Ê�¿�¸F³
j ∈ {1, . . . , k}

× � Ä�µ2À	Ê�¹	¾�À
eix = ei

(∑k
j=1 βjxj

) Ã	°	±�Æ'·�à¸FÀ�Ñ
i ∈ I

Ê�¹	¾�ÀÛ¼8ÈF³�¹2³�¾
°F·�¼�³�µ2Ä�¾�¼�À

x =
∑k

j=1 βjxj ∈ Lin(A,L0)
×
B

T ½�Ä�¾�á
γ
ë µ2³�Æ�À8¾�À8°	Ù1ÍõÆ'·�°�¸2±	µF·�È�×»Q�À8¹	µ	Ù1Í

d [ Ã2À�È2µ	Ù1Í L0 [ Ñ,À�¸2½�È2á X µF·�¶�À8¼�³�Ñ
γ
467��$8&7$4

 7��$8�� *JÊ�³�Ä�È2±Z¼ X ±2Ñ,³�³�¾�Ä�Å
L0 [ É�·�¶�±2Ä`ì'·8Ñ,³�È2Å {xi}i∈I

Ä
card I = γ

×Mé�½�¸F³�Ñò¿�À8¼�À8°	±	¾�á2Êr¹	¾�À
L0 [ Ñ,À�¸2½�È2á X À�¸2µ2À8°2À�¸F³�µ�ÊP³�Ä�È2±öÀ8µùÅ'¼8È2Å	³�¾�Ä�Å

γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ L0 [ Ñ,À�¸2½�ÈF³�Ñ ¸	È2Åóµ2³�Æ�À8¾�À8°2À8¿�À
Æ'·�°�¸2±	µF·�È�·

γ
×õYdÄ�È2±

X
ë
γ [ À�¸2µ2À8°2À�¸2µ	Ù1Í L0(B) [ Ñ,À�¸2½�È2á2Ê 0 6= e ∈ B

Ê�¾�À	Ê1À8¹2³�¼�±'¸2µ2À	Ê
eX¾8·�Æ	à!³

γ [ À�¸2µ2À8°2À�¸2µ	Ù1Í L0(Be) [ Ñ,À�¸2½�È2á2×YdÄ�¾�³�Ä�¾�¼�³�µ	µ2ÀØÀ�àØ±'¸�·�¾�á2Ê'¹	¾�ÀÀ�¸2µ2À8°2À�¸2µ	Ù1Í
L0 [ Ñ,À�¸2½�È2áµ2³tÑ,À�à!³�¾?É8Ù1¾�áÀ�¸2µ2À8¼�°2³�Ñ,³�µ	µ2À γ [ À�¸ [µ2À8°2À�¸2µ	Ù�ÑÇ±

λ [ À�¸2µ2À8°2À�¸2µ	Ù�ÑóÃ	°	± γ 6= λ
×?	�±	¾�½#·�ã	±	ÅM¶�¸F³�Ä�á`·�µF·�ÈFÀ8¿�±	¹	µF·Ø¾�À�Ñr½Ûà!³PÃ2À�ÈFÀ�à!³�µ	± å Ê

¹	¾�À Ã	°	±?Æ'È�·8Ä�Ä�±2ÒP±	Æ'·�ã	±	±`Ñ,À�¸2½�ÈF³�ÍÐOJ·�Ã'È�·�µ2Ä�Æ�À8¿�ÀJëUì�±'È2á�É�³�°	¾8·ÐÜ \ OPìhßhµF·�¸ÐÆ�À�Ñ,Ñr½�¾8·�¾�±	¼�µ	Ù�Ñr±
AW ∗ [ ·�È2¿�³�É8°F·8Ñr± A (B)

Ä�É8½�ÈF³�¼�À8Íõ·�È2¿�³�É8°2À8ÍùÃ	°2À�³�Æ	¾�À8°2À8¼
B
×óGJÈ2Å²Ã	°2À8±	¶�¼�À�È2á�µ2À8ÍõÃ2À�È2µ2À8Í

É8½�ÈF³�¼�À8Íó·�È2¿�³�É8°	Ù
B
µ2³M½�¸�·8³�¾�Ä�ÅÎ¸FÀ8Æ'·�¶�·�¾�áÏ°F·�¼�³�µ2Ä�¾�¼�À

λ = γ
Ã	°	±ÇÃ	°2³�¸2Ã2À�ÈFÀ�à!³�µ	±	±�Ê�¹	¾�À

XÅ'¼8È2Å	³�¾�Ä�ÅØÀ�¸2µ2À8¼�°2³�Ñ,³�µ	µ2À
γ [ À�¸2µ2À8°2À�¸2µ	Ù�ÑÌ± λ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1×dêZÄ�¼�Å'¶�±?Ä�â�¾�±2Ñ1Ê�¼ØÔ î'Ê#ï�× ð2× î�Ö	¸�·8³�¾�Ä�ÅÃ2À8µ	Å'¾�±2³�Ä�¾�°2À8¿�À8Í

γ [ À�¸2µ2À8°2À�¸2µ2À�Ä�¾�± \ OPì X Ê#Ä5Ã2À�Ñ,À8Ú!á å Æ�À8¾�À8°2À8¿�À	Ê#¶�·�¾�³�Ñ1Ê�±?½�Ä�¾8·�µF·�¼8È2±	¼#·8³�¾�Ä�ÅÀ8Ã	±2Ä�·�µ	±2³WÃ	°2À8±	¶�¼�À�È2á�µ	Ù5Ë \ OPì�×�êÂ¾�ÀJà!³W¼�°2³�ÑrÅ�Ê�¸	È2ÅÐÑr½�È2á�¾�± [ σ [ Æ�À8µ2³�¹	µ	Ù5ËMÉ8½�ÈF³�¼�Ù5Ë`·�È2¿�³�É8° B¼ÏÔçæ�æ�Öd¸FÀ8Æ'·�¶�Ù1¼#·8³�¾�Ä�ÅZ°F·�¼�³�µ2Ä�¾�¼�À
λ = γ

¸	È2Å
A (B)

ë \ OPì�Ê�Å'¼8È2Å å Ú!±'Ë#Ä�ÅÏÀ�¸2µ2À8¼�°2³�Ñ,³�µ	µ2À γ [À�¸2µ2À8°2À�¸2µ	Ù�Ñr±Î±
λ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñr±�× >·�Æ	¾�±	¹2³�Ä�Æ	±Ââ�¾�À�À8¶�µF·�¹F·8³�¾�Ê,¹	¾�À�¼�â�¾�À�ÑäÄ�È2½�¹F·8³?Ã2À8µ	Å'¾�±	ÅÄ�¾�°2À8¿�À8Í

γ [ À�¸2µ2À8°2À�¸2µ2À�Ä�¾�±b± γ [ À�¸2µ2À8°2À�¸2µ2À�Ä�¾�±bÄ�À8¼�ÃF·�¸�· å ¾�×	dÈF³�¸2½�ÅäÔ î'Ê�ï�× ð2× ï�Ö]Ê1µ	±	à!³m¸�·8³�¾�Ä�Å²Ã2À8µ	Å'¾�±2³�Ä�¾�°2À8¿�À8¿�À
γ [ À�¸2µ2À8°2À�¸2µ2À8¿�À L0(B) [ Ñ,À�¸2½�È2Å�Ê1¹	¾�ÀÃ2À8¶�¼�À�È2Å	³�¾b¸�·�¾�á�Ã	°2³�¸FÄ�¾8·�¼8ÈF³�µ	±2³mÃ	°2À8±	¶�¼�À�È2á�µ2À8¿�À

d [ Ã2À�È2µ2À8¿�À L0(B) [ Ñ,À�¸2½�È2ÅÂ¼b¼�±'¸F³ÛÃ	°#Å	Ñ,À8¿�ÀÃ	°2À8±	¶�¼�³�¸F³�µ	±	Å�Ä�¾�°2À8¿�À
γ [ À�¸2µ2À8°2À�¸2µ	Ù5Ë L0(B) [ Ñ,À�¸2½�ÈF³�Í�×T ½�Ä�¾�á

X
ëí¾�À8¹	µ	Ù1Í

d [ Ã2À�È2µ	Ù1Í L0(B) [ Ñ,À�¸2½�È2á2Ê 0 6= e ∈ B
×�úP³�°2³�¶

κ(e) = κX(e)
À�É�À [¶�µF·�¹	±2ÑùµF·�±2Ñ,³�µ	á�´!±	Í�Æ'·�°�¸2±	µF·�È

γ
¾8·�Æ�À8Í�Ê�¹	¾�À

L0(Be) [ Ñ,À�¸2½�È2á eX Å'¼8È2Å	³�¾�Ä�Å
γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1×YdÄ�È2±

X
ëôÀ�¸2µ2À8°2À�¸F³�µ�ÊF¾�À

κ(e)
À8Ã	°2³�¸F³�ÈF³�µm¸	È2ÅÛ¼�Ä�³�ËMµ2³�µ	½�ÈF³�¼�Ù5Ë

e ∈ B
×

é�½�¸F³�Ñù¿�À8¼�À8°	±	¾�á2Ê�¹	¾�À
L0(B) [ Ñ,À�¸2½�È2á X ��0  7�� 7 γ 467��$8&7  7�� 9;8ùÜÝÄ�°�×ÛÔ î'Êhï�× ð2× î�ÖÝß�Ê�³�Ä�È2± X ë

À�¸2µ2À8°2À�¸F³�µ±
γ = κ(e)

¸	È2ÅP¼�Ä�³�ËJµ2³�µ	½�ÈF³�¼�Ù5Ë
e ∈ B

×�é�½�¸F³�Ñm¿�À8¼�À8°	±	¾�át¾8·�Æ	à!³�Ê8¹	¾�À
L0 [ Ñ,À�¸2½�È2á XÄ�¾�°2À8¿�À?À�¸2µ2À8°2À�¸F³�µ�Ê�³�Ä�È2±�À8µ�Ä�¾�°2À8¿�À

γ [ À�¸2µ2À8°2À�¸F³�µ�¸	È2ÅMµ2³�Æ�À8¾�À8°2À8¿�À?Æ'·�°�¸2±	µF·�È�· γ ×
� Ä�µ2À	Ê�¹	¾�ÀJÈ å É�À8ÍMÄ�¾�°2À8¿�À γ [ À�¸2µ2À8°2À�¸2µ	Ù1Í L0(B) [ Ñ,À�¸2½�È2áÅ'¼8È2Å	³�¾�Ä�Å γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ L0(B) [Ñ,À�¸2½�ÈF³�Ñ1×�N ±	à!³ÛÑrÙø½�Ä�¾8·�µ2À8¼�±2Ñ1Êd¹	¾�À�â�¾�±Ï¸2¼#·mÃ2À8µ	Å'¾�±	ÅÂÄ�À8¼�ÃF·�¸�· å ¾b¼bÄ�È2½�¹F·8³`Ñr½�È2á�¾�± [ σ [ Æ�À [µ2³�¹	µ	Ù5ËóÉ8½�ÈF³�¼�Ù5Ëù·�È2¿�³�É8°

B
× 	�µF·�¹F·�È�·ÏÃ2À8Æ'·�à!³�Ñ1ÊW¹	¾�ÀÌ¸	È2Å

n ∈ N
¼�Ä�Å'Æ	±	Í

n [ À�¸2µ2À8°2À�¸2µ	Ù1Í
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L0(B) [ Ñ,À�¸2½�È2á�Å'¼8È2Å	³�¾�Ä�ÅZÄ�¾�°2À8¿�À n [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1× 	dÈF³�¸2½ å ÚØ·�Å�ÈF³�Ñ,Ñd·MÅ'¼8È2Å	³�¾�Ä�Å L0 [ ¼#·�°	±F·�µ [¾�À�Ñ²±	¶�¼�³�Ä�¾�µ2À8¿�ÀMÒS·�Æ	¾8·?±	¶SÈ2±	µ2³�Í	µ2À8ÍÌ·�È2¿�³�É8°	ÙÓ±�¸FÀ8Æ'·�¶�Ù1¼#·8³�¾�Ä�ÅÏ·�µF·�ÈFÀ8¿�±	¹	µ	Ù�ÑõÀ�É8°F·�¶�À�ÑUÜÝÄ�Ñ1×çÊ
µF·�Ã	°	±2Ñ,³�°�Ê�Ô ð2Ê	¿�È�×F÷'Ê)(�Õ�ÖÝß�×

��®�q qto ��D��D-�W 2�����
X � 0#" - �2�
 - ����$	/1�

L0(B)
 Ý� - �2 ���� *

0 6= e ∈ B
*
{xi}

n
i=1 ⊂ X

�
{yj}

k
j=1 ⊂ eX

4 �5���	�
{yj}

k
j=1 ⊂ Lin({exi}

n
i=1, eL

0(B))
� � �6������$6��/ y1, . . . , yk � eL0(B)

 �	�! 
$6���	$ - $6�����
��6���2�r/ * � -

k 6 n
4

H ¶PÈF³�Ñ,ÑrÙäû'× ûµ2³�Ã2À�Ä�°2³�¸FÄ�¾�¼�³�µ	µ2ÀÐ¼�Ù1¾�³�Æ'·8³�¾
��®#sFph®�qto ��D���D

(i)
�5���	�

{xi}
n
i=1

*
{yj}

k
j=1 � L0  6�8����6��/ �	���������!
 L0(B)

 Ý� - �2 	�6� * � -
n = k �

(ii)
>S���S��/1�

n
 - ��$ - " - ��$	/1�

L0(B)
 Ý� - �2 ���� �'
���������� �Ì����" - � -

n
 - ��$ - " - ��$	/��

L0(B)
 Ý� -  

�2 	�6��� 4
	dÈF³�¸2½ å ÚØ·�Å�¾�³�À8°2³�Ñd·`Å'¼8È2Å	³�¾�Ä�Åb¼#·�°	±F·�µ	¾�À�Ñù¾�³�À8°2³�ÑrÙAû'× ð`¸	È2ÅbÉ�³�Ä�Æ�À8µ2³�¹	µ	Ù5ËbÆ'·�°�¸2±	µF·�ÈFÀ8¼2Ê

¼ÐÄ�È2½�¹F·8³�Ê	Æ�À8¿�¸�·?É8½�ÈF³�¼#·Ø·�È2¿�³�É8°F·
B
±2Ñ,³�³�¾ÐÄ�¹2³�¾�µ	Ù1Í�¾�±	Ã�×

��®#sFph®�qto ��D���D �5���	�
λ
�
γ � ������� - $6���8$	/ �`�	��"#���	$����	/ *

B � 0 - �	$���� �� ��6��
��b�����8����"��
��������$ - � - ���	0��t�

X � d
 0 - �	$	/1�

L0(B)
 Ý� - �2 ���� * �'
�����% "!�	�6� � - ��$ - 
�"�������$	$ -

λ
 - ��$ - " - ��$	/��

�
γ
 - ��$ - " - ��$	/�� * � -

γ = λ
4

C
T ½�Ä�¾�á

{xi}i∈I
Ê
{yj}j∈J

ëø¸2¼#·
L0(B) [ É�·�¶�±2Ä�·?ì'·8Ñ,³�È2ÅM¼ X Ê	¾�×	³�×

mix(Lin({xi}i∈I , L
0(B))) = X = mix(Lin({yj}j∈J , L

0(B)))

±
card I = λ

Ê
card J = γ

×�I�·8ÒP±	Æ�Ä�±	°	½�³�Ñ
j0 ∈ J

×1TPÀ�Ä�Æ�À�È2á�Æ	½
yj0 ∈ mix(Lin({xi}i∈I , L

0(B)))±ZÉ8½�ÈF³�¼#·�·�È2¿�³�É8°F·
B
±2Ñ,³�³�¾�Ä�¹2³�¾�µ	Ù1ÍZ¾�±	Ã�Ê�¾�ÀmµF·�Í'¸2½�¾�Ä�ÅÏ¾8·�Æ	±2³ÐÄ�¹2³�¾�µ2À�³Ð°F·�¶�É8±2³�µ	±2³

{en}n∈N³�¸2±	µ	±	ã	Ù É8½�ÈF³�¼�À8ÍÎ·�È2¿�³�É8°	Ù
B
±ZµF·8É�À8°

{an}n∈N ⊂ Lin({xi}i∈I , L
0(B))

Êr¹	¾�À
enyj0 = enan¸	È2Å�¼�Ä�³�Ë

n ∈ N
× HPÄ�Ã2À�È2á�¶�½�Å�¼�Æ'È å ¹2³�µ	±2³ an ∈ Lin({xi}i∈I , L

0(B))
Ê�¼�Ù�É�³�°2³�Ñù¾8·�Æ	±2³

xik(j0,n)±
αik(j0,n) ∈ L0(B)

Ê
k = 1, . . . ,m(n)

Êh¹	¾�À
an =

∑m(n)
k=1 αik(j0,n)xik(j0,n)

×ÛTPÀ�ÈFÀ�àØ±2Ñ
I(j0) =

{ik(j0, n) : k = 1, . . . ,m(n), n ∈ N}
±
I(J) =

⋃
j∈J I(j)

× � Ä�µ2À	Ê6¹	¾�ÀÛÑrµ2À�à!³�Ä�¾�¼�À
I(j0)

ë µ2³
É�À�ÈF³�³Û¹2³�ÑÓÄ�¹2³�¾�µ2À�±

I(J) ⊂ I
×�T °	±Ââ�¾�À�Ñ1Ê

yj ∈ mix(Lin({xi}i∈I(j), L
0(B)))

¸	È2ÅZÆ'·�à¸FÀ8¿�À
j ∈ J

×
TPÀ8Æ'·�à!³�Ñ1Ê	¹	¾�À

I(J) = I
×rT °2³�¸2Ã2À�ÈFÀ�àØ±2Ñ1Ê	¹	¾�À!Ä�½�Ú³�Ä�¾�¼�½�³�¾

i0 ∈ I \ I(J)
×dTPÀ�Ä�Æ�À�È2á�Æ	½

xi0 ∈
mix(Lin({yj}j∈J , L

0(B)))
±ÎÉ8½�ÈF³�¼#·�·�È2¿�³�É8°F·

B
±2Ñ,³�³�¾ÌÄ�¹2³�¾�µ	Ù1ÍÇ¾�±	Ã�Êd¾�À�Ä�½�Ú³�Ä�¾�¼�½�³�¾Ì¾8·�Æ�À�³

°F·�¶�É8±2³�µ	±2³?³�¸2±	µ	±	ã	Ù
{gk}k∈N

±bµF·8É�À8°
{bk}k∈N ⊂ Lin({yj}j∈J , L

0(B))
Ê�¹	¾�À

gkxi0 = gkbk =

gk
∑p(k)

s=1 βjs(i0,k)yjs(i0,k)
¸	È2ÅÎµ2³�Æ�À8¾�À8°	Ù5Ë

βjs(i0,k) ∈ L0 Ê yjs(i0 ,k) ∈ {yj}j∈J
Ê
s = 1, . . . , p(k)

Ê
Ã	°	±Ïâ�¾�À�Ñ1Ê

yjs(i0,k) ∈ mix(Lin({xi}i∈I(js(i0,k)), L
0(B))) ⊂ mix(Lin({xi}i∈I(J), L

0(B)))
×�	dÈF³ [¸FÀ8¼#·�¾�³�È2á�µ2À	Ê

gkbk ∈ mix(Lin({xi}i∈I(J), L
0(B)))

¸	È2Åô¼�Ä�³�Ë
k ∈ N

Êm± Ã2À8â�¾�À�Ñr½
xi0 ∈

mix(Lin({xi}i∈I(J), L
0(B)))

ÜÝÄ�Ñ1×»½�¾�¼�³�°#à¸F³�µ	±2³Z÷'× û
(i)
ß�× ê ¹F·8Ä�¾�µ2À�Ä�¾�±�ÊPÄ�½�Ú³�Ä�¾�¼�½�³�¾Î¾8·�Æ�À�³

0 6= e ∈ B
Ê�¹	¾�À

0 6= exi0 =
∑l

t=1 eδitxit
Ê�¿�¸F³

it ∈ I(J)
Ê
δit ∈ L0(B)

Ê
t = 1, . . . , l

Ê�¹	¾�À
Ã	°2À8¾�±	¼�À8°2³�¹	±	¾

L0(B) [ È2±	µ2³�Í	µ2À8Í�µ2³�¶�·�¼�±2Ä�±2Ñ,À�Ä�¾�±�µF·8É�À8°F· {xi}i∈I ×,Qh·�Æ	±2Ñ²À�É8°F·�¶�À�Ñ1Ê I = I(J)
×

Qh·�Æ�Æ'·�Æ
γ
ë É�³�Ä�Æ�À8µ2³�¹	µ	Ù1ÍÌÆ'·�°�¸2±	µF·�È�Ê�¾�À

card I(j) 6 ℵ0 6 γ
¸	È2Å�¼�Ä�³�Ë

j ∈ J
Ê�¿�¸F³

ℵ0
ë

Ä�¹2³�¾�µ	Ù1ÍÌÆ'·�°�¸2±	µF·�È�×H ¶Ø¾�³�À8°2³�ÑrÙA÷�ðÏÜ~Ôçæ�Ê6¿�È�×�û'Ê�(�î�ÖÝßtÄ�ÈF³�¸2½�³�¾�Ê�¹	¾�À
λ = card I = card I(J) =

card
(⋃

j∈J I(j)
)
6 card J = γ

×
�WµF·�ÈFÀ8¿�±	¹	µ2ÀPÃ2À8Æ'·�¶�Ù1¼#·8³�¾�Ä�Å�Ê#¹	¾�À

card J 6 card I
Ê8±Ã2À8¾�À�Ñr½

card I = card J
Ê�¾�×8³�×

λ = γ
×
BH ¶J¾�³�À8°2³�ÑrÙÓû'× �'Ê'Ã	°	±2Ñ,³�µ2³�µ	µ2À8Í�Æ

eL0(B) [ Ñ,À�¸2½�È å eX
Ê	¼�Ù1¾�³�Æ'·8³�¾

� f,®8¯ �1'uFeh® ��D���D �W 2�����
λ
�
γ � ������� - $6���8$	/ �M�	��"#���	$����	/ �

X � d
 0 - �	$	/1�

L0(B)
 

� - �2 ���� * �'
�����% "!�	�6� � - ��$ - 
�"�������$	$ -
λ
 - ��$ - " - ��$	/����

γ
 - ��$ - " - ��$	/�� 4 �5���	�S


B
�~ �"Ð������
� 2���

����� - ��$6��$� ��6��
 - � � �6������$6� e * ��� - �� ��6��
��?�����8����"�� Be
�2�������?��������$	/1�����	0 * � -

λ = γ
4

� f,®8¯ �1'uFeh® ��D���D �5���	�
B � �� ��������! σ  � - $6���8$������� ��6��
��J�����8����"�� * γ � ������� - $6���8$	/1�`�	��"  

���	$����M�
X � γ

 - ��$ - " - ��$	/1�
L0(B)

 Ý� - �2 ���� * � - � - �2 ����
X
�'
���������� ������" - � -

γ
 - ��$ - " - ��$	/�� 4
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C∞(Q)

 Ý� - �2 ��	� ï �

C
TPÀ�Ä�Æ�À�È2á�Æ	½

eL0(B) [ Ñ,À�¸2½�È2á eX Å'¼8È2Å	³�¾�Ä�Å
γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1Ê ¿�¸F³ 0 6= e ∈ B

Ê5¾�ÀÏ¸	È2Å
Æ'·�à¸FÀ8¿�À

n ∈ N
Ä�½�Ú³�Ä�¾�¼�½�³�¾

eL0(B) [ µ2³�¶�·�¼�±2Ä�±2ÑrÙ1Í�µF·8É�À8°�¼ eX Ê6Ä�À�¸F³�°#à·�Ú!±	Í n â�ÈF³�Ñ,³�µ	¾�À8¼2×	�À8¿�È�·8Ä�µ2ÀØÈF³�Ñ,Ñ,³Sû'× û'Ê
eL0(B) [ Ñ,À�¸2½�È2á eX µ2³PÅ'¼8È2Å	³�¾�Ä�Å

n [ À�¸2µ2À8°2À�¸2µ	Ù�ÑÇ¸	È2ÅÛÈ å É�À8¿�À n ∈ N
×

T ½�Ä�¾�á
0 6= e ∈ B

±�É8½�ÈF³�¼#·?·�È2¿�³�É8°F·
eB

±2Ñ,³�³�¾ÐÄ�¹2³�¾�µ	Ù1Í�¾�±	Ã�×dYdÄ�È2±
eX

ë
λ [ À�¸2µ2À8°2À�¸2µ	Ù1Í

eL0(B) [ Ñ,À�¸2½�È2áÏ¸	È2ÅÇµ2³�Æ�À8¾�À8°2À8¿�ÀÎÉ�³�Ä�Æ�À8µ2³�¹	µ2À8¿�ÀÂÆ'·�°�¸2±	µF·�È�· λ Ê5¾�À	Ê1±2Ä�Ã2À�È2á�¶�½�Åó¾�³�À8°2³�Ñr½óû'× �'ÊÃ2À�È2½�¹	±2Ñ1Ê	¹	¾�À
λ = γ

Ê	¾�×	³�×
κX(e) = γ

×
T ½�Ä�¾�áØ¾�³�Ã2³�°	á

e
ëøÃ	°2À8±	¶�¼�À�È2á�µ	Ù1Ímµ2³�µ	½�ÈF³�¼�À8Ímâ�ÈF³�Ñ,³�µ	¾Ø±	¶

B
×rTPÀ�Ä�Æ�À�È2á�Æ	½MÉ8½�ÈF³�¼#·Ø·�È2¿�³�É8°F·

B
ëôÑr½�È2á�¾�± [ σ [ Æ�À8µ2³�¹	µF·�Å�Ê6¾�ÀØÄ�½�Ú³�Ä�¾�¼�½�³�¾?¾8·�Æ�À�³ 0 6= g ∈ B

Ê'¹	¾�À
g 6 e

±�É8½�ÈF³�¼#·?·�È2¿�³�É8°F·
gB±2Ñ,³�³�¾ÐÄ�¹2³�¾�µ	Ù1Í�¾�±	Ã�× 	dÈF³�¸FÀ8¼#·�¾�³�È2á�µ2À	Ê

γ = κX(g) 6 κX(e) 6 γ
Ê'¾�×2³�×

κX(e) = γ
×
BT °	±	¼�³�¸F³�Ñ»Ã	°	±2Ñ,³�°	Ù

γ [ À�¸2µ2À8°2À�¸2µ	Ù5Ë L0(B) [ Ñ,À�¸2½�ÈF³�ÍÇ¸	È2ÅÎÃ	°2À8±	¶�¼�À�È2á�µ2À8¿�ÀZÆ'·�°�¸2±	µF·�È�· γ ×T ½�Ä�¾�á
B
ë Ã2À�È2µF·�Å²É8½�ÈF³�¼#·�·�È2¿�³�É8°F·'Ê

I
ë µ2³�Æ�À8¾�À8°2À�³�Ñrµ2À�à!³�Ä�¾�¼�ÀÏ±	µ'¸F³�Æ�Ä�À8¼Z±

card I = γ
×

T °#Å	Ñ,À�³JÃ	°2À8±	¶�¼�³�¸F³�µ	±2³

Y =
∏

i∈I

L0(B) =
{
α̂ = {αi}i∈I : αi ∈ L0(B), i ∈ I

}

ÄtÃ2À8Æ�À�À8°�¸2±	µF·�¾�µ	Ù�Ñr±�·�È2¿�³�É8°F·�±	¹2³�Ä�Æ	±2Ñr±bÀ8Ã2³�°F·�ã	±	Å	Ñr±m³�Ä�¾�áØ¾�À8¹	µ	Ù1Í
d [ Ã2À�È2µ	Ù1Í L0(B) [ Ñ,À�¸2½�È2á2×GJÈ2Å�Æ'·�à¸FÀ8¿�À

j ∈ I
°F·8Ä�Ä�Ñ,À8¾�°	±2Ñùâ�ÈF³�Ñ,³�µ	¾

ĝj = {g
(j)
i }i∈I

±	¶
Y
Ê�¿�¸F³

g
(j)
i = 0

Ã	°	±
i 6= j

±
g
(i)
i = 1

Ê
i ∈ I

× � Ä�µ2À	Ê�¹	¾�ÀtÄ�±2Ä�¾�³�Ñd·
{ĝj}j∈I

ë
L0(B) [ È2±	µ2³�Í	µ2À µ2³�¶�·�¼�±2Ä�±2Ñd·'Ê�±!Ã2À8â�¾�À�Ñr½ L0(B) [Ã2À�¸FÑ,À�¸2½�È2á

X = mix (Lin ({ĝj}j∈I , L
0(B)))

¼
Y
Å'¼8È2Å	³�¾�Ä�Å

γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ L0(B) [ Ñ,À�¸2½�ÈF³�Ñ1×	dÈF³�¸2½ å ÚØ·�ÅÛ¾�³�À8°2³�Ñd·Ø½�Ä�¾8·�µF·�¼8È2±	¼#·8³�¾`±	¶�À�Ñ,À8°2ÒP±	¶�Ñ γ [ À�¸2µ2À8°2À�¸2µ	Ù5Ë L0(B) [ Ñ,À�¸2½�ÈF³�Í�×
��®#sFph®�qto ��D���D �5���	�

X
�
Y � γ

 - ��$ - " - ��$	/ �
L0(B)

 Ý� - �2 ��	� * � -
X
�
Y � �2 - � - "��W$	/ 4

C
T ½�Ä�¾�á

{xi}i∈I
ë
L0(B) [ É�·�¶�±2Ä�ì'·8Ñ,³�È2ÅS¼ X Ê {yi}i∈I ë L0 [ É�·�¶�±2Ä�ì'·8Ñ,³�È2Å!¼ Y Ê card I = γ

Ê
X0 = Lin ({xi}i∈I , L

0(B))
Ê
Y0 = Lin ({yi}i∈I , L

0(B))
×ÐV å É�À�³ x ∈ X0

Ê
y ∈ Y0

À�¸2µ2À8¶�µF·�¹	µ2À
Ã	°2³�¸FÄ�¾8·�¼�±2Ñ,Àm¼M¼�±'¸F³

x =
∑n

k=1 αkxik
Ê
y =

∑m
l=1 βlyil

¸	È2Åbµ2³�Æ�À8¾�À8°	Ù5Ë
αk, βl ∈ L0(B)

Ê
k =

1, . . . , n
Ê
l = 1, . . . ,m

Ê
n,m ∈ N

×`RW¾�À�É8°F·�à!³�µ	±2³
U0 : X0 → Y0

Ê�À8Ã	°2³�¸F³�È2Å	³�Ñ,À�³?°F·�¼�³�µ2Ä�¾�¼�À�Ñ
U0 (

∑n
k=1 αkxik) =

∑n
k=1 αkyik

³�Ä�¾�á
L0 [ È2±	µ2³�Í	µF·�Å�É8±2³�Æ	ã	±	ÅM±	¶ X0

µF·
Y0
×

GJÈ2ÅÇÆ'·�à¸FÀ8¿�À
a ∈ X

Ä�½�Ú³�Ä�¾�¼�½ å ¾Ì¾8·�Æ	±2³�µF·8É�À8° {aj}j∈J ⊂ X0
±²°F·�¶�É8±2³�µ	±2³�³�¸2±	µ	±	ã	Ù

{ej}j∈J
¼

B
ÊW¹	¾�À

eja = ejaj
¸	È2Åù¼�Ä�³�Ë

j ∈ J
× 	�À8¿�È�·8Ä�µ2À

d [ Ã2À�È2µ2À8¾�³ L0(B) [ Ñ,À�¸2½�È2Å Y
Ê

µF·�Í'¸F³�¾�Ä�ÅÇ³�¸2±	µ2Ä�¾�¼�³�µ	µ2À�³
b ∈ Y

Êr¸	È2ÅÂÆ�À8¾�À8°2À8¿�À
ejb = ejU0(aj)

¸	È2ÅZ¼�Ä�³�Ë
j ∈ J

×ÏTPÀ�ÈFÀ�àØ±	¼
U(a) = b

Ê'Ã2À�È2½�¹	±2Ñ
L0 [ È2±	µ2³�Í	µ	½ å É8±2³�Æ	ã	± å ±	¶ X µF·

Y
×
BH ¶J¾�³�À8°2³�Ñ²û'× ð?±�û'× Þ¼�Ù1¾�³�Æ'·8³�¾

� f,®8¯ �1'uFeh® ��D���D�=Ø���m�	���S� - � -
n ∈ N

�~ �"Ð������
� 2���`�|���	$6����
'��$	$	/1�Ï�S� - �8$ - ����� %ä� - �2 -  
� - "��W�2����Ð����" - � -

n
 - ��$ - " - ��$	/1�

L0(B)
 Ý� - �2 ���� * � - � - "�/1���2 - � - "��J��$

(L0(B))n
4

	dÈF³�¸2½ å Ú³�³ ½�¾�¼�³�°#à¸F³�µ	±2³J¸�·8³�¾Ø¼�À8¶�Ñ,À�àØµ2À�Ä�¾�áÌº�Ä�Æ'ÈF³�±	¼#·�¾�á	Á γ [ À�¸2µ2À8°2À�¸2µ	Ù�³MÜÝÄ�¾�°2À8¿�À γ [ À�¸ [µ2À8°2À�¸2µ	Ù�³�ß
L0(B) [ Ñ,À�¸2½�È2±�×

� 'uF®#p
	Ì¯d®#gheh® ��DÝB���D �W 2�����
X � d

 0 - �	$	/1�
L0(B)

 Ý� - �2 ���� *
{ei}i∈I �

$��1� - "Â0 - 0���"�$ -
���2$#&%t$	�6��$	/
	²$6��$� ��6��
�/
	 � �6������$6� - 
Z�2

B
�
e = supi∈I ei

4 �5���	�
eiX � γ

 - ��$ - " - ��$	/1�
Ü]� -�- ��
'��������
'��$	$ -�* ����" - � -

γ
 - ��$ - " - ��$	/1��ß

eiL
0(B)

 Ý� - �2 ����t�����
'��� 	
i ∈ I

* � -
eL0(B)

 Ý� - �2 ����
eX

�����	�?� �'
���������� �
γ
 - ��$ - " - ��$	/��UÜ]� -�- ��
'��������
'��$	$ -�* ����" - � -

γ
 - ��$ - " - ��$	/���ß 4

C
T ½�Ä�¾�á

{x
(i)
j }j∈J

ë
L0 [ É�·�¶�±2ÄPì'·8Ñ,³�È2ÅÛ¼ eiX Ê card J = γ

×,TPÀ�ÈFÀ�àØ±2Ñ
xj = mixi∈I(eix

(i)
j )
Ê

j ∈ J
Ê�¿�¸F³ØÃ2³�°2³�Ñ,³�´!±	¼#·�µ	±2³`É�³�°2³�¾�Ä�Å�¼

d [ Ã2À�È2µ2À�Ñ eL0 [ Ñ,À�¸2½�ÈF³ eX ×?NJ·8É�À8° {xj}j∈J
Å'¼8È2Å	³�¾�Ä�Å

eL0(B) [ È2±	µ2³�Í	µ2À`µ2³�¶�·�¼�±2Ä�±2ÑrÙ�Ñù¼ eX ±
eX = mix(Lin({xj}j∈J , eL

0))
Ê6¾�×�³�×

eL0 [ Ñ,À�¸2½�È2á eXÅ'¼8È2Å	³�¾�Ä�Å
γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1×T °2³�¸2Ã2À�ÈFÀ�àØ±2Ñ ¾�³�Ã2³�°	á2ÊØ¹	¾�À

eiX
ë Ä�¾�°2À8¿�À

γ [ À�¸2µ2À8°2À�¸2µ	Ù1Í eiL
0(B) [ Ñ,À�¸2½�È2áö¸	È2ÅÓ¼�Ä�³�Ë

i ∈ I
× 	�À8¿�È�·8Ä�µ2ÀÂ¸FÀ8Æ'·�¶�·�µ	µ2À�Ñr½ù¼�Ù1´³�Ê

eL0(B) [ Ñ,À�¸2½�È2á X Å'¼8È2Å	³�¾�Ä�Å
γ [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1× YdÄ [È2±

0 6= q ∈ Be
Êh¾�Àm±	¶`°F·�¼�³�µ2Ä�¾�¼#·

e = supi∈I ei
Ä�ÈF³�¸2½�³�¾�Ê,¹	¾�À�Ä�½�Ú³�Ä�¾�¼�½�³�¾�¾8·�Æ�À�³

i0 ∈ I
Êr¹	¾�À



ï8î �r�	�	�	$�� 4��?4 * >S��"��2� - 
�� 4��4

p = qei0 6= 0
×PQh·�Æ�Æ'·�Æ

ei0L
0(B) [ Ñ,À�¸2½�È2á ei0X Ä�¾�°2À8¿�À

γ [ À�¸2µ2À8°2À�¸F³�µ�Ê�¾�À κ(p) = γ
×PTPÀ8â�¾�À�Ñr½

±	¶Jµ2³�°F·�¼�³�µ2Ä�¾�¼
p 6 q 6 e

Ä�ÈF³�¸2½�³�¾�Ê2¹	¾�À
γ = κ(p) 6 κ(q) 6 κ(e) 6 γ

Ê'¾�×2³�×
κ(q) = γ

×
B

��DSn`f,o��1��e��me���o��he�� 's��hg����
d 

	

s	f,g����
L0(B) 


qts�¯���f,®��
RtÄ�µ2À8¼�µ2À8Ímã2³�È2á å â�¾�À8¿�ÀÃF·�°F·�¿�°F·8ÒS·!Å'¼8È2Å	³�¾�Ä�ÅÛÃ	°2³�¸FÄ�¾8·�¼8ÈF³�µ	±2³PÈ å É�À8¿�À¾�À8¹	µ2À8¿�À d [ Ã2À�È2µ2À8¿�À

L0(B) [ Ñ,À�¸2½�È2ÅM¼Ø¼�±'¸F³PÃ	°#Å	Ñ,À8¿�À?Ã	°2À8±	¶�¼�³�¸F³�µ	±	Å�Ä�¾�°2À8¿�À?À�¸2µ2À8°2À�¸2µ	Ù5Ë L0(B) [ Ñ,À�¸2½�ÈF³�Í�×
��®#sFph®�qto ��DÝBFDP=Ø���õ��%�� - � - � - �8$ - � -

d
 0 - �	$ - � -

L0(B)
 Ý� - �2 ����

X
�~ �"Ð������
� 2���²����� - �

$6��$� ��6��
 - ���#�����r0 - ����$6�
e ∈ B

* ��� -
eX

�������M����" - � -Ð- ��$ - " - ��$	/1�
eL0(B)

 Ý� - �2 ���� 4
C
TPÀ�Ä�Æ�À�È2á�Æ	½

X
ë ¾�À8¹	µ	Ù1Í

d [ Ã2À�È2µ	Ù1Í L0(B) [ Ñ,À�¸2½�È2á2Ê	¾�ÀØÄ�½�Ú³�Ä�¾�¼�½�³�¾?¾8·�Æ�À�³ x0 ∈ X
Ê'¹	¾�À

s(x0) = 1
Ü ½�¾�¼�³�°#à¸F³�µ	±2³b÷'× ð

(i)
ß�×²YdÄ�È2±

X = mix ({x0})
Ê�¾�À

X
ë Ä�¾�°2À8¿�À

1 [ À�¸2µ2À8°2À�¸2µ	Ù1ÍÑ,À�¸2½�È2á2Ê2±M¾�³�À8°2³�Ñd·Øð2×çæt¸FÀ8Æ'·�¶�·�µF·'×
T °2³�¸2Ã2À�ÈFÀ�àØ±2Ñ1Ê�¹	¾�À

X 6= mix ({x0})
±m°F·8Ä�Ä�Ñ,À8¾�°	±2Ñ²Ä�³�Ñ,³�Í2Ä�¾�¼�À

E = {A ⊂ X : A− L0 [ È2±	µ2³�Í	µ2ÀØµ2³�¶�·�¼�±2Ä�±2Ñ,À�³!Ñrµ2À�à!³�Ä�¾�¼�À , x0 ∈ A}

Äm¹F·8Ä�¾�±	¹	µ	Ù�ÑøÃ2À8°#Å�¸2Æ�À�Ñ Ã2ÀÌ¼�Æ'È å ¹2³�µ	± å × 	�À8¿�È�·8Ä�µ2ÀÏÈF³�Ñ,Ñ,³�ñPÀ8°	µF·'Ê�¼
E
Ä�½�Ú³�Ä�¾�¼�½�³�¾ÂÑd·�Æ [Ä�±2Ñd·�È2á�µ	Ù1ÍÂâ�ÈF³�Ñ,³�µ	¾

D
×ÛYdÄ�È2±

D
ë
L0 [ É�·�¶�±2ÄÐì'·8Ñ,³�È2ÅZ¼ X Êh¾�À X ë

(card D) [ À�¸2µ2À8°2À�¸2µ	Ù1Í
L0(B) [ Ñ,À�¸2½�È2á2×YdÄ�È2±

X 6= mix (Lin (D,L0(B)))
Ê'¾�ÀµF·�Í'¸F³�¾�Ä�ÅMµ2³�µ	½�ÈF³�¼�À�³

e ∈ B
Ê�¸	È2ÅÛÆ�À8¾�À8°2À8¿�ÀØ¼�Ù1Ã2À�È2µ	Å [³�¾�Ä�ÅmÄ�ÈF³�¸2½ å Ú³�³P½�Ä�ÈFÀ8¼�±2³ �

Ü~æ�ß5YdÄ�È2±
0 6= g ∈ Be

Ê'¾�À
gmix (Lin (D,L0)) 6= gX

×
RtÉ�À8¶�µF·�¹	±2Ñù¹2³�°2³�¶

P
Ñrµ2À�à!³�Ä�¾�¼�ÀÛ¼�Ä�³�Ë�¾�³�Ë

0 6= e ∈ B
Ê	¸	È2ÅmÆ�À8¾�À8°	Ù5Ë�¼�³�°	µ2À`Ä�¼�À8Í2Ä�¾�¼�À

(1)±ÇÃ2À�ÈFÀ�àØ±2Ñ
e0 = supP

×ùTPÀ8Æ'·�à!³�Ñ1Ê1¹	¾�ÀÌÄ�È2½�¹F·�Í
e0 = 1

µ2³�¼�À8¶�Ñ,À�à!³�µ�×öYdÄ�È2±
e0 = 1

Ê�¾�À
¸	È2ÅbÆ'·�à¸FÀ8¿�ÀMµ2³�µ	½�ÈF³�¼�À8¿�À

p ∈ B
¼�³�°	µ2ÀÛµ2³�°F·�¼�³�µ2Ä�¾�¼�À

pX 6= pmix (Lin (D,L0(B)))
×!êäâ�¾�À�Ñ

Ä�È2½�¹F·8³�Êd¸	È2ÅZÈ å É�À8¿�À 0 6= p ∈ B
µF·�Í'¸F³�¾�Ä�ÅÎ¾8·�Æ�À8Í²µ2³�µ	½�ÈF³�¼�À8ÍÇ±'¸F³�ÑrÃ2À8¾�³�µ	¾

q 6 p
Êd¹	¾�À�¸	È2Å

È å É�À8¿�À 0 6= g ∈ Bq
Ä�½�Ú³�Ä�¾�¼�½�³�¾

0 6= xg ∈ gX
Ê�À�É�È�·�¸�· å Ú³�³�Ä�ÈF³�¸2½ å Ú!±2Ñr±óÄ�¼�À8Í2Ä�¾�¼#·8Ñr±��

s(xg) = g
±
rxg 6∈ Lin (D,L0(B))

¸	È2ÅÛ¼�Ä�³�Ë
0 6= r ∈ Bg

×
HPÄ�Ã2À�È2á�¶�½�ÅÏ¾�³�À8°2³�Ñr½Z÷'×çæ�Êh¼�Ù�É�³�°2³�Ñò°F·�¶�É8±2³�µ	±2³

{gj}j∈J
±'¸F³�ÑrÃ2À8¾�³�µ	¾8·

q
±ÏµF·8É�À8°

{xgj}j∈J±	¶
qX
ÊF¸	È2Å�Æ�À8¾�À8°	Ù5Ë

xgj ∈ gjX
Ê
s(xgj ) = gj

Ê
rxgj 6∈ Lin (D,L0(B))

Ã	°	±b¼�Ä�³�Ë
0 6= r ∈ Bgi

×
TPÀ�Ä�Æ�À�È2á�Æ	½

qX
ë
d [ Ã2À�È2µ	Ù1Í qL0(B) [ Ñ,À�¸2½�È2á2Ê6¾�ÀÛÄ�½�Ú³�Ä�¾�¼�½�³�¾Û¾8·�Æ�À�³ x ∈ qX

Ê�¹	¾�À
gjx = xgj

Ê
¼?¹F·8Ä�¾�µ2À�Ä�¾�±�Ê

s(x) = q
Ê'Ã	°	±mâ�¾�À�Ñ1Ê

rx 6∈ Lin (D,L0(B))
¸	È2ÅÛ¼�Ä�³�Ë

0 6= r ∈ Bq
×

	�µ2À8¼#·m±2Ä�Ã2À�È2á�¶�½�ÅZ¾�³�À8°2³�Ñr½Z÷'×çæ�Êr¼�Ù�É�³�°2³�Ñò°F·�¶�É8±2³�µ	±2³
{ql}l∈L

³�¸2±	µ	±	ã	Ù É8½�ÈF³�¼�À8ÍÎ·�È2¿�³�É8°	Ù
B
±ÎµF·8É�À8°

{xl}l∈L
±	¶

X
Ê,¸	È2ÅZÆ�À8¾�À8°	Ù5Ë

s(xl) = ql
±
rxl 6∈ Lin (D,L0(B))

Ã	°	±Â¼�Ä�³�Ë
0 6=

r ∈ Bql

×öê Ä�±'È2½
d [ Ã2À�È2µ2À8¾�Ù L0(B) [ Ñ,À�¸2½�È2Å X Ä�½�Ú³�Ä�¾�¼�½�³�¾Z¾8·�Æ�À�³

x̂ ∈ X
Ê1¹	¾�À

qlx̂ = xl¸	È2Å²¼�Ä�³�Ë
l ∈ L

× � Ä�µ2À	Ê1¹	¾�À
s(x̂) = 1

±
rx̂ 6∈ Lin (D,L0(B))

¸	È2ÅÇÈ å É�À8¿�À 0 6= r ∈ B
×

 ¾�ÀbÀ8¶�µF·�¹F·8³�¾�Ê�¹	¾�ÀbÄ�³�Ñ,³�Í2Ä�¾�¼�À
D ∪ {x̂}

ë
L0(B) [ È2±	µ2³�Í	µ2Àbµ2³�¶�·�¼�±2Ä�±2Ñ,À	Ê�¹	¾�À�Ã	°2À8¾�±	¼�À8°2³�¹	±	¾Ñd·�Æ�Ä�±2Ñd·�È2á�µ2À�Ä�¾�±µF·8É�À8°F·

D
× 	dÈF³�¸FÀ8¼#·�¾�³�È2á�µ2À	Ê�Ä�È2½�¹F·�Í

e0 = 1
µ2³�¼�À8¶�Ñ,À�à!³�µ�Ê�¾�×�³�×

e = 1−e0 6= 0
×

	�À8¿�È�·8Ä�µ2ÀSÃ2À�Ä�¾�°2À�³�µ	± å ±'¸F³�ÑrÃ2À8¾�³�µ	¾8· e0 Ê�Æ'·�à¸FÀ�³ 0 6= r ∈ Be
µ2³�À�É�È�·�¸�·8³�¾!Ä�¼�À8Í2Ä�¾�¼�À�Ñ

(1)
Ê#¾�×�³�×

µF·�Í'¸F³�¾�Ä�Åó¾8·�Æ�À8Íóµ2³�µ	½�ÈF³�¼�À8Íó±'¸F³�ÑrÃ2À8¾�³�µ	¾
pr 6 r

Ê�¹	¾�À
pr mix (Lin (D,L0(B))) = prX

×õH ¶
½�¾�¼�³�°#à¸F³�µ	±	Å²÷'× ð

(ii)
Ä�ÈF³�¸2½�³�¾�Êd¹	¾�À

eX = mix (Lin (eD,L0(B))) = emix (Lin (D,L0(B)))
Ê

¾�×2³�×
eX

³�Ä�¾�á
γ [ À�¸2µ2À8°2À�¸2µ	Ù1Í eL0(B) [ Ñ,À�¸2½�È2áØ¸	È2Å γ = card (eD)

×
T ½�Ä�¾�á

γe
³�Ä�¾�á�µF·�±2Ñ,³�µ	á�´!±	ÍÂÆ'·�°�¸2±	µF·�ÈÇ¼�À�Ñrµ2À�à!³�Ä�¾�¼�³ÛÆ'·�°�¸2±	µF·�ÈFÀ8¼

{κ(p) : 0 6= p 6 e}
Ê

¾�× ³�×
γe = κ(p)

¸	È2Å�µ2³�Æ�À8¾�À8°2À8¿�ÀMµ2³�µ	½�ÈF³�¼�À8¿�À
p 6 e

× H ¶¼�Ù�É�À8°F·Ð±'¸F³�ÑrÃ2À8¾�³�µ	¾8·
p
Ä�ÈF³�¸2½�³�¾�Ê�¹	¾�À

γe = κ(p) = κ(q)
¸	È2Åb¼�Ä�³�Ë

0 6= q ∈ Bp
×  ¾�ÀMÀ8¶�µF·�¹F·8³�¾�Ê�¹	¾�À

pL0(B) [ Ñ,À�¸2½�È2á pX Å'¼8È2Å	³�¾�Ä�Å
Ä�¾�°2À8¿�À

γe [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1× B	dÈF³�¸2½ å ÚØ·�Å¾�³�À8°2³�Ñd·t¸�·8³�¾P°F·�¶�ÈFÀ�à!³�µ	±2³W¾�À8¹	µ2À8¿�À d [ Ã2À�È2µ2À8¿�À L0(B) [ Ñ,À�¸2½�È2Å¼PÃ	°#Å	Ñ,À�³1Ã	°2À [±	¶�¼�³�¸F³�µ	±2³SÄ�¾�°2À8¿�À?À�¸2µ2À8°2À�¸2µ	Ù5Ë
L0(B) [ Ñ,À�¸2½�ÈF³�Í�×
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C∞(Q)

 Ý� - �2 ��	� ï�ï
��®#sFph®�qto ��DEC6D�=Ø���J�	���S� - � - � - �8$ - � -

d
 0 - �	$ - � -

L0(B)
 Ý� - �2 ����

X
�~ �"Ð������
� �%S�������	�6�r$��  

� - "�0 - 0���"�$ - ���2$#&%t$	�6��$	/
	m$6��$� ��6��
�/
	Û�#�����r0 - ����$6� - 

{ei}i∈I

�M$��1� - "b0 - 0���"�$ - "�����	���8$	/
	
�	��"#���	$���� - 


{γi}i∈I
* ��� -

supi∈I ei = 1
�
eiX

������������" - � -
γi
 - ��$ - " - ��$	/1�

eiL
0(B)

 Ý� - �2 ����
�����!
'��� 	

i ∈ I
4 ��"�� � � - � * L0(B)

 Ý� - �2 ��	�
X
� ∏

i∈I eiX
�'
�����%S��� ��2 - � - "��W$	/��r� * ��$��1� - "�/

{ei}i∈I
�
{γi}i∈I

- 0#"��|��������%S��� � - ��$ - �$����8$ -�4
C
	�À8¿�È�·8Ä�µ2ÀP¾�³�À8°2³�Ñ,³�ð2×çæ�¸	È2Å!Æ'·�à¸FÀ8¿�À µ2³�µ	½�ÈF³�¼�À8¿�À ±'¸F³�ÑrÃ2À8¾�³�µ	¾8·

e ∈ B
Ä�½�Ú³�Ä�¾�¼�½�³�¾ ¾8·�Æ�À8Í

µ2³�µ	½�ÈF³�¼�À8ÍÂ±'¸F³�ÑrÃ2À8¾�³�µ	¾
g 6 e

Êr¹	¾�À
gX

³�Ä�¾�ábÄ�¾�°2À8¿�À
γg [ À�¸2µ2À8°2À�¸2µ	Ù1Í gL0 [ Ñ,À�¸2½�È2á2×bHPÄ�Ã2À�È2á [¶�½�ÅÏ¾�³�À8°2³�Ñr½Z÷'×çæ�Êr¼�Ù�É�³�°2³�Ñä¾8·�Æ�À8ÍÂµF·8É�À8°

{qj}j∈J
Ã2À8ÃF·�°	µ2À�¸2±	¶�� å µ	Æ	¾�µ	Ù5ËZµ2³�µ	½�ÈF³�¼�Ù5ËÏ±'¸F³�Ñ [Ã2À8¾�³�µ	¾�À8¼2Ê�¹	¾�À

supj∈J qj = 1
±
qjX

³�Ä�¾�ámÄ�¾�°2À8¿�À
λj [ À�¸2µ2À8°2À�¸2µ	Ù1Í qjL0(B) [ Ñ,À�¸2½�È2áM¸	È2Å�¼�Ä�³�Ë

j ∈ J
× �r·�¶�¸F³�È2±2Ñ Ñrµ2À�à!³�Ä�¾�¼�ÀÂÆ'·�°�¸2±	µF·�È2á�µ	Ù5Ëù¹	±2Ä�³�È

A = {λj}j∈J
µF·�µ2³�Ã2³�°2³�Ä�³�Æ'· å Ú!±2³�Ä�Å

Ã2À�¸FÑrµ2À�à!³�Ä�¾�¼#·
Ai
Ê1Æ'·�à¸FÀ�³b±'Ë²Æ�À8¾�À8°	Ù5ËùÄ�À�¸F³�°#àØ±	¾Î¼�Ä�³�°F·�¼�µ	Ù�³bÑ,³�à¸2½²Ä�À�É�À8ÍùÆ'·�°�¸2±	µF·�È2á [µ	Ù�³¹	±2Ä�È�·`±	¶

A
Ê�±�À�É�À8¶�µF·�¹	±2Ñöâ�ÈF³�Ñ,³�µ	¾M±	¶

Ai
¹2³�°2³�¶

γi
× 	�À8¿�È�·8Ä�µ2ÀM½�¾�¼�³�°#à¸F³�µ	± å û'×çæ�è'Ê6¸	È2Å

ei = sup{qj : λj ∈ Ai}
±2Ñ,³�³�Ñ1Ê�¹	¾�À

eiL
0(B) [ Ñ,À�¸2½�È2á eiX Å'¼8È2Å	³�¾�Ä�ÅÏÄ�¾�°2À8¿�À

γi [ À�¸2µ2À8°2À�¸2µ	Ù�Ñ1×O °2À�Ñ,³�¾�À8¿�À	Ê8¼PÄ�±'È2½J½�¾�¼�³�°#à¸F³�µ	±	Å?÷'× �
(ii)

Ê
L0(B) [ Ñ,À�¸2½�È2± X ± ∏

i∈I eiX
Å'¼8È2Å å ¾�Ä�Å!±	¶�À�Ñ,À8°2Ò [µ	Ù�Ñr±�×

T °2³�¸2Ã2À�ÈFÀ�àØ±2Ñ1Ê�¹	¾�À`±2Ñ,³ å ¾�Ä�Å�¸2°	½�¿�±2³!µF·8É�À8°	ÙÓÃ2À8ÃF·�°	µ2À`¸2±	¶�� å µ	Æ	¾�µ	Ù5Ëbµ2³�µ	½�ÈF³�¼�Ù5Ë�±'¸F³�Ñ [Ã2À8¾�³�µ	¾�À8¼
{pj}j∈J

±ôÃ2À8ÃF·�°	µ2ÀU°F·�¶�È2±	¹	µ	Ù5ËôÆ'·�°�¸2±	µF·�È2á�µ	Ù5Ë ¹	±2Ä�³�È
{µj}j∈J

ÊM¸	È2Å Æ�À8¾�À8°	Ù5Ë
supj∈J pj = 1

±
pjX

³�Ä�¾�áÏÄ�¾�°2À8¿�À
µj [ À�¸2µ2À8°2À�¸2µ	Ù1Í pjL

0(B) [ Ñ,À�¸2½�È2áÌ¸	È2ÅÎ¼�Ä�³�Ë j ∈ J
×ÎYdÄ [È2±M±2Ñ,³�³�¾�Ä�ÅM¸2¼#·°F·�¶�È2±	¹	µ	Ù5Ëm±	µ'¸F³�Æ�Ä�·

i1, i2 ∈ I
Ê�¸	È2ÅMÆ�À8¾�À8°	Ù5Ë

ei1pj 6= 0
±
ei2pj 6= 0

Ê	¾�À

µj = κ(pj) = κ(ei1pj) = κ(ei1) = γi1 6= γi2 = κ(ei2) = κ(ei2pj) = µj.

	dÈF³�¸FÀ8¼#·�¾�³�È2á�µ2À	Ê
eipj = 0

¸	È2Åb¼�Ä�³�Ë
i ∈ I

Ê�Æ	°2À�Ñ,³?À�¸2µ2À8¿�Àm±	µ'¸F³�Æ�Ä�·'Ê�Æ�À8¾�À8°	Ù1ÍZÑrÙAÀ�É�À8¶�µF·�¹	±2Ñ
¹2³�°2³�¶

i(j)
× � Ä�µ2À	Êh¹	¾�À

pj 6 ei(j)
±
µj = γi(j)

×ÐYdÄ�È2±
pj 6= ei(j)

Ê�¾�ÀMµF·�Í'¸F³�¾�Ä�ÅÏ¾8·�Æ�À8ÍZ±	µ'¸F³�Æ�Ä
j1 6= j

Ê
j1 ∈ J

Êr¹	¾�À
ei(j)pj1 6= 0

× 	dÈF³�¸FÀ8¼#·�¾�³�È2á�µ2À	Ê
µj = γi(j) = µj1

Êh¹	¾�À�µ2³�¼�³�°	µ2À	×bQh·�Æ	±2Ñ
À�É8°F·�¶�À�Ñ1Ê

pj = ei(j)
±
µj = γi(j)

× �WµF·�ÈFÀ8¿�±	¹	µ2À	Ê�¸	È2ÅØÆ'·�à¸FÀ8¿�À
i ∈ I

Ä�½�Ú³�Ä�¾�¼�½�³�¾!³�¸2±	µ2Ä�¾�¼�³�µ	µ	Ù1Í
±	µ'¸F³�Æ�Ä

j(i)
¾8·�Æ�À8Í�Ê2¹	¾�À

ei = pj(i)
±
γi = µj(i)

×
B

�r·�¶�É8±2³�µ	±2³
{ei}i∈I

³�¸2±	µ	±	ã	Ù»É8½�ÈF³�¼�À8ÍÏ·�È2¿�³�É8°	Ù
B
±bµF·8É�À8°�Æ'·�°�¸2±	µF·�È2á�µ	Ù5ËÌ¹	±2Ä�³�È

{γi}i∈I±	¶�¾�³�À8°2³�ÑrÙ ð2× ÷ÌÉ8½�¸F³�ÑAµF·�¶�Ù1¼#·�¾�áÂÃF·8Ä�Ã2À8°	¾�À�Ñø¸	È2ÅÇ¾�À8¹	µ2À8¿�À
d [ Ã2À�È2µ2À8¿�À L0(B) [ Ñ,À�¸2½�È2Å X ±

À�É�À8¶�µF·�¹F·�¾�áÐ¹2³�°2³�¶
Γ(X) = {(ei(X), γi(X))}i∈I(X)

×
��®#sFph®�qto ��D��D +�- �8$	/ �

d
 0 - �	$	/ �

L0(B)
 Ý� - �2 ��	�

X
�
Y
�2 - � - "��W$	/í� - �~���b�ö� - ����� -

� - �~��� * � - �~���
Γ(X) = Γ(Y )

4
C
T ½�Ä�¾�á

{(ei(X), γi(X))}i∈I(X) = Γ(X) = Γ(Y ) = {(ei(Y ), γi(Y ))}i∈I(Y )
Ê6¾�×�³�×

I(X) =
I(Y ) := I

Ê
ei(X) = ei(Y ) := ei

±
γi(X) = γi(Y ) := γi

¸	È2Åö¼�Ä�³�Ë
i ∈ I

× 	�À8¿�È�·8Ä�µ2À
¾�³�À8°2³�Ñ,³`ð2× ÷�Ä�½�Ú³�Ä�¾�¼�½�³�¾b±	¶�À�Ñ,À8°2ÒP±	¶�Ñ

U
±	¶

L0(B) [ Ñ,À�¸2½�È2Å X µF·
L0(B) [ Ñ,À�¸2½�È2á ∏i∈I eiX±Î±	¶�À�Ñ,À8°2ÒP±	¶�Ñ

V
±	¶

L0(B) [ Ñ,À�¸2½�È2Å Y µF·
L0(B) [ Ñ,À�¸2½�È2á ∏i∈I eiY

Êd¿�¸F³
U(x) = {eix}i∈I

Ê
V (y) = {eiy}i∈I

Ê�Ã	°	±Ïâ�¾�À�Ñ
eiX

ÜÝÄ�À�À8¾�¼�³�¾�Ä�¾�¼�³�µ	µ2À	Ê
eiY

ßWëíÄ�¾�°2À8¿�À
γi [ À�¸2µ2À8°2À�¸2µ	Ù1Í eiL0(B) [Ñ,À�¸2½�È2áW¸	È2ÅS¼�Ä�³�Ë

i ∈ I
×hêÌÄ�±'È2½J¾�³�À8°2³�ÑrÙÇû'× Þ'Ê8Ä�½�Ú³�Ä�¾�¼�½�³�¾ ±	¶�À�Ñ,À8°2ÒP±	¶�Ñ

Ui
±	¶
eiL

0(B) [ Ñ,À�¸2½�È2Å
eiX

µF·
eiL

0(B) [ Ñ,À�¸2½�È2á eiY ×ÌI�·�¸�·�¼#·�ÅÎÀ8¾�À�É8°F·�à!³�µ	±2³ Φ : X → Y
ÊdÄÐÃ2À�Ñ,À8Ú!á å °F·�¼�³�µ2Ä�¾�¼#·

Φ(x) = V −1({Ui(eix)}i∈I)
Ê'Ã2À�È2½�¹	±2Ñ1Ê2¹	¾�À

Φ
³�Ä�¾�á?±	¶�À�Ñ,À8°2ÒP±	¶�ÑÎ±	¶

X
µF·

Y
×

RtÉ8°F·�¾�µ2À	Ê�³�Ä�È2±
Ψ
ëÓ±	¶�À�Ñ,À8°2ÒP±	¶�ÑÌ±	¶

X
µF·

Y
±
Γ(X) = {(ei(X), γi(X))}i∈I(X)

ëÓÃF·8Ä�Ã2À8°	¾
¸	È2Å�¾�À8¹	µ2À8¿�À

d [ Ã2À�È2µ2À8¿�À L0(B) [ Ñ,À�¸2½�È2Å X Ê�¾�À	Ê�Ã2À�ÈFÀ�àØ±	¼ Yi = U(ei(X)X) = ei(X)U(X) =
ei(X)Y

Ã2À�È2½�¹	±2Ñ1ÊØ¹	¾�À
{(ei(X), γi(X))}i∈I

Å'¼8È2Å	³�¾�Ä�Å»ÃF·8Ä�Ã2À8°	¾�À�Ñ ¸	È2ÅU¾�À8¹	µ2À8¿�À
d [ Ã2À�È2µ2À8¿�À

L0(B) [ Ñ,À�¸2½�È2Å Y × BG·�¸2±2ÑÏÃ	°	±'ÈFÀ�à!³�µ	±2³ ¾�³�À8°2³�ÑrÙùð2× ÷JÆ`À8Ã	±2Ä�·�µ	± å ¾�À8¹	µ	Ù5ËÐÆ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù5ËÛ± σ [ Æ�À8µ2³�¹	µ2À�Ñ,³�° [µ	Ù5Ë
d [ Ã2À�È2µ	Ù5Ë�Ñ,À�¸2½�ÈF³�Í�×Q�À8¹	µ	Ù1Í

d [ Ã2À�È2µ	Ù1Í L0(B) [ Ñ,À�¸2½�È2á X µF·�¶�À8¼�³�ÑmÆ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù�ÑÇÜ
σ [ Æ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù�Ñ�ß�Ê#³�Ä�È2±Ä�½�Ú³�Ä�¾�¼�½ å ¾Ð¾8·�Æ	±2³!°F·�¶�É8±2³�µ	±2³ {ei}γi=1

³�¸2±	µ	±	ã	ÙUÉ8½�ÈF³�¼�À8Í�·�È2¿�³�É8°	Ù
B
±�µF·8É�À8°

{ni}
γ
i=1

µF·�¾�½ [



ï8Þ �r�	�	�	$�� 4��?4 * >S��"��2� - 
�� 4��4
°F·�È2á�µ	Ù5ËM¹	±2Ä�³�È�Ê

γ ∈ N
ÜÝÄ�À�À8¾�¼�³�¾�Ä�¾�¼�³�µ	µ2À	Ê

γ = ∞
ß�Ê'¹	¾�À

ni < ni+1
±
eiX

³�Ä�¾�á
ni [ À�¸2µ2À8°2À�¸2µ	Ù1Í

eiL
0(B) [ Ñ,À�¸2½�È2áÛ¸	È2Å�¼�Ä�³�Ë i = 1, . . . , γ − 1

ÜÝÄ�À�À8¾�¼�³�¾�Ä�¾�¼�³�µ	µ2À	Ê
i = 1, 2, . . .

ß�×tGS°	½�¿�±2Ñr±ÌÄ�ÈFÀ8¼#· [Ñr±�Ê	Æ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù1ÍÎÜ
σ [ Æ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù1Í�ß L0(B) [ Ñ,À�¸2½�È2á`³�Ä�¾�á?¾�À8¹	µ	Ù1Í d [ Ã2À�È2µ	Ù1Í L0(B) [ Ñ,À [¸2½�È2á

X
Ê'ÃF·8Ä�Ã2À8°	¾ÐÆ�À8¾�À8°2À8¿�À?±2Ñ,³�³�¾?¼�±'¸

Γ(X) = {(ei(X), ni(X))}γi=1

Ê'¿�¸F³
ni(X) ∈ N

×
H ¶ ¾�³�À8°2³�ÑrÙõð2× ÷J±MÄ�ÈF³�¸FÄ�¾�¼�±	Åmû'× ÕJ¼�Ù1¾�³�Æ'·8³�¾ÐÄ�ÈF³�¸2½ å Ú³�³tÀ8Ã	±2Ä�·�µ	±2³ ¼�Ä�³�ËÐÆ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù5ËM±

σ [ Æ�À8µ2³�¹	µ2À�Ñ,³�°	µ	Ù5Ë L0(B) [ Ñ,À�¸2½�ÈF³�Í�×
��®#sFph®�qto ��D���D �5���	�

X � � - $6���8$ - ���|"�$	/1� (σ
 � - $6���8$ - ���|"�$	/1��ß

L0(B)
 Ý� - �2 ���� * � - �~ �"Ð�  

����
� �%S�S�����	�6� - ��$ - �$����8$ -Ø- 0#"��|�����6��$	$	/ �d"���$���6��$	�6�
{ei}

γ
i=1

�|���	$	���	/ �� ��6��
 - �M�����8����"�/
B
�

����" - � - 
 - �"���������% "!�	�Û$��1� - "
{ni}

γ
i=1

$����� #"�������$	/
	b�8�6����� *
γ ∈ N

Ü]� -�- ��
'��������
'��$	$ -�*
γ = ∞)

*
�����M� - � - "�/
	

L0(B)
 Ý� - �2 ����

X � �2 - � - "��J��$
L0(B)

 Ý� - �2 ���% ∏γ
i=1 ei(L

0(B))ni
4
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Þ5æ�ç>è>ç>éÔê×�'�×çÊ�ë¥ì�í�ç>îðïPñÔò2×#Ù!×
ó�h j

X
t�hWp~e	hs'��r p�e�r p j hke-pKr r zØü f'� | r h j h

C∞(Q) � � fP�1��r h pKm0� B
t�hWp�o,f�f'r h�pKmÒpKr s'ht1e-p4ô q f'nIh4õ j f'm�h n | p ü h

l n
Q
�uöÊh l m j e	fP�1� ü h j	q h | pKnIn | fKe j Γ(X)

y÷fKe
X
ü f'm�n l n j	l m�s~fKy,��m l ø ��hr z �1hkù0m�h�� | p�e j	l j	l f'mVfKy,��m l j{z�l m

B
pKm0�

nIh j fKy | p l eIô l nIh � l ú hke	hm jhü p�e-� l m0pKr�mP���Jt�hke	n~�C} j;l n | e	f��&h�� j	q p j
C∞(Q) � � fP�1��r hn X pKm0�

Y
p�e	h l nIf'� fKe |�q�l ü5l y

pKm0�~f'm�r zWl y Γ(X) = Γ(Y )
�

û~üPýðþ5ÿ�������«��upK� hr
C∞(Q) � t0pKn l n � q f'� f's'hm�hf'��nC� fP�1��r h � σ � ù0m l j hu� l � hm�n l f'm0pKr�� fP�1��r h��


