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¬w¶�«wÃ�¯uª#¥�®	§	Ýñ±2¯�¶2·�¸�²	·�±	±�¶2§	®2«�»	®	¹5¼�¯u­�®2¯uÂ¡«�®	§	»�Æ _ ó�­�¯u»�¬�ª�Ý'©�§�°�¯�³�¯�¬�®2¯uª#¥�®	®	¹�¿ºÝ'ªu¶2Ý	«�­�¬�Ýñ§2¬w¾
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½�¥u«�¿é±2¯�¶2·�¸�²	·�±	±d¶2§	®2«�»	®	¹5¼¨¯u­�®2¯uÂ¡«�®	§	»�Æ

Y ¬w¶�¯uª�§2«�°[¦�¯u¸�Ã�¥ï¯u±2«�²�¥�­�¯u²
−A

±2¯u²2¯�ò¡Ã�¥u«�­í±2¯�¶2·�¸�²	·�±	±	·ë¯u±2«�²�¥�­�¯u²2¯uªíª�¹1±2¯�¶2®	Ý	«�­�¬�ÝºÃ	¶2Ý
¬�§'¶2ß�®2¯µ®2«�¦�¯u²	²2«�¦	­�®	¹5¼ø©�¥�Ã�¥�½ø­�§	±�¥¨©�¥�Ã�¥�½	§é¤S¯uÂ!§ÐÃ	¶2Ýð·�²�¥�ª�®2«�®	§	Ýð­�«�±'¶�¯u±	²2¯uª�¯�Ã2®2¯�¬�­�§ïªñ¯�³�¾
²�¥�­�®2¯�¿ï®�¥�±	²�¥�ªu¶�«�®	§	§µª�²2«�¿,«�®	§�Æ _ ²�¥u³�¯u­u¥�¼ðâ ú�û'ü�å�®2«�¦�¯u²	²2«�¦	­�®	¹�«!©�¥�Ã�¥�½	§�¬�¯u±2«�²�¥�­�¯u²2¯�¿

A
²2«w¾

ÂÙ¥�ÄI­�¬�Ý�¿,«�­�¯�Ã�¥u¿�§Á¦	ª#¥�©�§2¯�³u²�¥�´¡«�®	§	Ý�°�ª�¬�±2¯�¿,¯u¸�¥�­�«w¶2ß�®	¹5¼ð¸�²�¥�®	§	½	®	¹5¼Ð·�¬w¶�¯uª�§	»�Æ _ ²�¥u³�¯u­�«¨â ý�å
·�¦'¥�©�¹1ª#¥�ÄI­�¬�Ý>·�¬w¶�¯uª�§	ÝÙ²�¥�©�²2«�Â!§2¿,¯�¬�­�§>§>«wÃ2§	®2¬�­�ª�«�®	®2¯�¬�­�§õ²2«�Â¡«�®	§	Ý¡ªS±	²2¯�¬�­�²�¥�®2¬�­�ª�«X¯�³�¯�³u´¡«�®'¾
®	¹5¼¡îS·�®	¦	þ	§	»¡Ã	¶2ÝÙ¬w¶2·�½�¥�Ý�°�¦�¯u¸�Ã�¥

−A = A∗.
_ ®�¥u¬�­�¯�Ý'´¡«�»>²�¥u³�¯u­�«�Ã	¶2Ý¡¸�«�®2«�²�¥�­�¯u²�¥[±2¯�¶2·�¸�²	·�±'¾

±	¹ö¯u±2«�²�¥�­�¯u²2¯uª
A
±2¯u¦'¥�©�¥�®2¯�±	²	§Á¦'¥�¦	§'¼Á·�¬w¶�¯uª�§	Ý�¼Á¯u­�®2¯uÂ¡«�®	§2«

−A
Ý'ªu¶2Ý	«�­�¬�ÝÁ¸�«�®2«�²�¥�­�¯u²2¯�¿

¯�³u²�¥�´¡«�®	®2¯u»µ±2¯�¶2·�¸�²	·�±	±	¹�Æ
¤�¥�¦d§	®2¬�­�²	·'¿,«�®	­>§2¬�¬w¶�«wÃ�¯uª#¥�®	§	Ýd±2¯�¶2·�¸�²	·�±	±d¶2§	®2«�»	®	¹5¼d¯u­�®2¯uÂ¡«�®	§	»¨ªÙ²�¥u³�¯u­�«[§2¬�±2¯�¶2ß�©�·�«�­u¾

¬�ÝÁ±2¯u®	Ý'­�§2«ñ×XÍ�Ï�Ó�ÿ�×¡É�Í�Ñ2Ñé×¡É���ÿ�Ñ�Æ T ¯u¦'¥�©�¥�®2¯	°�½	­�¯�¦'¥�ò¡Ã�¥�Ýé­�¯u½	¦'¥�§	©ñÉ��wÊ2Ï���×¡ÑïÉ�ÇuÍBÓ��uÓmÊ�Ó�Ò2Ñ��
Ç2ÉwÊ2Ë#ÌÎÍ�Ë�Ç2Ç2ÕO¶2§	®2«�»	®	¹5¼ì¯u­�®2¯uÂ¡«�®	§	»ë¿,¯�ò!«�­Á§2¿,«�­�ßÐÃ2ª�«¨§ì³�¯�¶�«�«¨­�²�¥u«�¦	­�¯u²	§	§�Æ ^ ²�¥u«�¦	­�¯u²	§	Ý�°
®2«�±	²2«�²	¹1ª�®�¥�Ý�ªd®	·�¶�«!®�¥�©�¹1ª#¥u«�­�¬�ÝïÉ���Ò2É�	�Ò2É�Ô�Æ�
!¯u¦'¥�©�¥�®�¥¨«wÃ2§	®2¬�­�ª�«�®	®2¯�¬�­�ß�¯�¬�®2¯uª�®2¯u»Ð­�²�¥u«�¦	­�¯�¾
²	§	§éÃ	¶2Ýø­�¯u½2«�¦ï§	©¨¯�³�¶�¥u¬�­�§í¯u±	²2«wÃ�«w¶�«�®	§	Ýï±2¯�¶2·�¸�²	·�±	±	¹�Æ
��ª�¯u»2¬�­�ª#¥ñ¸�¶�¥�Ã2¦�¯�¬�­�§í±2¯�¶2·�¸�²	·�±	±	¹
¶2§	®2«�»	®	¹5¼¨¯u­�®2¯uÂ¡«�®	§	»�¯u±	²2«wÃ�«w¶2Ý'ÄI­�¬�Ý¨±2¯�¬�²2«wÃ�¬�­�ª�¯�¿ì¯�¬�®2¯uª�®2¯u»µ­�²�¥u«�¦	­�¯u²	§	§µ­�¯u½	¦	§�Æ
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L ²2«�®2¬�¥dâäã�
�å{Æ

A�D�
��������������������,e7£7f��7£�� �!�#"'£���c�f#£7e���D T ·�¬�­�ß
X $ ¦�¯�¿�±'¶�«�¦�¬�®2¯�«d³�¥�®�¥�¼#¯uª�¯�±	²2¯�¾

¬�­�²�¥�®2¬�­�ª�¯	Æ�%S«�²2«�©
EndX

¯�³�¯u©�®�¥�½	§2¿U³�¥�®�¥�¼#¯uª�·ì¥�¶2¸�«�³u²	·ø¶2§	®2«�»	®	¹5¼ì¯u¸�²�¥�®	§	½2«�®	®	¹5¼í¯u±2«�²�¥�¾
­�¯u²2¯uª2°�Ã�«�»2¬�­�ª�·�ÄI´!§'¼ñª

X. & ®2¯�ò!«�¬�­�ª�¯¨ª�¬�«w¼µ¶2§	®2«�»	®	¹5¼Ð¯u­�®2¯uÂ¡«�®	§	»Ð®�¥ X ¯�³�¯u©�®�¥�½	§2¿Û½2«�²2«�©
LR(X),

¥�¿�®2¯�ò!«�¬�­�ª�¯µ©�¥u¿�¦	®	·�­�¹5¼ñ¶2§	®2«�»	®	¹5¼Ð¯u­�®2¯uÂ¡«�®	§	»Ð®�¥
X
¯�³�¯u©�®�¥�½	§2¿Û½2«�²2«�©

LCR(X).
& ®2¯�ò!«�¬�­�ª�¯ë¶2§	®2«�»	®	¹5¼Ú¯u±2«�²�¥�­�¯u²2¯uª2°!Ã�«�»2¬�­�ª�·�ÄI´!§'¼ùªë±	²2¯�¬�­�²�¥�®2¬�­�ª�« X °¡¯�³�¯u©�®�¥�½	§2¿ ½2«�²2«�©
LO(X).

^ ¥�¦	§2¿Ú¯�³u²�¥�©�¯�¿1°�±	²	§ï¯u­�¯�ò¡Ã�«�¬�­�ªu¶�«�®	§	§ë¯u±2«�²�¥�­�¯u²�¥�¬�«�¸�¯ñ¸�²�¥uîS§	¦�¯�¿1°�§2¿,«�ÄI­Ð¿,«�¬�­�¯
¬w¶�«wÃ2·�ÄI´!§2«Sª�¦'¶2ÄI½2«�®	§	Ý('

EndX ⊂ LO(X) ⊂ LCR(X) ⊂ LR(X).)+*�,.-0/1-021-.3�4�-65�798 ÉwÊ2Ë#ÌÎÍ�Ë�Ç2Ç2É�ÔÐÊ2Ñ2Ò�Ó�Ô2Ò2Õ7ÖéÉ�×¡Ò2É�ØÙÓ�Ò2Ñ2ÔøÒ2ÏñÇ2É���ÇuÍ�É���×XÍ�ÏuÒ ��× 	uÓ
X0 ⊂ X®�¥�©�¹1ª#¥u«�­�¬�ÝÁîS·�®	¦	þ	§	Ý

S : (0,∞) → LR(X)
¬�¯µ¬�ª�¯u»2¬�­�ª�¯�¿

S(t + s)x = S(t)S(s)x
°
t, s > 0,Ã	¶2Ýï¶2Ä[³�¯u¸�¯

x ∈ X0. : ·�®	¦	þ	§	Ý S ®�¥�©�¹1ª#¥u«�­�¬�Ý Ç2ÉwÊ2Ë#ÌÎÍ�Ë�Ç2Ç2É�ÔéÊ2Ñ2Ò�Ó�Ô2Ò2Õ7ÖìÉ�×¡Ò2É�ØÙÓ�Ò2Ñ2Ô�°5«�¬w¶2§
X0 = X.
�¶2Ýd±2¯�¶2·�¸�²	·�±	±	¹

S
ª�ª�«wÃ�«�¿ì¬w¶�«wÃ2·�ÄI´!§2«[±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥	'

ImS =
⋃
t>0

ImS(t) $ É���Í�Ï�;Ù±2¯�¶2·�¸�²	·�±	±	¹=<

KerS =
⋂
t>0

KerS(t) $ � ��Í�É!±2¯�¶2·�¸�²	·�±	±	¹=<

S0 =
⋂
t>0

S(t)0 $ É���Í�Ï�;>Ò2Ë�Ê��ñ±2¯�¶2·�¸�²	·�±	±	¹�°
¸�Ã�«Ù½2«�²2«�©

ImS(t),KerS(t)
§
S(t)0

¯�³�¯u©�®�¥�½2«�®	¹ö¬�¯�¯u­�ª�«�­�¬�­�ª�«�®	®2¯�¯�³u²�¥�©�°�Ý�Ã2²2¯�§ð¯�³u²�¥�©>®	·�¶2Ý
¯u­�®2¯uÂ¡«�®	§	Ý

S(t)
°
t > 0.> D@?A�#"'e7g#��B7e�CEDUe�FG��H7f#£7e�IµDùã�Æ 
�¶2Ýï¥u³�¬�­�²�¥�¦	­�®2¯u»ì©�¥�Ã�¥�½	§ì¤S¯uÂ!§

x(t0) = x0
Ã	¶2Ý

Ã2§2î�î�«�²2«�®	þ	§�¥�¶2ß�®2¯u¸�¯>·�²�¥�ª�®2«�®	§	Ý
ẋ(t) = Ax(t)

²�¥u¬�¬�¿,¯u­�²	§2¿ï­�²	§¨±2¯�¬�­u¥�®2¯uª�¦	§�'
ã�æ T ·�¬�­�ß

t0 = 0.
^ ²2«�³u·�«�­�¬�ÝÛ±	²2¯�Ã�¯�¶2òÙ§	­�ßì²2«�Â¡«�®	§2«

x : [0,∞) → X
©�¥�Ã�¥�½	§Û®�¥Áª�¬�Ä

½	§2¬w¶�¯uª�·�Ä ±	²#Ý	¿�·�Ä
R
àç¬�¿1Æä°	®�¥�±	²	§2¿,«�²�°�âäã � åçæwÆ

÷�æ T ·�¬�­�ß
t0 > 0

§µîS§	¦�¬�§	²2¯uª#¥�®	®2¯	Æ ^ ²2«�³u·�«�­�¬�Ý¨®�¥�»	­�§µ²2«�Â¡«�®	§2«
x : [0,∞) → X.

_ Ã�¥�®	®2¯�¿
¬w¶2·�½�¥u«S©�®�¥�½2«�®	§2«�§2¬�¦�¯�¿,¯u»�îS·�®	¦	þ	§	§¨©�¥�Ã�¥�®2¯ÙªÙ±	²2¯�¿,«�òÙ·�­�¯u½	®2¯u»�­�¯u½	¦�«�Æ

ú�æ T ·�¬�­�ß
t0 ∈ R

§ðîS§	¦�¬�§	²2¯uª#¥�®	®2¯	Æ ^ ²2«�³u·�«�­�¬�Ýð®�¥�»	­�§ð²2«�Â¡«�®	§2«
x : [0,∞) → X

Ã�¥�®	®2¯u»
®2«�¥�ª�­�¯u®2¯�¿�®2¯u»�©�¥�Ã�¥�½	§�¤S¯uÂ!§�Æ

÷'Æ T ·�¬�­�ß
∆ = {(t, s) ∈ R × R : s 6 t}.

G ­�¯�³u²�¥�ò!«�®	§2«
U : ∆ → EndX

®�¥�©�¹1ª#¥u«�­�¬�Ý
¬�§'¶2ß�®2¯>®2«�±	²2«�²	¹1ª�®	¹�¿ ��ÓKJ�Ó�Ô ��× 	�ÉLJNM�	�ÉwÊ.OQP2Ñ2É�Ò2Ò2Õ7ÖµÉ�Ç�Ó{Í�Ïu×¡É�Í�É�	SR�	�Ç�Ó{ÍBÓ��GT'°	«�¬w¶2§¨ª�¹1±2¯�¶2®2«�®	¹
¬w¶�«wÃ2·�ÄI´!§2«S·�¬w¶�¯uª�§	Ý('

ã�æ
U (t, t) = I $ ­�¯�ò¡Ã�«�¬�­�ª�«�®	®	¹1»�¯u±2«�²�¥�­�¯u²dÃ	¶2Ý�¶2Ä[³�¯u¸�¯

t ∈ R;÷�æ
U (t, s)U (s, h) = U (t, h)

°
h 6 s 6 t;ú�æ5¯u­�¯�³u²�¥�ò!«�®	§2«

(t, s) 7→ U (t, s)x : ∆ → X
®2«�±	²2«�²	¹1ª�®2¯ÙÃ	¶2Ý�¶2Ä[³�¯u¸�¯

x ∈ X;U�æ5¬�·�´¡«�¬�­�ª�·�ÄI­Ù±2¯�¬�­�¯�Ý'®	®	¹�«
M > 1

§
α ∈ R

­u¥�¦	§2«�°2½	­�¯
‖U (t, s)‖ 6Meα(t−s) ° s 6 t.V ª�¯�¶2ÄIþ	§2¯u®	®	¹�«U¬�«�¿,«�»2¬�­�ª#¥È¯u±2«�²�¥�­�¯u²2¯uª «�¬�­�«�¬�­�ª�«�®	®	¹�¿ ¯�³u²�¥�©�¯�¿]ª�¯u©�®	§	¦'¥�ÄI­ôªÈ¬�ª�Ý'©�§

¬S±	²2«wÃ�¬�­u¥�ªu¶�«�®	§2«�¿ì²2«�Â¡«�®	§	»�¥u³�¬�­�²�¥�¦	­�®2¯u»�©�¥�Ã�¥�½	§µ¤S¯uÂ!§

x(s) = x0 ∈ D(A(s)), t > s, (1)

Ã	¶2Ý�Ã2§2î�î�«�²2«�®	þ	§�¥�¶2ß�®2¯u¸�¯Ù·�²�¥�ª�®2«�®	§	Ý

dx

dt
= A(t)x, t ∈ R, (2)

ª>±	²2«wÃ2±2¯�¶�¯�ò!«�®	§	§�°�½	­�¯Ù¯�³�¶�¥u¬�­�ßõ¯u±	²2«wÃ�«w¶�«�®	§	Ý
D(A(s))

¯u±2«�²�¥�­�¯u²�¥
A(s)

±'¶�¯u­�®�¥¡ª
X.



��� - � "����À��$	�	�µ0 - �� ���"2 	0	0	/ - 0B�s"���� - " - 
 � ã
H ·�Ã�«�¿Ú¸�¯uª�¯u²	§	­�ß2°1½	­�¯ð¬�«�¿,«�»2¬�­�ª�¯ðó�ª�¯�¶2ÄIþ	§2¯u®	®	¹5¼í¯u±2«�²�¥�­�¯u²2¯uª

U
²2«�ÂÙ¥u«�­ø¥u³�¬�­�²�¥�¦	­�®	·�Ä

©�¥�Ã�¥�½	·ì¤S¯uÂ!§Úàmã�æw°VàÎ÷�æw°X«�¬w¶2§ìÃ	¶2Ýï¶2Ä[³�¯u¸�¯
s ∈ R

¬�·�´¡«�¬�­�ª�·�«�­Á±'¶�¯u­�®2¯�«�ª
X
±2¯�Ã2±	²2¯�¬�­�²�¥�®'¾

¬�­�ª�¯
Xs

§	©
D(A(s))

­u¥�¦�¯�«�°�½	­�¯¨Ã	¶2ÝÐ¦'¥�ò¡Ã�¯u¸�¯
x0 ∈ Xs

îS·�®	¦	þ	§	Ý
x(t) = U (t, s)x0, t ∈ R,Ã2§2î�î�«�²2«�®	þ	§	²	·�«�¿Q¥¡±	²	§¨ª�¬�«w¼

t > s
°
x(t) ∈ D(A(t))

§¨ª�¹1±2¯�¶2®2«�®	¹J²�¥�ª�«�®2¬�­�ª#¥
(1)
°
(2).T ·�¬�­�ß

E $ ©�¥u¿�¦	®	·�­�¯�«X¶2§	®2«�»	®2¯�«I±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯Ù§	© X. K ¥u¬�¬�¿,¯u­�²	§2¿ø¶2§	®2«�»	®	¹1»d¯u±2«�²�¥�¾­�¯u²
LE : D(LE) ⊂ Lp(R+, X) → Lp(R+, X), p > 1,

¦�¯u­�¯u²	¹1»�¯u±	²2«wÃ�«w¶2Ý	«�­�¬�Ý�¬w¶�«wÃ2·�ÄI´!§2¿í¯�³u²�¥�©�¯�¿1Æ P «�±	²2«�²	¹1ª�®�¥�ÝñîS·�®	¦	þ	§	Ý
x ∈ Lp(R+, X),

Ã	¶2Ý
¦�¯u­�¯u²2¯u»µª�«�¦	­�¯u²

x(0)
±	²	§	®�¥�Ã	¶�«�òÙ§	­

E,
¯u­�®2¯�¬�§	­�¬�Ý¨¦¨¯�³�¶�¥u¬�­�§�¯u±	²2«wÃ�«w¶�«�®	§	Ý

D(LE)
¯u±2«�²�¥�­�¯�¾

²�¥
LE ,

«�¬w¶2§µ¬�·�´¡«�¬�­�ª�·�«�­ÀîS·�®	¦	þ	§	Ý
f ∈ Lp(R+, X),

­u¥�¦'¥�Ý¨½	­�¯Ùª�«�²	®	¹Û²�¥�ª�«�®2¬�­�ª#¥

x(t) = U (t, 0)x(0) −

t∫

0

U (t, τ)f(τ) dτ, t > 0.


¡¥�¶�«�«�±2¯�¶�¥�¸�¥u«�¿
LEx = f.

N ¬w¶2§
E = {0},

­�¯ø¯u±2«�²�¥�­�¯u²
LE

Ý'ªu¶2Ý	«�­�¬�ÝÚâäãwåS¸�«�®2«�²�¥�­�¯u²2¯�¿
±2¯�¶2·�¸�²	·�±	±	¹J¯u±2«�²�¥�­�¯u²2¯uªñàáª>±	²2¯�¬�­�²�¥�®2¬�­�ª�«

Lp(R+, X)
æ

(T0(t)x)(s) =

{
U (s, s− t)x(s− t), s > t,

0, 0 6 s 6 t.

_ ¬w¶2·�½�¥u«�°�«�¬w¶2§
E 6= {0}

¯u±2«�²�¥�­�¯u²
LE

®2«�Ý'ªu¶2Ý	«�­�¬�Ýµ¸�«�®2«�²�¥�­�¯u²2¯�¿í±2¯�¶2·�¸�²	·�±	±	¹ ¯u±2«�²�¥�­�¯u²2¯uª2Æ
_ ²�¥u³�¯u­�«!âäãwå�¬X¯u±2«�²�¥�­�¯u²2¯�¿

LE
¬�ª�Ý'©�¹1ª#¥u«�­�¬�Ý M�	�ÉwÊ.OQP2Ñ2É�Ò2Ò2Ï��¨Ç2ÉwÊ2Ë#ÌÎÍ�Ë�Ç2Ç2ÏSÊ2Ñ2Ò�Ó�Ô2Ò2Õ7Ö�É�×¡Ò2É�ØÙÓ��

Ò2Ñ2Ôµ®�¥
F = Lp(R+, X)

TE(t) =

{
(x, y) ∈ Lp(R+, X)× Lp(R+, X) : y(s) =

{
U (s, s− t)x(s− t), s > t,

U (s, 0)x0(s), 0 6 s 6 t,

}
,

¸�Ã�«
x0 : [0, t] → E $ ®2«�¦�¯u­�¯u²�¥�ÝµîS·�®	¦	þ	§	Ý�§	©�±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥

Lp([0, t], E) =
{
χ[0,t]x, x ∈ Lp(R+, E)

}
.


�¶2ÝÙ±2¯�¶2·�¸�²	·�±	±	¹
TE

ª�²�¥u³�¯u­�«Vâäãwå�±2¯�¶2·�½2«�®�¥S­�«�¯u²2«�¿Q¥�¯�³�¯u­�¯�³u²�¥�ò!«�®	§	§�¬�±2«�¦	­�²�¥'ÆQ¤[²2¯�¿,«1­�¯u¸�¯	°
Ã	¶2Ýð¬w¶2·�½�¥�Ýð¸�§	±2«�²2³�¯�¶2§	½2«�¬�¦�¯u»ï±2¯�¶2·�¸�²	·�±	±	¹UªÁâäãwå�Ã�¥�®2¯�¯u±	²2«wÃ�«w¶�«�®	§2«õ¸�«�®2«�²�¥�­�¯u²�¥µ±2¯�¶2·�¸�²	·�±'¾
±	¹º¶2§	®2«�»	®	¹5¼µ¯u­�®2¯uÂ¡«�®	§	»µ§dÃ�¯u¦'¥�©�¥�®2¯	°�½	­�¯>¯u±2«�²�¥�­�¯u²

LE
Ý'ªu¶2Ý	«�­�¬�Ý¨¸�«�®2«�²�¥�­�¯u²2¯�¿ï±2¯�¶2·�¸�²	·�±'¾

±	¹
TE .

P ¥�±	²	§2¿,«�²ùâäãwå{°�Ã	¶2Ýï¬w¶2·�½�¥�Ý
E = X

¬�«�¿,«�»2¬�­�ª�¯
U

¯�³�¶�¥�Ã�¥u«�­Á¬�ª�¯u»2¬�­�ª�¯�¿Oó�¦�¬�±2¯u®2«�®'¾
þ	§�¥�¶2ß�®2¯u»ïÃ2§'¼#¯u­�¯�¿�§	§í®�¥

R+,
¯u­�¦	·�Ã�¥�¬w¶�«wÃ2·�«�­Á¸�§	±2«�²2³�¯�¶2§	½	®2¯�¬�­�ßø±2¯�¶2·�¸�²	·�±	±	¹

TE.
_ ó�­�¯�¿

¬w¶2·�½�¥u«S§2¿,«�«�­õ¿,«�¬�­�¯>²�¥�©�¶�¯�ò!«�®	§2«
F = F− ⊕ F+

±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥
F ,

¯u­�®2¯�¬�§	­�«w¶2ß�®2¯À¦�¯u­�¯�¾
²2¯u¸�¯

TE(t) = T−(t)⊕ T+(t)
°
t > 0,

¸�Ã�«
T− $ ±2¯�¶2·�¸�²	·�±	±�¥>¯u±2«�²�¥�­�¯u²2¯uªÀ¦'¶�¥u¬�¬�¥

(C0)

(T−(t)x)(s) =

{
U (s, s− t)x(s− t), s > t,

0, s < t, x ∈ F−,

T+ $ ±2¯�¶2·�¸�²	·�±	±�¥¡®2«�±	²2«�²	¹1ª�®2¯�¾{¯�³u²�¥�­�§2¿�¹5¼µ¶2§	®2«�»	®	¹5¼µ¯u­�®2¯uÂ¡«�®	§	»

T+(t) =

{
(x, y) ∈ F+ × F+ : y(s) =

{
U (s, s− t)x(s− t), s > t,

U (s, 0)x0(s), 0 6 s < t,

}
,

±	²	§	½2«�¿
S+(t)y(s) = T+(t)

−1y(s) = U (s, s+ t)y(s+ t)
°
s ∈ R+

°
y ∈ F+.

T ¯�¶2·�¸�²	·�±	±	¹í¯u±2«�²�¥�¾
­�¯u²2¯uª

T−
°
S+

±	²	§	®�¥�Ã	¶�«�ò¡¥�­d¦'¶�¥u¬�¬�·
(C0).

Z «�®2«�²�¥�­�¯u²2¯�¿ë±2¯�¶2·�¸�²	·�±	±	¹
T−

Ý'ªu¶2Ý	«�­�¬�Ý�¬�·�ò!«�®	§2«



� ÷ ��� �B��
�� 4	�B4

LE

∣∣
F−

¯u±2«�²�¥�­�¯u²�¥
LE

®�¥�±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯
F−,

¸�«�®2«�²�¥�­�¯u²2¯�¿U±2¯�¶2·�¸�²	·�±	±	¹
S+

Ý'ªu¶2Ý	«�­�¬�Ý
¬�·�ò!«�®	§2«

−LE

∣∣
F+

¯u±2«�²�¥�­�¯u²�¥
−LE

®�¥¨±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯
F+.

Z «�®2«�²�¥�­�¯u²é±2¯�¶2·�¸�²	·�±	±	¹U¶2§'¾
®2«�»	®	¹ ¯u­�®2¯uÂ¡«�®	§	»

TE
Ã	¶2ÝÐÃ�¥�®	®2¯u¸�¯ñ¬w¶2·�½�¥�ÝÁ¯u±	²2«wÃ�«w¶2Ý	«�­�¬�Ýø¦'¥�¦ø±	²#Ý	¿Q¥�Ýø¬�·'¿,¿Q¥�¯u±2«�²�¥�­�¯u²2¯uª

LE

∣∣
F−

§
LE

∣∣
F+
,
­�ÆB«�ÆS¯u±2«�²�¥�­�¯u²

LE
Ý'ªu¶2Ý	«�­�¬�Ýñ¸�«�®2«�²�¥�­�¯u²2¯�¿º±2¯�¶2·�¸�²	·�±	±	¹ù¶2§	®2«�»	®	¹5¼�¯u­�®2¯�¾

Â¡«�®	§	»
TE .� D�����£���g�£��Ùf �#���7fu¢Qf��,f#£7e�CëeÛ£7f�D(�#"	�#���Ùf �7fGFG�0���	"G��"	� ¢���C ����������������� �,e7£7f����

£�� � �#"'£���c�f#£7e���D _ ¬�Ä5Ã2·!Ã�¥�¶�«�«�½2«�²2«�©
S
¯�³�¯u©�®�¥�½2«�®�¥�±2¯�¶2·�¸�²	·�±	±�¥I¶2§	®2«�»	®	¹5¼À¯u­�®2¯uÂ¡«�®	§	»À®�¥

±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«
X0.


�¶2ÝÁ±2¯�¶2·�¸�²	·�±	±	¹ö¶2§	®2«�»	®	¹5¼ø¯u­�®2¯uÂ¡«�®	§	»ï¬�·�´¡«�¬�­�ª�«�®	®	¹�¿�§ïÝ'ªu¶2Ý'ÄI­�¬�Ý
±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥À§	©

X
ª�§'Ã�¥

D1(S) =
⋂

t>0

D(S(t)), D2(S) =
⋂

t,s>0

D(S(t)S(s)),

¸�Ã�«
D(S(t)) $ «�¬�­�ßé¯�³�¶�¥u¬�­�ßé¯u±	²2«wÃ�«w¶�«�®	§	Ýº¯u­�®2¯uÂ¡«�®	§	Ý

S(t).
^ ¯�¶2ß�¦�¯ø®�¥Ð±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«

D2(S)
ª�¹1±2¯�¶2®	Ý	«�­�¬�ÝÁ±2¯�¶2·�¸�²	·�±	±2¯uª�¯�«À¬�ª�¯u»2¬�­�ª�¯	Æ
	[¬�®2¯	°7½	­�¯

X0 ⊂ D2(S) ⊂ D1(S).
T ¯�Ã2±	²2¯�¾

¬�­�²�¥�®2¬�­�ª�¯
D2(T )

«�¬�­�«�¬�­�ª�«�®	®2¯À®�¥�©�¹1ª#¥�­�ß¨É��wÊ2Ï���×��GOùÉ�ÇuÍBÓ��uÓmÊ�Ó�Ò2Ñ��µÇ2ÉwÊ2Ë#ÌÎÍ�Ë�Ç2Ç2Õ
S.
�f��#�7f�� � A�D��X 2�����

S � 0 - �� ���"2 	0	0��¨
������	$� B��/�� - ��$ - � ��$	�	� 4Á+�- �m��� D2(S)
�������µ0 - ���

0#" - ���w"���$B����
 - �2

D1(S),

�	$	
���"�����$B��$ - � - ��$ - ���B��������$ - 
'����� - ��$ - � ��$	�	�¨0 - �� ���"2 	0	0	/
S.
!¯u¦'¥�©�¥�­�«w¶2ß�¬�­�ª�¯�¬w¶�«wÃ2·�«�­d§	©Ù¯u±	²2«wÃ�«w¶�«�®	§	Ý�±	²2¯u§	©�ª�«wÃ�«�®	§	Ýñ¶2§	®2«�»	®	¹5¼�¯u­�®2¯uÂ¡«�®	§	»Ð§�¯u±	²2«w¾

Ã�«w¶�«�®	§	Ý¨§	®	ª#¥�²	§�¥�®	­�®2¯u¸�¯À¯u­�®2¯�¬�§	­�«w¶2ß�®2¯>¶2§	®2«�»	®2¯u¸�¯À¯u­�®2¯uÂ¡«�®	§	Ýd±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥�âäãwå{Æ

�f��#�7f�� � > D�<Ù���d0 - �� ���"2 	0	0	/Û�	�	$B���	$	/�� - ��$ - � ��$	�	�

S

'�s"�$	/Û
��	���¡����$	�����

KerS(τ) ⊂ KerS(t), S(τ)0 ⊂ S(t)0, τ < t.

C
T ·�¬�­�ß

τ < t
§
(x, 0) ∈ S(τ).

^ ¥�¦í¦'¥�¦
(0, 0) ∈ S(t − τ),

­�¯ð§	©µ²�¥�ª�«�®2¬�­�ª#¥
S(t) =

S(t − τ)S(τ)
§ï¯u±	²2«wÃ�«w¶�«�®	§	Ýé±	²2¯u§	©�ª�«wÃ�«�®	§	Ýé¶2§	®2«�»	®	¹5¼ì¯u­�®2¯uÂ¡«�®	§	»�°�¬w¶�«wÃ2·�«�­

(x, 0) ∈ S(t).� ®�¥�½	§	­�°
KerS(τ) ⊂ KerS(t).

L ®�¥�¶�¯u¸�§	½	®2¯>±2¯�¶2·�½�¥u«�¿
S(τ)0 ⊂ S(t)0. B_ Ã�¥�®	®2¯u»õ²�¥u³�¯u­�«IªV¦'¥�½2«�¬�­�ª�«[§	®2¬�­�²	·'¿,«�®	­u¥!§	©�·�½2«�®	§	ÝÀ±2¯�¶2·�¸�²	·�±	±	¹í¶2§	®2«�»	®	¹5¼õ¯u­�®2¯uÂ¡«�®	§	»

§2¬�±2¯�¶2ß�©�·�«�­�¬�Ýµ±2¯u®	Ý'­�§2«Ù×XÍ�Ï�Ó�ÿ�×¡É�Í�Ñ2Ñµ×¡É���ÿ�Ñ�Æ
)+*�,.-0/1-021-.3�4�- � 7"! Í�Ï�Ó�ÿ�×¡É�Í�Ñ�Ó�ÔÐ×¡É���ÿ�Ñ

x ∈ D1(S)
¯u­�®2¯�¬�§	­�«w¶2ß�®2¯¨±2¯�¶2·�¸�²	·�±	±	¹ ¶2§	®2«�»'¾

®	¹5¼�¯u­�®2¯uÂ¡«�®	§	»
S
®�¥5±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«

X0
®�¥�©�¹1ª#¥u«�­�¬�ÝVª�«�¦	­�¯u²	®�¥�ÝVîS·�®	¦	þ	§	Ý

ξx
¬�¯�¬�ª�¯u»2¬�­�ª�¯�¿Q'

ξx(t) ∈ S(t)x
°
t > 0.Þ�·�´¡«�¬�­�ª�¯uª#¥�®	§2«!­�²�¥u«�¦	­�¯u²	§	§µÃ	¶2Ý¨­�¯u½2«�¦µ§	©

D1(S)
¬w¶�«wÃ2·�«�­õ§	©!¯u±	²2«wÃ�«w¶�«�®	§	Ýµ±2¯�¶2·�¸�²	·�±	±	¹

¶2§	®2«�»	®	¹5¼µ¯u­�®2¯uÂ¡«�®	§	»�Æ ^ ²�¥u«�¦	­�¯u²	§	Ý¨­�¯u½	¦	§¨ªÀ¯�³u´¡«�¿ï¬w¶2·�½�¥u«[®2«�«wÃ2§	®2¬�­�ª�«�®	®�¥'Æ

�f��#�7f�� � � D#�X 2�����

ξx � �w"������B� - "������ - �u�	� x ∈ D1(S),
�¨0� 2�����

u ∈ S0.
+�- �m���$�

1) %  	$	��&	��� ηx 
��#��� ηx(t) = ξx(t) + u
*
t > 0,

�'
����������'�ñ�w"������B� - "��B���Ð� - �u�	�
x;

2)
�w"������B� - "��	�Ð� - �����

x
�
x+ u

� - 
�0������(�V�*)
3)
�����d�	���V� - � -

t > 0
�2�������!������� - 0#"��s��������
��B��$	�B�

S(t)x = ξx(t) + u.

C

!¯u¦'¥�©�¥�­�«w¶2ß�¬�­�ª�¯�·�­�ª�«�²#ò¡Ã�«�®	§	ÝÁã�æ1¬w¶�«wÃ2·�«�­õ§	©V·�¬w¶�¯uª�§	Ý

ξx(t) + u ∈ S(t)
°
t > 0.

Y ­�ª�«�²'¾
ò¡Ã�«�®	§2«�÷�æ�¬w¶�«wÃ2·�«�­S§	©�²�¥�ª�«�®2¬�­�ª#¥

S(t)(x+u) = S(t)x+S(t)u = S(t)x
°
t > 0.

Y ­�ª�«�²#ò¡Ã�«�®	§2«�ú�æ
¬w¶�«wÃ2·�«�­À§	©S²�¥�ª�«�®2¬�­�ª#¥

A x = y + A 0, y ∈ A x,
ª�«�²	®2¯u¸�¯¨âäã � å�Ã	¶2Ý�¶2Ä[³�¯u¸�¯

A ∈ LR(X). B_ ª�«wÃ�«�¿ïªÙ²�¥u¬�¬�¿,¯u­�²2«�®	§	Ýµ¬w¶�«wÃ2·�ÄI´!§2«S±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥	'

Xc(S) =
{
x ∈ X0 : lim

t→0+
ξx(t) = x

}
,

Xm(S) =

{
x ∈ X0 : lim

η→0+

1

η

η∫

0

ξx(t) dt = x

}
.



��� - � "����À��$	�	�µ0 - �� ���"2 	0	0	/ - 0B�s"���� - " - 
 � ú
	[¬�®2¯	°	½	­�¯

Xc(S) ⊂ Xm(S).
¤[²2¯�¿,«S­�¯u¸�¯	°	§2¿,«�«�­À¿,«�¬�­�¯


�f��#�7f�� ����D��X�s"�$	/Ú���B�s�2 �� �!�B����
 - �B����
��$�

Xc(S) ∩ S0 = {0}, Xc(S) ∩KerS = {0},

Xm(S) ∩ S0 = {0}, Xm(S) ∩KerS = {0}.

C

!¯u¦'¥�©�¥�­�«w¶2ß�¬�­�ª�¯À±	²2¯uª�¯�Ã2§	­�¬�Ýµ®2«�±2¯�¬�²2«wÃ�¬�­�ª�«�®	®2¯u»ñ±	²2¯uª�«�²	¦�¯u»�Æ

BÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°2Ã	¶2Ý�ª�«�¦	­�¯u²2¯uª
x ∈ Xm(S)

­�²�¥u«�¦	­�¯u²	§	Ý
ξ
­�¯u½	¦	§

x
«wÃ2§	®2¬�­�ª�«�®	®�¥'Æ

����� -��	��3�4�- 5�7 ã�æ N ¬w¶2§
S $ ±2¯�¶2·�¸�²	·�±	±�¥Á¯u±2«�²�¥�­�¯u²2¯uª2°I­�¯ðª�¬�«�­�²�¥u«�¦	­�¯u²	§	§º­�¯u½	¦	§

x¬�¯uª�±�¥�Ã�¥�ÄI­!¬1îS·�®	¦	þ	§2«�»
x 7→ S(t)x.

÷�æ T ¯�¶2·�¸�²	·�±	±2¯uª�¯�«X¬�ª�¯u»2¬�­�ª�¯SÃ	¶2ÝÙ­�²�¥u«�¦	­�¯u²	§	§
ξx
­�¯u½	¦	§

xª�¹1¸�¶2Ý�Ã2§	­õ¬w¶�«wÃ2·�ÄI´!§2¿ï¯�³u²�¥�©�¯�¿
ξx(t+ s) ∈ S(t)S(s)x

°
t, s > 0._ ¹5Ã�«w¶2§2¿ï¯�Ã2§	®µª�§'Ãµ­�²�¥u«�¦	­�¯u²	§	§�Æ

)+*�,.-0/1-021-.3�4�-�
(7,P «�±	²2«�²	¹1ª�®�¥�ÝÀ®�¥
(0,∞)

­�²�¥u«�¦	­�¯u²	§	Ý
ξx
­�¯u½	¦	§

x ∈ D2(S)
®�¥�©�¹1ª#¥u«�­�¬�Ý

É���Ò2É�	�Ò2É�Ô�°'«�¬w¶2§
limt→0+ ξx(t) = x.

����� -��	��3�4�-�� 7 ã�æ T ·�¬�­�ß
ξx $ ¯�¬�®2¯uª�®�¥�ÝÀ­�²�¥u«�¦	­�¯u²	§	ÝÀ­�¯u½	¦	§ x ∈ D2(S)

Æ ^ ¯u¸�Ã�¥VîS·�®	¦	þ	§	Ý
ηx : [0,∞) → X

°
ηx(t) = ξx(t) + u,

¸�Ã�«
0 6= u ∈ S0,

®2«ÀÝ'ªu¶2Ý	«�­�¬�ÝÁ¯�¬�®2¯uª�®2¯u»ø­�²�¥u«�¦	­�¯u²	§2«�»
­�¯u½	¦	§

x.
÷�æ 
�¶2Ý

x ∈ KerS ∪ S0
®	·�¶�«�ª#¥�Ý¨îS·�®	¦	þ	§	Ý�Ý'ªu¶2Ý	«�­�¬�Ý¨¯�¬�®2¯uª�®2¯u»µ­�²�¥u«�¦	­�¯u²	§2«�»�Æ5ú�æ R ©

¯u±	²2«wÃ�«w¶�«�®	§	Ýµ¯�¬�®2¯uª�®2¯u»µ­�²�¥u«�¦	­�¯u²	§	§µ±2¯�¶2·�½�¥u«�¿
ξx(t) ∩ S0 = {0}

°
t > 0.
�¶2Ý¨¯�¬�®2¯uª�®2¯u»¨­�²�¥u«�¦	­�¯u²	§	§�ª�«�²	®	¹J¬w¶�«wÃ2·�ÄI´!§2«[·�­�ª�«�²#ò¡Ã�«�®	§	Ý�Æ


�f��#�7f�� �ø?BDí<Ù���
x ∈ D2(S)

�m ��À������
� 2���>�s���	$B����
'��$	$��(� - ��$ - 
�$��(�ñ�w"������B� - "���� 4
C
T ·�¬�­�ß

ηx
§
ξx $ Ã2ª�«!¯�¬�®2¯uª�®	¹�«V­�²�¥u«�¦	­�¯u²	§	§ñ­�¯u½	¦	§

x.
R ©!¬�ª�¯u»2¬�­�ªÀ¶2§	®2«�»	®	¹5¼�¯u­�®2¯uÂ¡«w¾

®	§	»ïâäã � å�¬w¶�«wÃ2·�«�­�°�½	­�¯
S(t)x = y + S(t)0

Ã	¶2Ýñ¦'¥�ò¡Ã�¯u¸�¯
t > 0

§ñ¶2Ä[³�¯u¸�¯
y ∈ S(t).

ÞQ¶�«wÃ�¯uª#¥�¾
­�«w¶2ß�®2¯	°

ηx(t) = ξx(t) + u,
¸�Ã�«

u ∈ S(t)0.
G ¬�­u¥u«�­�¬�Ýø©�¥u¿,«�­�§	­�ß2°,½	­�¯¨Ã	¶2Ýð¦'¥�ò¡Ã�¯u»ï¯�¬�®2¯uª�®2¯u»

­�²�¥u«�¦	­�¯u²	§	§
ξx(t) ∩ S0 = {0}

°
t > 0. B%S«�²2«�©V¯�¬�®2¯uª�®	·�Ä ­�²�¥u«�¦	­�¯u²	§	ÄO¯u±	²2«wÃ�«w¶2§2¿ì¬�ª�¯u»2¬�­�ª#¥Ù¬�§'¶2ß�®2¯u»µ®2«�±	²2«�²	¹1ª�®2¯�¬�­�§�Æ

)+*�,.-0/1-021-.3�4�-
��7ðT ¯�¶2·�¸�²	·�±	±�¥µ¶2§	®2«�»	®	¹5¼é¯u­�®2¯uÂ¡«�®	§	»
S
®�¥µ±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«

X0
®�¥�¾

©�¹1ª#¥u«�­�¬�Ý ��Ñ�Ê ��Ò2ÉÐÒ�Ó�ÇuÍBÓ{Í�Õ 	�Ò2É�Ô�°�«�¬w¶2§ïÃ	¶2Ýï¦'¥�ò¡Ã�¯u¸�¯
x ∈ X0

¬�·�´¡«�¬�­�ª�·�«�­Á®2«�±	²2«�²	¹1ª�®�¥�Ýí®�¥
§	®	­�«�²	ª#¥�¶�«

(0,∞)
­�²�¥u«�¦	­�¯u²	§	Ý

ξx.��D�a�f#£7f�����"	�#��� �������������������6�,e7£7f��7£�� � �#"'£���c�f#£7e���D 
¡¥�Ã2§2¿Á¯u±	²2«wÃ�«w¶�«�®	§2«I¸�«�®2«�²�¥�¾
­�¯u²�¥¡±2¯�¶2·�¸�²	·�±	±	¹º¶2§	®2«�»	®	¹5¼¨¯u­�®2¯uÂ¡«�®	§	»µ®�¥¡±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«�Æ
)+*�,.-0/1-021-.3�4�-�� 7�� ×XÍ�ÉuÌ�Ñ0JëÑ2Ò��,Ñ2Ò2Ñ2×ÙÓ ;�Ñ0JSÏ�Ê ��Ò2Õ�JìÊ2Ñ2Ò�Ó�Ô2Ò2Õ�JºÉ�×¡Ò2É�ØÙÓ�Ò2Ñ�ÓKJì±2¯�¶2·�¸�²	·�±'¾

±	¹ ¶2§	®2«�»	®	¹5¼O¯u­�®2¯uÂ¡«�®	§	»
S
®�¥í±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«

X0
®�¥�©�¹1ª#¥u«�­�¬�ÝÚ¶2§	®2«�»	®2¯�«ì¯u­�®2¯uÂ¡«�®	§2«

G0 ∈ LR(X),
¬�¯�¬�­�¯�Ý'´¡«�«¨§	©¨±�¥�²ïª�«�¦	­�¯u²2¯uª

(x, y) ∈ X0 × X
­u¥�¦	§'¼�°�½	­�¯Ð¯�¬�®2¯uª�®�¥�Ýï­�²�¥u«�¦'¾

­�¯u²	§	Ý
ξx
­�¯u½	¦	§

x
®2«�±	²2«�²	¹1ª�®2¯�Ã2§2î�î�«�²2«�®	þ	§	²	·�«�¿Q¥µ§ø¬�ª�Ý'©�¥�®�¥ñ¬õ¯�¬�®2¯uª�®2¯u»ø­�²�¥u«�¦	­�¯u²	§2«�»

ηy­�¯u½	¦	§
y
¬w¶�«wÃ2·�ÄI´!§2¿ï¯�³u²�¥�©�¯�¿Q'

ξ′x(t) = ηy(t)
Ã	¶2Ýdª�¬�«w¼

t > 0.)+*�,.-0/1-021-.3�4�-��(7�� Ò��,Ñ2Ò2Ñ2×ÙÓ ;�Ñ0JSÏ�Ê ��Ò2Õ�JºÊ2Ñ2Ò�Ó�Ô2Ò2Õ�JÛÉ�×¡Ò2É�ØÙÓ�Ò2Ñ�ÓKJº±2¯�¶2·�¸�²	·�±	±	¹é¶2§	®2«�»'¾
®	¹5¼¨¯u­�®2¯uÂ¡«�®	§	»

S
®�¥¡±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«

X0
®�¥�©�¹1ª#¥u«�­�¬�Ý¨¶2§	®2«�»	®2¯�«V¯u­�®2¯uÂ¡«�®	§2«

G0 ∈ LR(X),¬�¯�¬�­�¯�Ý'´¡«�«¡§	©Ù±�¥�²ñª�«�¦	­�¯u²2¯uª
(x, y) ∈ X0 ×X

­u¥�¦	§'¼�°�½	­�¯�¯�¬�®2¯uª�®�¥�Ý�­�²�¥u«�¦	­�¯u²	§	Ý
ξx
­�¯u½	¦	§

xÃ2§2î�î�«�²2«�®	þ	§	²	·�«�¿Q¥ñ§ï¬�ª�Ý'©�¥�®�¥�¬d¯�¬�®2¯uª�®2¯u»ï­�²�¥u«�¦	­�¯u²	§2«�»
ηy
­�¯u½	¦	§

y
¬w¶�«wÃ2·�ÄI´!§2¿O¯�³u²�¥�©�¯�¿Q'

ξ′x(t) = ηy(t)
Ã	¶2Ýdª�¬�«w¼

t > 0.)+*�,.-0/1-021-.3�4�-�� 7�� ×¡Ï�Í�Ø¡Ñ0J ÌwÓ�Ò�Ó{Í�Ïu×¡É�Í�ÉLJ ±2¯�¶2·�¸�²	·�±	±	¹Å¶2§	®2«�»	®	¹5¼ï¯u­�®2¯uÂ¡«�®	§	»
S
®�¥

±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«
X0

®�¥�©�¹1ª#¥u«�­�¬�Ý!¶2§	®2«�»	®2¯�«�¯u­�®2¯uÂ¡«�®	§2«
G
§	©
LR(X),

¬�¯�¬�­�¯�Ý'´¡«�«�§	©�±�¥�²
(x, y)¬�¯�¬�ª�¯u»2¬�­�ª#¥u¿�§�'

x ∈ X0 ∩ ImS,
¯�¬�®2¯uª�®�¥�Ýé­�²�¥u«�¦	­�¯u²	§	Ý

ξx
­�¯u½	¦	§

x
Ã2§2î�î�«�²2«�®	þ	§	²	·�«�¿Q¥ñ®�¥

(0,∞)
§µ¬�ª�Ý'©�¥�®�¥Ù¬S¯�¬�®2¯uª�®2¯u»µ­�²�¥u«�¦	­�¯u²	§2«�»

ηy
­�¯u½	¦	§

y
¬�¯�¯u­�®2¯uÂ¡«�®	§2«�¿

ξ′x(t) = ηy(t)
°
t > 0.)+*�,.-0/1-021-.3�4�-��(7�� Ó�Ò�Ó{Í�Ïu×¡É�Í�ÉLJº±2¯�¶2·�¸�²	·�±	±	¹é¶2§	®2«�»	®	¹5¼À¯u­�®2¯uÂ¡«�®	§	»

S
®�¥I±2¯�Ã2±	²2¯�¬�­�²�¥�®'¾

¬�­�ª�«
X0

®�¥�©�¹1ª#¥u«�­�¬�Ýµ¯u­�®2¯uÂ¡«�®	§2«
G
§	©

LR(X),
·�Ã�¯uªu¶�«�­�ª�¯u²#Ý'ÄI´¡«�«�·�¬w¶�¯uª�§	Ý	¿Q'



� U ��� �B��
�� 4	�B4
ã�æ

G0 ⊂ G ⊂ G
<7÷�æXÃ	¶2Ýñ¦'¥�ò¡Ã2¹5¼

(x, y) ∈ G
§
t > 0

¬w¶�«wÃ2·�«�­
(ξx(t), ηy(t)) ∈ G ,

¸�Ã�«
ξx
°

ηy $ ¯�¬�®2¯uª�®	¹�«�­�²�¥u«�¦	­�¯u²	§	§µ­�¯u½2«�¦
x
°
y
¯u­�®2¯�¬�§	­�«w¶2ß�®2¯À±2¯�¶2·�¸�²	·�±	±	¹

S.Z «�®2«�²�¥�­�¯u²
G
®�¥�©�¹1ª#¥u«�­�¬�Ý �wÏ�;�É�	�Õ�J�°�«�¬w¶2§�²2«�©�¯�¶2ß�ª�«�®	­�®2¯�«¡¿�®2¯�ò!«�¬�­�ª�¯

ρ(G )
¸�«�®2«�²�¥�­�¯u²�¥

G¬�¯�Ã�«�²#òÙ§	­õ±2¯�¶2·�±'¶�¯�¬�¦�¯�¬�­�ß
Cw = {λ ∈ C : Re λ > w}

Ã	¶2Ýd®2«�¦�¯u­�¯u²2¯u¸�¯
w ∈ R.G ­�¿,«�­�§2¿1°	½	­�¯!¯u±	²2«wÃ�«w¶�«�®	§2«S¸�«�®2«�²�¥�­�¯u²�¥!±2¯�¶2·�¸�²	·�±	±	¹í¶2§	®2«�»	®	¹5¼�¯u­�®2¯uÂ¡«�®	§	»¨¬�¯u¸�¶�¥u¬�·�«�­�¬�Ý

¬�¯u±	²2«wÃ�«w¶�«�®	§2«�¿ï¸�«�®2«�²�¥�­�¯u²�¥Ù±2¯�¶2·�¸�²	·�±	±	¹ù¯u±2«�²�¥�­�¯u²2¯uª�âäã � å{Æ

�f��#�7f�� ����D��S�������!������� - "���
'��$B����
 -

KerS ∪ S0 = G0.

C
^ ¥�¦V¦'¥�¦�®	·�¶�«�ª#¥�Ý�îS·�®	¦	þ	§	Ý

ξ0
Ý'ªu¶2Ý	«�­�¬�ÝV¯�¬�®2¯uª�®2¯u»V­�²�¥u«�¦	­�¯u²	§2«�»V­�¯u½	¦	§

u ∈ KerS∪S0,
­�¯

ξ′0(t)0 = ξ0(t)u.
� ®�¥�½	§	­�°

(0, u) ∈ G,
­�Æ�«�Æ

KerS ∪ S0 ⊂ G0.
T ¯u¦'¥�ò!«�¿º¯�³u²�¥�­�®2¯�«Vª�¦'¶2ÄI½2«�®	§2«�Æ

T ·�¬�­�ß
x ∈ G0, ηx $ ¯�¬�®2¯uª�®�¥�ÝÁ­�²�¥u«�¦	­�¯u²	§	Ýø­�¯u½	¦	§

x
§
ξ′0(t)0 = ηx(t)

°
t > 0.

^ ¯u¸�Ã�¥
ηx $®	·�¶�«�ª#¥�Ý¨îS·�®	¦	þ	§	Ý�Æ T ¯uó�­�¯�¿�·

x ∈ KerS
§'¶2§

x ∈ S0. B
� �,fu¢ �G"'g�e7fÐA�D��X 2�����

G ∈ Gen(S).
+�- �m���

KerS ∪ S0 = G 0.
� �,fu¢ �G"'g�e7f > D � ��$B�s"���� - "

G
0 - �� ���"2 	0	0	/º�	�	$B���	$	/�� - ��$ - � ��$	�	�

S
�'
����������'���	�	$B���	$	/��

- 0B�s"���� - " - �º� - �m���¡�ñ� - ����� - � - �m��� * � - �m���
KerS ∪ S0 = {0}.?BD ���#������f#£7e7fS������������������� �#�7f�����"	�#����g�D _ ¬�Ä5Ã2·�Ã�¥�¶�«�«V½2«�²2«�©

S
¯�³�¯u©�®�¥�½2«�®�¥À±2¯�¶2·#¾

¸�²	·�±	±�¥õ¶2§	®2«�»	®	¹5¼Ð¯u­�®2¯uÂ¡«�®	§	»
S : (0,∞) → LR(X), S(t) = T (t)−1,

±2¯�¶2·�½�¥�ÄI´Ù¥�Ý	¬�Ý�±	·�­�«�¿
¯�³u²�¥�´¡«�®	§	ÝÁàáª�¯u©�¿,¯�òÙ®2¯>ª�¹1²2¯�ò¡Ã�«�®	®2¯u»�æ1±2¯�¶2·�¸�²	·�±	±	¹ù¯u±2«�²�¥�­�¯u²2¯uª

T : (0,∞) → EndX.
	µf�� � �ÅA�DI<Ù���ì�	���V� - � -

t > 0
�m 	�>��$	�B�

T (t)
- 0B�s"���� - "��

T (t)
$���0 - ��0#" - ���w"���$B����
 -

D2(S)
�'
����������'�ñ� �1" �'���B���	
�$	/��ï�¨�	$�
����B���	
�$	/�� - 0B�s"���� - " - � 4

C
� Ò
�uÓ�ÿ�×¡Ñ 	�Ò2É���×���� T ·�¬�­�ß

x ∈ KerT (t) ⊂ KerT (t)
°
t > 0.

Þ�·�´¡«�¬�­�ª�·�«�­
y ∈ X

­u¥�¦�¯u»�°
½	­�¯

x = T (t)y.
R ¿,«�«�¿Q'

x = T (t)y = limh→0 T (h)T (t)y = 0.
� O7Í �#Ó�ÿ�×¡Ñ 	�Ò2É���×��Ð¬w¶�«wÃ2·�«�­

§	©>­�«�¯u²2«�¿�¹ ãÙ§ð¯u±	²2«wÃ�«w¶�«�®	§	ÝÐ±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥
D2(S).


!«�»2¬�­�ª�§	­�«w¶2ß�®2¯	°�±	·�¬�­�ß
x ∈ D2(S).^ ¯u¸�Ã�¥é¬�·�´¡«�¬�­�ª�·�«�­ïª�«�¦	­�¯u²º§	©

D2(S)
­u¥�¦�¯u»�°[½	­�¯

x = T (s)y,
¸�Ã�«

y ∈ D1(S).
T ¯�¶2ß�©�·�Ý	¬�ß

­�«�¯u²2«�¿,¯u»Ðã�°�ª�«�¦	­�¯u²
y
¿,¯�òÙ®2¯¡ª�¹�³u²�¥�­�ß¡§	©[±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥

D2(S).
G ¬�­u¥u«�­�¬�Ýd©�¥u¿,«�­�§	­�ß2°'½	­�¯

ª>ó�­�¯�¿ï¬w¶2·�½�¥u«
T (t)y = T (t)y

Ã	¶2Ý�ª�¬�«w¼
t > 0. B

_ ¬�Ä5Ã2·ñÃ�¥�¶�«�«À½2«�²2«�©
ξx
Ã	¶2Ý

x ∈ D2(S)
¯�³�¯u©�®�¥�½2«�®�¥�îS·�®	¦	þ	§	Ý

[0,∞) 3 x 7→ T (t)−1x ∈
D2(S),

¸�Ã�«
T (0)x = x.

	µf�� � � > D��S��� �V�!������� - "���
'��$B����
��$�

ξx(t) = T (t+ s)−1T (s)x = T (h− t)T (h)−1x, t, s > 0, h > t.


!¯u¦'¥�©�¥�­�«w¶2ß�¬�­�ª�¯�¬w¶�«wÃ2·�«�­>®2«�±2¯�¬�²2«wÃ�¬�­�ª�«�®	®2¯À§	©V¯u±	²2«wÃ�«w¶�«�®	§	Ý¨­�²�¥u«�¦	­�¯u²	§	§
ξx. B

	µf�� � � � D��1 	$	��&	���
ξx
������� - ��$ - 
�$��(�¡�w"������B� - "����>� - �u�	�

x
- ��$ - ���B��������$ - 0 - �� ���"2 	0	0	/

S.

C
P «�±2¯�¬�²2«wÃ�¬�­�ª�«�®	®2¯Á§	©¨¯u±	²2«wÃ�«w¶�«�®	§	Ýì¬w¶�«wÃ2·�«�­�°5½	­�¯

ξx(t) ∈ S(t)x
Ã	¶2Ýé¦'¥�ò¡Ã�¯u¸�¯

t > 0.R ¬�±2¯�¶2ß�©�·�Ýd¶�«�¿,¿�·�°'Ã	¶2Ý
h > t > s > 0

§2¿,«�«�¿

lim
t→s

(ξx(t)− ξx(s)) = lim
t→s

(T (h− t)T (h)−1x− T (h− s)T (h)−1x) = T (h− s)T (h)−1x = ξx(s).

ÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°�îS·�®	¦	þ	§	Ý
ξx
Ý'ªu¶2Ý	«�­�¬�Ý¨¯�¬�®2¯uª�®2¯u»µ­�²�¥u«�¦	­�¯u²	§2«�»µ­�¯u½	¦	§

x. B
�f��#�7f�� �dC�D��1 	$	��&	���
S
�����������	����$ - $B��0#"��s"�/1
�$��(�V
X$� ��B����0#"���
��10 - �� ���"2 	0	0��5�	�	$B���	$	/��

- ��$ - � ��$	�	�µ$��V0 - ��0#" - ���w"���$B����
'�

YS := D2(S) =
⋂

t,s>0

{
T (s)y : y ∈ ImT (t)

}
=
⋂

t,s>0

{
T (s)T (t)x : x ∈ X

}
. (3)

=�" - ����� - � -�*
ImS = X

�
D1(S) =

⋂
t>0 Im(T (t)).



��� - � "����À��$	�	�µ0 - �� ���"2 	0	0	/ - 0B�s"���� - " - 
 � ü

C
	[¬�®2¯	°	½	­�¯

S(t) ∈ LR(X)
°
t > 0.

¤[²2¯�¿,«�­�¯u¸�¯	°

D1(S) =
⋂

t>0

D(S(t)) =
⋂

t>0

Im(T (t)),

ImS =
⋃

t>0

Im(S(t)) =
⋃

t>0

D(T (t)) = X.

T ¯�¶2·�¸�²	·�±	±2¯uª�¯�«1¬�ª�¯u»2¬�­�ª�¯Iª�¹1±2¯�¶2®	Ý	«�­�¬�ÝÙ®�¥
D2(S),

¦�¯u­�¯u²2¯�«5ªI­�«�²2¿�§	®�¥�¼!±2¯�¶2·�¸�²	·�±	±	¹
T
§2¿,«�«�­

ª�§'ÃøàÎú�æwÆ 
�¶2Ý
x ∈ YS

îS·�®	¦	þ	§	Ý
ξx
Ý'ªu¶2Ý	«�­�¬�Ý¨¯�¬�®2¯uª�®2¯u»µ­�²�¥u«�¦	­�¯u²	§2«�»�Æ

B
� �,fu¢ �G"'g�e7f � D �X 2�����

T : (0,∞) → EndX � 0 - �� ���"2 	0	0���� �1" �'���B���	
�$	/�� - 0B�s"���� - " - 


X.

+�- �m��� %  	$	��&	��� S �������d���	����$ - $B��0#"��s"�/1
�$��(�µ
Ù$� ��B�S��0#"���
��¡0 - �� ���"2 	0	0�� - ��$ - � ��$	�	� 4R ¬�¬w¶�«wÃ2·�«�¿ø¬�ª�¯u»2¬�­�ª�¯¡¬�§'¶2ß�®2¯u»ÀÃ2§2î�î�«�²2«�®	þ	§	²	·�«�¿,¯�¬�­�§�ª!®	·�¶�«X¬�±	²�¥�ª#¥�±2¯�¶2·�¸�²	·�±	±	¹
S.


�¶2Ý
u ∈ YS

°'§2¬�±2¯�¶2ß�©�·�Ýd¶�«�¿,¿�·ÀÃ	¶2Ý�¶2Ä[³u¹5¼
h > t > s > 0

°'§2¿,«�«�¿Q'

lim
t→s

ξu(t)− ξu(s)

t− s
= lim

t→s

T (h− t)T (h)−1u− T (h− s)T (h)−1u

t− s

= −T ′(h− s)T (h)−1u = −T (h)−1T ′(h− s)u.

T ·�¬�­�ß
u ∈ D(A0)

§
v = −A0u.

^ ¯u¸�Ã�¥

ξ′u(s) = −T (h)−1T ′(h− s)u = −T (s)−1A0u = T (s)−1v = ξv(s), h > s > 0.

ÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°
(u, v) ∈ G0.

G ³u²�¥�­�®2¯	°2±	·�¬�­�ß
(u, v) ∈ G0.

^ ¯u¸�Ã�¥
ξ′(s)u = ξ(s) v

Ã	¶2Ý�¶2Ä[³�¯u¸�¯
h > s > 0.

R ¿,«�«�¿Q'
T ′(0)u = T ′(h)T (h)−1u = −ξ′(0)u = −ξ(0)v = −v.

ÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°
u ∈ D(A0)

§
−v = A0u.

^ ¥�¦	§2¿ì¯�³u²�¥�©�¯�¿1°	§2¿,«�«�­õ¿,«�¬�­�¯

�f��#�7f�� ����D��[$ % �	$	�B����
��2��������$	/1� - 0B�s"���� - " G0

0 - �� ���"2 	0	0	/
S
�2�������V
��#�

D(G0) = YS ∩D(A0), G0u = −A0u.

G ±	²2«wÃ�«w¶2§2¿íª�§'Ãñ¬�­u¥�²	Â¡«�¸�¯õ¸�«�®2«�²�¥�­�¯u²�¥À±2¯�¶2·�¸�²	·�±	±	¹
S.
T ·�¬�­�ß

(u,w) ∈ A, u ∈ YS.
^ ¯u¸�Ã�¥

Ã	¶2Ýõ¶2Ä[³u¹5¼
h > s > 0

§2¿,«�«�¿

ξ′u(s) = −T (h)−1T ′(h− s)u = −T (h)−1T (h− s)w = −T (s)−1w = ξ−w(s).

ÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°
(u,−w) ∈ G.

T ·�¬�­�ß�­�«�±2«�²	ß
(u,w) ∈ G.

^ ¯u¸�Ã�¥
u ∈ YS

§
ξ′u(s) = ξw(s)

Ã	¶2Ý
¦'¥�ò¡Ã�¯u¸�¯

s > 0.
R ¿,«�«�¿øÃ	¶2Ý

t > s > 0
'

T ′(s)u = lim
t→s

T (t)u− T (s)u

t− s
= lim

t→s

T (t+ s)(T (s)−1u− T (t)−1u)

t− s

= lim
t→s

T (t+ s)(ξu(s)− ξu(t))

t− s
= −T (2s)ξ′u(s) = −T (2s)ξw(s) = −T (s)w.

ÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°
(u,−w) ∈ A.

^ ¥�¦	§2¿ì¯�³u²�¥�©�¯�¿1°2§2¿,«�«�­À¿,«�¬�­�¯

�f��#�7f�� �ÁE�D 3 ����" � �	� �u��$B�s"���� - "

G
0 - �� ���"2 	0	0	/

S
�2�������V
��#���

G =
{
(x,−y) : x ∈ YS, (x, y) ∈ A

}
,

�m���
A � ������" � �	� �u��$B�s"���� - "�0 - �� ���"2 	0	0	/

T.^ ¥�¦ø¦'¥�¦Á±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯
YS

§	®	ª#¥�²	§�¥�®	­�®2¯�¯u­�®2¯�¬�§	­�«w¶2ß�®2¯�¯u±2«�²�¥�­�¯u²2¯uª�±2¯�¶2·�¸�²	·�±	±	¹
T,­�¯

G
«�¬�­�ßÀ¬�·�ò!«�®	§2«V¯u­�®2¯uÂ¡«�®	§	Ý

−A
®�¥!±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯

YS.



� ý ��� �B��
�� 4	�B4

�f��#�7f�� �ïA���D#�X 2�����

A ∈ Gen(T ).
+�- �m���Ù�	�	$B���	$ - � - ��$ - � ��$	�B�

G = {(x,−y) : x ∈ YS ,
�m���

(x, y) ∈ A }

�'
����������'� �u��$B�s"���� - " - �ï0 - �� ���"2 	0	0	/
S.

C
_ ¦'¶2ÄI½2«�®	§2«

G0 ⊂ G ⊂ G
¬w¶�«wÃ2·�«�­À®2«�±2¯�¬�²2«wÃ�¬�­�ª�«�®	®2¯�§	©!¯u±	²2«wÃ�«w¶�«�®	§	Ýµ¸�«�®2«�²�¥�­�¯u²2¯uª

G0
°

G
°
G
§ïª�¦'¶2ÄI½2«�®	§	»

A0 ⊂ A ⊂ A.
T ·�¬�­�ß

(u,w) ∈ G
§
ξu
°
ξw $ ¯�¬�®2¯uª�®	¹�«µ­�²�¥u«�¦	­�¯u²	§	§

­�¯u½2«�¦
u
°
w.
T ¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯

YS
§	®	ª#¥�²	§�¥�®	­�®2¯¡¯u­�®2¯uÂ¡«�®	§	»

S(t)
°
t > 0.

T ¯uó�­�¯�¿�·
ξu(t) ∈ YS

°
ξw(t) ∈ YS

°
t > 0.

T ¯u¦'¥�ò!«�¿1°1½	­�¯ñÃ	¶2Ýé¦'¥�ò¡Ã�¯u¸�¯
t > 0

¬w¶�«wÃ2·�«�­
(ξu(t), ξ−w(t)) ∈ G .


�¶2Ý
ó�­�¯u¸�¯�±2¯u¦'¥�ò!«�¿1°�½	­�¯

(ξu(t), ξw(t)) ∈ A .
^ ¥�¦Ð¦'¥�¦

YS ⊂ ImT ,
­�¯õÃ�¯�¬�­u¥�­�¯u½	®2¯d±2¯u¦'¥�©�¥�­�ß2°�½	­�¯

T ′(s)ξu(t) = T (s)ξw(t)
Ã	¶2Ýdª�¬�«w¼

s, t > 0.

�¶2Ý

t < s
§2¿,«�«�¿Q'

T ′(s) ξu(t) = T ′(s− t)u = T (s− t)w = T (s) ξw(t).


�¶2Ý
t > s

§2¿,«�«�¿

T ′(s) ξu(t) = T ′(s)T (t)−1 u = ξ′(t− s)u = ξw(t− s) = T (s)T (t)−1w = T (s) ξw(t).


�¶2Ý
s = t

§
0 < h < s

§2¿,«�«�¿

T ′(s) ξu(t) = T (h)T ′(s− h)T (t)−1u = T (h) ξ′u(t− s+ h)

= T (h) ξw(t− s+ h) = T (h)T (s− h) ξw(t) = T (s) ξw(t). B

� �,fu¢ �G"'g�e7f ��D��X 2�����
YS = ImT

�
A ∈ Gen(T ).

+�- �m���ð�	�	$B���	$ - � - ��$ - � ��$	�B�
−A�'
����������'� �u��$B�s"���� - " - �ï0 - �� ���"2 	0	0	/

S.
����� -��	��3�4�- 
(7

1)
Y ¬w¶�¯uª�§2«

YS = =T
ª�¹1±2¯�¶2®	Ý	«�­�¬�Ý�°5®�¥�±	²	§2¿,«�²�°1«�¬w¶2§ì¯u±2«�²�¥�­�¯u²	¹È±2¯�¾

¶2·�¸�²	·�±	±	¹
T
¬�ÄI²	ß�«�¦	­�§	ª�®	¹�°�§'¶2§ð§2¿,«�ÄI­�¿,«�¬�­�¯µ²�¥�ª�«�®2¬�­�ª#¥

ImT (t) = ImT (s)
°
t 6= s. 2)

R ©
¯u±	²2«wÃ�«w¶�«�®	§	Ýð¯�³u²�¥�©�¥d®	·�¶2Ýñ±2¯�¶2·�¸�²	·�±	±	¹

S
§ìâäã � åQ±2¯�¶2·�½�¥u«�¿

S0 = KerT = A 0
Ã	¶2Ýñ¶2Ä[³�¯u¸�¯

A ∈ Gen(T ).
¤[²2¯�¿,«S­�¯u¸�¯	°	§2¬�±2¯�¶2ß�©�·�Ý¨­�«�¯u²2«�¿�·�ã � °	±2¯�¶2·�½�¥u«�¿

A 0 = G 0.
��D 
��7e#�If�����DSã�Æ P ¥

X0 ⊂ X
¯u±	²2«wÃ�«w¶2§2¿ï±2¯�¶2·�¸�²	·�±	±	·õ¶2§	®2«�»	®	¹5¼¨¯u­�®2¯uÂ¡«�®	§	»

S0 : (0,∞) → LR(X0), S0(t)x =

{
0, x 6= 0,

X0, x = 0.

G ¬�®2¯uª�®2¯u»>­�²�¥u«�¦	­�¯u²	§2«�»Ù¶2Ä[³�¯u»Ù­�¯u½	¦	§
x ∈ X0

¯u­�®2¯�¬�§	­�«w¶2ß�®2¯S±2¯�¶2·�¸�²	·�±	±	¹
S0
Ý'ªu¶2Ý	«�­�¬�ÝÙîS·�®	¦'¾

þ	§	Ý
ξx : (0,∞) → X0, ξx(t) = 0.

T ¯uó�­�¯�¿�·ï¯u­�®2¯uÂ¡«�®	§2«
G = {(0, u) : u ∈ X0}

Ý'ªu¶2Ý	«�­�¬�Ýí¬�­u¥�²	Â!§2¿@¸�«�®2«�²�¥�­�¯u²2¯�¿@±2¯�¶2·�¸�²	·�±'¾
±	¹

S0.
G ³u²�¥�´Ù¥�Ýµ±2¯�¶2·�¸�²	·�±	±	·�°�¿�¹ ¬�®2¯uª#¥À±2¯�¶2·�½	§2¿ì±2¯�¶2·�¸�²	·�±	±	·

S0.
	[¬�®2¯	°�½	­�¯À¸�«�®2«�²�¥�­�¯u²2¯�¿

±2¯�¶2·�¸�²	·�±	±	¹
S0
Ý'ªu¶2Ý	«�­�¬�Ý�¶2Ä[³�¯�«�¯u­�®2¯uÂ¡«�®	§2«�ª�§'Ã�¥

G = {(0, u) : u ∈ Y },
¸�Ã�«

Y ⊂ X0.÷'Æ T ·�¬�­�ß
X = Lp(Ω, µ).

K ¥u¬�¬�¿,¯u­�²	§2¿ë¯u±2«�²�¥�­�¯u²
Af = q · f

°
D(A) = {f ∈ X : q · f ∈ X},·'¿�®2¯�ò!«�®	§	Ýµ®�¥¡îS·�®	¦	þ	§	Ä

q : Ω → C.
N ¬w¶2§

sups∈ΩRe q(s) <∞,
­�¯Ùî�¯u²2¿�·�¶�¥

Tq(t)f = etq · f¯u±	²2«wÃ�«w¶2Ý	«�­ì±2¯�¶2·�¸�²	·�±	±	·ë¯u±2«�²�¥�­�¯u²2¯uªì¦'¶�¥u¬�¬�¥
(C0),

§	®2îS§	®	§	­�«�©�§2¿Q¥�¶2ß�®	¹�¿ô¯u±2«�²�¥�­�¯u²2¯�¿Å¦�¯�¾
­�¯u²2¯u»OÝ'ªu¶2Ý	«�­�¬�Ý

A.
G ³u²�¥�­�®�¥�ÝÚ±2¯�¶2·�¸�²	·�±	±�¥

Sq = T−1
q

¯u±	²2«wÃ�«w¶�«�®�¥º®�¥í±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�«
YS = ImT = {f ∈ X : e−q · f ∈ X}

§�§2¿,«�«�­Ùª�§'Ã
Sq(t)f = e−tq · f

°
t > 0.

R ®2îS§	®	§	­�«�©�§2¿Q¥�¶2ßu¾
®	¹�¿Û¯u±2«�²�¥�­�¯u²2¯�¿Û±2¯�¶2·�¸�²	·�±	±	¹

Sq
Ý'ªu¶2Ý	«�­�¬�ÝÐ¯u±2«�²�¥�­�¯u²

−A.
N ¬w¶2§Ð±2¯u­�²2«�³�¯uª#¥�­�ß�ª�¹1±2¯�¶2®2«�®	§	Ý

·�¬w¶�¯uª�§	Ý
sups∈Ω |Re q(s)| <∞,

­�¯
YS = X.ú'Æ K ¥u¬�¬�¿,¯u­�²	§2¿Ú±2¯�¶2·�¸�²	·�±	±	·Ð¶2§	®2«�»	®	¹5¼ø¯u­�®2¯uÂ¡«�®	§	»

TE
§	©�±	·�®	¦	­u¥ñ÷'Æ R ©d¯u±	²2«wÃ�«w¶�«�®	§	Ý

±2¯�¶2·�¸�²	·�±	±	¹
TE

¬w¶�«wÃ2·�«�­�°1½	­�¯
D1(TE) = D2(TE) = Lp(R+, X).

¤[²2¯�¿,«µ­�¯u¸�¯	°5§	©µ¬�§'¶2ß�®2¯u»



��� - � "����À��$	�	�µ0 - �� ���"2 	0	0	/ - 0B�s"���� - " - 
 � 

®2«�±	²2«�²	¹1ª�®2¯�¬�­�§Á¬�«�¿,«�»2¬�­�ª#¥

U
¬w¶�«wÃ2·�«�­

KerTE = {0}.
T ¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª#¥

TE(t) 0
°
t > 0,

¬�¯�¾
¬�­�¯�Ý'­>§	©VîS·�®	¦	þ	§	»

x0 : [0, t] → E
¬�¯>¬�ª�¯u»2¬�­�ª#¥u¿�§�'

x0(t) = 0,




t∫

0

‖x(τ)‖p dτ




1/p

<∞.

G ­�¬�Ä5Ã�¥>±2¯�¶2·�½�¥u«�¿
TE0 = {0}.

^ ¥�¦	§2¿ë¯�³u²�¥�©�¯�¿1°�ª�¬�«V¸�«�®2«�²�¥�­�¯u²	¹ ±2¯�¶2·�¸�²	·�±	±	¹
TE

Ý'ªu¶2Ý'ÄI­�¬�Ý
¯u±2«�²�¥�­�¯u²�¥u¿�§�Æ G ¬�®2¯uª�®2¯u»õ­�²�¥u«�¦	­�¯u²	§2«�»õ­�¯u½	¦	§

x ∈ Lp(R+, X)
Ý'ªu¶2Ý	«�­�¬�ÝõîS·�®	¦	þ	§	Ý

t 7→ T0(t)x.ÞQ¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯	°#±2¯�¶2·�¸�²	·�±	±�¥
TE

Ý'ªu¶2Ý	«�­�¬�Ý>¬�§'¶2ß�®2¯[®2«�±	²2«�²	¹1ª�®2¯u»�àáª[­�¯�¿ñ½	§2¬w¶�«5§¡ª[®	·�¶�«5¬�±	²�¥�¾
ª#¥�æwÆ G ±2«�²�¥�­�¯u²

L0,
¯u±	²2«wÃ�«w¶2Ý	«�¿�¹1»�¬S±2¯�¿,¯u´!ß�Äù²�¥�ª�«�®2¬�­�ª

x(t) = −

t∫

0

U (t, τ)f(τ) dτ, t > 0,

Ý'ªu¶2Ý	«�­�¬�ÝÙ§	®2îS§	®	§	­�«�©�§2¿Q¥�¶2ß�®	¹�¿Á¯u±2«�²�¥�­�¯u²2¯�¿Ð±2¯�¶2·�¸�²	·�±	±	¹
TE .

G ±2«�²�¥�­�¯u²
LE

Ý'ªu¶2Ý	«�­�¬�ÝÀ¬�­u¥�²'¾
Â!§2¿�¸�«�®2«�²�¥�­�¯u²2¯�¿Á±2¯�¶2·�¸�²	·�±	±	¹í¯u­�®2¯uÂ¡«�®	§	»

TE .
G ³u²�¥�­�®�¥�ÝÀ¦

TE
±2¯�¶2·�¸�²	·�±	±�¥

S = T−1
E

§2¿,«�«�­
ª�§'Ã

S(t)y(s) = U (s, s+ t)y(s+ t), s ∈ R+, y ∈ Lp(R+, X),
±	²	§	½2«�¿

D1(S) = D2(S) = Lp(R+, X).U2Æ T ·�¬�­�ß
X $ ¬�«�±�¥�²�¥u³�«w¶2ß�®2¯�«¡¸�§'¶2ß�³�«�²	­�¯uª�¯õ±	²2¯�¬�­�²�¥�®2¬�­�ª�¯d¬V¯u²	­�¯u®2¯u²2¿�§	²2¯uª#¥�®	®	¹�¿º³�¥�©�§'¾

¬�¯�¿
{ek, k = 0, 1, 2, . . .}

°Q§ø±	·�¬�­�ßñ±2¯�¬w¶�«wÃ�¯uª#¥�­�«w¶2ß�®2¯�¬�­�ßÁ¯u­�²	§	þ�¥�­�«w¶2ß�®	¹5¼é½	§2¬�«w¶
{λk, k ∈ N}­u¥�¦'¥�Ý�°1½	­�¯Á¬�¼#¯�Ã2Ý'­�¬�Ýí²#Ý�Ã2¹=' ∑

k>1 e
λks
°
s > 0

°5§ ∑
k>1 1/|λk|

2.
K ¥u¬�¬�¿,¯u­�²	§2¿ö±2¯�¶2·�¸�²	·�±	±	·

¯u±2«�²�¥�­�¯u²2¯uª
T : (0,∞) → EndX, T (t)x =

∑

k>1

eλkt(x, ek)(ek + e0).

^ ¯u¸�Ã�¥
KerT $ ¯�Ã2®2¯�¿,«�²	®2¯�«�±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯	°'¬�¯�Ã�«�²#ò¡¥�´¡«�«Xª�«�¦	­�¯u² e0, § =T = X.

G ³u²�¥�­�®�¥�Ý
¦d±2¯�¶2·�¸�²	·�±	±2«�¯u±2«�²�¥�­�¯u²2¯uª

T
±2¯�¶2·�¸�²	·�±	±�¥>¯u­�®2¯uÂ¡«�®	§	»

S = T−1 §2¿,«�«�­>ª�§'Ã�'

S(t)y =
∑

k>1

e−λkt(y, ek)(ek + e0) + y0,

¸�Ã�«
y0 ∈ KerT.

T ¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯
D2(S)

¬�¯�¬�­�¯u§	­À§	©Sª�«�¦	­�¯u²2¯uªÀª�§'Ã�¥

y =
∑

k>1

(y, ek + e0)(ek + e0),
Ã	¶2Ý�¦�¯u­�¯u²	¹5¼µ¬�¼#¯�Ã2§	­�¬�Ýµ²#Ý�Ã ∑

k>1

e−λkt(x, ek + e0)(ek + e0).

� ¥u¿,«�­�§2¿1°2½	­�¯!Ã�¥�®	®	¹1»µ²#Ý�Ã�¬�¼#¯�Ã2§	­�¬�Ýµ­�¯u¸�Ã�¥¡§¨­�¯�¶2ß�¦�¯>­�¯u¸�Ã�¥'°	¦�¯u¸�Ã�¥À¬�¼#¯�Ã2§	­�¬�Ý¨²#Ý�Ã
∑

k>1

e−λkt|(x, ek + e0)|
2.

� ¥u¿,«�­�§2¿1°2½	­�¯
S0 = KerT.

^ ²�¥u«�¦	­�¯u²	§	Ý¨­�¯u½	¦	§
z ∈ D2(S)

§2¿,«�«�­>ª�§'Ã

ξz(t) =
∑

k>1

e−λkt(y, ek)(ek + e0) + y(z),

¸�Ã�«
y(z) $ ±	²2¯u§	©�ª�¯�¶2ß�®	¹1»øîS§	¦�¬�§	²2¯uª#¥�®	®	¹1»Áª�«�¦	­�¯u²Ð§	©

S0.
T ²	§

y(z) = 0
§2¿,«�«�¿J¯�¬�®2¯uª�®	·�Ä

­�²�¥u«�¦	­�¯u²	§	ÄÚ­�¯u½	¦	§
z

ξz(t) =
∑

k>1

e−λkt(y, ek)(ek + e0).



��� ��� �B��
�� 4	�B4
R ®2îS§	®	§	­�«�©�§2¿Q¥�¶2ß�®	¹1»ñ¯u±2«�²�¥�­�¯u²

A0
±2¯�¶2·�¸�²	·�±	±	¹

T
§2¿,«�«�­>ª�§'Ã�'

A0x =
∑

k>1

λk(x, ek)(ek + e0),

¬�¯�³�¶�¥u¬�­�ß�ÄÚ¯u±	²2«wÃ�«w¶�«�®	§	Ý
D(A0)

¬�¯�¬�­�¯�Ý'´¡«�»µ§	©Sª�«�¦	­�¯u²2¯uª

x =
∑

k>1

(x, ek)(ek + e0),
Ã	¶2Ý�¦�¯u­�¯u²	¹5¼µ¬�¼#¯�Ã2§	­�¬�Ýµ²#Ý�Ã ∑

k>1

|λk(x, ek)|
2.

H ¥�©�¯uª�¹1»ø¸�«�®2«�²�¥�­�¯u²
Ac

¬�¯�¬�­�¯u§	­�§	©õ±�¥�²
(y,
∑

k>1 λk(y, ek)(ek + e0) + y0),
¸�Ã�«

y0 $ ±	²2¯u§	©�¾
ª�¯�¶2ß�®	¹1»µª�«�¦	­�¯u²¨§	©

KerT.
G ³�¶�¥u¬�­�ßÀ¯u±	²2«wÃ�«w¶�«�®	§	Ý

D(Ac)
¬�¯�¬�­�¯u§	­À§	©Sª�«�¦	­�¯u²2¯uª

x =
∑

k>1

(x, ek)(ek + e0),
Ã	¶2Ý�¦�¯u­�¯u²	¹5¼µ¬�¼#¯�Ã2§	­�¬�Ýµ²#Ý�Ã ∑

k>1

|λk(x, ek)|
2.

T ²	§>Ã2§2î�î�«�²2«�®	þ	§	²2¯uª#¥�®	§	§õ¯�¬�®2¯uª�®2¯u»À­�²�¥u«�¦	­�¯u²	§	§
ξz
­�¯u½	¦	§

z ∈ D2(S),
±2¯�¶2·�½�¥u«�¿1°#½	­�¯�§	®2îS§'¾

®	§	­�«�©�§2¿Q¥�¶2ß�®	¹1»ñ¯u±2«�²�¥�­�¯u²
G0

±2¯�¶2·�¸�²	·�±	±	¹
S
§2¿,«�«�­>ª�§'Ã�'

G0z = −
∑

k>1

λk(z, ek)(ek + e0),

¬�¯�³�¶�¥u¬�­�ß�ÄÚ¯u±	²2«wÃ�«w¶�«�®	§	Ý
D(G0)

°2¬�¯�¬�­�¯�Ý'´¡«�»¨§	©�ª�«�¦	­�¯u²2¯uª

z =
∑

k>1

(z, ek)(ek + e0) ∈ D2(S),
Ã	¶2Ý�¦�¯u­�¯u²	¹5¼µ¬�¼#¯�Ã2§	­�¬�Ýµ²#Ý�Ã ∑

k>1

|λk(z, ek)|
2.

R ®�¥�½2«5¸�¯uª�¯u²#Ý�°#¯u±2«�²�¥�­�¯u²
G0

«�¬�­�ßS¬�·�ò!«�®	§2«�¯u±2«�²�¥�­�¯u²�¥
−A0

®�¥X±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯
D2(S).

¤[²2¯�¾
¿,«V­�¯u¸�¯	°B¬�·�ò!«�®	§2«¡¯u­�®2¯uÂ¡«�®	§	Ý

−Ac
®�¥Ù±2¯�Ã2±	²2¯�¬�­�²�¥�®2¬�­�ª�¯

D2(S)
Ý'ªu¶2Ý	«�­�¬�Ýñ¯�Ã2®	§2¿í§	©V¸�«�®2«�²�¥�¾

­�¯u²2¯uª>±2¯�¶2·�¸�²	·�±	±	¹
S.
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