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rpÂ�Ð�Ê2Â�È�Ä�Ç2Ä�æ Ä�Ê	Æ	Ö è�é	ê�ëQï('*)�ñ�ý�ñ,+�î Å7Ä%�§Æ	ÕxË,Ä�Õ�Â�ÃøÆ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5ÍøËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ø�à,Ù�Â�Õ�Â�Ú
Ç	Ó1Ø�Ö'È�Å2Ö	Ä�Õ�Ð�Ö�×�Ã7Â�Ô�Ê	ÓªËøÉ�Î	Î7É�Ç7É�Õ�Â�ËoÆ2Ð�Ð�Å7Ä�Ã7Â�È#É�Ê	Æ	Ö�ËÊ2Â�Ì�Â�Ë,Ä�Ç	Ê	Ó5Í�Ð�Æ	Ê	Ì�×�Å2Ö'Ç	Ê2Â!È�Â�Ñ�Ë×�õ Ä�Ê	Ê	Ó5Í
Ð�Æ2Ð�Õ�Ä�ËåÃ2Æ2ßnßnÄ�Ç2Ä�Ê	Ï	Æ7É�Å2Û�Ê	Ó5Íx×�Ç7É�È�Ê2Ä�Ê	Æ	Ø�à�Î2Â�Ñ�È�Â�Å2Ö'ç[õ!Æ2ËåÎ2Â�Ê	Æ � É�Õ�ÛôÇ7É�Ñ�Ë,Ä�Ç	Ê2Â�Ð�Õ�Û�Ð�Æ2Ð�Õ�Ä�Ë ��
�à

'à�����ã5OTÇ	Æ	È�Ä�Ã7Ä�Ë Ê2Ä�Â�Ô�Í#Â�Ã2Æ2ËÓªÄ Ð�È�Ä�Ã7Ä�Ê	Æ	Ö�Â?Ë,Ä�Õ�Â�Ã7ÄcÆ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5Í�ËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ø�Ã	Å2ÖáÐ�Æ2Ð�Õ�Ä�Ú
ËÓYÜ 
�ä�ã

e�Å�É�Ã2Ù'É�ÖáÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Û
S
È
R
m ×R

n × R
Ê7É�Ñ�Ó1È#É�Ä�Õ�Ð�Ö î2ó2ò§þ.- é�ñ0/21�ó2ì±ë ëQó2ï,-�ï�ï�ð�é�ñ	)�î7þ�ë Ð�Æ'Ú

Ð�Õ�Ä�ËÓ Ü 
�ä�à5Ä�Ð�Å2Æ Å2çTÔ�É�ÖqÕ�Ç7É�Ä�Ù	Õ�Â�Ç	Æ	Ö ü�Õ�Â�Ø Ð�Æ2Ð�Õ�Ä�ËÓnà5Æ2Ë,Ä�ç[õ§É�ÖqÍ#Â�Õ�Ö Ô�Ó Â�Ã2Ê	×qÂ�Ô�õ!×�ç Õ�Â�Ò'Ú
Ù	×aÐ

S
à!Ï2Ä�Å2Æ	Ù�Â�Ë Î	Ç	Æ	Ê7É�Ã	Å7Ä%�§Æ	ÕÝÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ

S
ã43!Â�Ç2ËgÉ�Å2Û�Ê2Â	à?Ä�Ð�Å2ÆWÎ	Ç	Æ

t = t0
Õ�Â�Ò	Ù'É

(x(t0), y(t0), t0) ∈ S
à'Õ�Â§Õ�Ç7É�Ä�Ù	Õ�Â�Ç	Æ	Ö

(x(t), y(t), t)
Ï2Ä�Å2Æ	Ù�Â�Ë Î	Ç	Æ	Ê7É�Ã	Å7Ä%�§Æ	Õ

S
ã

f[Ç7É�È�Ê2Ä�Ê	Æ2Ä
ẋ = f(x, y, t, ε)

È§Ð�Æ2Ð�Õ�Ä�Ë,Ä§Ü 
�ägÊ7É�Ñ�Ó1È#É�Ä�Õ�Ð�Ö ënþ�ý./7þ�ó2ó2ï('{è2ï�ý(5�î25�ò§þ�ëQï(' à	Én×�Ç7É�È�Ú
Ê2Ä�Ê	Æ2Ä

εẏ = g(x, y, t, ε)
ö ð�ì65�ò©é�ï('{è2ï�ý(5�î25�ò§þ�ëQï(' Ð�Æ2Ð�Õ�Ä�ËÓAÜ 
�ä�ã,jgÐ�Å2Æ{È{Ü 
�ägÎ2Â�Å7Â��§Æ	Õ�Û

ε = 0
à

Î2Â�Å2×�Ò	Æ2Ë è2ï�é�ï	7ùý�ñ�û�8 ú�û Æ'Å2Æ*9 ì�é�ï	7ùý�þ�ó2ó2ú�û Ð�Æ2Ð�Õ�Ä�Ë×

ẋ = f(x, y, t, 0), (2)

0 = g(x, y, t, 0). (3)
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f[Ç7É�È�Ê2Ä�Ê	Æ2Ä
g(x, y, t, 0) = 0

Ñ�É�Ã�É�Ä�Õ ënþ�ý./7þ�ó2ó2ú�ûÝè2ï 9 þ�é2í	ó2ï(5�ò 1 ã���Õ�Â ×�Ç7É�È�Ê2Ä�Ê	Æ2ÄQË,Ä�Ã	Å7Ä�Ê	Ê2Â�Ø
Î2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�ÆôË,Â��!Ä�Õ Æ2Ë,Ä�Õ�Û§Â�Ã2Ê2ÂcÆ'Å2Æ�Ê2Ä�Ð�Ù�Â�Å2Û�Ù�Â§Ç2Ä�æ Ä�Ê	Æ	Ø�à�Ù'É � Ã7Â�Ä[Æ	Ñ[Ù�Â�Õ�Â�Ç	Ó5Í�Ñ�É�Ã�É�Ä�Õ /2î25�ò
ënþ�ý./7þ�ó2ó2ï('áè2ï 9 þ�é2í	ó2ï(5�ò î ã

X©Î	Æ	æ Ä�Ë Î2Â�Ã2Ç2Â�Ô�Ê2Ä�Ä�ã OQÂ�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Û2àáÑ�É�Ã�É�È#É�Ä�ËgÉ�Ö ×�Ç7É�È�Ê2Ä�Ê	Æ2Ä�Ë Ü ��ä�àôÊ7É�Ñ�Ó1È#É�Ä�Õ�Ð�Ö ënþ�ý
	
/7þ�ó2ó2ï(' è2ï 9 þ�é2í	ó2ï(5�ò 1�û ã r5Â�Ñ�Û�Ë,Ä�Ë Ù'É�Ù�Â�Ä�Ú Ê	Æ2Ô�×�Ã2Û Ç2Ä�æ Ä�Ê	Æ2Ä

x(t0)
à
y(t0)

à
t0

×�Ç7É�È�Ê2Ä�Ê	Æ	Ö
g(x, y, t, 0) = 0

à�Õ�ã�Ä�ã È�ÓªÔ�Ä�Ç2Ä�ËùÕ�Â�Ò	Ù	×
(x(t0), y(t0), t0)

Ê7É�Ë,Ä�Ã	Å7Ä�Ê	Ê2Â�ØâÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ
Γ
ã jgÐ�Å2Æ

det
(∂g
∂y (x(t0), y(t0), t0, 0)

)
6= 0

àJÕ�Â�È�Ê2Ä�Ù�Â�Õ�Â�Ç2Â�ØoÂ�Ù	Ç2Ä�Ð�Õ�Ê2Â�Ð�Õ�Æ
V0
Õ�Â�Ò	Ù	Æ

(x(t0), t0) ∈ D1 × R
à

D1 ⊂ R
m à�Ð�×�õ Ä�Ð�Õ�È�×�Ä�ÕôÎ2Â{Õ�Ä�Â�Ç2Ä�Ë,Ä?Â�Ê2Ä�Ö'È�Ê2Â�ØâßQ×�Ê	Ù	Ï	Æ	Æ � 
(���gÈ�Ä�Ù	Õ�Â�Ç'Ú�ßQ×�Ê	Ù	Ï	Æ	Ö

y = h0(x, t)
à

y0 = h0(x0, t0)
à
y ∈ D2 ⊂ R

n àáÙ�Â�Õ�Â�Ç7É�Ö Ö'È�Å2Ö	Ä�Õ�Ð�Ö Ç2Ä�æ Ä�Ê	Æ2Ä�Ë ×�Ç7É�È�Ê2Ä�Ê	Æ	Ö Ü ��ä�à�Õ�ã�Ä�ã
g(x, h0(x, t), t, 0) = 0

Î	Ç	ÆqÈ�Ð�Ä�Í
(x, t) ∈ V0

ãoOQÄ�Ç2Ä�Ð�Ä�Ò2Ä�Ê	Æ2Ä{Î2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ
Γ
Ð�Î2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Û�ç

det
(∂g
∂y (x(t), y(t), t, 0)

)
= 0

Ö'È�Å2Ö	Ä�Õ�Ð�ÖáÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Û�ç ÜÞÙ	Ç	Æ	È�Â�Ø�ä
Γ1
Ê7É?Ä�Ã2Æ	Ê	Æ	Ï	×áË,Ä�Ê	Û�æ Ä�Ø�Ç7É�Ñ�Ú

Ë,Ä�Ç	Ê2Â�Ð�Õ�Æ�à�Ò2Ä�Ë
Γ
ã X©Ê7É�Ã7Ä�Å2Æ	ÕâË,Ä�Ã	Å7Ä�Ê	Ê	×�ç Î2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�ÛâÊ7É�Ò7É�Ð�Õ�Æ�à�È�Ù'É � Ã7Â�Ø Æ	ÑôÙ�Â�Õ�Â�Ç	Ó5Í

det
(∂g
∂y (x(t), y(t), t, 0)

) Ê2Ä!Ë,Ä�Ê	Ö	Ä�Õ�Ñ�Ê7É�Ù'É'ãTtnÉ � Ã2×�çWÆ	Ñ!ü�Õ�Æ'ÍáÒ7É�Ð�Õ�Ä�Ø�Ê7É�Ñ�Ó1È#É�ç[Õ /2î25�ò ï�ëWënþ�ý
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� î25�ò ì î2ó2ò§þ.- é�ñ0/21�ó2ï,-�ï�ëQó2ï,-�ï�ï�ð�é�ñ	)�î�êùënþ�ý./7þ�ó2ó2ìmíùý 9 î 7Ýþ�ó2î2' ÜÞÆ'Å2Æ Ë,Ä�Ã	Å7Ä�Ê	Ê2Â�Ì�Â Æ	Ê	Õ�Ä�Ú
Ì�Ç7É�Å2Û�Ê2Â�Ì�ÂâËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ö7ä§Ö'È�Å2Ö'ç[Õ�Ð�Ö ×�Õ�Â�Ò	Ê2Ä�Ê	Æ2Ä�ËpÎ	Ç	Æ ×�Ò2Ä�Õ�ÄôËgÉ�Å7Â�Ì�ÂvÎ7É�Ç7É�Ë,Ä�Õ�Ç7É

ε
Å2Æ2Ð�Õ�Â�È

Ë,Ä�Ã	Å7Ä�Ê	Ê2Â�Ø�Î2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�ÆxÆôÎ2Â�Å2×�Ò7É�ç[Õ�Ð�ÖáÆ	ÑnÊ	Æ'ÍáÐQÎ2Â�Ë,Â�õ!Û�çAÉ�Ð�Æ2ËÎ	Õ�Â�Õ�Æ	Ò2Ä�Ð�Ù�Â�Ì�Â�Ç7É�Ñ�Å7Â��!Ä�Ê	Æ	Ö
Î2Â§Ð�Õ�Ä�Î2Ä�Ê	Ö	Ë

ε
�

h(x, t, ε) = h0(x, t) + εh1(x, t) + · · · + εkhk(x, t) + . . . , (4)

Ì�Ã7ÄªÙ�Â�ü�ßnßQÆ	Ï	Æ2Ä�Ê	Õ�ÓlÇ7É�Ñ�Å7Â��!Ä�Ê	Æ	Ö
hk(x, t)

Î2Â�Ã7Ð�Ò	Æ	Õ�Ó1È#É�ç[Õ�Ð�Ö�Î2ÂnÇ2Ä�Ù	×�Ç	Ç2Ä�Ê	Õ�Ê2Â�Ø�ßnÂ�Ç2Ë×�Å7Ä�à�Î	Ç	Æ'Ú
È�Ä�Ã7Ä�Ê	Ê2Â�Ø�à2Ê7É�Î	Ç	Æ2Ë,Ä�Ç�à2È	� ����à

hk = −B−1
[
g(k) − ∂hk−1

∂t −
k−1∑
p=0

∂hp

∂x f
(k−1−p)

]
,

B = det
(∂g
∂y (x, h0(x, t), t, 0)

)
6= 0.

(5)

d�Ç2Ä�Ã2Æ Æ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5Í§ËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ø�Ð�Æ2Ð�Õ�Ä�ËÓÝÜ 
�äJÊ7É�Ð�Æ	Ê	Õ�Ä�Ç2Ä�Ð�×�ç[Õ
m
Ú�Ë,Ä�Ç	Ê	ÓªÄ�Æ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ú

Ê	ÓªÄ§ËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ö ÜÞÇ7É�Ñ�Ë,Ä�Ç	Ê2Â�Ð�Õ�ÛáË,Ä�Ã	Å7Ä�Ê	Ê	Ó5Í�Î2Ä�Ç2Ä�Ë,Ä�Ê	Ê	Ó5Í7ä�àJÙ�Â�Õ�Â�Ç	ÓªÄ§Î	Ç2Ä�Ã7Ð�Õ�É�È�Æ2ËÓAÈ�È�Æ'Ã7Ä
Ì�Ç7É�ßQÆ	Ù'É È�Ä�Ù	Õ�Â�Ç'Ú�ßQ×�Ê	Ù	Ï	Æ	Æ

y = h(x, t, ε)
ã

r�Ó1Î2Â�Å2Ê	Ö	Ä�Õ�Ð�ÖáÐ�Â�Â�Õ�Ê2Â�æ Ä�Ê	Æ2Ä

lim
ε→0

h(x, t, ε) = h0(x, t),

Ì�Ã7Ä
h0(x, t)

öißQ×�Ê	Ù	Ï	Æ	ÖJà'Ì�Ç7É�ßQÆ	Ù{Ù�Â�Õ�Â�Ç2Â�ØáÖ'È�Å2Ö	Ä�Õ�Ð�Ö{Å2Æ2Ð�Õ�Â�Ë Ë,Ä�Ã	Å7Ä�Ê	Ê2Â�ØáÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ�ã
OTÇ	Æ�Ð�Õ�Ç2Ä�ËmÅ7Ä�Ê	Æ	Æ�ËgÉ�Å7Â�Ì�ÂQÎ7É�Ç7É�Ë,Ä�Õ�Ç7É

ε
Ù§Ê	×�Å2çlÕ�Ç7É�Ä�Ù	Õ�Â�Ç	Æ	Æ�Æ2Ð�Í#Â�Ã2Ê2Â�Ø�Ð�Æ2Ð�Õ�Ä�ËÓ Ð�Õ�Ç2Ä�ËÖ'Õ�Ð�Ö

Ù{Õ�Ç7É�Ä�Ù	Õ�Â�Ç	Æ	Ö	Ë È�Ó1Ç2Â�� Ã7Ä�Ê	Ê2Â�ØxÐ�Æ2Ð�Õ�Ä�ËÓnã
X[Ð�Ê2Â�È�Ê7É�ÖvÆ'Ã7Ä�ÖâË,Ä�Õ�Â�Ã�É{Æ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5ÍoËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	ØøÐ�Â�Ð�Õ�Â�Æ	Õ�ÈáÐ�Å7Ä�Ã2×�ç[õ Ä�Ë1ã�SáÓAÐ�È�Â�Ú

Ã2Æ2Ë Ù'É�Ò2Ä�Ð�Õ�È�Ä�Ê	Ê	Ó1ØùÉ�Ê7É�Å2Æ	ÑôÎ2Â�Å2Ê2Â�Ø Ð�Æ2Ð�Õ�Ä�ËÓ Ù É�Ê7É�Å2Æ	Ñ�×øË,Ä�Ã	Å7Ä�Ê	Ê	Ó5ÍqÎ2Â�Ã7Ð�Æ2Ð�Õ�Ä�ËpÊ7ÉáÅ2Æ2Ð�Õ�É�Í
Æ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê2Â�Ì�Â�ËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	ÖJã

d�Â�Ì�Å�É�Ð�Ê2Â�Ë,Ä�Õ�Â�Ã2×{Æ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5ÍáËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ø�ËÓùÃ7Â�Å��§Ê	ÓaÐ�Ã7Ä�Å�É�Õ�Û�Ð�Å7Ä�Ã2×�ç[õ Ä�Ä��

�ä§Æ2Ð�Ð�Å7Ä�Ã7Â�È#É�Õ�ÛqÐ�Õ�Ç2Â�Ä�Ê	Æ2ÄxË,Ä�Ã	Å7Ä�Ê	Ê2Â�ØåÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ�àªÕ�ã�Ä�ãÝÊ7É�Ø	Õ�ÆlÙ�Â�Å2Æ	Ò2Ä�Ð�Õ�È�ÂøÆåßnÂ�Ç2Ë×

Å2Æ2Ð�Õ�Â�È2

�ä�Ê7É�Ø	Õ�ÆôÌ�Ç7É�Ê	Æ	Ï	ÓùÅ2Æ2Ð�Õ�Â�È2
��ä�Î	Ç2Â�È�Ä�Ç	Æ	Õ�Û§Í�É�Ç7É�Ù	Õ�Ä�Çá×�Ð�Õ�Â�Ø	Ò	Æ	È�Â�Ð�Õ�ÆáÅ2Æ2Ð�Õ�Â�È2
��ä�Î	Ç2Â�È�Ä�Ð�Õ�ÆcÙ'É�Ò2Ä�Ð�Õ�È�Ä�Ê	Ê	Ó1Ø§É�Ê7É�Å2Æ	Ñ�Ë,Ä�Ã	Å7Ä�Ê	Ê	Ó5ÍnÎ2Â�Ã7Ð�Æ2Ð�Õ�Ä�ËôÊ7É5×�Ð�Õ�Â�Ø	Ò	Æ	È�Ó5ÍQÅ2Æ2Ð�Õ�É�Í�ÜÞÈ1Ò7É�Ð�Õ�Ú

Ê2Â�Ð�Õ�Æ�à'Ê7É�Ø	Õ�Æ{Ð�Õ�É�Ï	Æ2Â�Ê7É�Ç	Ónà2Æ'Í�Ù'Å�É�Ð�Ð�Æ2ßQÆ	Ù'É�Ï	Æ	ç 2Â�Ð�Â�Ô�Ó1Ø{Æ	Ê	Õ�Ä�Ç2Ä�ÐTÈ�Ó1Ñ�Ó1È#É�ç[Õ§Ù�Â�Å7Ä�Ô�É�Ê	Æ	Ö{Ç7É�Ñ�Ú
Å2Æ	Ò	Ê	Ó5Í{Õ�Æ	Î2Â�È?Æ{Ç2Ä�æ Ä�Ê	Æ	Ö�Ú ×�Õ�Ù	Æ�ä 
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]nÉ�Í#Â�� Ã7Ä�Ê	Æ2Ä§Ç2Ä�æ Ä�Ê	Æ	Ö�Ð�Æ2Ð�Õ�Ä�ËÓ Ü 
�äªÐ�È�Â�Ã2Æ	Õ�Ð�ÖxÙxÂ�Õ�ÓªÐ�Ù'É�Ê	Æ	çYÇ2Ä�æ Ä�Ê	Æ	ÖáÈ�Ó1Ç2Â�� Ã7Ä�Ê	Ê2Â�ØâÐ�Æ'Ú

Ð�Õ�Ä�ËÓ Ü 
�ä �KÜ ��ä�àJÎ2Â�Å2×�Ò7É�Ä�Ë,Â�ØvÆ	Ñ§Æ2Ð�Í#Â�Ã2Ê2Â�Ø�àmÄ�Ð�Å2Æ�Î7É�Ç7É�Ë,Ä�Õ�Ç
ε
ßnÂ�Ç2ËgÉ�Å2Û�Ê2Â�Î2Â�Å7Â��§Æ	Õ�ÛôÇ7É�È�Ê	ÓªË

Ê	×�Å2ç ã ��Õ�Â�Õ{ßcÉ�Ù	Õ�Ð�Å7Ä�Ã2×�Ä�Õ�Æ	Ñ Ç7É�Ô�Â�Õ{U!ã�]§ãK\5Æ'Í#Â�Ê2Â�È#É � �2à � ��àKÈ�Ù�Â�Õ�Â�Ç	Ó5Í�Ã7Â�Ù'É�Ñ�É�Ê	ÓWÕ�Ä�Â�Ç2Ä�ËÓ
ÂáÎ	Ç2Ä�Ã7Ä�Å2Û�Ê2Â�ËaÎ2Ä�Ç2Ä�Í#Â�Ã7Ä�ÙoÇ2Ä�æ Ä�Ê	Æ	ç È�Ó1Ç2Â�� Ã7Ä�Ê	Ê2Â�ØqÑ�É�Ã�É�Ò	ÆøÎ	Ç	ÆøÐ�Õ�Ç2Ä�ËmÅ7Ä�Ê	Æ	Æ ËgÉ�Å7Â�Ì�Â�Î7É�Ç7É�Ú
Ë,Ä�Õ�Ç7É{ÙvÊ	×�Å2ç ã�OTÇ7É�È�ÓªÄ�Ò7É�Ð�Õ�ÆâÐ�Æ2Ð�Õ�Ä�ËÓ Ü 
�ä[Ö'È�Å2Ö'ç[Õ�Ð�Ö�Ã7Â�Ð�Õ�É�Õ�Â�Ò	Ê2ÂáÌ�Å�É�Ã2Ù	Æ2ËÆøßQ×�Ê	Ù	Ï	Æ	Ö	ËÆ�à
Î2Â�ü�Õ�Â�Ë×c×�Ã7Â�È�Å7Ä�Õ�È�Â�Ç#Ö'ç[ÕTÕ�Ç2Ä�Ô�×�Ä�ËÓªËx×�Ð�Å7Â�È�Æ	Ö	Ë1à�È[Ò7É�Ð�Õ�Ê2Â�Ð�Õ�Æ�à�Â�Ô�Ä�Ð�Î2Ä�Ò	Æ	È#É�ç[ÕnÄ�Ã2Æ	Ê2Ð�Õ�È�Ä�Ê	Ê2Â�Ð�Õ�Û
Ç2Ä�æ Ä�Ê	Æ	ÖJã

OTÇ	Æ?Æ2Ð�Î2Â�Å2Û�Ñ�Â�È#É�Ê	Æ	Æ�Ë,Ä�Õ�Â�Ã�ÉQÆ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5Í�ËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ø?Ã	Å2Ö§Ç2Ä�æ Ä�Ê	Æ	Ö§Ù�Â�Ê	Ù	Ç2Ä�Õ�Ê	Ó5Í?Ñ�É�Ú
Ã�É�Ò§Ï2Ä�Ê	Õ�Ç7É�Å2Û�Ê	ÓªËâÐ�Õ�É�Ê2Â�È�Æ	Õ�Ð�Ö?È�Â�Î	Ç2Â�Ð1Â[È�Ó1Ò	Æ2Ð�Å7Ä�Ê	Æ	Æ�ßQ×�Ê	Ù	Ï	Æ	Æ

h(x, t, ε)
à#Â�Î	Æ2Ð�Ó1È#É�ç[õ Ä�Ø�ËÊ2Â�Ú

Ì�Â�Â�Ô�Ç7É�Ñ�Æ2Ä�ã tnÉ�Ù Î	Ç7É�È�Æ'Å7Â	à�Õ�Â�Ò	Ê2Â�Ä{È�Ó1Ò	Æ2Ð�Å7Ä�Ê	Æ2ÄôÊ2Ä�Ö'È�Å2Ö	Ä�Õ�Ð�Ö È�Â�Ñ�Ë,Â��§Ê	ÓªËpÆqÆ2Ð�Î2Â�Å2Û�Ñ�×�ç[Õ�Ð�Ö
Ç7É�Ñ�Å2Æ	Ò	Ê	ÓªÄ?È�Æ'Ã2ÓWÎ	Ç	Æ2Ô�Å2Æ �!Ä�Ê	Ê	Ó5ÍvÈ�Ó1Ò	Æ2Ð�Å7Ä�Ê	Æ	Ø�ã?SáÓpÔ�×�Ã7Ä�ËåÆ2Ð�Î2Â�Å2Û�Ñ�Â�È#É�Õ�ÛôÃ	Å2ÖxÎ	Ç	Æ2Ô�Å2Æ �!Ä�Ê'Ú
Ê2Â�Ì�ÂøÈ�Ó1Ò	Æ2Ð�Å7Ä�Ê	Æ	ÖaÉ�Ð�Æ2ËÎ	Õ�Â�Õ�Æ	Ò2Ä�Ð�Ù�Â�ÄâÇ7É�Ñ�Å7Â��!Ä�Ê	Æ2ÄâßQ×�Ê	Ù	Ï	Æ	Æ

h(x, t, ε)
Î2ÂqÐ�Õ�Ä�Î2Ä�Ê	Ö	ËiËgÉ�Å7Â�Ì�Â

Î7É�Ç7É�Ë,Ä�Õ�Ç7É'à2Î	Ç	Æ	È�Ä�Ã7Ä�Ê	Ê2Â�ÄcÈ?ßnÂ�Ç2Ë×�Å�É�ÍvÜ ��ä�à±Ü � ä�ã
d�×�õ Ä�Ð�Õ�È�Â�È#É�Ê	Æ2ÄxÆ	Ê	Õ�Ä�Ì�Ç7É�Å2Û�Ê2Â�Ì�ÂqËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	ÖùÔ�Ó5Å7ÂvÃ7Â�Ù'É�Ñ�É�Ê2ÂøÈ�� �'à�����ã OTÇ	Æ	È�Ä�Ã7Ä�Ë÷Ð�Â�Ú

Â�Õ�È�Ä�Õ�Ð�Õ�È�×�ç[õ!×�ç Õ�Ä�Â�Ç2Ä�Ë×lÆùÐ�ßnÂ�Ç2Ë×�Å2Æ	Ç	×�Ä�ËiÎ2Â�Ð�Õ�É�Ê2Â�È�Ù	×åÎ	Ç#Ö	Ë,Â�ØÝÑ�É�Ã�É�Ò	Æ�ã Ü ^JÉ�Ë,Ä�Õ�Æ2Ë1àTÒ	Õ�Â
Õ�Ä�Ç2ËÆ	Ê���Î	Ç#Ö	ËgÉ�Ö�� Ñ�É�Ã�É�Ò7ÉøÂ�Ô�Ó1Ò	Ê2Âø×�Î2Â�Õ�Ç2Ä�Ô�Å2Ö	Ä�Õ�Ð�ÖùÈoÙ�Â�Ê	Õ�Ä�Ù�Ð�Õ�ÄâÐ���Â�Ô�Ç7É�Õ�Ê2Â�Ø��qÑ�É�Ã�É�Ò2Ä�Ø�àQÉ
È�Â�Ð�Õ�É�Å2Û�Ê	Ó5ÍáÐ�Å2×�Ò7É�Ö�Í�Ì�Â�È�Â�Ç#Ö'Õ�Î	Ç2Â�Ð�Õ�Â���Ñ�É�Ã�É�Ò7É���ã ä

	{z�!#"#�	|mz7¿7~ � �������[z������#À����mÁ�D1OT×�Ð�Õ�Û§Ã	Å2ÖôÐ�Æ2Ð�Õ�Ä�ËÓ÷Ü 
�ä�È�Ó1Î2Â�Å2Ê2Ä�Ê	Ó ×�Ð�Å7Â�È�Æ	Ö �

�ãf[Ç7É�È�Ê2Ä�Ê	Æ2Ä

g(x, y, t, 0) = 0
Æ2Ë,Ä�Ä�Õ�Æ	Ñ�Â�Å2Æ	Ç2Â�È#É�Ê	Ê2Â�ÄôÇ2Ä�æ Ä�Ê	Æ2Ä

y = h0(x, t)
Î	Ç	Æ

t ∈ R
à

x ∈ R
m ã


�
�ã�râÂ�Ô�Å�É�Ð�Õ�Æ
Ω0 =

{
(x, y, t, ε) : x ∈ R

m, ‖y−h0(x, t)‖ < ρ, t ∈ R, 0 6 ε 6 ε0

} ßQ×�Ê	Ù	Ï	Æ	Æ
f
à
g
Æ
h0

Ç7É�È�Ê2Â�Ë,Ä�Ç	Ê2Â�Ê2Ä�Î	Ç2Ä�Ç	Ó1È�Ê	ÓiÆøÂ�Ì�Ç7É�Ê	Æ	Ò2Ä�Ê	ÓiÈ�Ë,Ä�Ð�Õ�Ä�Ð�Ò7É�Ð�Õ�Ê	ÓªËÆqÎ	Ç2Â�Æ	Ñ�È�Â�Ã2Ê	ÓªËÆqÎ2Â
Î2Ä�Ç2Ä�Ë,Ä�Ê	Ê	ÓªË Ã7Â

(k + 2)
Ú Ì�Â§Î2Â�Ç#Ö�Ã2Ù'É?È�Ù'Å2ç[Ò	Æ	Õ�Ä�Å2Û�Ê2Â�Ü

k > 0
ä�ã


�
�
�ã�d�Â�Ô�Ð�Õ�È�Ä�Ê	Ê	ÓªÄ Ñ�Ê7É�Ò2Ä�Ê	Æ	Ö
λi(x, t)

Ü
i = 1, . . . , n

äªËgÉ�Õ�Ç	Æ	Ï	Ó ∂g
∂y (x, h0(x, t), t, 0)

Î2Â�Ã2Ò	Æ	Ê	Ö�Ú
ç[Õ�Ð�Ö{Ê2Ä�Ç7É�È�Ä�Ê2Ð�Õ�È�×

Reλi(x, t) 6 −2γ < 0
ã

\5Ç2Ä�Ô�×�Ä�Õ�Ð�ÖôÎ2Â!Ñ�É�Ã�É�Ê	Ê	ÓªË ßQ×�Ê	Ù	Ï	Æ	Ö	Ë
f(x, y, t, ε)

à
g(x, y, t, ε)

È§Î	Ç7É�È�Â�Ø{Ò7É�Ð�Õ�ÆôÐ�Æ2Ð�Õ�Ä�ËÓYÜ 
�ä
Ê7É�Ø	Õ�Æ

x(t)
à
y(t)

È?Â�Ô�Å�É�Ð�Õ�Æ
Ω0
ã

��}#z��m}$�&�KD �© 2����n
�/10 - �	$����c��� �! 2��� - 
�����
 9 
�
�
 4'+�- �����c�� ���������
� 2���n����� - �
ε1 (0 < ε1 6 ε0)

*
��� - �����q�	���c� - � -

ε ∈ (0, ε1]
���K���������

(1)
�2���������	$K��� ��"������$ - �{�$ - � -�-�� "�����K�{�������K��$	$	/��

��
��	�?��$	�	�
y = h(x, t, ε)

* ��
��	�?��$	�K�[0 - � - � - " - �± - 0	�K��/1
�������� �� #"���
�$K��$	�K���

ẋ = f(x, h(x, t, ε), t, ε). (6)

�5���	�
x(t) �

"±������$	�K����� - � -  #"���
�$K��$	��� * � - 0���"��
x(t)

*
y(t)

* ���±�
y(t) = h(x, t, ε)

* �'
���������� �
"±������$	�K��� �K��� - ��$ - �v���K�������/

(1)
* � 4 � 4 0���"��

x(t)
*
y(t)

������!"±������$	�K�©0#"��	� - ������������ 4
rAÙ'É�Ò2Ä�Ð�Õ�È�Ä{Î	Ç	Æ2Ë,Ä�Ç2Â�ÈvÎ	Ç#Ö	Ë,Â�ØqÑ�É�Ã�É�Ò	Æ Ô�Ó5Å2ÆqÇ7É�Ð�Ð�Ë,Â�Õ�Ç2Ä�Ê	ÓiÃ2È�Ä�Ë,Â�Ã7Ä�Å2ÆqÆ	Ñ�Í'Æ2ËÆ	Ò2Ä�Ð�Ù�Â�Ø

Ù	Æ	Ê2Ä�Õ�Æ	Ù	Æ�ã

�ã�� ñ�ò§þ�ëQñ�ò î2+'þ�5'��ñ�êôëQï�ý�þ /21néKþ�ñ���ò ï�é�ñ�î2ý�þ�ñ0/21�ó2ï,-�ï�5�ënþ��§þ�ó2î�ê ã
PÉ�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Ä�Õ�Ð�ÖqÐ�Æ2Ð�Õ�Ä�ËgÉáÂ�Ô�Ó1Ù	Ê2Â�È�Ä�Ê	Ê	Ó5ÍvÃ2Æ2ßnßnÄ�Ç2Ä�Ê	Ï	Æ7É�Å2Û�Ê	Ó5Í�×�Ç7É�È�Ê2Ä�Ê	Æ	Ø�àÂ�Î	Æ2Ð�Ó1È#É�ç©Ú

õ§É�Ö{Ô�Æ2Ë,Â�Å7Ä�Ù	×�Å2Ö'Ç	Ê	×�çWÇ2Ä�É�Ù	Ï	Æ	ç Ê7É!Î2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ�Ù'É�Õ�É�Å2Æ	Ñ�É�Õ�Â�Ç7É

ẋ1 = a− x1 − α[ω1 + (ω3 − ω1 − ω2)x1],

ẋ2 = b− x2 − α[ω2 + ω4 + (ω3 − ω1 − ω2)x2],

ẏ1 = β(2ω1 − ω3 − ω4), ẏ2 = β(ω2 − ω3),

(7)

Ì�Ã7Ä
ω1 = κ1x1(1−y1−y2)2−κ−1y

2
1

à
ω2 = κ2x2(1−y1−y2)−κ−2y2

à
ω3 = y1y2

à
ω4 = κ4x2y1

ö
Â�Ô�Ä�Ñ�Ç7É�Ñ�Ë,Ä�Ç2Ä�Ê	Ê	ÓªÄ!Ð�Ù�Â�Ç2Â�Ð�Õ�Æ�Ò2Ä�Õ�Ó1Ç2Ä�ÍôÐ�Õ�É�Ã2Æ	ØáÇ2Ä�É�Ù	Ï	Æ	Æ�ã



�ª"��	�����{� -�� "�����$����ô����������������x���	$��� �����"�$ - �����K�������/ ���

X[Ô�Å�É�Ð�Õ�Û�ç Æ	Ñ�Ë,Ä�Ê2Ä�Ê	Æ	ÖôÎ2Ä�Ç2Ä�Ë,Ä�Ê	Ê	Ó5ÍôÖ'È�Å2Ö	Ä�Õ�Ð�ÖôËÊ2Â��!Ä�Ð�Õ�È�Â

W =
{
(x1, x2, y1, y2) : 0 6 x1 6 a, 0 6 x2 6 b, 0 6 y1, 0 6 y2, y1 + y2 6 1

}
.

d�Æ2Ð�Õ�Ä�ËgÉáÜ ��ä�Æ	Ñ�×�Ò7É�Å�É�Ð�Û�È	� �'à�����ã
d�Ù�Â�Ç2Â�Ð�Õ�Û Ç2Ä�É�Ù	Ï	Æ	Æ�Ê7ÉQÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Æ�Ù'É�Õ�É�Å2Æ	Ñ�É�Õ�Â�Ç7É Ð�×�õ Ä�Ð�Õ�È�Ä�Ê	Ê2ÂnÈ�Ó1æ Ä�à#Ò2Ä�ËâÐ�Ù�Â�Ç2Â�Ð�Õ�ÆôÉ�Ã	Ú

Ð�Â�Ç2Ô�Ï	Æ	Æ�ãgOTÇ2Ä�Ã2Î2Â�Å�É�Ì�É�Ä�Õ�Ð�ÖJà�Ò	Õ�Â§Â�Ð�Ê2Â�È�Ê	ÓªË Ë,Ä�Í�É�Ê	Æ	Ñ�Ë,Â�Ë Ç2Ä�É�Ù	Ï	Æ	ÆôÖ'È�Å2Ö	Ä�Õ�Ð�ÖáÉ�Ã7Ð�Â�Ç2Ô�Ï	Æ2Â�Ê	Ê	Ó1Ø�à
Éx×�Ã�É�Ç	Ê	Ó1Ø Ë,Ä�Í�É�Ê	Æ	Ñ�ËA×�Ò	Æ	Õ�Ó1È#É�Ä�Õ�Ð�Ö Ù'É�Ù Ã7Â�Î2Â�Å2Ê	Æ	Õ�Ä�Å2Û�Ê	Ó1Ø�ãåOQÂ�ü�Õ�Â�Ë× ËÓ Æ2Ð�Î2Â�Å2Û�Ñ�×�Ä�ËAÎ	Ç	Æ
É�Ê7É�Å2Æ	Ñ�ÄcË,Â�Ã7Ä�Å2ÆxÐ�Å7Ä�Ã2×�ç[õ!×�çaÆ2Ä�Ç7É�Ç�Í'Æ	çWÎ7É�Ç7É�Ë,Ä�Õ�Ç2Â�È2�

κ−2,κ−1,κ4 � κ1,κ2 � 1.
tQÂ�Ê2Ð�Õ�É�Ê'Ú

Õ�Ó Ã7Ä�Ð�Â�Ç2Ô�Ï	Æ	ÆâÎ	Ç2Ä�Ã2Î2Â�Å�É�Ì�É�ç[Õ�Ð�ÖoËgÉ�Å2ÓªËÆâÐ�Ç7É�È�Ê	Æ	Õ�Ä�Å2Û�Ê2ÂáÐ Ù�Â�Ê2Ð�Õ�É�Ê	Õ�É�ËÆ É�Ã7Ð�Â�Ç2Ô�Ï	Æ	Æ�ã?tTÇ2Â�Ë,Ä
Õ�Â�Ì�Â	à

α� β
Æ
ε = 1/β � κ−2,κ−1,κ4.


�
�ã � ñ�ò§þ�ëQñ�ò î2+'þ�5'��ñ�êôëQï�ý�þ /21 ��ñ�ò ñ0/2î2ò î2+'þ�5'��ï('?éKþ�ñ��*�2î2îxï ��î25 /7þ�ó2î�ê ã
PÉ�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Ä�Õ�Ð�ÖøÃ7Ä�Õ�É�Å2Û�Ê	Ó1Ø Ë,Ä�Í�É�Ê	Æ	Ñ�ËaÇ2Ä�É�Ù	Ï	Æ	Æ ���

+
�
2
Ê7ÉôÆ	Ç	Æ'Ã2Æ	Æ�ã�tTÆ	Ê2Ä�Õ�Æ	Ò2Ä�Ð�Ù�Â�Ø

Ð�Í#Ä�Ë,Ä�ü�Õ�Â�ØoÇ2Ä�É�Ù	Ï	Æ	ÆøÐ�Â�Â�Õ�È�Ä�Õ�Ð�Õ�È�×�Ä�Õ�Ð�Æ2Ð�Õ�Ä�ËgÉ{Ã2Æ2ßnßnÄ�Ç2Ä�Ê	Ï	Æ7É�Å2Û�Ê	Ó5Íâ×�Ç7É�È�Ê2Ä�Ê	Æ	ØøÐ�Ô�Ä�Ñ�Ç7É�Ñ�Ë,Ä�Ç'Ú
Ê	ÓªËÆôÎ2Ä�Ç2Ä�Ë,Ä�Ê	Ê	ÓªËÆ

ẋ1 = 2b1x
2
7 − b2x6x1 − b8x1x2,

ẋ2 = b4x7 − b5x2 − b8x1x2 − b9x2x3 − b12x2x4,

ẋ3 = b2x6x1 − 2b3x
2
3 − b6x3 + b7x5 − b9x2x3 + 2b10x4x5 + b12x2x4,

ẋ4 = 2b3x
2
3 − b10x4x5 − b12x2x4,

ẋ5 = b6x3 − b7x5 − b10x4x5 − b11x5,

(8)

Ì�Ã7Ä
x6 = 1− x3 − x4 − x5

à
x7 = 1− x1 − x2 − x3 − x4 − x5.d�Æ2Ð�Õ�Ä�ËgÉáÜ���ä5Æ2Ð�Ð�Å7Ä�Ã7Â�È#É�Å�É�Ð�Û�È � �'à 
	��à,
�����ã5\mÉ�Ë �!ÄnÎ	Ç	Æ	È�Ä�Ã7Ä�Ê	ÓaÈ�Ó1Ç7É �!Ä�Ê	Æ	ÖôÃ	Å2Ö{Ù�Â�ü�ßnßQÆ'Ú

Ï	Æ2Ä�Ê	Õ�Â�È
bi (i = 1, 2, . . . , 12).

X[Ô�Å�É�Ð�Õ�Û�ç Æ	Ñ�Ë,Ä�Ê2Ä�Ê	Æ	ÖôÎ2Ä�Ç2Ä�Ë,Ä�Ê	Ê	Ó5ÍôÖ'È�Å2Ö	Ä�Õ�Ð�ÖôËÊ2Â��!Ä�Ð�Õ�È�Â

W =

{
(x1, . . . , x5) : 0 6 xi 6 1,

5∑

j=1

xj 6 1, i = 1, . . . , 5

}
.

OTÇ	Æ�É�Ê7É�Å2Æ	Ñ�ÄnË,Â�Ã7Ä�Å2ÆáÆ2Ð�Î2Â�Å2Û�Ñ�×�Ä�Ë Ð�Å7Ä�Ã2×�ç[õ!×�çaÆ2Ä�Ç7É�Ç�Í'Æ	ç Î7É�Ç7É�Ë,Ä�Õ�Ç2Â�È2�

b10 > b8 � b7 > b1, b2, b3, b4, b6, b11, b12 � b5, b9.

r ��
����mÕ�É�Ù �!Ä!Î	Ç2Â�È�Ä�Ã7Ä�Ê�Î2Â�Ã2Ç2Â�Ô�Ê	Ó1ØvÉ�Ê7É�Å2Æ	Ñ!Ð�Æ2Ð�Õ�Ä�Ë Ü ��ä5ÆoÜ���ä1ÐnÎ	Ç	Æ2Ë,Ä�Ê2Ä�Ê	Æ2Ä�ËåË,Ä�Õ�Â�Ã�É?Æ	Ê'Ú
Õ�Ä�Ì�Ç7É�Å2Û�Ê	Ó5ÍqËÊ2Â�Ì�Â�Â�Ô�Ç7É�Ñ�Æ	Ø�à�Ù�Â�Õ�Â�Ç	Ó1Ø Î2Â�Ñ�È�Â�Å2Ö	Ä�ÕvÎ	Ç2Â�È�Ä�Ð�Õ�Æ Æ2Ð�Ð�Å7Ä�Ã7Â�È#É�Ê	Æ2ÄôÐ�Â�Ì�Å�É�Ð�Ê2Â�æ§É�Ì�É�Ë1à
Â�Î	Æ2Ð�É�Ê	Ê	ÓªËoÇ7É�Ê2Ä�Ä�ã,rqÇ7É�Ô�Â�Õ�É�Í � 
 ����
����KÕ�É�Ù �!Ä©Ç7É�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Å2Æ2Ð�Û?Ð�Æ2Ð�Õ�Ä�ËÓùÐ©ËgÉ�Å2ÓªËâÎ7É�Ç7É�Ë,Ä�Õ�Ú
Ç2Â�Ë1à	È§Ò7É�Ð�Õ�Ê2Â�Ð�Õ�Æ�à2È � 
 ����
�
���öiÐ�Æ2Ð�Õ�Ä�ËÓnà7Â�Î	Æ2Ð�Ó1È#É�ç[õ!Æ2ÄQÑ�É�Ã�É�Ò	ÆôÍ'Æ2ËÆ	Ò2Ä�Ð�Ù�Â�ØáÙ	Æ	Ê2Ä�Õ�Æ	Ù	Æ�ã

FKD ������� "'|��$�����#À�������À ����!�Á�!#"'}$�&%
	QÄ�Å2Û�ç Ã�É�Å2Û�Ê2Ä�Ø	æ!Æ'ÍqÆ2Ð�Ð�Å7Ä�Ã7Â�È#É�Ê	Æ	ØlÖ'È�Å2Ö'ç[Õ�Ð�ÖqÎ2Â�Ð�Õ�É�Ê2Â�È�Ù'ÉâÆ É�Ê7É�Å2Æ	ÑáÑ�É�Ã�É�Ò	Æ�à1Â�Ô�Ç7É�Õ�Ê2Â�Ø

Ù�Ñ�É�Ã�É�Ò2Ä�à�Î2Â�Ð�Õ�É�È�Å7Ä�Ê	Ê2Â�ØâÈ{Î	Ç2Ä�Ã2Ó5Ã2×�õ Ä�ËùÎ	×�Ê	Ù	Õ�Ä!Ã	Å2Ö�Ð�Æ2Ð�Õ�Ä�ËÓ Ü 
�ä�ãn_nÅ2Öx×�Î	Ç2Â�õ Ä�Ê	Æ	ÖxÆ2Ð�Ð�Å7Ä�Ú
Ã7Â�È#É�Ê	Æ	ÖôÂ�Ô�Ç7É�Õ�Ê2Â�ØáÑ�É�Ã�É�Ò	ÆôÃ	Å2Ö{Ð�Æ2Ð�Õ�Ä�ËÓ÷Ü 
�ä�È�È�Ä�Ã7Ä�Ê	Ó Ð�Å7Ä�Ã2×�ç[õ!Æ2ÄnÂ�Ì�Ç7É�Ê	Æ	Ò2Ä�Ê	Æ	Ö �


�ä�Ç7É�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Ä�Õ�Ð�Ö Â�Ô�Ç7É�Õ�Ê7É�ÖnÑ�É�Ã�É�Ò7É1Ã	Å2ÖnÐ�Æ2Ð�Õ�Ä�ËÓåÜ 
�äKÎ	Ç	Æ
ε = 0

à�Õ�ã�Ä�ãJÃ	Å2ÖQÈ�Ó1Ç2Â�� Ã7Ä�Ê	Ê2Â�Ø
Ð�Æ2Ð�Õ�Ä�ËÓYÜ 
�ä 


�ä ßQ×�Ê	Ù	Ï	Æ	Ö
f
ÈvÎ	Ç7É�È�Â�Ø Ò7É�Ð�Õ�ÆlË,Ä�Ã	Å7Ä�Ê	Ê2Â�ØlÎ2Â�Ã7Ð�Æ2Ð�Õ�Ä�ËÓ Ð�Æ2Ð�Õ�Ä�ËÓ Ü 
�ä!Ñ�É�Ã�É�Ä�Õ�Ð�Ö ÈvÈ�Æ'Ã7Ä

ËÊ2Â�Ì�Â�Ò'Å7Ä�Ê7É
p
Ú ØùÐ�Õ�Ä�Î2Ä�Ê	Æ

f =
∑

i+j6p bijx
iyj
àªÕ�É�ÙÝÙ'É�ÙùÈøÑ�É�Ã�É�Ò7É�ÍlÍ'Æ2ËÆ	Ò2Ä�Ð�Ù�Â�Ø Ù	Æ	Ê2Ä�Õ�Æ	Ù	Æ

Î	Ç7É�È�ÓªÄxÒ7É�Ð�Õ�ÆÝÐ�Æ2Ð�Õ�Ä�ËÓ Ò7É�Ð�Õ�ÂøÖ'È�Å2Ö'ç[Õ�Ð�ÖåÎ2Â�Å2Æ	Ê2Â�ËgÉ�ËÆ�àQÔ�Â�Å7Ä�ÄxÕ�Â�Ì�ÂøÔ�×�Ã7Ä�Ë÷Ç7É�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Õ�Û
ËÊ2Â�Ì�Â�Ò'Å7Ä�ÊáÎ2Ä�Ç	È�Â�ØáÐ�Õ�Ä�Î2Ä�Ê	Æ 



��� > - $ - $K��$	� -��?4��?4
��ä�Ç7É�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�ç[Õ�Ð�Ö�Ð�Æ2Ð�Õ�Ä�ËÓ ÐTÂ�Ã2Ê2Â�ØáË,Ä�Ã	Å7Ä�Ê	Ê2Â�ØáÆôÂ�Ã2Ê2Â�ØáÔ�ÓªÐ�Õ�Ç2Â�ØôÎ2Ä�Ç2Ä�Ë,Ä�Ê	Ê	ÓªËÆ�à2Õ�ã	Ä�ã

m = n = 1


��äßQ×�Ê	Ù	Ï	Æ	ç
g(x, y, t, ε)

Ð�Ò	Æ	Õ�É�Ä�ËâÑ�É�Ã�É�Ê	Ê2Â�Ø�Æ?×�Ã7Â�È�Å7Ä�Õ�È�Â�Ç#Ö'ç[õ Ä�Ø�È�Ð�Ä�Ë�×�Ð�Å7Â�È�Æ	Ö	ËvÕ�Ä�Â�Ç2Ä�ËÓ
Â�Ê2Ä�Ö'È�Ê2Â�ØvßQ×�Ê	Ù	Ï	Æ	Æ�È�Ù'É � Ã7Â�Ø�Õ�Â�Ò	Ù�Ä§Â�Ô�Å�É�Ð�Õ�Æ�àKÈ�Ò7É�Ð�Õ�Ê2Â�Ð�Õ�Æ�à ∂g(x,y,t,0)

∂y 6= 0
àKÐ�Å7Ä�Ã7Â�È#É�Õ�Ä�Å2Û�Ê2Â	à

Î	Ç	Æ
ε = 0

Ë,Ä�Ã	Å7Ä�Ê	Ê7É�ÖôÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Û2à2×�Ç7É�È�Ê2Ä�Ê	Æ2ÄnÙ�Â�Õ�Â�Ç2Â�Ø
g(x, y, t, 0) = 0

à'Ñ�É�Ã�É�Ê7É�
� ä5Ë,Ä�Ã	Å7Ä�Ê	Ê7É�ÖôÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�Û�Ð�Â�Ð�Õ�Â�Æ	Õ?Æ	ÑcÂ�Ã2Ê2Â�Ì�Â§Å2Æ2Ð�Õ�É'ã
rlÇ7É�ËÙ'É�ÍáÐ�Ã7Ä�Å�É�Ê	Ê	Ó5ÍáÂ�Ì�Ç7É�Ê	Æ	Ò2Ä�Ê	Æ	ØáÈ�Ó1Ç2Â�� Ã7Ä�Ê	Ê7É�Ö�Ð�Æ2Ð�Õ�Ä�ËgÉ

ẋ =
∑

i+j6p

bijx
iyj,

0 = g(x, y, t, 0)

(9)

Æ2Ë,Ä�Ä�Õ?È�Æ'Ã
ẋ = p0 + p1x+ p2y,

0 = g(x, y, t, 0).
(10)

^JÉ�Ë,Ä�Õ�Æ2Ë1àgÒ	Õ�Â�Ç7É�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Ä�ËgÉ�ÖqÐ�Æ2Ð�Õ�Ä�ËgÉxÂ�Ô�Ó1Ù	Ê2Â�È�Ä�Ê	Ê	Ó5ÍoÃ2Æ2ßnßnÄ�Ç2Ä�Ê	Ï	Æ7É�Å2Û�Ê	Ó5Ío×�Ç7É�È�Ê2Ä�Ú
Ê	Æ	Ø�Â�Î	Æ2Ð�Ó1È#É�Ä�Õ{ßnÂ�Ç2ËgÉ�Å2Û�Ê	×�çAÙ	Æ	Ê2Ä�Õ�Æ	Ò2Ä�Ð�Ù	×�çYË,Â�Ã7Ä�Å2Û2ãQr�Î2Â�Ð�Å7Ä�Ã7Ð�Õ�È�Æ	ÆvßnÂ�Ç2ËgÉ�Å2Û�Ê	ÓªÄ!Ù	Æ	Ê2Ä�Õ�Æ'Ú
Ò2Ä�Ð�Ù	Æ2Ä�Ë,Â�Ã7Ä�Å2Æ Ë,Â�Ì�×�Õ[Â�Ù'É�Ñ�É�Õ�ÛTÐ�×�õ Ä�Ð�Õ�È�Ä�Ê	Ê	×�çøÎ2Â�Ë,Â�õ!Û[ÈªÈ�Ó1Ö	Ð�Ê2Ä�Ê	Æ	Æ Ë,Ä�Í�É�Ê	Æ	Ñ�ËgÉªÇ2Ä�É�Ù	Ï	Æ	Æ�� 
 � ��ã

f[Ò	Æ	Õ�Ó1È#É�Ö§Î2Ä�Ç2Ä�Ò	Æ2Ð�Å7Ä�Ê	Ê	ÓªÄªÂ�Ì�Ç7É�Ê	Æ	Ò2Ä�Ê	Æ	Ö 
�ä � � ä�à�Î2Â�Å2×�Ò	Æ2Ë�Ð�Å7Ä�Ã2×�ç[õ!×�ç Î2Â�Ð�Õ�É�Ê2Â�È�Ù	×§Â�Ô�Ç7É�Õ�Ú
Ê2Â�ØôÑ�É�Ã�É�Ò	ÆôÃ	Å2Ö{Ð�Æ	Ê	Ì�×�Å2Ö'Ç	Ê2Â?È�Â�Ñ�Ë×�õ Ä�Ê	Ê2Â�ØáÐ�Æ2Ð�Õ�Ä�ËÓnã

	{z�!#"#�	|mz7¿7~ � z ����� "'|mz�� ���#À����mÁ�D PÉ�Ð�Ð�ËgÉ�Õ�Ç	Æ	È#É�Ä�Õ�Ð�Ö Ð�Æ2Ð�Õ�Ä�ËgÉWÃ2Æ2ßnßnÄ�Ç2Ä�Ê	Ï	Æ7É�Å2Û�Ê	Ó5Í
×�Ç7É�È�Ê2Ä�Ê	Æ	Ø�Ð�Â§Ð�Å7Ä�Ã2×�ç[õ!Æ2ËÆ{Ã�É�Ê	Ê	ÓªËÆ

ẋ = p0 + p1x+ p2y,
0 = g(x, y, t, 0), x ∈ R, y ∈ R, t ∈ R, (x, y) ∈W,
x(ti) = αi, ẋ(ti) = βi, i = 1, 2, 3,

(11)

Ì�Ã7Ä{ßQ×�Ê	Ù	Ï	Æ	Ö
g
×�Ã7Â�È�Å7Ä�Õ�È�Â�Ç#Ö	Ä�Õv×�Ð�Å7Â�È�Æ	Ö	Ë ��ä�à � ä�ãx_nÅ2ÖâÃ�É�Ê	Ê	Ó5Í

ti, αi
à
βi
Õ�Ç2Ä�Ô�×�Ä�Õ�Ð�ÖqÊ7É�Ø	Õ�Æ

Ù�Â�ü�ßnßQÆ	Ï	Æ2Ä�Ê	Õ�Ó
p0
à
p1
à
p2
à'×�Ã7Â�È�Å7Ä�Õ�È�Â�Ç#Ö'ç[õ!Æ2ÄcÐ�Æ2Ð�Õ�Ä�Ë,Ä�Ü 
 
�ä�ã

VTÑvÈ�Õ�Â�Ç2Â�Ì�Âq×�Ç7É�È�Ê2Ä�Ê	Æ	ÖÝÐ�Æ2Ð�Õ�Ä�ËÓ Ü 
���ä�Î	Ç	Æù×�Ð�Å7Â�È�Æ	Æ ∂g(x,y,t,0)
∂y 6= 0

È�Ó1Ç7É�Ñ�Æ2Ë Ô�ÓªÐ�Õ�Ç	×�ç
Î2Ä�Ç2Ä�Ë,Ä�Ê	Ê	×�ç

y
Ò2Ä�Ç2Ä�Ñ§Ë,Ä�Ã	Å7Ä�Ê	Ê	×�çAÎ2Ä�Ç2Ä�Ë,Ä�Ê	Ê	×�ç

x
ã ��Õ�Â�È�Â�Ñ�Ë,Â��§Ê2Â	àJÕ�É�ÙxÙ'É�ÙvßQ×�Ê	Ù	Ï	Æ	Ö

g
×�Ã7Â�Ú

È�Å7Ä�Õ�È�Â�Ç#Ö	Ä�ÕáÈ�Ð�Ä�Ëù×�Ð�Å7Â�È�Æ	Ö	ËùÕ�Ä�Â�Ç2Ä�ËÓYÂ�Ê2Ä�Ö'È�Ê2Â�ØâßQ×�Ê	Ù	Ï	Æ	Æ�ã VQË,Ä�Ä�Ë
y = ϕ(x, t)

ã?OQÂ�Ã7Ð�Õ�É�È�Æ	È
ü�Õ�Â§È�Ó1Ç7É �!Ä�Ê	Æ2ÄcÈ§Î2Ä�Ç	È�Â�ÄQ×�Ç7É�È�Ê2Ä�Ê	Æ2ÄcÐ�Æ2Ð�Õ�Ä�ËÓYÜ 
 
�ä�à	Æ2Ë,Ä�Ä�Ë

ẋ(t) = p0 + p1x(t) + p2ϕ(x(t), t). (12)

VQÐ�Î2Â�Å2Û�Ñ�×�Ö Ã�É�Ê	Ê	ÓªÄ
x(ti) = αi

à
ẋ(ti) = βi

Æ È�È�Â�Ã2ÖlÂ�Ô�Â�Ñ�Ê7É�Ò2Ä�Ê	Æ	Ö
γi = yi = ϕ(αi, ti)

à
i = 1, 2, 3

à2Æ2Ë,Ä�Ä�Ë Ð�Æ2Ð�Õ�Ä�Ë×�Õ�Ç2Ä�Í{×�Ç7É�È�Ê2Ä�Ê	Æ	ØáÐQÕ�Ç2Ä�ËÖ{Ê2Ä�Æ	Ñ�È�Ä�Ð�Õ�Ê	ÓªËÆ
p0
à
p1
à
p2
�

p0 + p1α1 + p2γ1 = β1,
p0 + p1α2 + p2γ2 = β2,
p0 + p1α3 + p2γ3 = β3.

(13)

^�Ê7É�Ò	Æ	Õ�à�Ê7É§Ë,Ä�Ã	Å7Ä�Ê	Ê2Â�ØáÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�ÆqÜ
ε = 0

ä5Æ2Ð�Ù�Â�ËÓªÄnÙ�Â�ü�ßnßQÆ	Ï	Æ2Ä�Ê	Õ�Ó
pi
à
i = 0, 1, 2

à7È�Ó5Ú
Ò	Æ2Ð�Å2Ö'ç[Õ�Ð�ÖôÎ2Â§Ð�Å7Ä�Ã2×�ç[õ!Æ2Ë ßnÂ�Ç2Ë×�Å�É�Ë��

pi =
∆0

pi
∆0

ãg^7Ã7Ä�Ð�Û
∆0 öiÂ�Î	Ç2Ä�Ã7Ä�Å2Æ	Õ�Ä�Å2Û�Ð�Æ2Ð�Õ�Ä�ËÓ÷Ü 
0��ä �

∆0 =

∣∣∣∣∣∣

1 α1 γ1
1 α2 γ2
1 α3 γ3

∣∣∣∣∣∣
, (14)



�ª"��	�����{� -�� "�����$����ô����������������x���	$��� �����"�$ - �����K�������/ � �

É
∆0

p0

à
∆0

p1

à
∆0

p2

ö Â�Î	Ç2Ä�Ã7Ä�Å2Æ	Õ�Ä�Å2Æ�à�Î2Â�Å2×�Ò7É�Ä�ËÓªÄ{Æ	Ñ
∆0 Ñ�É�Ë,Ä�Ê2Â�Ø j Ú Ì�ÂvÐ�Õ�Â�Å7Ô�Ï7É'à j = 1, 2, 3

à
Ð�Â�Â�Õ�È�Ä�Õ�Ð�Õ�È�×�ç[õ!Æ2Ë Ð�Õ�Â�Å7Ô�Ï2Â�ËqÙ�Â�ü�ßnßQÆ	Ï	Æ2Ä�Ê	Õ�Â�È�Î	Ç	Æ

p0
à
p1
à
p2
�

∆0
p0 =

∣∣∣∣∣∣

β1 α1 γ1
β2 α2 γ2
β3 α3 γ3

∣∣∣∣∣∣
, ∆0

p1 =

∣∣∣∣∣∣

1 β1 γ1
1 β2 γ2
1 β3 γ3

∣∣∣∣∣∣
, ∆0

p2 =

∣∣∣∣∣∣

1 α1 β1
1 α2 β2
1 α3 β3

∣∣∣∣∣∣
. (15)

]T×�Å2ÛxÈ�È�Ä�Ç�Í'Ê2Ä�Ë Æ	Ê'Ã7Ä�Ù�Ð�Ä{Â�Î	Ç2Ä�Ã7Ä�Å2Æ	Õ�Ä�Å7Ä�ØlÂ�Ñ�Ê7É�Ò7É�Ä�Õ�à�Ò	Õ�Â�Ù�Â�ü�ßnßQÆ	Ï	Æ2Ä�Ê	Õ�Ó
pi
à
i = 0, 1, 2

à
Î2Â�Ã7Ð�Ò	Æ	Õ�Ó1È#É�ç[Õ�Ð�ÖáÊ7É§Ë,Ä�Ã	Å7Ä�Ê	Ê2Â�ØáÎ2Â�È�Ä�Ç�Í'Ê2Â�Ð�Õ�ÆøÜÞÎ	Ç	Æ

ε = 0
ä�ã

VTÑ�Õ�Ä�Â�Ç	Æ	ÆùÅ2Æ	Ê2Ä�Ø	Ê	Ó5Í É�Å2Ì�Ä�Ô�Ç7É�Æ	Ò2Ä�Ð�Ù	Æ'Í Ð�Æ2Ð�Õ�Ä�Ë � 
 �'à 
#���cÈ�Ó1Õ�Ä�Ù'É�Ä�ÕlÐ�Å7Ä�Ã2×�ç[õ Ä�Äx×�Ð�Å7Â�È�Æ2Ä
Ð�×�õ Ä�Ð�Õ�È�Â�È#É�Ê	Æ	Ö{ÆáÄ�Ã2Æ	Ê2Ð�Õ�È�Ä�Ê	Ê2Â�Ð�Õ�Æ�Ù�Â�ü�ßnßQÆ	Ï	Æ2Ä�Ê	Õ�Â�È

pi
�
∆0 6= 0

ã
VQË,Ä�Ä�Õ§Ë,Ä�Ð�Õ�Â Ð�Å7Ä�Ã2×�ç[õ Ä�Ä1� - ������� - ��$ - �1 2��� - 
��K�T�� ���������
 - 
���$	�����á�����	$K����
'��$	$ - �����ô� - � ���

� ���	�K��$K� - 
{���K�������/÷Ü 
0��ä�à	Ù�Â�Õ�Â�Ç7É�ÖôÔ�Ó5Å�É Î2Â�Å2×�Ò2Ä�Ê7É§Æ	ÑQÈ�Ó1Ç2Â�� Ã7Ä�Ê	Ê2Â�ØxÐ�Æ2Ð�Õ�Ä�ËÓ÷Ü 
���ä�ã
	 �m}�À �,z��v}#|mÁm}2D �© 2���������$	$	/T�

ti
*
αi
*
βi
*
i = 1, 2, 3

* ����� - 
�/ * ��� - 
�/10 - �	$K��$	/  2��� - 
����
1)
9
5)
� - 0#"±���±���	�K������å���K�������/

(13)
0#"�� ������� �$�������$	�����

ti
*
i = 1, 2, 3

* $K�§"���
'��$l$� ���� 4
+�- ����� -�� "�����$����ô��������#� �2�������?�����	$K����
'��$	$ - �ª"±������$	�K� * � - � - " - � - 0#"±���±����������� ��"���
'��$K����
�����

ai =
∆0

pi
∆0

* ���±�
∆0 � ∆0

pi

*
i = 1, 2, 3

* 
�/n���K�������c��� �ô0 - � - "K�± ������
(14)

�
(15)
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ε 6= 0
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