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The main result states that each positive polynomial p in N variables with coefficients in a unital
Archimedean f-ring K is representable as a sum of squares of rational functions over the complete ring of
quotients of K provided that p is positive on the real closure of K. This is proved by means of Boolean
valued interpretation of Artin’s famous theorem which answers Hilbert’s 17th problem affirmatively.
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The aim of this note is to prove that each positive polynomial p in N variables with
coefficients in a unital Archimedean f-ring K is representable as a sum of squares of rational
functions over the complete ring of quotients of K provided that p is positive on the real
closure of K. For an ordered field K this is Artin’s famous theorem which answers Hilbert’s
17th problem affirmatively.

Recall some basic notions of the theory of rings; see J. Lambek [11]. Everywhere below
K is a commutative unital ring. The complete ring of quotients of a commutative ring K is
denoted by Q(K). We call K rationally complete if Q(K) ~ K canonically or, equivalently,
every irreducible fraction has domain K. Given a subset A of a commutative ring K, define
the annihilator of A as A*:= {k € K : kA = {0}}. The ideals of the form A* are called
annihilator ideals. Thus J is an annihilator ideal if and only if J = A* for some subset A
of K, and this is equivalent to saying that J** := (J*)* = J. A commutative ring K is
called semiprime if its prime radical is 0, that is if it has no nonzero nilpotent elements.
The annihilator ideals in a commutative semiprime ring K form a complete Boolean algebra
A(K), with intersection as infimum and annihilator as complementation. If K is commutative,
semiprime, and rationally complete, then every annihilator of K is a direct summand and
P(K) ~ A(K) with P(K) being the Boolean algebra of idempotents of K. The lateral (or
orthogonal) completion of a commutative semiprime ring K is the least subring K’ C Q(K)
such that for all families (2)¢ez in K and (e¢)eez in P(Q(K)) with ece,, = 0 (£ # n) there
exists € K’ such that egz = ecz¢ for all £ € =.

The ring K is called formally real if a%+- --+a? € J implies ay, ..., a, € J for every finite
collection aq,...,a, € K and every J € A(K) or, in terminology of J. Bochnak, M. Coste,
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and M.-F. Roy [3, Definition 4.1.3], every annihilator ideal in K is real. A semiprime regular
ring K is real if and only ifa%—k--‘—i—a%:Oimplies a1 =---=a,=0forall ay,...,a, € K
and n € N, since every principal annihilator ideal is a direct summand.

Consider commutative unital rings K and L. Say that L extends K if K is a subring
of L and the mapping J — J N K is one-to-one from A(L) onto A(K). Say also that L is
locally algebraic over K whenever L extends K and, given x € L and a nonzero I € A(K),
there exist a nonzero J € A(K), natural n € N, and ag,...,a, € K such that J C I
and ag + a1z + -+ 4+ apx™ € J*. In the case of of semiprime regular rings L is locally
algebraic over K if and only if P(K) = P(L) and, given = € L, for every nonzero d € P(K)
there exist a nonzero e € P(K), natural n € N, and ag,...,a, € K such that e < d and
e(ap + a1z + -+ apz™) =0.

An f-ring is a lattice-ordered ring K such that y A z = 0 implies a2y Az = yz Az =0
for all z,y,2z € K. A band (or polar) in K is each set of the form A+:= {k € K: (Va €
A) |k| Ala| = 0} with @ # A C K. The set of all bands B(K) in a semiprime Archimedean
f-ring K coincides with A(K) and hence is a complete Boolean algebra, since A* = A+ for
every A C K. In this note we consider only Archimedean f-rings. See more details in [2].

For a unital f-ring K the complete ring of quotients Q(A) can be uniquely made an f-
ring with K a sublattice of Q(A). This result is due to F. W. Anderson [1]; see also [8, § 10].
Moreover, the Boolean algebras P(Q(K)) and A(K) are isomorphic.

A real closure of a unital f-ring K is a rationally complete f-ring K satisfying the following
conditions: 1) Q(K) is a subring and sublattice of K with K extending Q(K), 2) K is locally
algebraic over Q(A), and 3) if K’ is rationally complete f-ring containing K as a subring and
sublattice and locally algebraic over Q(K) then K’ = K. Say that K is real closed whenever
K = K. See the general concept of real closed rings in [15]. The main result is stated next.

Theorem. Let K be an Archimedean unital f-ring and let K be its real closure,
so that the embeddings K C Q(K) C K hold. If a polynomial p € K[zy,...,zn] is
positive, that is p(ay,...,ay) = 0 for all (a1,...,an) € FN, then the representation
“p = Z;n:l k‘jp? holds for some non-zero-divisors 0 < ki, ..., ky, € Q(K) and some polynomi-
alspi,...,pm,q € Q(K)[z1,...,xn]| with eq(aq,...,an) = 0 equivalent to ep(ay,...,an) =0
for all e € P(Q(K)) and ay,...,an € K.

REMARK 1. Our proof uses Boolean wvalued analysis which signifies the technique of
studying properties of an arbitrary mathematical object by means of comparison between
its representations in two different set-theoretic models, the von Neumann universe V and
a specially-trimmed Boolean-valued universe V® . Comparative analysis is carried out by
means of some interplay between V and V(® which rests on the functors of canonical em-
bedding (or standard name) X — X» € VB (X € V), descent 2 — 2| €V (2 € VB)),
and ascent Y — Y1 € VB (Y ¢ V®). Accordingly, our proof is merely an interpretation of
Artin’s theorem within V(® | thus demonstrating how does a Boolean valued transfer principle
work in real algebra (as presented in [3] and [14]).

REMARK 2. In particular, each Archimedean unital f-ring K has a real closure unique
up to K-isomorphism. This is a Boolean valued interpretation of Artin—Schreier Theorem
for ordered fields; see [14, Theorem 1.3.14] and [13, Theorem 28.7].

REMARK 3. For every 0 # a € Q(K) there exists a least element e, € P(Q(K)) with
ea@ = a. Moreover, a is a non-zero-divisor of Q(e,K) and a~! exists in Q(e,K). Now, given
p,q € Q(K)[z1,...,7N], we can define (p/q)(ay,...,an) = plai,...,an)q(a1,...,an)"t if
q(ai,...,an) # 0, while (p/q)(a1,...,an):= 0, whenever ¢q(aq,...,an) = 0. Say that p/q is a
rational function over Q(K) and denote by Q(K)(x1,...,xy) the set of all rational functions
over Q(K). Thus the above representation can be written as p = 37" k; (p? /q?).
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Throughout the sequel B is a complete Boolean algebra with unit 1 and zero O, while
V®) is the corresponding Boolean valued model of set theory and [¢] € B is the Boolean
truth value of a set theoretic formula . All necessary information concerning Boolean values
analysis can be found in [9] and [10].

We need the following important result due to E. I. Gordon [6]. Let K be a commutative
semiprime ring and B the Boolean algebra of its annihilator ideals. Then there exist ¢, .% €
V® such that [# is an integral domain and .% is the quotient field of ¢ | = 1, J#] is the
lateral completion of K and .%#] is the complete ring of quotients of K. In this event 7 is
called the Boolean valued representation of K. Details can be found in [9, Theorem 8.3.5].

Lemma 1. Let K be a commutative semiprime ring and J# be its Boolean valued rep-
resentation in V®) with B = A(K). If L is a subring of K and £ := L1 € V(®) then

(1) [Z is asubring of #' | =1 <= K extends L.

(2) [ is algebraic over £ ] =1 <= K is locally algebraic over L.

(3) [« is algebraic closure of £ | =1 <= K is algebraic closure of L.

< This fact can be derived from Gordon’s result [6] by straightforward calculation of
Boolean truth values; cp. [9, Section 8.3]. >

Lemma 2. Let K, #, L, and # be the same as in Lemma 1 and, moreover, K is an
Archimedean f-ring extending L, while L is a sublattice of K. Then [# and £ are totally
ordered integral domains with K extending ] = 1 and K is a real algebraic closure of L if
and only if [# is a field, a real algebraic closure of £ ] = 1.

<1 The claim can be proved combining the above mentioned result by Anderson and Lem-
ma 1 in the manner similar to that of [9, Theorem 8.5.6] taking into account the fact that an
ordered field #" admits a unique real closure up to .# -isomorphism; see [3, Theorem 1.3.2]. >

Lemma 3. Let % be a totally ordered integral domain, "' be its field of quotients and %
is a real closure of #"'. If a polynomial p € J# [x1,...,xy] is positive, i.e. p(ay,...,an) =0
for all (ay,...,an) € 71\[, then ¢°p = kip? + -+ + kyp2, for some 0 < ki,...,k, € K/,
Ply--esPm,q € K'x1,...,xN] with ¢(x1,...,zy) = 0 if and only if p(x1,...,zny) = 0.

< This is an improved version of Artin’s theorem; see [3, Theorem 6.1.3], [12, Theo-
rem 1.4.4], [13, Theorem 28.11], and [14, Theorem 2.1.12]. >

Lemma 4. Let K be an Archimedean unital f-algebra, B =P(K), and let # € V®) be
its Boolean valued representation. If [p € J[x1,...,xn]|] = 1 and [deg(p) < d"] for some
d € N then p| € K'[x1,...,zN] with K :== ¥ |.

< Assume that [p € #[z1,...,2n]] =1 and fix uy,...,uny € K. Define Ny:= {1,...,d}
and identify N with {0,1,...,N — 1}. Observe that (NQ)NA = (NY)". There exist two
mappings «, s : (NQ)NA —  such that

plur,.ou) = 3 a@)xv), xw)= [] /.
ve(NY)A JENA
Let a:= a] and k] stand for the modified descents of o and ¢, respectively, so that a,k :
NY — K" and [a(v) = a(v")] = 1, [k(v) = »(v")] = 1 for all v € N¥, see [9, 5.7.7] and [10,

ey (N)

§1.5]. Define p € K'[z1,...,2N] as p(z1,...,2N):= ZueNfi\’ apx] 2y ay = a(v),

and observe that for all uq,...,uy € K’ we have
[[p(ul,...,uN) = Z a, H u]'/-(j) :p(ul,...,uN)ﬂ =1.
VENlJiV JEN

It follows that p| = p. >
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<1 PROOF OF THE THEOREM. Let .# € V(® be the Boolean valued representation of
K with B = A(K). Then .# is an integral domain within V(®. By the Boolean valued
transfer principle and the maximum principle, within V® there exist the field of quotients
K" of # and the real closure % of #'. We may assume that Q(K) = .#’| by the above
mentioned Gordon’s result and K = | by Lemma 2. Take a polynomial p € K [€1,...,2N]
and assume that p(ay,...,ay) = 0 for all (a1,...,an) € &Y. Putting 7:= p?, one can prove
by direct calculation of Boolean truth values that 7 € J#[z1,...,2n] and 7(ay,...,an) =0
for all (ai,...,an) € 7]\[ within V®) . By the transfer principle, Lemma 3 holds true within
V® and by the maximum principle there exist m € N*, 7y,..., 7, p € K [x1,...,2N] such
that p’r = 72 + --- + 72, and p(z1,...,zy) = 0 if and only if w(z1,...,2zy) = 0 for all
x1,...,xNn € . Moreover, the number of squares m < A" (see [13, Theorem (Pfister)
29.3]) and the degrees of 7TJ2» for every j and p? bounded by D = 222a, Q= deg(7r)4NA
(see [12, Theorem 1.4.4]). Observe now that m < (2°)4" = (24)" for any finite set A,
since (Pgn(A))" = Pan(A"), see [9, Proposition 5.1.9]. Thus, we have (2V)* = 2N and
a < (deg(p)‘lN)A. (We identify 2 with 2" and 4 with 4".) It follows the existence of [ € N
with D < I". Denote ¢ := p} and p:= 7;] (j:=1,...,m). Then ¢*p = 2311743])? and
75,9 € Q(K)[x1,...,on] by Lemma 4. >

Let % be the field of reals within V®). Then R:= 2| € V (with the descended operations
and order; see [9]) is a universally complete vector lattice, i.e. the externalization R of the
internal Boolean valued reals & is a universally complete vector lattice. This remarkable
result discovered by E. I. Gordon [5] tells us that each theorem on the reals (in the framework
of Zermelo—Fraenkel set theory) has its counterpart for the corresponding universally complete
vector lattices. In particular, R admits a unique f-ring multiplication for which a given order
unit, a positive element 1 € R with {1}+ = {0}, is a ring unit.

Corollary 1. The vector lattice R is a real closed f-ring and each positive polynomial
in R[z1,...,xN] is a sum of squares of rational functions in R(z1,...,zN).

Two important particular cases of R were independently studied by G. Takeuti, who
observed that the vector lattice of cosets of (almost everywhere equal ) measurable function
and a commutative algebra of (unbounded) self-adjoint operators in Hilbert space can be
considered as instances of Boolean valued reals [16, 17].

Corollary 2. Let (2,%, 1) be a Maharam measure space and let LY := L°(Q2,%, 1) be
the f-ring of all cosets of real measurable functions on €). Then any positive polynomial in
LO[x1,..., 2] is a sum of squares of rational functions in L°(x1,..., xy).

<1 A vector lattice L%(Q, X, 1) is a universally complete f-algebra (with identically one
function as a ring unit) if and only if the measure space (£2,%, 1) is Maharam (= localiz-
able). >

Given a complete Boolean algebra B of projections in a Hilbert space H, denote by &(B)
the space of all selfadjoint operators on H whose spectral decompositions are in B; i. e.,
A€ &(B) if and only if A= [, AdE) with E\ € B for all A € R, see [17]. For A,B € &(B)
put A < B if and only if (Az,z) < (Bzx,x) for all z € Z(A) N 2(B).

Corollary 3. Let H be a complex Hilbert space and B a complete Boolean algebra of
projections on H. Then any positive polynomial in &(B)[z1,...,xy] is a sum of squares of
rational functions in &(B)(x1,...,zN).

< &(B) is a universally complete f-algebra (and hence a unital f-ring) [17, Ch.1, §3]. >

REMARK 4. Corollary 2 can be considered (and also proved) as a measurable version of the
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‘continuous’ solution of Hilbert’s 17th problem obtained by C. N. Delzell and re-discovered
by L. Gonzélez-Vega and H. Lombardi, see [4] and [14, Theorem 4.3.4].
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TEOPEMA APTUHA 4 f-KOJIELL

Kycpaes A. T.

OCHOBHOH pe3yJsibral 3aMeTKU yTBEPKIAAET, 4T0 LOJUHOM P orT N LepeMeHHbIX € KOd(dUUIMeHTaMu U3
YHUTAPHOTO apXUMeI0Ba, f-KOJba K mpeacTaB/IsieTCs B BU/I€ CyMMbI KBaPATOB PAIMOHAJIBHBIX (DYKHITHIT
HaJ| 1I0JIHBIM KOJIbLIOM YaCTHBIX KOJibla K| eciiu TOJIbKO P 110JI02KUTEJIEH HA BELECTBEHHOM 3aMblkanuu K.
JlokazaresbCTrBO COCTOUT B Oy/1€BO3HAYHON UHTEPIPETALMK KJIACCUIECKON TeopeMbl Apruna, couepxKameit
TIOJIOKUTEIbHOEe pentenne 17-if mpobaembr I'uanbepTa.

KuaroueBbie ciioBa: f-KOJIBIO, TTOJHOE KOJIBII0 YACTHBIX, BEMIECTBEHHOE 3aMBIKAHWE, TIOJIMHOM, PaIlio-
HanbHasg GyHkimsa, reopema Apruna, 17-a npobaema 'mibbepra, OyneBo3HAYHOE TIPEICTABICHUE.



