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Â ðàáîòå ââîäÿòñÿ âåéâëåòû è ìàñøòàáèðóþùèå �óíêöèè, îñíîâàííûå íà ïîëèíîìàõ ×åáûøåâà

âòîðîãî ðîäà, äîêàçûâàåòñÿ èõ îðòîãîíàëüíîñòü. Íà èõ îñíîâå ïîñòðîåí îðòîíîðìèðîâàííûé áàçèñ

â ïðîñòðàíñòâå �óíêöèé, èíòåãðèðóåìûõ ñ êâàäðàòîì. Èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà

÷àñòè÷íûõ ñóìì ñîîòâåòñòâóþùèõ âåéâëåò-ðÿäîâ.

Êëþ÷åâûå ñëîâà: ïîëèíîìèàëüíûå âåéâëåòû, ïîëèíîìû ×åáûøåâà âòîðîãî ðîäà, îðòîãîíàëüíîñòü,

�îðìóëà Êðèñòî��åëÿ � Äàðáó, àïïðîêñèìàöèÿ �óíêöèé, âåéâëåò-ðÿäû.

1. Ââåäåíèå

Â ïîñëåäíèå ãîäû èíòåíñèâíîå ðàçâèòèå ïîëó÷èëà òåîðèÿ âåéâëåòîâ, îñíîâàííûõ íà

òðèãîíîìåòðè÷åñêèõ �óíêöèÿõ è àëãåáðàè÷åñêèõ ïîëèíîìàõ. Òàê, â [1℄ âïåðâûå ââåäå-

íû â ðàññìîòðåíèå âåéâëåòû íà îñíîâå òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ. Ïîçäíåå, â [2℄

âìåñòî òðèãîíîìåòðè÷åñêèõ áûëè èñïîëüçîâàíû àëãåáðàè÷åñêèå ïîëèíîìû, äîêàçàíà îð-

òîãîíàëüíîñòü â ñìûñëå ÷åáûøåâñêîãî âåñà ïåðâîãî ðîäà ìåæäó âåéâëåòàìè è ñîîòâåò-

ñòâóþùèìè ìàñøòàáèðóþùèìè �óíêöèÿìè. Â [3℄ è [4℄ ðàçðàáîòàíà îáîáùåííàÿ òåîðèÿ

êîíñòðóèðîâàíèÿ ïîëèíîìèàëüíûõ âåéâëåòîâ. Â äàëüíåéøåì òåõíèêà ðàçëîæåíèÿ �óíê-

öèé â ðÿäû ïî ïîëèíîìèàëüíûì âåéâëåòàì ïîëó÷èëà ðàçâèòèå â ðàáîòàõ ìíîãèõ àâòîðîâ

(ñì., íàïðèìåð, [5�7℄). Â íåäàâíåé ðàáîòå [8℄ ïðåäñòàâëåí íîâûé, îòëè÷íûé îò îïèñàí-

íûõ ðàíåå, ñïîñîá ïîñòðîåíèÿ îðòîãîíàëüíûõ âåéâëåòîâ ñ èñïîëüçîâàíèåì ïîëèíîìîâ

×åáûøåâà ïåðâîãî ðîäà.

Â äàííîé ñòàòüå êîíñòðóèðóþòñÿ âåéâëåòû íà îñíîâå ïîëèíîìîâ ×åáûøåâà âòîðîãî

ðîäà è èõ íóëåé. Èñïîëüçóÿ ñâîéñòâà ñàìèõ ïîëèíîìîâ ×åáûøåâà, òàêèå êàê îðòîãî-

íàëüíîñòü è �îðìóëà Êðèñòî��åëÿ � Äàðáó, äîêàçàíà îðòîãîíàëüíîñòü âåéâëåòîâ è

ñîîòâåòñòâóþùèõ ìàñøòàáèðóþùèõ �óíêöèé. Íà èõ îñíîâå ïîñòðîåíà ñèñòåìà �óíê-

öèé, îáðàçóþùàÿ îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå �óíêöèé, èíòåãðèðóåìûõ

ñ êâàäðàòîì, ïîëó÷åíî íåðàâåíñòâî Ëåáåãà äëÿ íåå.

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà ïîëèíîìîâ ×åáûøåâà âòîðîãî

ðîäà, êîòîðûå ìû ñîáåðåì â ñëåäóþùåì ðàçäåëå (ñì., íàïðèìåð, [9℄).
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2. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ ×åáûøåâà âòîðîãî ðîäà

×åðåç L2,w([−1; 1]), ãäå w(x) =
√
1− x2, îáîçíà÷èì åâêëèäîâî ïðîñòðàíñòâî èíòåãðè-

ðóåìûõ �óíêöèé f(x) òàêèõ, ÷òî
∫ 1
−1 f

2(x)w(x) dx < ∞. Ñêàëÿðíîå ïðîèçâåäåíèå â íåì

îïðåäåëèì ñ ïîìîùüþ ðàâåíñòâà

〈f, g〉 =
1∫

−1

f(x)g(x)w(x) dx. (1)

Õîðîøî èçâåñòíî, ÷òî ïîëèíîìû ×åáûøåâà âòîðîãî ðîäà

Un(x) =
sin((n+ 1) arccos x)√

1− x2
, n = 0, 1, 2, . . . ,

îáðàçóþò îðòîãîíàëüíûé áàçèñ â L2,w([−1; 1]), à èìåííî

〈Un, Um〉 = π

2
δnm =

{
π
2 , n = m;

0, n 6= m,
(2)

ãäå δnm � ñèìâîë Êðîíåêåðà. Äëÿ ïîëèíîìîâ Uk(x), k = 0, 1, . . . , èìååò ìåñòî �îðìóëà
Êðèñòî��åëÿ � Äàðáó

Kn(x, y) =

n∑

m=0

Um(x)Um(y) =
1

2

[
Un+1(x)Un(y)− Un+1(y)Un(x)

x− y

]
. (3)

Óçëû

ξ
(n)
k = cos θ

(n)
k = cos

π(k + 1)

n+ 1
, k = 0, . . . , n− 1,

ÿâëÿþòñÿ íóëÿìè ïîëèíîìà Un(x), ò. å. Un

(
ξ
(n)
k

)
= 0, k = 0, . . . , n− 1.

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Â äàííîì ðàçäåëå óñòàíîâèì íåêîòîðûå óòâåðæäåíèÿ, êîòîðûå áóäóò èñïîëüçîâàíû

ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ.

Ëåììà 3.1. Äëÿ ëþáûõ ξ
(n)
k è m 6 n ñïðàâåäëèâî ðàâåíñòâî

Un+m

(
ξ
(n)
k

)
= −Un−m

(
ξ
(n)
k

)
.

⊳ Âîñïîëüçîâàâøèñü �îðìóëîé ïðîèçâåäåíèÿ ñèíóñà è êîñèíóñà, óïðîñòèì âûðàæå-

íèå

2 sin
(
(n+ 1)θ

(n)
k

)
· cosmθ(n)k = sin

(
(n + 1 +m) θ

(n)
k

)
+ sin

(
(n+ 1−m)θ

(n)
k

)
.

�àçäåëèâ îáå ÷àñòè íà sin θ
(n)
k , ïîëó÷èì

Un

(
ξ
(n)
k

)
· cosmθ(n)k = Un+m

(
ξ
(n)
k

)
+ Un−m

(
ξ
(n)
k

)
,

îòêóäà, ñ ó÷åòîì òîãî, ÷òî Un

(
ξ
(n)
k

)
= 0, ïðèõîäèì ê òðåáóåìîìó ðàâåíñòâó. ⊲
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Ñëåäñòâèå 3.1. Åñëè m 6 n, òî èìååò ìåñòî ðàâåíñòâî

Un+m

(
ξ
(n)
k

)
Un+m

(
ξ
(n)
l

)
= Un−m

(
ξ
(n)
k

)
Un−m

(
ξ
(n)
l

)
.

Èç ñëåäñòâèÿ 3.1 íåïîñðåäñòâåííî âûòåêàåò

Ëåììà 3.2. Äëÿ ëþáûõ äâóõ íóëåé ξ
(n)
k è ξ

(n)
l ïîëèíîìà Un(x) ñïðàâåäëèâî

2n∑

i=n+1

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
=

n−1∑

j=0

Uj

(
ξ
(n)
k

)
Uj

(
ξ
(n)
l

)
.

Ëåììà 3.3. Äëÿ ëþáûõ ξ
(n)
k è ξ

(n)
l èìååò ìåñòî ðàâåíñòâî

Kn

(
ξ
(n)
k , ξ

(n)
l

)
=

n∑

m=0

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
=

n+ 1

2 sin2 π(k+1)
n+1

δkl.

⊳ Ïóñòü ñíà÷àëà k 6= l. Òîãäà

Kn

(
ξ
(n)
k , ξ

(n)
l

)
=

n∑

m=0

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
=

1

2

[
Un+1

(
ξ
(n)
k

)
0− Un+1

(
ξ
(n)
l

)
0

ξ
(n)
k − ξ

(n)
l

]
= 0. (4)

Åñëè æå k = l, òî

Kn

(
ξ
(n)
k , ξ

(n)
k

)
=

n∑

m=0

U2
i

(
ξ
(n)
k

)
=

n∑

m=0

U2
i

(
cos θ

(n)
k

)
=

n∑

j=0

sin2
(
(j + 1)θ

(n)
k

)

sin2 θ
(n)
k

=
1

2 sin2 θ
(n)
k

n∑

j=0

[
1− cos

(
(j + 1)2θ

(n)
k

)]
=

1

2 sin2 θ
(n)
k


n+ 1−

n+1∑

j=1

cos
(
j2θ

(n)
k

)

 .

(5)

Äàëåå,

n+1∑

j=1

cos
(
j2θ

(n)
k

)
= 1 +

n∑

j=1

cos
(
j2θ

(n)
k

)
=

1

2
+

sin
((
n+ 1

2

)
2θ

(n)
k

)

2 sin θ
(n)
k

=
1

2
+

sin
(
2π(k + 1)− π(k+1)

n+1

)

2 sin π(k+1)
n+1

=
1

2
− 1

2

sin π(k+1)
n+1

sin π(k+1)
n+1

= 0.

(6)

Èç (5) è (6) èìååì

Kn

(
ξ
(n)
k , ξ

(n)
k

)
=

n+ 1

2 sin2 π(k+1)
n+1

. (7)

Óòâåðæäåíèå ëåììû âûòåêàåò èç (4) è (7). ⊲

Ëåììà 3.4. Äëÿ ëþáûõ 0 6 k, l 6 n ñïðàâåäëèâî ðàâåíñòâî

Kn

(
ξ
(n+1)
k , ξ

(n+1)
l

)
=

n+ 2

2 sin2 π(k+1)
n+2

δkl.

⊳ Ïðåîáðàçóåì �îðìóëó Êðèñòî��åëÿ � Äàðáó ê ñëåäóþùåìó âèäó

Kn

(
ξ
(n+1)
k , ξ

(n+1)
l

)
=

n∑

m=0

Ui

(
ξ
(n+1)
k

)
Ui

(
ξ
(n+1)
l

)

=
n+1∑

m=0

Ui

(
ξ
(n+1)
k

)
Ui

(
ξ
(n+1)
l

)
− Un+1

(
ξ
(n+1)
k

)
Un+1

(
ξ
(n+1)
l

)
.
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Îòñþäà, âîñïîëüçîâàâøèñü òåì, ÷òî Un+1

(
ξ
(n+1)
k

)
Un+1

(
ξ
(n+1)
l

)
= 0, íàõîäèì

Kn

(
ξ
(n+1)
k , ξ

(n+1)
l

)
= Kn+1

(
ξ
(n+1)
k , ξ

(n+1)
l

)
.

Ïðèìåíÿÿ òåïåðü ëåììó 3.3, ïðèõîäèì ê òðåáóåìîìó óòâåðæäåíèþ. ⊲

4. Êîíñòðóèðîâàíèå ìàñøòàáèðóþùèõ è âåéâëåò-�óíêöèé

Îïðåäåëåíèå 4.1. Ìàñøòàáèðóþùåé �óíêöèåé ×åáûøåâà âòîðîãî ðîäà íàçîâåì

ïîëèíîì âèäà

φn,k(x) =

n∑

j=0

Uj(x)Uj

(
ξ
(n+1)
k

)
,

ãäå n = 1, 2, . . . è k = 0, 1, . . . , n.

Òåîðåìà 4.1. Ñèñòåìà ìàñøòàáèðóþùèõ �óíêöèé {φn,k(x)}nk=0 ÿâëÿåòñÿ îðòîãîíàëü-

íîé â L2,w([−1; 1]). Ïðè ýòîì èìååò ìåñòî ðàâåíñòâî

〈φn,k, φn,l〉 =
π(n+ 2)

4 sin2 π(k+1)
n+2

δkl.

⊳ Âîñïîëüçîâàâøèñü ñâîéñòâîì îðòîãîíàëüíîñòè (2), èìååì

〈φn,k, φn,l〉 =
1∫

−1

[
n∑

i=0

Ui(x)Ui

(
ξ
(n+1)
k

)
][

n∑

j=0

Uj(x)Uj

(
ξ
(n+1)
l

)
]
w(x) dx

=

1∫

−1

w(x)

n∑

i=0

n∑

j=0

Ui(x)Ui

(
ξ
(n+1)
k

)
Uj(x)Uj

(
ξ
(n+1)
l

)
dx

=
n∑

i=0

n∑

j=0

Ui

(
ξ
(n+1)
k

)
Uj

(
ξ
(n+1)
l

)
1∫

−1

Ui(x)Uj(x)w(x) dx =
π

2

n∑

j=0

Uj

(
ξ
(n+1)
k

)
Uj

(
ξ
(n+1)
l

)
.

Îòñþäà, ïðèìåíÿÿ ëåììó 3.4, ïðèõîäèì ê òðåáóåìîìó ðàâåíñòâó. ⊲

Îïðåäåëåíèå 4.2. Íàçîâåì âåéâëåò-�óíêöèåé ×åáûøåâà âòîðîãî ðîäà ïîëèíîì

ψn,k(x) =

2n∑

j=n+1

Uj(x)Uj

(
ξ
(n)
k

)

äëÿ ëþáûõ n = 1, 2, . . . è k = 0, 1, . . . , n− 1.

Òåîðåìà 4.2. Ñèñòåìà âåéâëåò-�óíêöèé {ψn,k(x)}n−1
k=0 ÿâëÿåòñÿ îðòîãîíàëüíîé

â L2,w([−1; 1]). Ïðè ýòîì èìååò ìåñòî ðàâåíñòâî

〈ψn,k, ψn,l〉 =
π(n+ 1)

4 sin2 π(k+1)
n+1

δkl.

⊳ Èñïîëüçóÿ ðàññóæäåíèÿ, àíàëîãè÷íûå òåì, êîòîðûå ïðèìåíÿëèñü ïðè äîêàçàòåëü-

ñòâå òåîðåìû 4.1, ëåãêî çàìåòèòü, ÷òî

〈ψn,k, ψn,l〉 =
π

2

2n∑

i=n+1

Ui

(
ξ
(n)
k

)
Ui

(
ξ
(n)
l

)
.
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Îáðàòèìñÿ òåïåðü ê ëåììå 3.2, òîãäà ïðàâóþ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ìîæíî ïåðåïè-

ñàòü ñëåäóþùèì îáðàçîì:

〈ψn,k, ψn,l〉 =
π

2

n−1∑

j=0

Uj

(
ξ
(n)
k

)
Uj

(
ξ
(n)
l

)
.

×òîáû óáåäèòüñÿ â ñïðàâåäëèâîñòè òåîðåìû, îñòàåòñÿ âîñïîëüçîâàòüñÿ ëåììîé 3.4. ⊲

Òåîðåìà 4.3. Ïðè êàæäîì �èêñèðîâàííîì n �óíêöèè φn,k(x) è ψn,l(x) îðòîãîíàëüíû
â L2,w([−1; 1]), ò. å. 〈φn,k, ψn,l〉 = 0.

⊳ Äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ èìååì

〈φn,k, ψn,l〉 =
1∫

−1

[ n∑

i=0

Ui(x)Ui

(
ξ
(n+1)
k

)][ 2n∑

j=n+1

Uj(x)Uj

(
ξ
(n)
l

)]
w(x) dx

=

n∑

i=0

2n∑

j=n+1

Ui

(
ξ
(n+1)
k

)
Uj

(
ξ
(n)
l

)
1∫

−1

Ui(x)Uj(x)w(x) dx

=

n∑

i=0

2n∑

j=n+1

δijUi

(
ξ
(n+1)
k

)
Uj

(
ξ
(n)
l

)
= 0. ✄

Î÷åâèäíûì ñëåäñòâèåì òåîðåìû 4.3 ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå

Ñëåäñòâèå 4.1. Äëÿ ëþáûõ n = 1, 2, . . . è k = 0, 1, . . . , n− 1, âåéâëåò ψn,k(x) îðòîãî-
íàëåí ê φ1,0(x) è φ1,1(x), ò. å. 〈φ0,1, ψn,l〉 = 0 è 〈φ1,1, ψn,l〉 = 0.

5. Âåéâëåò-ðÿä ×åáûøåâà âòîðîãî ðîäà

Ïîëîæèì

φ̂m,k(x) =
φ2m,k(x)√

〈φ2m,k, φ2m,k〉
= φ2m,k(x)

2
∣∣∣sin π(k+1)

2m+2

∣∣∣
√
π(2m + 2)

,

ψ̂m,k(x) =
ψ2m,k(x)√

〈ψ2m,k, ψ2m,k〉
= ψ2m,k(x)

2
∣∣∣sin π(k+1)

2m+1

∣∣∣
√
π(2m + 1)

è ââåäåì îáîçíà÷åíèÿ

Φ0 =
{
φ̂0,0(x), φ̂0,1(x)

}
, Ψ1 =

{
ψ̂0,0(x)

}
, Ψ2 =

{
ψ̂1,0(x), ψ̂1,1(x)

}
, . . . ,

Ψm =
{
ψ̂m−1,0(x), ψ̂m−1,1(x), . . . , ψ̂m−1,2m−1−1(x)

}
,

Ψm+1 =

{
ψ̂m,0(x), ψ̂m,1(x), . . . , ψ̂m,2m−1(x)

}
, . . . ,

Pm =

{
Φ0,Ψ1,Ψ2, . . . ,Ψm

}
=

{
φ̂0,0(x), φ̂0,1(x), ψ̂0,0(x), ψ̂1,0(x), ψ̂1,1(x), . . . ,

ψ̂m−1,0(x), ψ̂m−1,1(x), . . . , ψ̂m−1,2m−1−1(x)

}
.
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Êàê îòìå÷åíî âûøå (ñëåäñòâèå 4.1), ìàñøòàáèðóþùèå �óíêöèè èç Φ0 îðòîãîíàëüíû

êî âñåì âåéâëåòàì {ψ̂n,k(x), k = 0, 1, . . . , n − 1}∞n=1. Ñ äðóãîé ñòîðîíû, ñïðàâåäëèâà

ñëåäóþùàÿ

Òåîðåìà 5.4. Åñëè m 6= s, òî âåéâëåòû ψ̂m,k(x) ∈ Ψm è ψ̂s,l(x) ∈ Ψs îðòîãîíàëüíû

â L2,w([−1; 1]).

⊳ Ñ ó÷åòîì òîãî �àêòà, ÷òî {2m + 1, 2m + 2, . . . , 2m+1}
⋂
{2s + 1, 2s + 2, . . . , 2s+1} = ∅

â ñëó÷àå m 6= s, èìååì

〈
ψ̂m,k(x), ψ̂s,l(x)

〉
=

1∫

−1

[
2m+1∑

i=2m+1

Ui(x)Ui

(
ξ
(2m)
k

)
][

2s+1∑

j=2s+1

Uj(x)Uj

(
ξ
(2s)
l

)
]
w(x) dx

=

2m+1∑

i=2m+1

2s+1∑

j=2s+1

Ui

(
ξ
(2m)
k

)
Ui

(
ξ
(2s)
l

)
1∫

−1

Ui(x)Uj(x)w(x) dx

=
2m+1∑

i=2m+1

2s+1∑

j=2s+1

δijUi

(
ξ
(2m)
k

)
Ui

(
ξ
(2s)
l

)
= 0. ✄

Äàëåå, ïóñòü H2m,w([−1; 1]) � ïîäïðîñòðàíñòâî â L2,w([−1; 1]), ñîñòîÿùåå èç àëãåáðà-
è÷åñêèõ ïîëèíîìîâ ñòåïåíè íå âûøå 2m. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 5.5. Ñèñòåìà �óíêöèé Pm îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ

â H2m,w([−1; 1]), ò. å. ëþáîé ïîëèíîì Pn(x) ∈ H2m,w([−1; 1]) ñòåïåíè n 6 2m ïðåäñòà-

âèì â âèäå ëèíåéíîé êîìáèíàöèè

Pn(x) = a0φ̂0,0(x) + a1φ̂0,1(x) +
m−1∑

j=0

2j−1∑

k=0

bj,kψ̂j,k(x).

⊳ Ïî ïîñòðîåíèþ âèäíî, ÷òî ñèñòåìà Pm ñîñòîèò èç 2m + 1 ðàçëè÷íûõ îðòîíîðìè-
ðîâàííûõ ïîëèíîìîâ, êàæäûé èç êîòîðûõ èìååò ñòåïåíü, íå ïðåâîñõîäÿùóþ 2m. Ñëå-

äîâàòåëüíî, Pm ïðåäñòàâëÿåò ñîáîé ëèíåéíî-íåçàâèñèìóþ ñèñòåìó ïîëèíîìîâ èç ïîä-

ïðîñòðàíñòâà H2m,w([−1; 1]), ðàçìåðíîñòü êîòîðîãî ðàâíà 2m + 1, èç ÷åãî è âûòåêàåò

ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 5.5. ⊲

Òåîðåìà 5.6. Ñèñòåìà �óíêöèé

P =
{
Φ0,Ψ1,Ψ2, . . . ,Ψm, . . .

}
=

{
φ̂0,0(x), φ̂0,1(x), ψ̂0,0(x), ψ̂1,0(x), ψ̂1,1(x), . . . ,

ψ̂m−1,0(x), ψ̂m−1,1(x), . . . , ψ̂m−1,2m−1−1(x), . . .
}

îáðàçóåò â L2,w([−1; 1]) îðòîíîðìèðîâàííûé áàçèñ.

⊳ Ïîñêîëüêó ìíîæåñòâî âñåõ àëãåáðàè÷åñêèõ ïîëèíîìîâ âñþäó ïëîòíî â L2,w([−1; 1]),
òî ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 5.6 âûòåêàåò èç òåîðåìû 5.5. ⊲

Èç òåîðåìû 5.6 ñëåäóåò, ÷òî ïðîèçâîëüíàÿ �óíêöèÿ f(x) ∈ L2,w([−1; 1]) ìîæåò áûòü
ïðåäñòàâëåíà â âèäå ñõîäÿùåãîñÿ â L2,w([−1; 1]) ðÿäà

f(x) = â0φ̂0,0(x) + â1φ̂0,1(x) +
∞∑

j=0

2j−1∑

k=0

b̂j,kψ̂j,k(x), (8)
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ãäå

â0 =

1∫

−1

f(t)φ̂0,0(t)w(t) dt, â1 =

1∫

−1

f(t)φ̂0,1(t)w(t) dt,

b̂j,k =

1∫

−1

f(t)ψ̂j,k(t)w(t) dt, j = 0, 1, . . . ,m; k = 0, 1, . . . , 2j − 1.

×åðåç V2m(f, x) îáîçíà÷èì ÷àñòè÷íóþ ñóììó ðÿäà (8) ñëåäóþùåãî âèäà:

V2m(f, x) = â0φ̂0,0(x) + â1φ̂0,1(x) +

m−1∑

j=0

2j−1∑

k=0

b̂j,kψ̂j,k(x). (9)

6. Àïïðîêñèìàòèâíûå ñâîéñòâà ÷àñòè÷íûõ ñóìì V2m(f, x)

Êàê îòìå÷àëîñü âûøå, ñèñòåìà {Un(x)}∞n=0 îáðàçóåò â L2,w([−1; 1]) îðòîãîíàëüíûé
áàçèñ, ñëåäîâàòåëüíî, ëþáàÿ �óíêöèÿ f(x) ∈ L2,w([−1; 1]) ïðåäñòàâèìà â âèäå ðÿäà Ôóðüå
ïî íåé:

f(x) = Sn(f)(x) +Rn(f)(x) =

n∑

k=0

fkUk(x) +

∞∑

k=n+1

fkUk(x),

ãäå fk = 2
π

∫ 1
−1 f(t)Uk(t)w(t) dt. Â ÷àñòíîñòè,

f(x) = S2m(f)(x) +R2m(f)(x).

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó V2m(f, x), â ñèëó òåîðåìû 5.5, ïðåäñòàâëÿåò ñîáîé ëè-

íåéíûé îïåðàòîð, ïðîåêòèðóþùèé ïðîñòðàíñòâî L2,w([−1; 1]) íà H2m,w([−1; 1]), ïðè÷åì
òàêîé, ÷òî V2m(Uk, x) = 0 (k > 2m + 1), òî

V2m(f, x) = V2m
(
S2m(f), x

)
+V2m

(
R2m(f), x

)
= S2m(f)(x).

Òàêèì îáðàçîì, âîïðîñ îá àïïðîêñèìàòèâíûõ ñâîéñòâàõ ÷àñòè÷íûõ ñóìì (9) ðÿäà (8)

ñâîäèòñÿ ê àíàëîãè÷íîé çàäà÷å äëÿ ÷àñòè÷íûõ ñóìì S2m(f)(x) ðÿäà Ôóðüå ïî ïîëèíîìàì
×åáûøåâà âòîðîãî ðîäà:

f(x)−V2m(f, x) = f(x)− S2m(f)(x). (10)

Õîðîøî èçâåñòíî, ÷òî îòêëîíåíèå ÷àñòè÷íîé ñóììû S2m(f)(x) îò �óíêöèè f(x) ìîæåò
áûòü îöåíåíî ñ ïîìîùüþ íåðàâåíñòâà Ëåáåãà

|f(x)− S2m(f)(x)| 6 E2m(f) (1 + L2m(x)) ,

ãäå E2m(f) � ïîãðåøíîñòü íàèëó÷øåãî ðàâíîìåðíîãî íà [−1, 1] ïðèáëèæåíèÿ �óíê-

öèè f(x) àëãåáðàè÷åñêèì ïîëèíîìîì ñòåïåíè íå âûøå 2m, L2m(x) � �óíêöèÿ Ëåáåãà

ðÿäà Ôóðüå ïî ïîëèíîìàì ×åáûøåâà âòîðîãî ðîäà, ò. å.

L2m(x) =

1∫

−1

∣∣∣∣∣

2m∑

k=0

Ûk(x)Ûk(t)

∣∣∣∣∣w(t) dt.
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Äëÿ êëàññà íåïðåðûâíûõ �óíêöèé f ∈ C[−1, 1] èç ðåçóëüòàòîâ [10℄ ñëåäóåò àñèìïòî-
òè÷åñêàÿ îöåíêà �óíêöèè Ëåáåãà

L2m(x) =

{
4 ln 2
π2 m+O(1), x ∈ [−1 + ε, 1− ε],

O(2m), x ∈ [−1,−1 + ε) ∪ (1− ε, 1],

ãäå ε � ïðîèçâîëüíî ìàëîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèþ 0 < ε < 1.
Àñèìïòîòè÷åñêîå ïîâåäåíèå âåðõíåé ãðàíè îòêëîíåíèÿ ÷àñòè÷íûõ ñóìì Sn(f)(x) îò

�óíêöèé f(x) èç êëàññà Ëèïøèöà Lipα (0 < α 6 1) èññëåäîâàíî â ðàáîòå [11℄. Èç

ïîëó÷åííûõ òàì ðåçóëüòàòîâ âûòåêàåò ðàâåíñòâî

sup
f∈Lipα

|f(x)− S2m(f)(x)| = 2−αm

[
2α+1

(√
1− x2

)α ln 2

π
m

π/2∫

0

tα sin t dt

= O

(
sin 2m arccos x√

1− x2
+ 1

)]
,

êîòîðîå äëÿ 0 < α < 1 âûïîëíÿåòñÿ ðàâíîìåðíî îòíîñèòåëüíî x ∈ [−1 + ε, 1 − ε]
(0 < ε < 1), à äëÿ α = 1 � ðàâíîìåðíî íà âñåì ñåãìåíòå [−1, 1].

Â êà÷åñòâå ñëåäñòâèÿ óêàçàííûõ îöåíîê ìû îòìå÷àåì äëÿ x ∈ [−1 + ε, 1− ε]

|f(x)−V2m(f, x)| 6 E2m(f)

(
4 ln 2

π2
m+O(1)

)
, f ∈ C[−1, 1],

sup
f∈Lipα,

0<α<1

|f(x)−V2m(f, x)|

= 2−αm

[
2α+1

(√
1− x2

)α ln 2

π
m

π/2∫

0

tα sin t dt+O

(
sin 2m arccos x√

1− x2
+ 1

)]
.

Êðîìå òîãî, äëÿ x ∈ [−1, 1] èìååì

sup
f∈Lip 1

|f(x)−V2m(f, x)|

= 2−m

[
4 ln 2

π
m
√

1− x2

π/2∫

0

t sin t dt+O

(
sin 2m arccos x√

1− x2
+ 1

)]
.

Â òî æå âðåìÿ ñëåäóåò îòìåòèòü, ÷òî, êàê ïîêàçàíî â [12℄, äëÿ �óíêöèè f(x) =∑
∞

k=1
cos (k4 arccos x)

k2
, ïðèíàäëåæàùåé êëàññó Ëèïøèöà Lip 1

8 , ïðåäåë ïîñëåäîâàòåëüíîñòè

÷àñòè÷íûõ ñóìì Sn(f)(x) íà êîíöàõ îòðåçêà [−1; 1] íå ñóùåñòâóåò.

Àâòîð áëàãîäàðèò ä.�.-ì.í. È.È. Øàðàïóäèíîâà çà ïîñòàíîâêó çàäà÷è è öåííûå ñîâåòû ïðè

åå ðåøåíèè.
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APPROXIMATIVE PROPERTIES

OF THE CHEBYSHEV WAVELET SERIES OF THE SECOND KIND

Sultanakhmedov M. S.

The wavelets and saling funtions based on Chebyshev polynomials and their zeros are introdued. The

onstruted system of funtions is proved to be orthogonal. Using this system, an orthonormal basis in the

spae of square-integrable funtions is built. Approximative properties of partial sums of orresponding

wavelet series are investigated.

Key words: polynomial wavelets, Chebyshev polynomials of seond kind, orthogonality, Christo�el�

Darboux formula, funtion approximation, wavelet series.


