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G�HJIBKMLON�P2KOQSRUTJG�HWV7KORXKOY[Z\Y^]ML`_[YOKMLWa�QUbBLWGXP`LWcdLWKOH`_[e7KOQSR
]ML\N2LWfgL`_[RXV�Tgbh]MLWG�Lgi@j!RXKOKOQSRka�KMLWcdLWlJ_[RXKOHWa�Y@a�RXmOnJN�KORXG�H

opDXopD,qsr	tdr	uwv#xXydzd{h|�}X~2Dw�SD,�hr#x5��yd�#|hrB}X�gD,��DX�hr#x5��y5�Wydtw�#r	�#|
�	�������3���������`�����/�����d�X�/���������������/�������2�����X�����/�2�����������` ,���,�`�/�/�7�/�����/�������/��¡��X¢��/�����/�����/�

r £ ¡��,�/��������¤���W�/�������3������¥��	�¦¤���§�¨5¨w��©��/���/�����	�ª�¦������������¥��	�¦����������«���¥��	�ª¢����/�����/���	�ª�¬�����/¤��
x = 0

��¢������p�/��� £�/��X�����/�¬��¡��O�����X�����/�M�M�����ª®X¢���«��7�/�J�/�������/���h���°¯'��������¡���������«���¥����/�[±���²����/����¢¬���J������¤��
(0, 1, . . .) ³´d¤����������/���3�/���������������/�����/�	²������/��¢��������d���°¤����/������¢��/�������������d�/����¥°µ5�/�������/���3����¯���������¡���������«���¥°µ5�/�w±���²�� £�/����¢��g�/������X��������¥°µ7¤������������/����¤��/�	�7�/�������/���h���	�W¶W��·/¤����/���/� ³�¸ �/���/����¥°µ7�/�������/���3���X�/����¢��/�����d���������¨d�����	¢�����¯��������������¹����`�	�/��¡������/����¥º¶W��·/¤����/���/� ³�» ������������¢���«������,�/���������/�����X�/�����/������������«������/�	�/���������/� £��¤��/�,������·/�������7��¤����/������¢��/������������¥°µg�/����¥°µW�/�������/���3����¯/��������¡���������«���¥°µ`�/�g±���²����/����¢J���7������¤��
(0, 1, . . .)�g������������¥������������ ³  ,�����3�g����¡���¯	§����J�/���������/�����O�����,�/��«O�/����²��/���	¢�¯'��������������¢�¼��2��¥°���/���/�����/���½�/����¥°µ�/�������/���3����¯����������[����¤O�/���/�3���/�����/¼��/������������¥°µO����¤�¢��������/����¥°µ`���������/���X������·[�/�/�J¤������������/����¤���µW�/����� £�/���3���W¶W��·/¤����/���/� ³

¾`¿	ÀgÁ'Â�Ã/Ä7ÂÆÅ�¿	Ç/Ã/È#É��/�����/�������/���2¢��/�����/�����/��¯���������¡���������«���¥��g�/�M±���²����/����¢¬�/�������/���	¥,¯'��������¡���������«���¥�����X������¤��w�/�������/���	¥º¶W��·/¤����/���/��¯��/���/²����/X�����/�°�/�/��¤���������¥°µ2¨w¢��/¤�©���·�¯����3����������¥��,�����/¥¦�/�X�/�������/���h���¶W��·/¤����/���/� ³
AhD5Ê¬|h�/xX�#zdyd�

VÌËhÍ/Î�Ï�Ð�Ñ'Ò¬Ó�ÔÕÎ�Ï/Í�Ï�Ö�Ó!×hÍ/Î�Î�Ø,Ð/Ï�×3Ó�ËÕÙ�Ð/Ú	×3Ð�Î¬Ð¦Ú	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý	ÝÕ×3Ó�Þ¬Ó�Ë	Ý	Ñ�ß�Í�Û�Í�à	ÝÕnOÐ/Þ!Ýp×hÍ�ß�á
Ë3Ð�Î�Ï�Ë3Ð/â�Ð>ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ

r∑

l=0

al(j)∆
ly(j) = f(j), j ∈ Ω, ä�å�æ

ÎOËhÍ�àhÍ�Ü3Ö�Ë	çgØ5Ý�ã�Î�ÜhÐ/Ù�Ý	Ñ	Ø5Ý
∆ly(0) = yl

b
l = 0, 1, . . . , r − 1,

Ú	ã�Ï�Ó�Øè×hÍ�ß�ÜhÐ�é!Ó�Ë	Ý	Ñ
y(j)

ËhÍêÎ�Ó�Ï�ë�Ó
Ω = {0, 1, . . .} ÙW×#Ñ�Û¦ìMã�×	Ö�Ó�Ú3Ð`Ú3Ð�Ü3Ý	Ë3Ð�ØXÍ/Ø2b�Ð/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	çgØ�Ú3Ð[N�Ð�í�Ð�ÜhÓ�Ù�ãMËhÍ Ω b�â�ÛhÓ2îOã�Ë	ë	ï	Ý	Ý
al, l = 0, 1, . . . , r−1,

ß�Í�Û�Í�Ë	çÕËhÍ2Ø5Ë3Ð�é!Ó�Î�Ï�Ù�Ó
Ω
b
∆ly ð Ð/Ú3Ó�×hÍ�Ï�Ð/×Më�Ð/Ë3Ó�à	Ë3Ð/ÔM×hÍ�ß�Ë3Ð�Î�Ï�ÝMÚ3Ð/×#Ñ�Û3ë'Í l ñPdÍ�ë'Í�ÑÆß�Í�Û�Í�àhÍMÚ	×3Ó�ÛhÎ�Ï/Í�Ù/Ü3Ñ	Ó�Ï>Ý	Ë	Ï�Ó�×3Ó�ÎWË3Ó`Ï�Ð�Ü3Ö�ë�ÐêÎ�Í/ØXÍMÚ3Ð!Î�Ó�í�Ó�b�Ë3ÐMÝ¦Ù¬Î�Ù�Ñ'ß�ÝòÎ`Ï�Ó�Ø2b#à	Ï�Ð!ë¦Ë3Ó�Ô

Ø,Ð�é!Ó�ÏJí/ç2Ï�Ö`Î�Ù�Ó�ÛhÓ�ËhÍ7Ú	×3Ð�í�ÜhÓ�ØXÍgÐ2Ú	×	Ý3í�Ü3Ý	é!Ó�Ë	Ë3Ð�Øº×3Ó�Þ¬Ó�Ë	Ý	ÝMß�Í�Û�Í�à	Ý!nOÐ/Þ!ÝJÛ	Ü3Ñ[Ð�í/ç2ë	Ë3Ð/Ù�Ó�Ë	Ë3Ð/â�Ð
Û3Ý3î[î[Ó�×3Ó�Ë	ï	ÝhÍ�Ü3Ö�Ë3Ð/â�Ð>ã�×hÍ�Ù�Ë3Ó�Ë	Ý	ÑòÙ�Ý'Û�Í

r∑

l=0

al(t)y
(l)(t) = f(t)

Î�ËhÍ�àhÍ�Ü3Ö�Ë	çgØ5Ý>ã�Î�ÜhÐ/Ù�Ý	Ñ	Ø5Ý
y(l)(0) = yl

b
l = 0, 1, . . . , r−1 ñ I°Í/Ø,Ó�Ï�Ý3Ø2b�à	Ï�ÐWã�×hÍ�Ù�Ë3Ó�Ë	Ý3Ó ä�å�æ Ø,Ð�éêË3ÐÚ3Ó�×3Ó�Ú	Ý3Î�Í�Ï�ÖªÙªÎ�ÜhÓ�Û3ã�óWÒ¬Ó�Ø�×3Ó�ë	ã�×	×3Ó�Ë	Ï�Ë3Ð�ØôÙ�Ý'ÛhÓ�õ

ar(j)y(j + r) =
r−1∑

l=0

bl(j)y(j + l) + f(j), j ∈ Ω, ä÷ö�æ
ø© ù�ú�û�ü7ý ���/����¢��/���/���7þ ³ þ ³ ¯/ÿ�������/������� ³�¸g³ ¯/ÿ�������/�	�/���������`� ³ ¶ ³
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bl(j), l = 0, 1, . . . , r − 1, ð ß�Í�Û�Í�Ë	Ë	çgÓºîOã�Ë	ë	ï	Ý	Ý�b,Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	Ë	çgÓºËhÍ�Î�Ó�Ï�ë�Ó
Ω =

{0, 1, . . .} ñ RXÎ�Ü3Ý îOã�Ë	ë	ï	Ý	Ñ |ar(j)| > c > 0, j ∈ Ω
b�Ï�ÐÆÏ�Ð/à	Ë3Ð�Óê×3Ó�Þ¬Ó�Ë	Ý3Ó¬ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ ä�å�æ Ø,Ð�é¬áË3Ð½ËhÍ�Ô	Ï�ÝSÎ>Ú3Ð�Ø,Ð/Ò!Ö�ó ×3Ó�ë	ã�×	×3Ó�Ë	Ï�Ë3Ð/Ôèî[Ð/×3Ø5ã�Ü3ç ä÷ö�æ�ñ RXÎ�Ü3ÝSé!ÓêÛ	Ü3ÑÕË3Ó�ë�Ð/Ï�Ð/×	ç�


j ∈ Ω
í/ã�ÛhÓ�Ï

ar(j) = 0
b�Ï�Ð ËhÍ�Ô	Ï�Ý Î�Ð�Ð/Ï�Ù�Ó�Ï�Î�Ï�Ù�ã�óWÒ!Ý3Ópß�ËhÍ�à3Ó�Ë	Ý	Ñ

y(j + r)
ÎºÚ3Ð�Ø,Ð/Ò!Ö�ó ×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä÷ö�æ Ë3ÓÙ�Ð/ß�Ø,Ð�éêË3Ð ñ nJ×3Ð�Ø,ÓÆÏ�Ð/â�Ð	b5Ð/Ï�Ø,Ó�Ï�Ý3Ø^Ó�Ò¬Ó�bdà	Ï�Ð�Ó�Î�Ü3Ý�ß�ËhÍ�à3Ó�Ë	Ý	Ñ
f(j)

îOã�Ë	ë	ï	Ý	Ý
f
bdîOÝ	â�ã�×	Ý	×	ã�ó`á

Ò¬Ó�Ô½Ù>Ú	×hÍ�Ù�Ð/ÔºàhÍ/Î�Ï�Ýºã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ ä�å�æ b3Î�Ð�ÛhÓ�×#é¬Í�ÏÆÚ3Ð/â�×3Ó�Þ!Ë3Ð�Î�Ï�Ý�Ý	ß�Ø,Ó�×3Ó�Ë	Ý	Ô�b3Ï�Ð>Ý3Î�Ú3Ð�Ü3Ö�ß�Ð/Ù#Í�Ë	Ý3Ó×3Ó�ë	ã�×	×3Ó�Ë	Ï�Ë3Ð/Ô½î[Ð/×3Ø5ã�Ü3ç ä÷ö�æ Û	Ü3ÑªËhÍ�
#Ð�é¬ÛhÓ�Ë	Ý	ÑÆ×3Ó�Þ¬Ó�Ë	Ý	Ñªß�Í�Û�Í�à	Ý y = y(j)
Ø,Ð�é!Ó�Ï¬Û�Í�Ï�Ö¬Ë3Ó�ã�ÛhÐ�á

Ù/ÜhÓ�Ï�Ù�Ð/×	Ý	Ï�Ó�Ü3Ö�Ë	çgÓ½×3Ó�ß�ã�Ü3Ö�Ï/Í�Ï�ç Û�Í�é!ÓòÙ�Ï�Ð�Ø^Î�Ü3ã�àhÍ/Ó�b5ë�Ð/â�Û�Í |ar(j)| > c > 0, j ∈ Ω ñ PdÍ�ë	Ý3ØÐ�í/×hÍ�ß�Ð�Ø2b3Ù�Ð/ß�Ë	Ý	ë'Í/Ó�Ïªß�Í�Û�Í�àhÍ>Ð¬Ú3Ð/Ý3Î�ë�Ó!Í�Ü3Ö�Ï�Ó�×	ËhÍ�Ï�Ý	Ù�Ë	ç�
�Ø,Ó�Ï�Ð�ÛhÐ/Ùª×3Ó�Þ¬Ó�Ë	Ý	Ñòã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ ä�å�æ�ñV�ËhÍ/Î�Ï�Ð�Ñ'Ò¬Ó�Ô!×hÍ/í�Ð/Ï�Ó�Ú	×3Ó�Û	Ü�Í�â�Í/Ó�Ï�Î�Ñ!Ë3Ð/Ù�ç2Ô¬Ø,Ó�Ï�Ð�Û¬×3Ó�Þ¬Ó�Ë	Ý	ÑMß�Í�Û�Í�à	Ý¬nOÐ/Þ!Ý ä�å�æ b�Ð�Î�Ë3Ð/Ù#Í�Ë	Ë	ç2ÔËhÍòÚ	×	Ý3Ø,Ó�Ë3Ó�Ë	Ý	Ý�Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù
mα
r,n(x, q), n = 0, 1, . . . ,

Ð/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	ç�
SÚ3Ð�N�Ð�í�Ð�ÜhÓ�Ù�ã Ð/Ï�Ë3Ð�Î�Ý'á
Ï�Ó�Ü3Ö�Ë3Ð>Î�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐªÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ½Ù�Ý'Û�Í

〈f, g〉 =
r−1∑

k=0

∆kf(0)∆kg(0) +

∞∑

j=0

∆rf(j)∆rg(j)ρ(j), ä��æ
Ï ñ Ó ñ
〈mα

r,n,m
α
r,m〉 =

r−1∑

k=0

∆kmα
r,n(0, q)∆

kmα
r,m(0, q) +

∞∑

j=0

∆rmα
r,n(j, q)∆

rmα
r,m(j, q)ρ(j) = δn,m,

â�ÛhÓ
α > −1

b[Í
ρ(x) ð Ù�Ó�Î�Ð/Ù#Í�Ñ\îOã�Ë	ë	ï	Ý	Ñ°bOÐ/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	ËhÍ�Ñ�×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð�Ø ä�å���æ�ñ ]OÐ�Ü3Ý	Ë3Ð�Ø5ç

mα
r,k+r(x, q)

Ú3Ð/×3Ð�é¬Û�Í�óWÏ�Î�ÑÕë'Ü�Í/Î�Î�Ý	à3Ó�Î�ë	Ý3Ø5ÝSÚ3Ð�Ü3Ý	Ë3Ð�ØXÍ/Ø5ÝSa�Ó�Ô	ë�Î�Ë3Ó�×hÍ
mα
n(x, q), n = 0, 1, . . .

b
Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	çgØ5Ý½ËhÍ[Î�Ó�Ï�ë�Ó

Ω
ÎgÙ�Ó�Î�Ð�Ø

ρ(x)
Ú3Ð�Î�×3Ó�ÛhÎ�Ï�Ù�Ð�ØS×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä÷ö���æ b�Ú	×	Ý	à3Ó�Ø Ù!Î�Ü3ã#áàhÍ/Ó�b	ë�Ð/â�Û�Í

0 6 k 6 r − 1,
Ú3Ð�Ü3Ý	Ë3Ð�Ø5ç

mα
r,k(x, q)

Ð/Ú	×3Ó�ÛhÓ�Ü3Ñ'óWÏ�Î�Ñ½×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð�Ø ä÷ö���æ�ñNXÜhÓ�Û3ã�Ó�ÏÕÐ/Ï�Ø,Ó�Ï�Ý	Ï�Ö3b,à	Ï�Ð�Ï�Ó�Ð/×	Ý	Ñ�Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù3bXÐ/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	ç�
èÐ/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3Ð Î�ë'Í�Ü3Ñ'×	Ë	ç�

Ú	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	ÔSÏ�Ý	ÚhÍ�N�Ð�í�Ð�ÜhÓ�Ù#Í'bwÚ3Ð�Ü3ã�à	Ý'Ü�ÍòÙºÚ3Ð�Î�ÜhÓ�Û3Ë	Ý3Ó>Ï�×	ÝÕÛhÓ�Î�Ñ'Ï�Ý'ÜhÓ�Ï�Ý	Ñ Ý	Ë	Ï�Ó�Ë3Î�Ý	Ù�Ë3Ð�Ó¦×hÍ�ß�á
Ù�Ý	Ï�Ý3ÓWÝÆËhÍ�ÞMÜ�ÍM×#Ñ�ÛòÙ#Í�éêË	ç�
ÆÚ	×	Ý'ÜhÐ�é!Ó�Ë	Ý	Ô ä Î�Ø ñ�� å������ ÝÆÚ	×3Ð/ï	Ý	Ï�Ý	×3Ð/Ù#Í�Ë	Ë	ã�ó Ï/Í/ØSÜ3Ý	Ï�Ó�×hÍ�Ï�ã�×	ã æ�ñ�OÍ�×hÍ�ë	Ï�Ó�×	Ë3Ð/Ô�Ð�Î�Ð�í�Ó�Ë	Ë3Ð�Î�Ï�Ö�ó^Î�ë'Í�Ü3Ñ'×	Ë	ç�
½Ú	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	ÔºÏ�Ý	ÚhÍªN�Ð�í�Ð�ÜhÓ�Ù#ÍêÑ'Ù/Ü3Ñ	Ó�Ï�Î�Ñ°b	ÙêàhÍ/Î�Ï�Ë3Ð�á
Î�Ï�Ý�b'Ï�Ð	b�à	Ï�Ð¬Ð/Ë	Ý�b'ë'Í�ëòÚ	×hÍ�Ù�Ý'ÜhÐ	b3Î�Ð�ÛhÓ�×#é¬Í�Ï¦Î�Ü�Í�â�Í/Ó�Ø5çgÓ�b	ë�Ð/Ï�Ð/×	çgÓ���ë�Ð/Ë	Ï�×3Ð�Ü3Ý	×	ã�óWÏ��>Ú3Ð/Ù�Ó�ÛhÓ�Ë	Ý3Ó
Î�Ð�Ð/Ï�Ù�Ó�Ï�Î�Ï�Ù�ã�óWÒ!Ý�
èÐ/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	ç�
èÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/ÙÕÙ�Ð�Û3Ë3Ð/ÔôÝ'Ü3Ý�Ë3Ó�Î�ë�Ð�Ü3Ö�ë	Ý�
èÏ�Ð/à	ë'Í�
èà	Ý3Î�ÜhÐ/Ù�Ð/Ô
Ð�Î�Ý ñ NUÛ3×	ã�â�Ð/Ô�Î�Ï�Ð/×3Ð/Ë	ç[bhÙª×hÍ/í�Ð/Ï/Í�
 � ����å���� í/ç7Ü3ÝºÙ�Ù�Ó�ÛhÓ�Ë	ç Ï/Í�ëºËhÍ�ß�ç2Ù#Í/Ó�Ø5çgÓ¬Î�Ø,Ó�ÞêÍ�Ë	Ë	çgÓM×#Ñ�Û3ç
Ú3Ð½ë'Ü�Í/Î�Î�Ý	à3Ó�Î�ë	Ý3Ø^Ð/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	çgØ Ú3Ð�Ü3Ý	Ë3Ð�ØXÍ/Ø ë'Í�ëèÍ�Ü3Ö�Ï�Ó�×	ËhÍ�Ï�Ý	Ù�Ë	ç2Ôè×#Ñ�Û�Í/Ø\ìMã�×	Ö�Ó>Ú3ÐºÏ�Ó�Ø
é!ÓMÚ3Ð�Ü3Ý	Ë3Ð�ØXÍ/ØkÍ�Ú	ÚhÍ�×hÍ�ÏÆ×3Ó�Þ¬Ó�Ë	Ý	Ñºß�Í�Û�Í�à�bhÙ¦ë�Ð/Ï�Ð/×	ç�
ºÏ�×3Ó�í/ã�Ó�Ï�Î�Ñ�Ð�Û3Ë3Ð/Ù�×3Ó�Ø,Ó�Ë	Ë3ÐÆÚ	×	Ý3í�Ü3Ý	é¬Í�Ï�Ö
Û3Ý3î[î[Ó�×3Ó�Ë	ï	Ý	×	ã�Ó�Ø5ã�ó îOã�Ë	ë	ï	Ý	ó Ý Ë3Ó�Î�ë�Ð�Ü3Ö�ë�Ð�Ó�Ó>Ú	×3Ð/Ý	ß�Ù�Ð�Û3Ë	ç�
 ñ V^àhÍ/Î�Ï�Ë3Ð�Î�Ï�Ý�bdÏ/Í�ë'Í�ÑSß�Í�Û�Í�àhÍ
àhÍ/Î�Ï�ÐêÙ�Ð/ß�Ë	Ý	ë'Í/Ó�Ï¦Ú	×	Ýò×3Ó�Þ¬Ó�Ë	Ý	Ý½Û3Ý3î[î[Ó�×3Ó�Ë	ï	ÝhÍ�Ü3Ö�Ë	ç�
òã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ôºà	Ý3Î�ÜhÓ�Ë	Ë3Ð�á�Í�ËhÍ�Ü3Ý	Ï�Ý	à3Ó�Î�ë	Ý3Ø5Ý
ä Î�Ú3Ó�ë	Ï�×hÍ�Ü3Ö�Ë	çgØ5Ý æ Ø,Ó�Ï�Ð�Û�Í/Ø5Ý � å 	'b ö'å ��ñ N�Ø,Ó�ÞêÍ�Ë	Ë	çgÓO×#Ñ�Û3ç Ú3Ð>Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	çgØ Î�Ý3Î�Ï�Ó�ØXÍ/ØîOã�Ë	ë	ï	Ý	ÔSÐ/ë'Í�ß�Í�Ü3Ý3Î�Ö�Ó�Î�Ï�Ó�Î�Ï�Ù�Ó�Ë	Ë	çgØ ÝÕÙ�Ó�Î�Ö�ØXÍ"!�î[î[Ó�ë	Ï�Ý	Ù�Ë	çgØÌÎ�×3Ó�ÛhÎ�Ï�Ù�Ð�Ø ×3Ó�Þ¬Ó�Ë	Ý	ÑÕë	×hÍ/Ó�Ù�ç�

ß�Í�Û�Í�à Û	Ü3Ñ�Û3Ý3î[î[Ó�×3Ó�Ë	ï	ÝhÍ�Ü3Ö�Ë	ç�
 ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ô Î�Ú3Ó�ë	Ï�×hÍ�Ü3Ö�Ë	çgØ5ÝkØ,Ó�Ï�Ð�Û�Í/Ø5Ý ñ ]OÐ#!�Ï�Ð�Ø5ãèÚ3Ð/Ù�Ð�Û3ã
Ø5ç Ø,Ð�é!Ó�ØSÐ/Ï�Ð�Î�Ü�Í�Ï�Ö3b�ËhÍ�Ú	×	Ý3Ø,Ó�×�b�ë>×hÍ/í�Ð/Ï�Ó � ö'å ��ñ V�×hÍ/í�Ð/Ï�Ó � å���� Ú3Ð/ë'Í�ß�Í�Ë3Ð	b#à	Ï�Ð[Î�Ø,Ó�ÞêÍ�Ë	Ë	ç2Ôª×#Ñ�ÛîOã�Ë	ë	ï	Ý	Ý

f
Ú3ÐpÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/ÔUÎ�Ý3Î�Ï�Ó�Ø,Ó {ϕk(x)}∞k=0

Ú	×3Ó�ÛhÎ�Ï/Í�Ù/Ü3Ñ'óWÏ Î�Ð�í�Ð/Ô�×#Ñ�Û ìMã�×	Ö�Ó
!�Ï�Ð/Ô½îOã�Ë	ë	ï	Ý	ÝòÚ3ÐêË3Ð/Ù�Ð/Ô½Î�Ý3Î�Ï�Ó�Ø,ÓMîOã�Ë	ë	ï	Ý	Ô {ϕr,k(x)}∞k=0

b	Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/Ô�Ú3ÐªN�Ð�í�Ð�ÜhÓ�Ù�ã
Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3ÐªÎ�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐªÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ½Ù�Ý'Û�Í

〈f, g〉 =
r−1∑

ν=0

f (ν)(a)g(ν)(a) +

b∫

a

f (r)(t)g(r)(t)ρ(t) dt ä$��æ
ÝòÚ3Ð/×3Ð�é¬ÛhÓ�Ë	Ë3Ð/ÔpÎ�Í/Ø,Ð/ÔºÎ�Ý3Î�Ï�Ó�Ø,Ð/Ô {ϕk(x)}∞k=0 ñ



��� � ��"���1� ����	$ - 
�� 6 � 6 *�� �����ê�B��
���� 6 < 6 *	� �����ê�3�5�#"B�����
 � 6�
�6
jMÝ3Î�ë	×3Ó�Ï�Ë	ç2Ô¦Í�ËhÍ�ÜhÐ/âgÎ�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐOÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ ä$��æ Ý3Ø,Ó�Ó�ÏOÙ�Ý'Û ä��æ b�â�ÛhÓ2îOã�Ë	ë	ï	Ý	Ý f Ý g ß�Í�áÛ�Í�Ë	çkËhÍ¬Ø5Ë3Ð�é!Ó�Î�Ï�Ù�Ó

Ω = {0, 1, . . .} b ρ = ρ(j) ð Û3Ý3Î�ë	×3Ó�Ï�ËhÍ�ÑòÙ�Ó�Î�Ð/Ù#Í�Ñ½îOã�Ë	ë	ï	Ý	Ñ°b�ß�Í�Û�Í�Ë	ËhÍ�ÑÆËhÍ
Ø5Ë3Ð�é!Ó�Î�Ï�Ù�Ó

Ω ñ V�Î�Ü3ã�àhÍ/Ó�b�ë�Ð/â�Û�Í r = 0
b�Ø5çUí/ã�ÛhÓ�ØÕÎ�à	Ý	Ï/Í�Ï�Ö3b#à	Ï�Ð ∑r−1

k=0∆
kf(0)∆kg(0) = 0 ñ ]J×	Ý

r > 1
Ð�Î�Ð�í�Ð/ÔºÏ�Ð/à	ë�Ð/ÔºÙªÎ�ë'Í�Ü3Ñ'×	Ë3Ð�ØôÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ý ä��æ Ñ'Ù/Ü3Ñ	Ó�Ï�Î�Ñ x = 0

b	Ù>ë�Ð/Ï�Ð/×3Ð/Ôºë�Ð/Ë	Ï�×3Ð�Ü3Ý'á
×	ã�Ó�Ï�Î�Ñ�Ú3Ð/Ù�Ó�ÛhÓ�Ë	Ý3Ó>Î�Ð�Ð/Ï�Ù�Ó�Ï�Î�Ï�Ù�ã�óWÒ!Ý�
ÕÐ/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	ç�
�Ú3ÐºN�Ð�í�Ð�ÜhÓ�Ù�ã�Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù½Û3Ý3Î�ë	×3Ó�Ï�Ë3Ð/Ô
Ú3Ó�×3Ó�Ø,Ó�Ë	Ë3Ð/Ô�b�í�Ü�Í�â�Ð�Û�Í�×#ÑºÚ	×	Ý3Î�ã�Ï�Î�Ï�Ù�Ý	ó^Ù ä��æ Ù�ç2×hÍ�é!Ó�Ë	Ý	Ñ ∑r−1

k=0∆
kf(0)∆kg(0) ñ VUËhÍ/Î�Ï�Ð�Ñ'Ò¬Ó�Ô×hÍ/í�Ð/Ï�ÓêËhÍ�×#Ñ�Û3ã�Î¬ë�Ð/Ë3Î�Ï�×	ã�Ý	×3Ð/Ù#Í�Ë	Ý3Ó�ØÌÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù

mα
r,n(x, q), n = 0, 1, . . .

b°Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë'á
Ë	ç�
ôÚ3Ð�N�Ð�í�Ð�ÜhÓ�Ù�ã Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3Ð�Î�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐSÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	ÑUÙ�Ý'Û�Í ä��æ bXÝ Ý	ß�ã�à3Ó�Ë	Ý3Ó�Ø�Ë3Ó�ë�Ð�á
Ï�Ð/×	ç�
èÙ#Í�éêË	ç�
ôÎ�Ù�Ð/Ô3Î�Ï�Ù#!�Ï�Ý�
�Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù3bX×hÍ/Î�Î�Ø,Ð/Ï�×3Ó�ËhÍ�Ï/Í�ë	é!Ó½ß�Í�Û�Í�àhÍÕÐ�í�Ð�Û3Ë3Ð/Ù�×3Ó�Ø,Ó�Ë	Ë3Ð�Ø
Ú	×	Ý3í�Ü3Ý	é!Ó�Ë	Ý	ÝpËhÍ>Î�Ó�Ï�ë�Ó

Ω = {0, 1, . . .} ×3Ó�Þ¬Ó�Ë	Ý	Ñ y = y(j)
ß�Í�Û�Í�à	ÝpnOÐ/Þ!Ý ä�å�æ ÝºÓ�â�Ð>ë�Ð/Ë3Ó�à	Ë	ç�


×hÍ�ß�Ë3Ð�Î�Ï�Ó�Ô
∆νy(j)

àhÍ/Î�Ï�Ý	à	Ë	çgØ5Ý>Î�ã'Ø,ØXÍ/Ø5Ý¦ìMã�×	Ö�Ó7îOã�Ë	ë	ï	Ý	Ý
y
Ú3ÐJÎ�Ý3Î�Ï�Ó�Ø,Ó {mα

r,n(x, q)}∞n=0

Ý¬Ý�

Î�Ð�Ð/Ï�Ù�Ó�Ï�Î�Ï�Ù�ã�óWÒ!Ý3Ø5ÝÆë�Ð/Ë3Ó�à	Ë	çgØ5Ý¦×hÍ�ß�Ë3Ð�Î�Ï�Ñ	Ø5Ý ñ ]J×3Ó�é¬ÛhÓ`à3Ó�ØÕÚ	×	Ý3Î�Ï�ã�Ú	Ý	Ï�Ö!ëªë�Ð/Ë3Î�Ï�×	ã�Ý	×3Ð/Ù#Í�Ë	Ý	óÎ�Ý3Î�Ï�Ó�Ø5çUÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù

mα
r,n(x, q), n = 0, 1, . . .

b�Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ç�
ÆÚ3Ð!N�Ð�í�Ð�ÜhÓ�Ù�ã>Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö/á
Ë3ÐWÎ�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐJÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ!Ù�Ý'Û�Í ä��æ Ý!Ú3Ð/×3Ð�é¬ÛhÓ�Ë	Ë	ç�
¬ë'Ü�Í/Î�Î�Ý	à3Ó�Î�ë	Ý3Ø5ÝêÚ3Ð�Ü3Ý	Ë3Ð�ØXÍ/Ø5Ýêa�Ó�Ô	ë�Î�á
Ë3Ó�×hÍ!Û3Ý3Î�ë	×3Ó�Ï�Ë3Ð/Ô½Ú3Ó�×3Ó�Ø,Ó�Ë	Ë3Ð/Ô�bhØ5çk×hÍ/Î�Î�Ø,Ð/Ï�×	Ý3ØôÐ�í/Ò!ã�ó Ý'ÛhÓ�óÌÚ3Ð�Î�Ï�×3Ð�Ó�Ë	Ý	ÑºÎ�Ý3Î�Ï�Ó�ØèîOã�Ë	ë	ï	Ý	Ô�b
Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ç�
¬Ú3Ð��Ð�í�Ð�ÜhÓ�Ù�ã[ÝMÚ3Ð/×3Ð�é¬ÛhÓ�Ë	Ë	ç�
!ß�Í�Û�Í�Ë	Ë3Ð/Ô¬Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/Ô>Î�Ý3Î�Ï�Ó�Ø,Ð/Ô
îOã�Ë	ë	ï	Ý	ÔÆÛ3Ý3Î�ë	×3Ó�Ï�Ë3Ð/Ô�Ú3Ó�×3Ó�Ø,Ó�Ë	Ë3Ð/Ô ñ

� D��My����'����� xXy����dtd���'z������òv�z����dy���}w{ht��'{hzd{ht5�Wydtd{h|hr	zdz�����ud{��M{��h{! ,�#|3v3}
ud{htd{#�ÕxX�#zdz��ê�½{ht��'{hzd{ht5�Wydtd{h|hr	zdz��>�Wy"�òv�z����dy$#d�Wy

]OÓ�×3Ó�Ô'ÛhÓ�Ø ë ë�Ð/Ë3Î�Ï�×	ã�Ý	×3Ð/Ù#Í�Ë	Ý	ó Û3Ý3Î�ë	×3Ó�Ï�Ë	ç�
 îOã�Ë	ë	ï	Ý	Ô�b¬Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ç�
 Ú3Ð\N�Ð�á
í�Ð�ÜhÓ�Ù�ã\Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3Ð Î�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐÌÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ ä��æ bOÚ3Ð/×3Ð�é¬ÛhÓ�Ë	Ë	ç�
�ß�Í�Û�Í�Ë	Ë3Ð/Ô@Î�Ý3Î�Ï�Ó�Ø,Ð/Ô
{ψk(x)}∞k=0

bwÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/Ô ËhÍòÛ3Ý3Î�ë	×3Ó�Ï�Ë3Ð�Ø^Ø5Ë3Ð�é!Ó�Î�Ï�Ù�Ó
Ω = {0, 1, . . .} ÎªÙ�Ó�Î�Ð�Ø ρ(x) ñj[Ü3Ñ !�Ï�Ð/â�Ð ËhÍ/Ø\Ú3Ð/ËhÍ�ÛhÐ�í�Ñ'Ï�Î�Ñ Ë3Ó�ë�Ð/Ï�Ð/×	çgÓpÐ�í�Ð/ß�ËhÍ�à3Ó�Ë	Ý	ÑUÝ Ú3Ð/Ë	Ñ'Ï�Ý	Ñ ñ RXÎ�Ü3ÝUï3Ó�ÜhÐ�Ó k > 0

bXÏ�Ð
Ú3Ð�ÜhÐ�éêÝ3Ø

a[k] = a(a− 1) . . . (a− k + 1)
b
a[0] = 1

Ýò×hÍ/Î�Î�Ø,Ð/Ï�×	Ý3Ø Î�ÜhÓ�Û3ã�óWÒ!Ý3Ó[îOã�Ë	ë	ï	Ý	Ý�õ

ψr,k(x) =
x[k]

k!
, k = 0, 1, . . . , r − 1, ä � æ

ψr,k(x) =





1
(r−1)!

x−r∑
t=0

(x− 1− t)[r−1]ψk−r(t), r 6 x
b

0, x = 0, 1, . . . , r − 1



 , r 6 k, ä���æ

ë�Ð/Ï�Ð/×	çgÓ[Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	ç ËhÍ¬Î�Ó�Ï�ë�Ó
Ω = {0, 1, . . .} ñ G5Í/Î�Î�Ø,Ð/Ï�×	Ý3ØôË3Ó�ë�Ð/Ï�Ð/×	çgÓOÙ#Í�éêË	çgÓO×hÍ�ß�Ë3Ð�Î�Ï�Ë	çgÓÎ�Ù�Ð/Ô3Î�Ï�Ù#ÍWÎ�Ý3Î�Ï�Ó�Ø5ç�îOã�Ë	ë	ï	Ý	Ô

ψr,k(x)
b�Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	Ë	ç�
!×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í/Ø5Ý ä � æ Ý ä���æ�ñ V�Ù�Ó�ÛhÓ�Ø�Ð/Ú3Ó�×hÍ�Ï�Ð/×ë�Ð/Ë3Ó�à	Ë3Ð/Ôò×hÍ�ß�Ë3Ð�Î�Ï�Ý

∆f
õ
∆f(x) = f(x+1)− f(x)

Ý¦Ú3Ð�ÜhÐ�éêÝ3Ø
∆ν+1f(x) = ∆∆νf(x) ñ YOØ,Ó�Ó�ÏØ,Ó�Î�Ï�Ð>Î�ÜhÓ�Û3ã�óWÒêÍ�Ñ

%º���J�WrôAhD&�O���('M�!������� - "���
'��$B����
��

∆νψr,k(x) =





ψr−ν, k−ν(x), 0 6 ν 6 r − 1, r 6 k,

ψk−r(x), ν = r 6 k,

ψr−ν, k−ν(x), ν 6 k < r,

0, k < ν 6 r.

ä ��æ

C
N�Ú	×hÍ�Ù�Ó�Û	Ü3Ý	Ù�Ð�Î�Ï�Ö�ã�Ï�Ù�Ó�×#é¬ÛhÓ�Ë	Ý	Ñ ÜhÓ�Ø,Ø5ç å Ú	×	Ý r = 1

Ú3Ð/à	Ï�Ý Ð/à3Ó�Ù�Ý'Û3ËhÍ'b�Ú3Ð !�Ï�Ð�Ø5ã Ø5ç
í/ã�ÛhÓ�Ø^Î�à	Ý	Ï/Í�Ï�Ö3b,à	Ï�Ð

r > 2 ñ ]J×3Ó�é¬ÛhÓÆÙ�Î�Ó�â�Ðpß�Í/Ø,Ó�Ï�Ý3Ø2b5à	Ï�Ð�Ó�Î�Ü3Ý f(x) = (x − 1 − t)[r−1] bdÏ�Ð



�,���$ - ����$	0J�` #"���
�$B��$	���ò�ò1 - �	�	$ - �50 *w- "w� -��/- $�������$	0J�J1 -ò4X-���- �B��
� �'å
∆f(x) = (r − 1)(x− 1− t)[r−2] b'Ú3Ð !�Ï�Ð�Ø5ã¦Û	Ü3Ñ r 6 x, k

ÙªÎ�Ý'Ü3ã ä���æ Ý3Ø,Ó�Ó�Ø

∆ψr,k(x) =
1

(r − 1)!

(
x−r+1∑

t=0

(x− t)[r−1]ψk−r(t)−
x−r∑

t=0

(x− 1− t)[r−1]ψk−r(t)

)

=
1

(r − 1)!

x−r+1∑

t=0

(
(x− t)[r−1] − (x− 1− t)[r−1]

)
ψk−r(t)

=
1

(r − 2)!

x−r+1∑

t=0

(x− 1− t)[r−2]ψk−1−(r−1)(t) = ψr−1,k−1(x).

L`Ï�Î�ó7Û�Ígã'í�Ó�é¬Û�Í/Ó�Ø,Î�Ñ!ÙWÎ�Ú	×hÍ�Ù�Ó�Û	Ü3Ý	Ù�Ð�Î�Ï�Ý¬Ú3Ó�×	Ù�Ð/â�ÐWÝ	ß�×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æ Û	Ü3Ñ r 6 x ñ N�Ú	×hÍ�Ù�Ó�Û	Ü3Ý	Ù�Ð�Î�Ï�Ö×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í
∆ψr,k(x) = ψr−1,k−1(x)

Û	Ü3Ñ
x = 0, 1, . . . , r − 2

Ð/à3Ó�Ù�Ý'Û3ËhÍ ñ LWÎ�Ï/Í/Ó�Ï�Î�ÑSÚ	×3Ð/Ù�Ó�×	Ý	Ï�ÖÚ3Ó�×	Ù�Ð�ÓOÝ	ß[×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æ Û	Ü3Ñ x = r − 1 ñ KOÐêÙ !�Ï�Ð�ØôÎ�Ü3ã�àhÍ/Ó[Ø5ç Ý3Ø,Ó�Ó�Ø

∆ψr,k(x) = ψr,k(x+ 1) =
1

(r − 1)!

x−r+1∑

t=0

(x− t)[r−1]ψk−r(t) =
(r − 1)[r−1]

(r − 1)!
ψk−r(0) = ψk−r(0),

ψr−1,k−1(x) =
1

(r − 2)!

x−r+1∑

t=0

(x− 1− t)[r−2]ψ(k−1)−(r−1)(t) =
(r − 2)[r−2]

(r − 2)!
ψk−r(0) = ψk−r(0),

Ú3Ð !�Ï�Ð�Ø5ã½Ø5çÌÎ�Ë3Ð/Ù#ÍêËhÍ�
#Ð�Û3Ý3Ø
∆ψr,k(x) = ψr−1,k−1(x) ñ PdÍ�ë	Ý3ØUÐ�í/×hÍ�ß�Ð�Ø2b3Ú3Ð�Ü3Ë3Ð�Î�Ï�Ö�ó ÛhÐ/ë'Í�ß�Í�Ë3Ð

Ú3Ó�×	Ù�Ð�ÓOÝ	ß[×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æ Û	Ü3Ñ 0 6 ν 6 1 ñ R,â�Ð>Î�Ú	×hÍ�Ù�Ó�Û	Ü3Ý	Ù�Ð�Î�Ï�ÖªÛ	Ü3Ñ 2 6 ν 6 r − 1
Ù�ç2Ù�Ð�Û3Ý3ØôÚ3Ð

Ý	Ë'Û3ã�ë	ï	Ý	Ý ñG5Í/Î�Î�Ø,Ð/Ï�×	Ý3Ø Ù�Ï�Ð/×3Ð�ÓOÝ	ßO×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æ�ñ V Î�Ý'Ü3ã¦ã�é!ÓJÛhÐ/ë'Í�ß�Í�Ë	Ë3Ð/â�ÐªÚ3Ó�×	Ù�Ð/â�ÐêÝ	ßO×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æÝòÏ�Ð/â�Ð	b	à	Ï�ÐêÙ�Ï�Ð/×3Ð�ÓOÝ	ß[Ë	Ý�
¦Û	Ü3Ñ
r = 1

ÜhÓ�â�ë�Ð>Ú	×3Ð/Ù�Ó�×#Ñ	Ó�Ï�Î�Ñ°bhÝ3Ø,Ó�Ó�Ø
∆rψr,k(x) = ∆∆r−1ψr,k(x) = ∆ψ1,k−r+1(x) = ψk−r(x).

PwÓ�Ø\Î�Í/Ø5çgØ\Ø5ç ÛhÐ/ë'Í�ß�Í�Ü3Ý Ù�Ï�Ð/×3Ð�ÓòÝ	ßò×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æ�ñ P7×3Ó�Ï�Ö�ÓòÝèà3Ó�Ï�Ù�Ó�×	Ï�Ð�Ó½×hÍ�Ù�Ó�Ë3Î�Ï�Ù#ÍpÝ	ß ä ��æË3Ó�Ú3Ð�Î�×3Ó�ÛhÎ�Ï�Ù�Ó�Ë	Ë3ÐªÙ�ç2Ï�Ó�ë'Í�óWÏªÝ	ß ä � æ�ñ B]Jã�Î�Ï�Ö
0 6 r ð ï3Ó�ÜhÐ�Ó ñ LWí�Ð/ß�ËhÍ�à	Ý3Øºà3Ó�×3Ó�ß lρ Ú	×3Ð�Î�Ï�×hÍ�Ë3Î�Ï�Ù�ÐgÛ3Ý3Î�ë	×3Ó�Ï�Ë	ç�
!îOã�Ë	ë	ï	Ý	Ô

f = f(x)
b

ß�Í�Û�Í�Ë	Ë	ç�
 ËhÍ½Î�Ó�Ï�ë�Ó
Ω = {0, 1, . . .} b�Ù�ë�Ð/Ï�Ð/×3Ð�Ø Î�ë'Í�Ü3Ñ'×	Ë3Ð�Ó¦Ú	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý3Ó 〈f, g〉 Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë3ÐÎ>Ú3Ð�Ø,Ð/Ò!Ö�ó ×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä��æ�ñ G5Í/Î�Î�Ø,Ð/Ï�×	Ý3Ø ß�Í�Û�Í�à	ã Ð�í�Ð/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë3Ð�Î�Ï�Ý�b5Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð�Î�Ï�ÝèÝ

Ú3Ð�Ü3Ë3Ð/Ï�Ó7Ù
lρ
Î�Ý3Î�Ï�Ó�Ø5ç {ψr,k(x)}∞k=0

b/Î�Ð�Î�Ï�Ð�Ñ'Ò¬Ó�ÔêÝ	ß2îOã�Ë	ë	ï	Ý	Ô�b/Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	Ë	ç�
¬×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í/Ø5Ý ä � æÝ ä���æ�ñ
���#{htd���WrÌAhD��g"w����1 - � - �ê�3� * ��� -��  	$	���	�	�

ψk(x), k = 0, 1, . . . ,
-�� "���� !'M�ª1 - �	$� !'@


lρ- "w� - $ - "B�5�#" - 
���$	$� !' ���B�������w ��`
'��� - �
ρ(x)

6d+�-�� ���Æ���B��������� {ψr,k(x)}∞k=0

* 1 - " - �M�w��$	$���� ���
	
������� - � {ψk(x)}∞k=0

1 - ��"w���w����
 - � "���
'��$B����
 ä � æ � ä���æ * 1 - �	$��>
 lρ � - "w� - $ - "B�5�#" - 
���$�� - ��$ - 	���B��������$ - ���	������"�$ -��/- 1#" - �3�
'���w��$	��� ä��æ 6
C
YJßê×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä���æ Î�ÜhÓ�Û3ã�Ó�Ï�b�à	Ï�ÐòÓ�Î�Ü3Ý r 6 k

Ý
0 6 ν 6 r − 1

b°Ï�Ð
(∆νψr,k(x))x=0 = 0

b
Ú3Ð !�Ï�Ð�Ø5ãÆÙ>Î�Ý'Ü3ã ä��æ Ý ä ��æ Ý3Ø,Ó�Ó�Ø

〈ψr,k, ψr,l〉 =
∞∑

x=0

∆rψr,k(x)∆
rψr,l(x)ρ(x) =

∞∑

x=0

ψk−r(x)ψl−r(x)ρ(x) = δkl, k, l > r,

〈ψr,k, ψr,l〉 =
r−1∑

ν=0

∆νψr,k(0)∆
νψr,l(0) = δkl, k, l < r.
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�6
L`à3Ó�Ù�Ý'Û3Ë3Ð>Ï/Í�ë	é!Ó�b3à	Ï�Ð

〈ψr,k, ψr,l〉 = 0,
Ó�Î�Ü3Ý

k < r 6 l
Ý'Ü3Ý

l < r 6 k.

� Ï�ÐMÐ/ß�ËhÍ�àhÍ/Ó�Ï�b�à	Ï�Ð[îOã�Ë	ë	ï	Ý	Ý
ψr,k(t), k = 0, 1, . . . ,

Ð�í/×hÍ�ß�ã�óWÏMÙ
lρ
Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ã�ó Î�Ý3Î�Ï�Ó�á

Ø5ã½Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3ÐÆÎ�ë'Í�Ü3Ñ'×	Ë3Ð/â�Ð¦Ú	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ ä��æ�ñ lJÏ�Ð�í/ç Ú	×3Ð/Ù�Ó�×	Ý	Ï�ÖÆÚ3Ð�Ü3Ë3Ð/Ï�ã"!�Ï�Ð/Ô�Î�Ý3Î�Ï�Ó�Ø5ç
Ù
lρ
Ú	×3Ó�Û3Ú3Ð�ÜhÐ�éêÝ3Ø2bhà	Ï�Ð¬Û	Ü3Ñ½îOã�Ë	ë	ï	Ý	Ý

f = f(x) ∈ lρ
Ý3Ø,Ó�óWÏªØ,Ó�Î�Ï�Ðê×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í

〈ψr,k, f〉 = 0, k = 0, 1, . . .

PwÐ/â�Û�Í'bXÙ�Ð�á Ú3Ó�×	Ù�ç�
°b,ÙÕÎ�Ý'Ü3ãSÏ�Ð/â�Ð	b,à	Ï�Ð
0 = 〈ψr,k, f〉 = ∆kf(0)

Ú	×	Ý
k = 0, . . . , r − 1

Ý3Ø,Ó�Ó�Ø
f(j) = 0

Û	Ü3ÑºÙ�Î�Ó 

j = 0, . . . , r − 1 ñ V7Ð�á Ù�Ï�Ð/×	ç�
°b�Ý	ß!×hÍ�Ù�Ó�Ë3Î�Ï�Ù 〈ψr,k, f〉 = 0, k = r, r + 1, . . . ,Ý Ú3Ð�Ü3Ë3Ð/Ï�ç@Ù

lρ
Ý3Î 
#Ð�Û3Ë3Ð/ÔèÎ�Ý3Î�Ï�Ó�Ø5ç

ψk(t), k = 0, 1, . . .
Î�ÜhÓ�Û3ã�Ó�Ï�bwà	Ï�Ð

∆rf(x) ≡ 0, x ∈ Ω,
Ý

Ú3Ð !�Ï�Ð�Ø5ã
f
Î�Ð/Ù�ÚhÍ�Û�Í/Ó�ÏÆÎMÍ�Ü3â�Ó�í/×hÍ�Ý	à3Ó�Î�ë	Ý3ØUÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð�Ø Î�Ï�Ó�Ú3Ó�Ë	Ý�Ë3ÓOÙ�ç2Þ¬Ó

r − 1 ñ YJß !�Ï�Ý�
ÆÛ3Ù�ã 

îMÍ�ë	Ï�Ð/Ù>Ù�ç2Ï�Ó�ë'Í/Ó�Ï�b3à	Ï�Ð

f(x) ≡ 0, x ∈ Ω ñ BN�Ý3Î�Ï�Ó�Ø5ã�îOã�Ë	ë	ï	Ý	Ô
ψr,k(t), k = 0, 1, . . . ,

Ø5ç^í/ã�ÛhÓ�ØUËhÍ�ß�ç2Ù#Í�Ï�Ö����������
	��������������������	��������
��� ������������ ��!��#"$� ��% Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3Ð¦Î�ë'Í�Ü3Ñ'×	Ë3Ð/â�Ð>Ú	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ ä��æ�ñYJßOÏ�Ó�Ð/×3Ó�Ø5ç å Î�ÜhÓ�Û3ã�Ó�Ï�b	à	Ï�ÐêÎ�Ý3Î�Ï�Ó�ØXÍMÛ3Ý3Î�ë	×3Ó�Ï�Ë	ç�
½îOã�Ë	ë	ï	Ý	Ô

ψr,k(t), k = 0, 1, . . . ,
Ñ'Ù/Ü3Ñ	Ó�Ï/á

Î�Ñ�Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	çgØ í�Í�ß�Ý3Î�Ð�Ø Ù¦Ú	×3Ð�Î�Ï�×hÍ�Ë3Î�Ï�Ù�Ó
lρ
b3Ú3Ð !�Ï�Ð�Ø5ãòÛ	Ü3ÑºÚ	×3Ð/Ý	ß�Ù�Ð�Ü3Ö�Ë3Ð/ÔÕîOã�Ë	ë	ï	Ý	Ý

f(x) ∈ lρ
Ø5ç Ø,Ð�é!Ó�Ø ß�Í�Ú	Ý3Î�Í�Ï�Öª×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð

f(x) =

∞∑

k=0

〈f, ψr,k〉ψr,k(x), ä���æ
ë�Ð/Ï�Ð/×3Ð�ÓMÚ	×3Ó�ÛhÎ�Ï/Í�Ù/Ü3Ñ	Ó�ÏÆÎ�Ð�í�Ð/Ô½×#Ñ�ÛÕìMã�×	Ö�Ó[îOã�Ë	ë	ï	Ý	Ý

f(x) ∈ lρ
Ú3Ð>Î�Ý3Î�Ï�Ó�Ø,Ó {ψr,k(t)}∞k=0

b3Ð/×	Ï�Ð�á
Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/Ô�Ú3Ð¦N�Ð�í�Ð�ÜhÓ�Ù�ã ñ ]OÐ�Î�ë�Ð�Ü3Ö�ë	ãòë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�ç ìMã�×	Ö�Ó 〈f, ψr,k〉 Ý3Ø,Ó�óWÏ>Ù�Ý'Û

fr,k = 〈f, ψr,k〉 =
r−1∑

ν=0

∆νf(0)∆νψr,k(0) = ∆kf(0), k = 0, . . . , r − 1,

fr,k = 〈f, ψr,k〉 =
∞∑

j=0

∆rf(j)∆rψr,k(j)ρ(j) =

∞∑

j=0

∆rf(j)ψk−r(j)ρ(j), k = r, . . . , ä 	 æ
Ï�Ðê×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð ä���æ Ø,Ð�éêË3Ð>Ú3Ó�×3Ó�Ú	Ý3Î�Í�Ï�ÖªÙªÎ�ÜhÓ�Û3ã�óWÒ¬Ó�ØèÎ�Ø,Ó�ÞêÍ�Ë	Ë3Ð�ØôÙ�Ý'ÛhÓ

f(x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+

∞∑

k=r

fr,kψr,k(x), x ∈ Ω. ä�å ��æ
]OÐ !�Ï�Ð�Ø5ãp×#Ñ�Û îOã�×	Ö�Ó!Ú3ÐòÎ�Ý3Î�Ï�Ó�Ø,Ó {ψr,k(t)}∞k=0

Ø5ç\í/ã�ÛhÓ�Ø2b°Î�ÜhÓ�Û3ã�Ñ�×hÍ/í�Ð/Ï/Í/Ø � ����å���� b°ËhÍ�ß�ç2Ù#Í�Ï�Ö�&	'�)( � ����*+	,��-�.��#	/���0���#1���.�����2��������������	������ ��� ������3���������
	'� {ψk(t)}∞k=0 ñ L`Ï�Ø,Ó�Ï�Ý3Ø�Ë3Ó�ë�Ð�áÏ�Ð/×	çgÓOÙ#Í�éêË	çgÓMÎ�Ù�Ð/Ô3Î�Ï�Ù#Í>Î�Ø,Ó�ÞêÍ�Ë	Ë	ç�
ò×#Ñ�ÛhÐ/Ù ä�å ��æ ÝòÝ�
ÆàhÍ/Î�Ï�Ý	à	Ë	ç�
ºÎ�ã'Ø,ØèÙ�Ý'Û�Í

Yr,n(f, x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+

n∑

k=r

fr,kψr,k(x). ä�å�å�æ
YJß ä�å ��æ Ý ä�å�å�æ ÎOã�à3Ó�Ï�Ð�Ø�×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä ��æ Ø5ç Ø,Ð�é!Ó�Ø ß�Í�Ú	Ý3Î�Í�Ï�Ö

∆νf(x) =

r−ν−1∑

k=0

∆k+νf(0)
x[k]

k!
+

∞∑

k=r−ν
fr,k+νψr−ν,k(x), 0 6 ν 6 r − 1, x ∈ Ω, ä�å�ö�æ
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∆ν
Yr,n(f, x) =

r−ν−1∑

k=0

∆k+νf(0)
x[k]

k!
+

n−ν∑

k=r−ν
fr,k+νψr−ν,k(x),

∆ν
Yr,n(f, x) = Yr−ν,n−ν(∆

νf, x).

∆ν
Yr,n(f, 0) = ∆νf(0), 0 6 ν 6 r − 1. ä�å��æ

� D��ò���°{��'{ht��ê� ��|h�/xX�#zdy$# {Õud{! ,ydzd{��Wr �è� ����� ��zd�#tdr
]J×	Ýòë�Ð/Ë3Î�Ï�×	ã�Ý	×3Ð/Ù#Í�Ë	Ý	ÝºÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù3b	Ð/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	ç�
½Ú3Ð>N�Ð�í�Ð�ÜhÓ�Ù�ã¦ÝÆÚ3Ð/×3Ð�é¬ÛhÓ�Ë	Ë	ç�
òë'Ü�Í/Î�á

Î�Ý	à3Ó�Î�ë	Ý3Ø5ÝkØ5Ë3Ð/â�Ð/à'ÜhÓ�ËhÍ/Ø5Ý a�Ó�Ô	ë�Î�Ë3Ó�×hÍ ËhÍ/Ø\Ú3Ð/ËhÍ�ÛhÐ�í/Ý	Ï�Î�Ñ ×#Ñ�ÛkÎ�Ù�Ð/Ô3Î�Ï�Ù !�Ï�Ý�
UØ5Ë3Ð/â�Ð/à'ÜhÓ�Ë3Ð/Ù3b
ë�Ð/Ï�Ð/×	çgÓêØ5ç Ú	×	Ý	Ù�Ó�ÛhÓ�ØUÙ¦ËhÍ/Î�Ï�Ð�Ñ'Ò¬Ó�Ø ÚhÍ�×hÍ�â�×hÍ/î[Ó ñ j[Ü3ÑºÚ	×3Ð/Ý	ß�Ù�Ð�Ü3Ö�Ë3Ð/â�Ð α Ý 0 < q < 1

Ú3Ð�ÜhÐ�á
éêÝ3Ø

ρ(x) = ρ(x;α, q) = qx
Γ(x+ α+ 1)

Γ(x+ 1)
(1− q)α+1, ä�å���æ

Mα
n (x, q) =

q−n

n!ρ(x)
∆n
{
ρ(x)x[n]

}
, ä�å � æ

â�ÛhÓ
∆nf(x) ð ë�Ð/Ë3Ó�à	ËhÍ�Ñ ×hÍ�ß�Ë3Ð�Î�Ï�Ö

n
á â�ÐòÚ3Ð/×#Ñ�Û3ë'Í½îOã�Ë	ë	ï	Ý	Ý

f(x)
Ù½Ï�Ð/à	ë�Ó

x
b°Ï ñ Ó ñ ∆0f(x) =

f(x)
b
∆1f(x) = ∆f(x) = f(x + 1) − f(x)

b
∆nf(x) = ∆∆n−1f(x) (n > 1)

b
a[0] = 1

b
a[k] = a(a−1) . . . (a−k+1)

Ú	×	Ý
k > 1 ñ j[Ü3Ñêë'Í�é¬ÛhÐ/â�Ð 0 6 n

×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð ä�å � æ Ð/Ú	×3Ó�ÛhÓ�Ü3Ñ	Ó�Ï � ö�ö�� bÍ�Ü3â�Ó�í/×hÍ�Ý	à3Ó�Î�ë	Ý	Ô½Ú3Ð�Ü3Ý	Ë3Ð�ØèÎ�Ï�Ó�Ú3Ó�Ë	Ý
n
b�Û	Ü3Ñ¦ë�Ð/Ï�Ð/×3Ð/â�Ð

Mα
n (0, q) =

(n+α
n

)
.
]OÐ�Ü3Ë	çgÓWÛhÐ/ë'Í�ß�Í�Ï�Ó�Ü3Ö/á

Î�Ï�Ù#ÍWÚ	×	Ý	Ù�Ó�ÛhÓ�Ë	Ë	ç�
¬Ë	Ý	é!ÓgÎ�Ù�Ð/Ô3Î�Ï�ÙOÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/ÙMa�Ó�Ô	ë�Î�Ë3Ó�×hÍ
Mα
n (x, q)

Ø,Ð�éêË3ÐJËhÍ�Ô	Ï�Ý�b/ËhÍ�Ú	×	Ý3Ø,Ó�×�b
Ù � ö�ö b ö����ñ ]J×3Ó�é¬ÛhÓ>Ù�Î�Ó�â�Ð�Ð/Ï�Ø,Ó�Ï�Ý3Ø2b�à	Ï�Ð½Ú3Ð�Ü3Ý	Ë3Ð�Ø5ç Mα

n (x, q)
ÛhÐ/Ú	ã�Î�ë'Í�óWÏpÎ�ÜhÓ�Û3ã�óWÒ¬Ó�Ó>Ñ'Ù�Ë3Ð�Ó

Ú	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý3Ó�õ

Mα
n (x, q) =

Γ(n+ α+ 1)

n!

n∑

k=0

n[k]x[k]

Γ(k + α+ 1)k!

(
1− 1

q

)k
. ä�å���æ

RXÎ�Ü3Ý
α > −1

bwÏ�Ð�Ú3Ð�Ü3Ý	Ë3Ð�Ø5ç
Mα
n (x) = Mα

n (x, q), n = 0, 1, . . . ,
Ð�í/×hÍ�ß�ã�óWÏ�Ð/×	Ï�Ð/â�Ð/ËhÍ�Ü3Ö�Ë	ã�ó

ÎJÙ�Ó�Î�Ð�Ø
ρ(x) ä Î�Ø ñwä�å���æ�æ Î�Ý3Î�Ï�Ó�Ø5ãÆËhÍêØ5Ë3Ð�é!Ó�Î�Ï�Ù�Ó Ω = {0, 1, . . .} õ

∑

x∈Ω
Mα
k (x)M

α
n (x)ρ(x) = δn,kh

α
n(q), 0 < q < 1, α > −1, ä�å���æ

â�ÛhÓ
hαn(q) =

∞∑

x=0

ρ(x) {Mα
n (x)}2 =

(
n+ α

n

)
q−nΓ(α+ 1). ä�å���æ

K[Í/ØèÚ3Ð/ËhÍ�ÛhÐ�í�Ñ'Ï�Î�ÑºÏ/Í�ë	é!ÓMÎ�ÜhÓ�Û3ã�óWÒ!Ý3ÓOÎ�Ù�Ð/Ô3Î�Ï�Ù#Í'õ

∆Mα
n (x) =Mα

n (x+ 1) −Mα
n (x) =

q − 1

q
Mα+1
n−1 (x), ä�å 	 æ

Mα−r
k+r (x, q) =

r∑

j=0

(−1)j
r[j]

j!
Mα
k+r−j(x, q), ä÷ö���æ

M−l
n (x, q) =

(n− l)!

n!

(
1

q
− 1

)l
(−x)lM l

n−l(x− l, q), ä÷ö'å�æ
â�ÛhÓ

(a)0 = 1
b
(a)l = a(a+ 1) . . . (a+ l − 1) � l ð ï3Ó�ÜhÐ�Ó�b

1 6 l 6 n ñ
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0 6 r
6�+�-�� ���

(x+ r)[r]

(k + r)[r]
M r
k (x, q) =

1

(1− q)r

r∑

i=0

(−q)i
(
r

i

)
M0
k+i(x, q).

C
]OÐ�Ü�Í�â�Í�Ñ½Ù ä÷ö���æ α = r

b'Ý3Ø,Ó�Ó�Ø

M0
j (x, q) =

r∑

ν=0

(−1)ν
(
r

ν

)
M r
j−ν(x, q).

N Û3×	ã�â�Ð/Ô½Î�Ï�Ð/×3Ð/Ë	ç[bhØ5çÌØ,Ð�é!Ó�Øôß�Í�Ú	Ý3Î�Í�Ï�Ö

(x+ r)[r]

(k + r)[r]
M r
k (x, q) =

k+r∑

j=0

γjM
0
j (x, q), ä÷ö�ö�æ

â�ÛhÓ
γj =

1

h0j(q)

∞∑

t=0

ρ(t, 0, q)
(t+ r)[r]

(k + r)[r]
M r
k (t, q)M

0
j (t, q)

= qj(1− q)

∞∑

t=0

qt
(t+ r)[r]

(k + r)[r]
M r
k (t, q)M

0
j (t, q)

=
qj

(k + r)[r](1− q)r

∞∑

t=0

qt
Γ(t+ r + 1)

Γ(t+ 1)
(1− q)r+1M r

k (t, q)M
0
j (t, q),

ä÷ö��æ

Ù>àhÍ/Î�Ï�Ë3Ð�Î�Ï�Ý�b
γj = 0

Ú	×	Ý
j < k ñ YJß ä÷ö�ö�æ Ý ä÷ö��æ Ý3Ø,Ó�Ó�Ø

γj =
qj

(k + r)[r](1− q)r

∞∑

t=0

ρ(t, r, q)M r
k (t, q)

r∑

ν=0

(−1)ν
(
r

ν

)
M r
j−ν(x, q)

=
qj(−1)j−k

(k + r)[r](1− q)r

(
r

j − k

) ∞∑

t=0

ρ(t, r, q) [M r
k (t, q)]

2

=
qj(−1)j−k

(k + r)[r](1− q)r

(
r

j − k

)
hrk(q) =

(−q)j−k
(k + r)[r](1− q)r

(
r

j − k

)(
k + r

k

)
Γ(r + 1).

L`Ï�Î�ó7Û�ÍêÝòÝ	ß ä÷ö�ö�æ ËhÍ�
#Ð�Û3Ý3Ø

(1− q)q
(x+ r)[r]

(k + r)[r]
M r
k (x, q) =

k+r∑

j=k

(−q)j−k
(

r

j − k

)
M0
j (x, q) =

r∑

i=0

(−q)i
(
r

i

)
M0
k+i(x, q). �

YJß ä�å���æ Î�ÜhÓ�Û3ã�Ó�Ï�b3à	Ï�ÐêÚ3Ð�Ü3Ý	Ë3Ð�Ø5ç

mα
k (x) = mα

k (x, q) = (hαn(q))
− 1

2Mα
n (x, q) ä÷ö ��æ

Ð�í/×hÍ�ß�ã�óWÏªÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ã�ó�Î�Ý3Î�Ï�Ó�Ø5ãÆËhÍ¬Ø5Ë3Ð�é!Ó�Î�Ï�Ù�Ó
Ω
ÎOÙ�Ó�Î�Ð�Ø

ρ(x) = ρ(x, α, q)
b3Ï ñ Ó ñ

∑

x∈Ω
mα
k (x)m

α
n(x)ρ(x) = δn,k, 0 < q < 1, α > −1. ä÷ö � æ
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KJÝ	é!Ó�ËhÍ/Ø Ú3Ð/ËhÍ�ÛhÐ�í/Ý	Ï�Î�Ñ�Î�ÜhÓ�Û3ã�óWÒêÍ�Ñ ×3Ó�ë	ã�×	×3Ó�Ë	Ï�ËhÍ�Ñ^î[Ð/×3Ø5ã�Ü�ÍôÛ	Ü3Ñ Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/ÙÌa�Ó�Ô	ë�Î�Ë3Ó�á
×hÍ

mα
n(x)

õ

[(n+ α+ 1)(n+ 1)q]
1
2 mα

n+1(x)

= [n(q + 1) + q(α+ 1) + (q + 1)x]mα
n(x)− [(n+ α)nq]

1
2 mα

n−1(x).
ä÷ö���æ

� D��êt��'{���{hzdr  ��hz��ê�½ud{ �M{��h{! ,�#|3vèud{! ,ydzd{����Æ}
ud{htd{#�ÕxX�#zdz��ê�º�Wzd{���{��$ ,�#zdr3�Wy � ����� ��zd�#tdr

YJßW×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä÷ö � æ Î�ÜhÓ�Û3ã�Ó�Ï�b'à	Ï�Ð!Ó�Î�Ü3Ý α > −1
b#Ï�ÐMÚ3Ð�Ü3Ý	Ë3Ð�Ø5ç

mα
n(x, q), n = 0, 1, . . .

b�Ð�í/×hÍ�á
ß�ã�óWÏMÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ã�óÌËhÍ

Ω = {0, 1, . . .} ÎgÙ�Ó�Î�Ð�Ø ρ(x) Î�Ý3Î�Ï�Ó�Ø5ã ñ � Ï/ÍMÎ�Ý3Î�Ï�Ó�ØXÍ[Ú3Ð/×3Ð�é¬Û�Í/Ó�ÏËhÍ
Ω
Î�Ý3Î�Ï�Ó�Ø5ãÆÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù

mα
r,k+r(x, q), k = 0, 1, . . .

b3Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	Ë	ç�
½×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð�Ø

mα
r,k+r(x, q) =

1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]mα
k (t, q). ä÷ö���æ

nJ×3Ð�Ø,ÓOÏ�Ð/â�Ð	b3Ð/Ú	×3Ó�ÛhÓ�Ü3Ý3ØôÚ3Ð�Ü3Ý	Ë3Ð�Ø5ç

mα
r,k(x, q) =

x[k]

k!
, k = 0, 1, . . . , r − 1. ä÷ö���æ

]OÐ/ë'Í�é!Ó�Ø2b�à	Ï�Ð>Ú3Ð�Ü3Ý	Ë3Ð�Ø
mα
r,k+r(x, q)

Ð�í/×hÍ�ÒêÍ/Ó�Ï�Î�Ñ�Ù>Ë	ã�Ü3Ö3bhÓ�Î�Ü3Ý
x ∈ {0, 1, . . . , r − 1} ñ N !�Ï�Ð/Ô

ï3Ó�Ü3Ö�ó^Ø5çk×hÍ/Î�Î�Ø,Ð/Ï�×	Ý3Ø Î�ÜhÓ�Û3ã�óWÒ!Ý	ÔòÛ3Ý3Î�ë	×3Ó�Ï�Ë	ç2ÔpÍ�ËhÍ�ÜhÐ/â!î[Ð/×3Ø5ã�Ü3ç PwÓ�Ô'ÜhÐ/×hÍ'õ

F (x) = Qr−1(F, x) +
1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]∆rF (t), x ∈ {r, r + 1, . . .}, ä÷ö 	 æ
â�ÛhÓ

Qr−1(F, x) = F (0) +
∆F (0)

1!
x+

∆2F (0)

2!
x[2] + . . .+

∆r−1F (0)

(r − 1)!
x[r−1]. ä����æ

PdÍ�ëUë'Í�ëôÛ	Ü3Ñ îOã�Ë	ë	ï	Ý	Ý
F (x) = x[l+r]

b,â�ÛhÓºï3Ó�ÜhÐ�Ó
l > 0

bXÝ3Ø,Ó�Ó�Ø
∆rF (x) = (l + r)[r]x[l]

Ý
Qr−1(F, x) ≡ 0

b'Ï�ÐêÝ	ß ä÷ö 	 æ Î�ÜhÓ�Û3ã�Ó�Ï�b3à	Ï�Ð

1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]t[l] =
1

(l + r)[r](r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]∆rF (t) =
x[l+r]

(l + r)[r]
. ä�'å�æ

N�Û3×	ã�â�Ð/Ô>Î�Ï�Ð/×3Ð/Ë	ç[b�îOã�Ë	ë	ï	Ý	Ñ
x[l+r]

Ð�í/×hÍ�ÒêÍ/Ó�Ï�Î�ÑêÙOË	ã�Ü3ÖJÙJã�ß�Ü�Í�

x ∈ {0, 1, . . . , r−1} b/Ú3Ð !�Ï�Ð�Ø5ãËhÍ�Þ¬Óêã�Ï�Ù�Ó�×#é¬ÛhÓ�Ë	Ý3ÓªÙ�ç2Ï�Ó�ë'Í/Ó�Ï�Ý	ß>Ï�Ð/â�Ð	b�à	Ï�ÐòÚ3Ð�Ü3Ý	Ë3Ð�Ø

mα
k+r(x, q)

ÙºÎ�Ý'Ü3ã ä�å���æ Ý ä÷ö ��æ Ø,Ð�éêË3ÐÚ	×3Ó�ÛhÎ�Ï/Í�Ù�Ý	Ï�ÖÕÙ�Ù�Ý'ÛhÓªÜ3Ý	Ë3Ó�Ô	Ë3Ð/Ô�ë�Ð�Ø,í/Ý	ËhÍ�ï	Ý	Ý îOã�Ë	ë	ï	Ý	ÔSÙ�Ý'Û�Í
x[l] ñ ]OÐ !�Ï�Ð�Ø5ã Ý	ß¦Ï�Ó�Ð/×3Ó�Ø5ç å ÝÎ�Ù�Ð/Ô3Î�Ï�Ù#Í ä÷ö���æ Ë3Ó�Ú3Ð�Î�×3Ó�ÛhÎ�Ï�Ù�Ó�Ë	Ë3Ð¦Ù�ç2Ù�Ð�Û3Ý3Ø Î�ÜhÓ�Û3ã�óWÒ!Ý	Ôò×3Ó�ß�ã�Ü3Ö�Ï/Í�Ï ñ

���#{htd���Wr � D	�7���	�
α > −1

* � - ���B���������O1 - �	�	$ - � - 

mα
r,k(x, q), k = 0, 1, . . .

* 1 - " - �M�w��$	$����
�5$ -��/- �/�B��$����5� 
 ���	�3��$B��"��

mα
n(x, q), n = 0, 1, . . . ,

1 - ��"w���w����
 - �Õ"���
'��$B����
 ä÷ö���æ � ä÷ö���æ * 1 - �	$��

lρ
� - "w� - $ - "B�5�#" - 
���$�� - ��$ - ���B��������$ - ���	������"�$ -��/- 1#" - �3�
'���w��$	��� ä��æ 6



��� � ��"���1� ����	$ - 
�� 6 � 6 *�� �����ê�B��
���� 6 < 6 *	� �����ê�3�5�#"B�����
 � 6�
�6
?BD��pr  ��hzd������yd� ��|h{������'|hr�ud{! ,ydzd{��W{h|

mα
r,k(x, q)]OÓ�×3Ó�Ô'ÛhÓ�ØºëOÝ3Î�Î�ÜhÓ�ÛhÐ/Ù#Í�Ë	Ý	óèÛ�Í�Ü3Ö�Ë3Ó�Ô	Þ!Ý�
MÎ�Ù�Ð/Ô3Î�Ï�Ù`Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù
mα
r,k(x, q), k = 0, 1, . . .

GdÓ�à	Ö3b
Ù¦Ú3Ó�×	Ù�ã�ó@Ð/à3Ó�×3Ó�Û3Ö3b�Ý'ÛhÓ�ÏòÐªÏ�Ð�Ø2b�à	Ï�Ð�í/ç Ú3Ð�Ü3ã�à	Ý	Ï�ÖÆÚ	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý3ÓêÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù

mα
r,k(x, q)

b�ë�Ð�á
Ï�Ð/×3Ð�Ó¬Ë3Ó¬Î�Ð�ÛhÓ�×#éêÝ	Ï½ß�ËhÍ�ë�Ð/Ù½Î�ã'Ø,Ø5Ý	×3Ð/Ù#Í�Ë	Ý	Ñ�Î!Ú3Ó�×3Ó�Ø,Ó�Ë	Ë	çgØkÙ�Ó�×�
'Ë	Ý3Ø Ú	×3Ó�ÛhÓ�ÜhÐ�Ø Ï�Ý	ÚhÍ ä÷ö���æ�ñ N!�Ï�Ð/Ô½ï3Ó�Ü3Ö�ó Ú	×	Ý3Ø,Ó�Ë	Ý3Ø î[Ð/×3Ø5ã�Ü3ã ä÷ö 	 æ ëòÚ3Ð�Ü3Ý	Ë3Ð�Ø5ã F (x) =Mα−r

k+r (x, q)
Ýòß�Í�Ú	Ý	Þ¬Ó�Ø

F (x) = Qr−1(F, x) +
1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]∆rMα−r
k+r (t, q).

V7Ø,Ó�Î�Ï�Ð
∆rMα−r

k+r (x, q)
Ú3Ð�ÛhÎ�Ï/Í�Ù�Ý3Ø Ó�â�Ð ß�ËhÍ�à3Ó�Ë	Ý3Ó�bOë�Ð/Ï�Ð/×3Ð�ÓèÎ�Ð/â�Ü�Í/Î�Ë3Ð î[Ð/×3Ø5ã�ÜhÓ ä�å 	 æ ×hÍ�Ù�Ë3Ð

( q−1
q )rMα

k (x, q) ñ PwÐ/â�Û�ÍêÝ	ß ä÷ö 	 æ Ú3Ð�Ü3ã�à	Ý3Ø

F (x)−Qr−1(F, x) =

(
q − 1

q

)r 1

(r − 1)!

x−r∑

t=0

(x− 1− t)[r−1]Mα
k (t, q). ä��ö�æ

N�Ð/Ú3Ð�Î�Ï/Í�Ù/Ü3Ñ'Ñ ä÷ö���æ Ý ä��ö�æ Î ä÷ö ��æ b'ËhÍ�
#Ð�Û3Ý3Ø
(
q − 1

q

)r
{hαk (q)}

1
2 mα

r,k+r(x, q) = F (x)−Qr−1(F, x). ä���æ
YJß ä���æ Ý3Ø,Ó�Ó�Ø

mα
r,k+r(x, q) =

(
q

q − 1

)r
{hαk (q)}−1/2 [F (x) −Qr−1(F, x)], F (x) =Mα−r

k+r (x, q). ä� ��æ
j¬Í�ÜhÓ�Ó�b3Ù>Î�Ý'Ü3ã ä�å 	 æ ∆νMα−r

k+r (x, q) = ( q−1
q )νMα−r+ν

k+r−ν (x, q)
b	Ú3Ð !�Ï�Ð�Ø5ãÆÝ	ß ä�å���æ ËhÍ�
#Ð�Û3Ý3Ø

∆νMα−r
k+r (0, q) =

(
q − 1

q

)ν Γ(k + α+ 1)

(k + r − ν)!Γ(ν − r + α+ 1)
= Ar,k,ν. ä� � æ

G5Í�Ù�Ó�Ë3Î�Ï�Ù#Í ä����æ Ý ä� � æ b'Ù�ß�Ñ'Ï�çgÓOÙ�Ø,Ó�Î�Ï�Ó�b	Û�Í�óWÏ

F (x)−Qr−1(F, x) =Mα−r
k+r (x, q)−

r−1∑

ν=0

Ar,k,νx
[ν]

ν!
.

]OÐ�ÛhÎ�Ï/Í�Ù�Ý	Ù�!�Ï�ÐêÙ�ç2×hÍ�é!Ó�Ë	Ý3ÓMÙ ä� ��æ b'ËhÍ�
#Ð�Û3Ý3Ø

mα
r,k+r(x, q) =

(
q

q − 1

)r{
hαk (q)

}− 1
2

[
Mα−r
k+r (x, q)−

r−1∑

ν=0

Ar,k,νx
[ν]

ν!

]
, k = 0, 1, . . . ä����æ

R,Ò¬Ó¦Ð�Û3Ë3Ð�Ù#Í�éêË3Ð�Ó¦Ú	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý3ÓÆÛ	Ü3Ñ Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù
mα
r,k+r(x, q)

Ø,Ð�éêË3Ð�Ú3Ð�Ü3ã�à	Ý	Ï�Ö3b5Ó�Î�Ü3Ý
Ø5çÌÐ�í/×hÍ�Ï�Ý3Ø,Î�Ñ½ëò×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í/Ø ä�å���æ Ý ä÷ö ��æ õ

mα
k (t, q) =

Γ(k + α+ 1)

k!
{
hαk (q)

} 1
2

k∑

l=0

k[l]t[l]

Γ(l + α+ 1)l!

(
1− 1

q

)l
.

]OÐ�ÛhÎ�Ï/Í�Ù�Ý3Ø !�Ï�Ð�Ù�ç2×hÍ�é!Ó�Ë	Ý3Ó�Ù ä÷ö���æ ÝkÙ�Ð�Î�Ú3Ð�Ü3Ö�ß�ã�Ó�Ø,Î�Ñ ×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð�Ø ä�'å�æ�ñ � Ï�ÐSÚ	×	Ý	Ù�Ð�Û3Ý	ÏëºÎ�ÜhÓ�Û3ã�óWÒ¬Ó�Ø5ã¦Ñ'Ù�Ë3Ð�Ø5ãÆÙ�Ý'Û3ãªÛ	Ü3ÑòÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù
mα
r,k+r(x, q) (k = 0, 1, . . .)

õ

mα
r,k+r(x, q) =

Γ(k + α+ 1)

k!
{
hαk (q)

} 1
2

k∑

l=0

k[l]x[r+l]

Γ(l + α+ 1)l!(r + l)[r]

(
1− 1

q

)l
.



�,���$ - ����$	0J�` #"���
�$B��$	���ò�ò1 - �	�	$ - �50 *w- "w� -��/- $�������$	0J�J1 -ò4X-���- �B��
� ���
� D��ò{! ,ydzd{���� {m0

r,k(x, q)}∞k=0G5Í/Î�Î�Ø,Ð/Ï�×	Ý3ØpàhÍ/Î�Ï�Ë	ç2ÔêÎ�Ü3ã�àhÍ�Ô�b�ë�Ð/Ï�Ð/×	ç2ÔêÎ�Ð�Ð/Ï�Ù�Ó�Ï�Î�Ï�Ù�ã�Ó�ÏOÙ�çgí�Ð/×	ã
α = 0 ñ I°Í/Ø,Ó�Ï�Ý3Ø2b�à	Ï�Ð`Ó�Î�Ü3Ý

α = 0
b'Ï�ÐêÝ	ß ä� � æ Ý3Ø,Ó�Ó�Ø Ar,k,ν = 0

Ú	×	ÝòÙ�Î�Ó 

ν = 0, 1, . . . , r − 1 ñ ]OÐ !�Ï�Ð�Ø5ãÆÝ	ß ä����æ Ý3Ø,Ó�Ó�Ø

m0
r,k+r(x, q) =

(
q

q − 1

)r {
h0k(q)

}− 1
2 M−r

k+r(x, q), k = 0, 1, . . . ä����æ
j¬Í�ÜhÓ�Ó�b3Ó�Î�Ü3ÝºØ5çÌÐ�í/×hÍ�Ï�Ý3Ø,Î�Ñ½ëò×hÍ�Ù�Ó�Ë3Î�Ï�Ù�ã ä÷ö'å�æ b'Ï�Ð>Ø,Ð�é!Ó�Øôß�Í�Ú	Ý3Î�Í�Ï�Ö

M−r
k+r(x, q) =

k!

(k + r)!

(
1− 1

q

)r
x[r]M r

k (x− r, q). ä����æ
YJß ä����æ Ý ä����æ ËhÍ�
#Ð�Û3Ý3Ø

m0
r,k+r(x, q) =

k!

(k + r)!

{
h0k(q)

}− 1
2 x[r]M r

k (x− r, q), k = 0, 1, . . .

N ã�à3Ó�Ï�Ð�Ø ä�å���æ Ý ä÷ö ��æ !�Ï�Ð�Ø5ãÆ×hÍ�Ù�Ó�Ë3Î�Ï�Ù�ãòØ,Ð�éêË3Ð>Ú	×	Ý'Û�Í�Ï�ÖªÏ/Í�ë	é!ÓMÎ�ÜhÓ�Û3ã�óWÒ!Ý	Ô½Ù�Ý'Ûwõ

m0
r,k+r(x, q) =

(
(k + r)[r]

)− 1
2
x[r]mr

k(x− r, q), k = 0, 1, . . . ä� 	 æ
N Ú3Ð�Ø,Ð/Ò!Ö�ó ÜhÓ�Ø,Ø5ç ö ×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð ä� 	 æ Ø,Ð�éêË3Ð>ß�Í�Ú	Ý3Î�Í�Ï�ÖªÙêÙ�Ý'ÛhÓ

m0
r,k+r(x, q) =

1

(1− q)r

r∑

i=0

(−q) i
2m0

k+i(x− r, q), k = 0, 1, . . .

K[Í�ë�Ð/Ë3Ó�ï�bhÓ�Î�Ü3Ý
0 6 k 6 r − 1

b	Ï�Ð¬Ù>Î�Ý'Ü3ãòÐ/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	Ý	Ñ ä÷ö���æ
m0
r,k(x, q) =

x[k]

k!
.

YJß[Ï�Ó�Ð/×3Ó�Ø5ç å Î�ÜhÓ�Û3ã�Ó�Ï�b3à	Ï�ÐªÎ�Ý3Î�Ï�Ó�ØXÍêÚ3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù m0
r,k(x, q), k = 0, 1, . . . ,

Ñ'Ù/Ü3Ñ	Ó�Ï�Î�ÑºÐ/×	Ï�Ð�á
Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	çgØÕí�Í�ß�Ý3Î�Ð�Ø�ÙWÚ	×3Ð�Î�Ï�×hÍ�Ë3Î�Ï�Ù�Ó

lρ
b�Ú3Ð !�Ï�Ð�Ø5ã[Û	Ü3ÑMÚ	×3Ð/Ý	ß�Ù�Ð�Ü3Ö�Ë3Ð/ÔªîOã�Ë	ë	ï	Ý	Ý

f(x) ∈ lρØ5çÌØ,Ð�é!Ó�Øôß�Í�Ú	Ý3Î�Í�Ï�Öª×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð

f(x) =

∞∑

k=0

〈
f,m0

r,k

〉
m0
r,k(x, q), ä$����æ

ë�Ð/Ï�Ð/×3Ð�Ó½Ú	×3Ó�ÛhÎ�Ï/Í�Ù/Ü3Ñ	Ó�Ï�Î�Ð�í�Ð/Ô ×#Ñ�ÛkìMã�×	Ö�Ó½îOã�Ë	ë	ï	Ý	Ý
f(x) ∈ lρ

Ú3ÐÕÎ�Ý3Î�Ï�Ó�Ø,Ó {m0
r,k(x, q)}∞k=0

b
Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/ÔºÚ3Ð>N�Ð�í�Ð�ÜhÓ�Ù�ã¦Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3Ð>Î�ë'Í�Ü3Ñ'×	Ë3Ð/â�ÐêÚ	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ ä��æ�ñ ]OÐ�Î�ë�Ð�Ü3Ö�ë	ãë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�ç ìMã�×	Ö�Ó 〈f,m0

r,k〉
Ý3Ø,Ó�óWÏ>Ù�Ý'Û

fr,k = 〈f,m0
r,k〉 =

r−1∑

ν=0

∆νf(0)∆νm0
r,k(0, q) = ∆kf(0), k = 0, . . . , r − 1,

fr,k = 〈f,m0
r,k〉 =

∞∑

j=0

∆rf(j)m0
k−r(j, q)ρ(j), k = r, . . . ,

Ï�Ð¬×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð ä$����æ Ø,Ð�éêË3Ð>Ú3Ó�×3Ó�Ú	Ý3Î�Í�Ï�ÖªÙ>Î�ÜhÓ�Û3ã�óWÒ¬Ó�ØôÎ�Ø,Ó�ÞêÍ�Ë	Ë3Ð�ØôÙ�Ý'ÛhÓ�õ

f(x) =

r−1∑

k=0

∆kf(0)
x[k]

k!
+

∞∑

k=r

fr,km
0
r,k(x, q), x ∈ Ω.



��� � ��"���1� ����	$ - 
�� 6 � 6 *�� �����ê�B��
���� 6 < 6 *	� �����ê�3�5�#"B�����
 � 6�
�6
C�D�� udtd�/x ����r	|! ,�#zdydyUtd� ���#zdy$#è�#r#xXr �dy��ò{ ��yèx& �#ôtdr'�#zd{����'zd{���{�v�tdr	|hzd�#zdy$#

t	#BxXr3�Wy���v�t �h�½ud{ �òv�z����dy$#d�M}d{ht��'{���{hzdr  ��hz��>��ud{ �M{��h{! ,�#|3v
n[Í�ëêã�é!Ó2Ð/Ï�Ø,Ó�àhÍ�ÜhÐ�Î�Ö[Ù�ç2Þ¬Ó�b/Ð�Û3Ë	Ý3Ø�Ý	ß�!�î[î[Ó�ë	Ï�Ý	Ù�Ë	ç�
!Ú3Ð�Û�
#Ð�ÛhÐ/ÙM×3Ó�Þ¬Ó�Ë	Ý	Ñ¬ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ôê×hÍ�ß�á

Ü3Ý	à	Ë	ç�
òÏ�Ý	Ú3Ð/Ù ä Û3Ý3î[î[Ó�×3Ó�Ë	ï	ÝhÍ�Ü3Ö�Ë	ç�
°b	Ý	Ë	Ï�Ó�â�×hÍ�Ü3Ö�Ë	ç�
°b3×hÍ�ß�Ë3Ð�Î�Ï�Ë	ç�
òÝòÏ ñ Û ñ æ Ñ'Ù/Ü3Ñ	Ó�Ï�Î�Ñ � å 	'b ö����Ï/Í�ë�ËhÍ�ß�ç2Ù#Í/Ó�Ø5ç2Ô�Î�Ú3Ó�ë	Ï�×hÍ�Ü3Ö�Ë	ç2ÔÕØ,Ó�Ï�Ð�Ûwb�Ð�Î�Ë3Ð/Ù#Í�Ë	Ë	ç2ÔpËhÍ>Ú	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý	Ý�Ý3Î�ë�Ð�Ø,Ð/â�Ð¦×3Ó�Þ¬Ó�Ë	Ý	Ñ
×hÍ/Î�Î�ØXÍ�Ï�×	Ý	Ù#Í/Ó�Ø,Ð/â�Ð�ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ Ù Ù�Ý'ÛhÓ½×#Ñ�Û�ÍÕÚ3ÐÕÚ3Ð�Û�
#Ð�Û3Ñ'Ò¬Ó�ÔkÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/Ô Î�Ý3Î�Ï�Ó�Ø,Ó
îOã�Ë	ë	ï	Ý	ÔpÝpÚ3Ð�Î�ÜhÓ�Û3ã�óWÒ¬Ó�â�ÐÆÚ	×3Ó�Ð�í/×hÍ�ß�Ð/Ù#Í�Ë	Ý	ÑÕÓ�â�ÐÆë�Û3Ù�Ð/Ô3Î�Ï�Ù�Ó�Ë	Ë3Ð�Ø5ãpÙ�Ý'Û3ã�bBÙÆë�Ð/Ï�Ð/×3Ð�Ø Ù�Ø,Ó�Î�Ï�Ð
Ý3Î�ë�Ð�Ø,Ð/â�Ðò×3Ó�Þ¬Ó�Ë	Ý	Ñpã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ�îOÝ	â�ã�×	Ý	×	ã�óWÏÆË3Ó�Ý	ß�Ù�Ó�Î�Ï�Ë	çgÓêë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�ç\Ó�â�ÐÆ×hÍ�ß�ÜhÐ�é!Ó�Ë	Ý	Ñ
Ú3ÐOÙ�çgí/×hÍ�Ë	Ë3Ð/ÔªÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/ÔòÎ�Ý3Î�Ï�Ó�Ø,Ó ñ aºçèÙ�Ó�×	Ë3Ó�Ø,Î�Ñ>ëêß�Í�Û�Í�à3Ó`nOÐ/Þ!Ý ä�å�æ Ý�b/Ú3Ð�Ü3Ö�ß�ã�Ñ	Î�Ö×hÍ�ß�ÜhÐ�é!Ó�Ë	Ý3Ó�Ø ä�å ��æ b	Ú	×3Ó�ÛhÎ�Ï/Í�Ù�Ý3Ø Ó�ÓOÝ3Î�ë�Ð�Ø,Ð�Ó[×3Ó�Þ¬Ó�Ë	Ý3Ó y ÙêÙ�Ý'ÛhÓO×#Ñ�Û�Í¦ìMã�×	Ö�Ó

y(x) =

r−1∑

k=0

∆ky(0)
x[k]

k!
+

∞∑

k=0

yr,k+rψr,k+r(x), x ∈ Ω, ä$�3å�æ
Ú3Ð Î�Ý3Î�Ï�Ó�Ø,Ó {ψr,k(x)}∞k=0

b�Î�Ð�Î�Ï�Ð�Ñ'Ò¬Ó�ÔUÝ	ßºîOã�Ë	ë	ï	Ý	Ô�b�Ð/Ú	×3Ó�ÛhÓ�ÜhÓ�Ë	Ë	ç�
 ×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í/Ø5Ý ä � æ Ý ä���æ bÐ/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë	ç�
òËhÍMÎ�Ó�Ï�ë�Ó
Ω
Ú3ÐêN�Ð�í�Ð�ÜhÓ�Ù�ã¦Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3ÐêÎ�ë'Í�Ü3Ñ'×	Ë3Ð/â�Ð¬Ú	×3Ð/Ý	ß�Ù�Ó�ÛhÓ�Ë	Ý	Ñ ä��æ�ñnJ×3Ð�Ø,ÓOÏ�Ð/â�Ð	b	ÙªÎ�Ý'Ü3ã ä�å�ö�æ Û	Ü3Ñ x ∈ Ω
Ý
0 6 l 6 r − 1

Ý3Ø,Ó�Ó�Ø

∆ly(x) =
r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
+

∞∑

k=0

yr,r+kψr−l,r−l+k(x), ä$�#ö�æ
Í¬Ý	ß ä�å��æ Î�ÜhÓ�Û3ã�Ó�Ï�b3à	Ï�Ð

∆ry(x) =

∞∑

k=0

yr,r+kψk(x), x ∈ Ω, ä$� �æ
â�ÛhÓJÛ	Ü3Ñòë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�Ð/Ù

yr,k+r
Î�Ð/â�Ü�Í/Î�Ë3Ð ä 	 æ Ý3Ø,Ó�Ó�ÏªØ,Ó�Î�Ï�Ðê×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð

yr,k+r = 〈y, ψr,k+r〉 =
∞∑

j=0

∆ry(j)ψk(j)ρ(j), k = 0, 1, . . .

L`Ï�Ø,Ó�Ï�Ý3Ø2bBà	Ï�Ð¦Ó�Î�Ü3Ý�í/ã�Û3ã�Ï¦ËhÍ�Ô'ÛhÓ�Ë	ç ë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�ç
yr,k

Ý	ß ä$�3å�æ Ï/Í�ë�b�à	Ï�Ð�í/ç^îOã�Ë	ë	ï	Ý	Ñ
y(x)Ð/ë'Í�ß�Í�Ü�Í/Î�ÖS×3Ó�Þ¬Ó�Ë	Ý3Ó�Ø^×hÍ�ß�Ë3Ð�Î�Ï�Ë3Ð/â�Ð ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ ä�å�æ b5Ï�ÐÕØ5ç[bXÐ/à3Ó�Ù�Ý'Û3Ë3Ð	bXÚ3Ð�Ü3ã�à	Ý3Ø\Ý3Ø,Ó�Ë	Ë3Ð�Ï�Ð

×3Ó�Þ¬Ó�Ë	Ý3Ó !�Ï�Ð/â�Ð ã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ°bOë�Ð/Ï�Ð/×3Ð�Óèã�ÛhÐ/Ù/ÜhÓ�Ï�Ù�Ð/×#Ñ	Ó�ÏÌËhÍ�àhÍ�Ü3Ö�Ë	çgØ ã�Î�ÜhÐ/Ù�Ý	Ñ	Ø
∆ly(0) = yl,

l = 0, 1, . . . , r − 1
bdÛ3×	ã�â�Ý3Ø5Ý Î�ÜhÐ/Ù#Í/Ø5Ý�b�Ø5ç Ú3Ð�Ü3ã�à	Ý3Ø^×3Ó�Þ¬Ó�Ë	Ý3ÓòÚ3Ð�Î�Ï/Í�Ù/ÜhÓ�Ë	Ë3Ð/ÔUß�Í�Û�Í�à	ÝUnOÐ/Þ!Ý ñ]J×	Ý"!�Ï�Ð�ØèÙ#Í�éêË3Ðêß�Í/Ø,Ó�Ï�Ý	Ï�Ö3b3à	Ï�ÐêàhÍ/Î�Ï�Ý	à	ËhÍ�ÑºÎ�ã'Ø,ØXÍ!×#Ñ�Û�Í¦ìMã�×	Ö�Ó ä$�3å�æ Ù�Ý'Û�Í ä Î�Ø ñwä�å�å�æ�æ

Yr,n(y, x) =

r−1∑

k=0

∆ky(0)
x[k]

k!
+

n∑

k=0

yr,k+rψr,k+r(x)

� n > r
Ï/Í�ë	é!Óêã�ÛhÐ/Ù/ÜhÓ�Ï�Ù�Ð/×#Ñ	Ó�Ï ä Î�Ø ñXä�å��æ�æ ËhÍ�àhÍ�Ü3Ö�Ë	çgØ ã�Î�ÜhÐ/Ù�Ý	Ñ	Ø ß�Í�Û�Í�à	Ý nOÐ/Þ!Ý ä�å�æ Ý�Ú3Ð !�Ï�Ð�áØ5ã Ø,Ð�é!Ó�ÏÕí/ç2Ï�Öp×hÍ/Î�Î�Ø,Ð/Ï�×3Ó�ËhÍ�Ù�ë'Í�à3Ó�Î�Ï�Ù�ÓÆÚ	×	Ý3í�Ü3Ý	é!Ó�Ë	Ë3Ð/â�Ð�×3Ó�Þ¬Ó�Ë	Ý	Ñ !�Ï�Ð/ÔSß�Í�Û�Í�à	Ý ñ V�Î�Ù�Ñ'ß�Ý

Î !�Ï�Ý3Ø Ù�Ð/ß�Ë	Ý	ë'Í/Ó�ÏòÙ�Ð/Ú	×3Ð�Î!Ð�í¦Ð/ï3Ó�Ë	ë�Ó¬Ð/Ï�ë'ÜhÐ/Ë3Ó�Ë	Ý	ÑpÚ	×	Ý3í�Ü3Ý	é!Ó�Ë	Ë3Ð/â�ÐÆ×3Ó�Þ¬Ó�Ë	Ý	Ñ
Yr,n(y, x)

ß�Í�Û�Í�á
à	ÝSnOÐ/Þ!Ý ä�å�æ Ð/Ï�Ó�Ó>Ï�Ð/à	Ë3Ð/â�Ðº×3Ó�Þ¬Ó�Ë	Ý	Ñ y b�Ú	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ë3Ð/â�ÐpÙºÙ�Ý'ÛhÓ ä$�3å�æ bBÛ3×	ã�â�Ý3Ø5Ý�Î�ÜhÐ/Ù#Í/Ø5Ý�bÙ�Ð/ß�Ë	Ý	ë'Í/Ó�Ï¬ß�Í�Û�Í�àhÍMÐ�í[Ð/ï3Ó�Ë	ë�ÓWÐ�Î�Ï/Í�Ï�ë'Í |y(x)− Yr,n(y, x)|

b
x ∈ Ω ñ K[ÍJÚ3Ð�Û3×3Ð�í/Ë3Ð�ØèÍ�ËhÍ�Ü3Ý	ß�Ó !�Ï�Ð/Ô

Ú	×3Ð�í�ÜhÓ�Ø5ç Ø5ç ß�ÛhÓ�Î�Ö>Ë3ÓOí/ã�ÛhÓ�ØôÐ�Î�Ï/Í�ËhÍ�Ù/Ü3Ý	Ù#Í�Ï�Ö�Î�Ñ ñ
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lJÏ�Ð�í/ç ß�Í�Ù�Ó�×	Þ!Ý	Ï�Ö�Ú3Ó�×3Ó 
#Ð�Û Ð/ÏSã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ñ ä�å�æ ë Ó�â�Ð�Û3Ù�Ð/Ô3Î�Ï�Ù�Ó�Ë	Ë3Ð�Ø5ã ä Î�Ú3Ó�ë	Ï�×hÍ�Ü3Ö�Ë3Ð�Ø5ã æÙ�Ý'Û3ã�b�Ú3Ð�ÛhÎ�Ï/Í�Ù�Ý3Ø�ÙMÜhÓ�Ù�Ð/ÔÆàhÍ/Î�Ï�Ý¦×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä�å�æ Ù�Ø,Ó�Î�Ï�Ð!ë�Ð/Ë3Ó�à	Ë	ç�
Æ×hÍ�ß�Ë3Ð�Î�Ï�Ó�Ô

∆ly(j)
Ý�
>Ú	×3Ó�Û	á

Î�Ï/Í�Ù/ÜhÓ�Ë	Ý	Ñ½Ý	ß ä$�3å�æ �Bä$� �æ ÝòÙê×3Ó�ß�ã�Ü3Ö�Ï/Í�Ï�ÓMÚ3Ð�Ü3ã�à	Ý3Øè×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð

ar(x)

∞∑

i=0

yr,r+i ψi(x) +

r−1∑

l=0

al(x)

∞∑

i=0

yr,r+i ψr−l,r−l+i(x) = f(x)−
r−1∑

l=0

al(x)

r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
,

ë�Ð/Ï�Ð/×3Ð�ÓMØ,Ð�éêË3Ð>Ú3Ó�×3Ó�Ú	Ý3Î�Í�Ï�Ö¦Ó�Ò¬ÓJÏ/Í�ë�õ
∞∑

i=0

yr,r+i

[
ar(x)ψi(x) +

r−1∑

l=0

al(x)ψr−l,r−l+i(x)

]

= f(x)−
r−1∑

l=0

al(x)
r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
. ä$����æ

]OÐ�Ü�Í�â�Í�Ñ
g(x) = f(x)−

r−1∑

l=0

al(x)
r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
,

Fi(x) = ar(x)ψi(x) +
r−1∑

l=0

al(x)ψr−l,r−l+i(x), ä$� � æ
ß�Í�Ú	Ý	Þ¬Ó�Øè×hÍ�Ù�Ó�Ë3Î�Ï�Ù�Ð ä$����æ Ù>Î�ÜhÓ�Û3ã�óWÒ¬Ó�ØèÙ�Ý'ÛhÓ�õ

∞∑

i=0

yr,r+iFi(x) = g(x), x ∈ Ω. ä$� ��æ
PwÓ�ØÌÎ�Í/Ø5çgØ Ø5ç\Ú	×	Ý	ÞMÜ3ÝÕë Î�Ý3Î�Ï�Ó�Ø,ÓêÜ3Ý	Ë3Ó�Ô	Ë	ç�
Õã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ô ä$� ��æ Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3ÐºË3Ó�Ý	ß�Ù�Ó�Î�Ï�Ë	ç�

ë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�Ð/Ù

yr,r+i, i = 0, 1, . . .G5Í/Î�Î�Ø,Ð/Ï�×	Ý3Ø Ó�Ò¬ÓSÐ�Û3Ý	Ë Ú3Ð�Û�
#Ð�Û\ëÌÚ3Ð�Ü3ã�à3Ó�Ë	Ý	ó í�Ó�Î�ë�Ð/Ë3Ó�à	Ë3Ð/Ô\Î�Ý3Î�Ï�Ó�Ø5ç Ü3Ý	Ë3Ó�Ô	Ë	ç�
 ã�×hÍ�Ù/á
Ë3Ó�Ë	Ý	Ô Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3Ð Ë3Ó�Ý	ß�Ù�Ó�Î�Ï�Ë	ç�
Ìë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�Ð/Ù

yr,r+i, i = 0, 1, . . .
H Ý3Ø,Ó�Ë	Ë3Ð	bgÚ	ã�Î�Ï�Ö

{ϕk(x)}∞k=0 ð Ë3Ó�ë�Ð/Ï�Ð/×hÍ�Ñ�Ú3Ð�Ü3ËhÍ�ÑSÙ
lρ
Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	ËhÍ�Ñ Î�Ý3Î�Ï�Ó�ØXÍ'b,Î�Ð�Î�Ï�Ð�Ñ'ÒêÍ�ÑSÝ	ßòîOã�Ë	ë'á

ï	Ý	Ô
ϕk(x)

bXß�Í�Û�Í�Ë	Ë	ç�
UËhÍ
Ω ñ PwÐ/â�Û�ÍSØ5ç Ø,Ð�é!Ó�Ø@ë'Í�é¬Û3ã�ó Ý	ß�îOã�Ë	ë	ï	Ý	Ô

Fi(x), i = 0, 1, . . . ,×hÍ�ß�ÜhÐ�éêÝ	Ï�ÖªÙ>×#Ñ�Û�ìMã�×	Ö�ÓOÚ3ÐêÎ�Ý3Î�Ï�Ó�Ø,Ó {ϕk(x)}∞k=0

Ý½Ú3Ð�Ü3ã�à	Ý	Ï�Ö>Ú	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý3Ó

Fi(x) =
∞∑

k=0

F̂i,kϕk(x), i, x ∈ Ω, ä$� ��æ
â�ÛhÓ

F̂i,k =
∞∑

j=0

Fi(j)ϕk(j)ρ(j), i ∈ Ω.

H`ËhÍ�ÜhÐ/â�Ý	à	Ë3Ð
g(x) =

∞∑

k=0

ĝkϕk(x), x ∈ Ω, ä$� ��æ
â�ÛhÓ

ĝk =
∞∑

j=0

g(j)ϕk(j)ρ(j), k ∈ Ω.



� � � ��"���1� ����	$ - 
�� 6 � 6 *�� �����ê�B��
���� 6 < 6 *	� �����ê�3�5�#"B�����
 � 6�
�6
]OÐ�ÛhÎ�Ï/Í�Ù�Ý3ØºÙ ä$� ��æ Ù�Ø,Ó�Î�Ï�Ð Fi(x) Ý g(x) Ú	×hÍ�Ù�çgÓXàhÍ/Î�Ï�Ý[×hÍ�Ù�Ó�Ë3Î�Ï�Ù ä$� ��æ Ý ä$� ��æ�ñ PwÐ/â�Û�ÍgØ5çÕÚ3Ð�Ü3ã�à	Ý3Ø

∞∑

k=0

( ∞∑

i=0

yr,r+iF̂i,k

)
ϕk(x) =

∞∑

k=0

ĝkϕk(x), x ∈ Ω. ä$� 	 æ
YJß ä$� 	 æ b'Ù>Î�Ù�Ð/ó^Ð/à3Ó�×3Ó�Û3Ö3b3Ú3Ð�Ü3ã�àhÍ/Ó�ØôÎ�Ý3Î�Ï�Ó�Ø5ãÆã�×hÍ�Ù�Ë3Ó�Ë	Ý	Ô

∞∑

i=0

yr,r+iF̂i,k = ĝk, k ∈ Ω,

Ð/Ï�Ë3Ð�Î�Ý	Ï�Ó�Ü3Ö�Ë3ÐªË3Ó�Ý	ß�Ù�Ó�Î�Ï�Ë	ç�
½ë�Ð !�î[îOÝ	ï	Ý3Ó�Ë	Ï�Ð/Ù
yr,r+i, i = 0, 1, . . .

F°D�� udtd�/x ����r	|! ,�#zdydyUtd� ���#zdy$#è�#r#xXr �dy��ò{ ��yèx& �#ôtdr'�#zd{����'zd{���{�v�tdr	|hzd�#zdy$#
t	#BxXr3�Wy���v�t �h�½ud{Õud{! ,ydzd{��Wr3�

m0
r,k(x, q), k = 0, 1, . . .

G5Í/Î�Î�Ø,Ð/Ï�×	Ý3Ø àhÍ/Î�Ï�Ë	ç2Ô�Î�Ü3ã�àhÍ�Ô�b�ë�Ð/â�Û�Í½Ù�Ø,Ó�Î�Ï�Ð�Ð/×	Ï�Ð/Ë3Ð/×3Ø5Ý	×3Ð/Ù#Í�Ë	Ë3Ð/ÔôÎ�Ý3Î�Ï�Ó�Ø5ç {ψk(x)}∞k=0í�Ó�×3Ó�Ï�Î�Ñ Î�Ý3Î�Ï�Ó�ØXÍ Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù a�Ó�Ô	ë�Î�Ë3Ó�×hÍ
m0
k(x, q), k = 0, 1, . . .

PwÐ/â�Û�Í Ù�Ø,Ó�Î�Ï�Ð Î�Ý3Î�Ï�Ó�Ø5ç
{ψr,k(x)}∞k=0

Ø5ç Ú3Ð�Ü3ã�à	Ý3Ø�Î�Ý3Î�Ï�Ó�Ø5ã¦Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù {m0
r,k(x, q)}∞k=0

b#×hÍ/Î�Î�Ø,Ð/Ï�×3Ó�Ë	Ë	ã�ó ËhÍ/Ø5ÝÆÙ�ç2Þ¬Ó
Ù[Ú ñ��'ñ PdÍ�ë	Ý3Ø Ð�í/×hÍ�ß�Ð�Ø2b#Ó�Î�Ü3Ý>ÙOÚ	×3Ó�ÛhÎ�Ï/Í�Ù/ÜhÓ�Ë	Ý	Ý ä$�3å�æ îOã�Ë	ë	ï	Ý	Ý ψr,k(x) ß�Í/Ø,Ó�Ë	Ý	Ï�Ö[ËhÍJÚ3Ð�Ü3Ý	Ë3Ð�Ø5ç
m0
r,k(x, q)

b	Ï�Ðê×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä$�3å�æ �Bä$� �æ Ú	×	Ý	Ë	Ý3ØXÍ�óWÏªÎ�ÜhÓ�Û3ã�óWÒ!Ý	Ô½Ù�Ý'Ûwõ

y(x) =

r−1∑

k=0

∆ky(0)
x[k]

k!
+

∞∑

k=0

yr,k+rm
0
r,k+r(x, q), x ∈ Ω,

∆ly(x) =

r−l−1∑

k=0

∆k+ly(0)
x[k]

k!
+

∞∑

k=0

yr,r+km
0
r−l,r−l+k(x, q),

∆ry(x) =

∞∑

k=0

yr,r+km
0
k(x),

â�ÛhÓ
0 6 l 6 r − 1

b

m0
r−l,k(x, q) = ψr−l,k(x) =

x[k]

k!
, 0 6 k 6 r − l − 1, ä � ��æ

m0
r−l,r−l+k(x, q) = ψr−l,r−l+k(x), r − l 6 k <∞.

nJ×3Ð�Ø,ÓOÏ�Ð/â�Ð	b3Ð/Ï�Ø,Ó�Ï�Ý3Ø2b3à	Ï�ÐêÙ>Î�Ý'Ü3ã ä� 	 æ Ø5çÌØ,Ð�é!Ó�Øôß�Í�Ú	Ý3Î�Í�Ï�Ö

ψr−l,r−l+k(x) = m0
r−l,r−l+k(x, q)

=
(
(r − l + k)[r−l]

)− 1
2
x[r−l]mr−l

k−r+l(x− r + l, q), r − l 6 k <∞. ä � å�æ
YOÎ�Ú3Ð�Ü3Ö�ß�ã�ÑÕ×hÍ�Ù�Ó�Ë3Î�Ï�Ù#Í ä � ��æ b ä � å�æ Ý ä$� � æ Ø,Ð�éêË3Ð½ã�ë'Í�ß�Í�Ï�ÖºÎ�Ú3Ð�Î�Ð�íÆÛ	Ü3ÑpËhÍ�
#Ð�é¬ÛhÓ�Ë	Ý	Ñ ß�ËhÍ�à3Ó�Ë	Ý	Ô!�ÜhÓ�Ø,Ó�Ë	Ï�Ð/Ù½ØXÍ�Ï�×	Ý	ï	ç

[Fi(x)]06i, x<∞
b�Ó�Î�Ü3Ý�Ï�Ð�Ü3Ö�ë�ÐòØ5ç ËhÍ�Ô'ÛhÓ�Ø Î�Ú3Ð�Î�Ð�íªÛ	Ü3ÑºÙ�ç2à	Ý3Î�ÜhÓ�Ë	Ý	Ñpß�ËhÍ�á

à3Ó�Ë	Ý	Ô�Ú3Ð�Ü3Ý	Ë3Ð�Ø,Ð/Ù½a�Ó�Ô	ë�Î�Ë3Ó�×hÍ
mr−l
k−r+l(x − r + l, q), r − l 6 k < ∞ bhîOÝ	â�ã�×	Ý	×	ã�óWÒ!Ý�
òÙ ä � å�æ�ñKOÐ !�Ï�ã¦ß�Í�Û�Í�à	ãòØ,Ð�éêË3Ð>×3Ó�Þ!Ý	Ï�Ö3b3Ð�í/×hÍ�Ï�Ý	Ù�Þ!Ý3Î�Öªë½×3Ó�ë	ã�×	×3Ó�Ë	Ï�Ë3Ð/Ô�î[Ð/×3Ø5ã�ÜhÓ ä÷ö���æ�ñ
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