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npo q r�sut�v6wZt�vyx�z�{U|Y}/t�q rMq ~kt���q ~�|`vys`�ys6�yq �2s6~��yz�|Y}/t�~��yq |,��vyz�|�s�~�~g��}�z�~�s6��vYt�r�~�q �yq z�r�~���s���s�r/��z�r�o �Uz�rU�y}�s6|���v�vys�r��~��Yt��ysMz����y}�sU��vyz�|�s�~�~���n�r�z�r�o q r�sut�vUwZt�vyx�z�{�|Y}/t�q r�q ~2t���q ~�|`vys`�ysU�yq �2sU~��yz�|Y}/t�~��yq |Z��vyz�|�s�~�~���}�z�~�sM��vYt�r�~�q �yq z�r�~��t��Z��s���s�r/�Zz�rK��z��y}Z�y}�sb|���v�vys�r���~��Yt��ys�t�r/�M�y}�sb|���v�vys�r�����q ~���vyq �����yq z�r�z��3�y}�sb��vyz�|�s�~�~��#�B}�s�~�s���vyz�|�s�~�~�s�~6t�vyq ~�sr/t��y��vYt�o o �!q r!�y}�s2~��y�/����z��g�y}�s8o q �2q ����s�}/tu{�q z�v�z��ktMo t�vy��s�r�������s`v,z��g�Bsut�x�o �!q r��ys`vYt�|`�yq r���wZt�vyx�z�{���vyz�|�s�~�~�s�~���B}�s�r�z�r�o q r�sut�v8wZt�vyx�z�{���vyz�|�s�~�~�s�~b�Bs`vys�q r���vyz�����|�su������wM|��,sut�r>t�r/��}/tu{�s2��s�s�r!s`���ys�r�~�q {�s�o �!~��y�/��q su��q r!�y}�s|�z�r��ys`����z��'r�z�r�o q r�sut�v6��}/t�����t�r�����z�o �2z���z�vyz�{�su���/t��yq z�r�~�t�~B�Bs�o o�t�~�r�z�r�o q r�sut�vk��z�x�x�s`v����3o t�r�|Yx�su���/t��yq z�r�~����B}�sr�z�r�o q r�sut�vbwZt�vyx�z�{M|Y}/t�q r�z�{�s`v6t��/r�q �ysb~��Yt��ys�~��/t�|�s�|ut�rK��s�q ��s�r��yq �/su�M���Kt8|�z�r��yq r���z���~k��t�����q r��K�Ft8r�z�r�o q r�sut�vwZt�vyx�z�{Zz���s`vYt��yz�v`�k��s`�/r�su�Mz�r�t2~�s`�6z���t�o o'��vyz��/t���q o q � ����q ~���vyq �����yq z�r�~��¡��}�q |Y}Kq ~6t2~�q �2��o s`�/�gz��3�y}�s,�/r�q �ysb~��Yt��ys~��/t�|�s�t�r/�M���Mt��¢t��2q o �Mz��	��vYt�r�~�q �yq z�rK��t���vyq |�s�~k��s���s�r/��q r���z�rKz�|�|����/t��yq z�rZ��vyz��/t���q o q � �Z��q ~���vyq �����yq z�r�~kz��	~��Yt��ys�~���	t�v��yq |���o t�vyo ��£�t,o q r�sut�v�wZt�vyx�z�{�z���s`vYt��yz�vBq ~Bt6o q r�sut�vBz���s`vYt��yz�vgt�~�~�z�|�q t��ysu�2��q �y}Ut6~y���/t�vys�~��yz�|Y}/t�~��yq |���t���vyq ����¤¥��q ~�Bs�o o ¦¥x�r�zu��r��y}/t��gt,o q r�sut�vkwZt�vyx�z�{8z���s`vYt��yz�v�q ~Btb~���v¢§�s�|`�yq z�rUz��#�y}�sk~�q �2��o s`�8q �'t�r/�2z�r�o �2q ��q �gq ~Btb��q §�s�|`�yq z�r#���B}�s~�q �2q o t�v���vyz���o s��¨�gt�~gz���s�r��¡z�v�t�r�z�r�o q r�sut�vkwZt�vyx�z�{2z���s`vYt��yz�vkt�~�~�z�|�q t��ysu�U��q �y}Mtb~��yz�|Y}/t�~��yq |6}�����s`v�¦¥��t���vyq ����©�s~�z�o {�s�q ��q r��y}�q ~b�/t���s`vu��ª6t��2s�o ��£��Bs�~�}�zu�¨�y}/t���tMr�z�r�o q r�sut�v2wZt�vyx�z�{�z���s`vYt��yz�v8t�~�~�z�|�q t��ysu����q �y}>tM~��yz�|Y}/t�~��yq |}�����s`v�¦¥��t���vyq �,q ~3tk~���v¢§�s�|`�yq z�r�z��/�y}�s�~�q �2��o s`�bq ��t�r/��z�r�o �bq ��q �3q ~3tk��s`vy�����Yt��yq z�rbz��/�y}�sB«#z��yx�tu��¬z�o �ys`v�vYtkz���s`vYt��yz�vu�
®�¯�°�±#²�³�¯�°u´¡µ�¶U·�¸�¹�º�²�µ�°U»�¼ ¯/¶u¶u´ ½3µ�¯�°u´ ¾�¿ÁÀ�Â#Ã�Â#Ä/Å�Æ�Ç6È�É £ Å�Æ ª�Ê É �
ËM²�Ì>Í�¾/Î�Ï'¶�Ä�Ð �yz�|Y}/t�~��yq |,}�����s`v�¦¥��t���vyq ��£���z�o ��r�z��2q t�o#z���s`vYt��yz�vu£�«#z��yx�tu��¬z�o �ys`v�vYt�z���s`vYt��yz�vu�

AD,Ñ�Ò�Ó�j�lgÔ6ikÕ�Ó�Ö l�Ò
]�×�Ø

Im := {1, · · · ,m} Ù ×ÛÚ�Ü3Ý	Þ¢Ø�×Ûß�×�Ø�à α := Im \ α Ù ×ÛÚâá�ã/äÛå	æF×�ä>×�Ý#Ø!ã�ç2Úâßuè Ù ß�×�Ø α ⊂ Im
à

Ú�Ý3é |α| Ù ×êØuë3×¨Ý#è	ä Ù ×�ìêã�ç>Þ¢Ø�ß�×�æF×�ä>×�Ý#Ø�ß�í�P#è	å	åBã�ß�×êØuëÚ�Ø R
m ÞFßî×�ï#è	Þ¢å	åB×�éñð2Þ¢ØuëIØuë3×

l1 ò Ý3ã/ìuä
‖x‖1 :=

∑m
k=1 |xk|

ð2ë3×�ì�×
x = (x1, · · · , xm) ∈ R

m Ú�Ý3é {ei}i∈Im
ßuØ�Ú�Ý3é	ß8ç�ã/ì8Øuë3×KßuØ�Ú�Ý3é3Ú�ì�é Ù Ú/ßuÞFß�íó ×�ß�Ú�ô�ØuëÚ�Ø

x > 0 õ ì�×�ßuåB×�á�ØuÞ¢ö�×�æ¢ô x > 0 ÷ Þ¡ç xi > 0 õ ì�×�ßuåB×�á�ØuÞ¢ö�×�æ¢ô xi > 0 ÷ ç�ã/ì!Ú�æ¢æ i ∈ Im.
]�×�Ø

Sm−1 = {x ∈ R
m : ‖x‖1 = 1,x > 0} Ù ×âØuë3× (m − 1) ò é'Þ¢ä>×�Ý3ßuÞFã/ÝÚ�æZßuØ�Ú�Ý3é3Ú�ì�é\ßuÞ¢äÛå	æF×�øgíbGUÝ

×�æF×�ä>×�Ý#ØKã�çbØuë3×!ßuÞ¢äÛå	æF×�ø
Sm−1 ÞFßMá�Ú�æ¢æF×�éaùûú�üyý�þ�ÿ'ù�ú�ü���þ����uþ�üyý���í��3ã/ìKÚ�ßuØ�ã�á�ëÚ/ßuØuÞFá�ö�×�á�Ø�ã/ì x ∈ Sm−1,ð�×êß�×�ØÁßuè	å	å

(x) = {i ∈ Im : xi > 0}, Ý#è	æ¢æ (x) = {i ∈ Im : xi = 0}. ó ×êé	×�Ü3Ý3×¨Ú¨çyÚ/á�×
Γα =

á�ã/Ý#ö {ei}i∈α ã�ç2Øuë3×>ßuÞ¢äÛå	æF×�ø
Sm−1 ð2ë3×�ì�× α ⊂ Im

Ú�Ý3é¨á�ã/Ý#ö
(A)

ÞFß�Øuë3×�á�ã/Ý#ö�×�øêë#è	æ¢æ�ã�ç�Ú
ß�×�Ø

A.
]�×�ØbÞ¢Ý#Ø

Γα = {x ∈ Γα :
ßuè	å	å

(x) = α} Ú�Ý3é ∂Γα = Γα \
Þ¢Ý#Ø

Γα Ù ×2ì�×�ßuåB×�á�ØuÞ¢ö�×�æ¢ô�Øuë3×2ì�×�æ¥Ú�ØuÞ¢ö�×Þ¢Ý#Ø�×�ìuÞFã/ìZÚ�Ý3é Ù ã/è	Ý3é3Ú�ìuô ã�ç6Øuë3×MçyÚ/á�× Γα.SU×�á�Ú�æ¢æBØuëÚ�ØUÚ�ß�ï#èÚ�ì�×Mä�Ú�ØuìuÞ¡ø
P = (pij)

m
i,j=1

ÞFß8á�Ú�æ¢æF×�é
	�ý�	��	�����ù�ü�������à'ð2ìuÞ¢ØuØ�×�Ý
P > 0

à�Þ¡ç
pi• > 0ç�ã/ì�Ú�æ¢æ

i ∈ Im.
Gaß�ï#èÚ�ì�×,ä�Ú�ØuìuÞ¡ø

P = (pij)
m
i,j=1

ÞFßká�Ú�æ¢æF×�éÛú�üyý�þ�ÿ'ù�ú�ü���þbÞ¡ç3×�Ú/á�ë�ì�ã�ð
pi• = (pi1, . . . , pim)ÞFßKÚûßuØ�ã�á�ëÚ/ßuØuÞFá!ö�×�á�Ø�ã/ìZç�ã/ìKÚ�æ¢æ

i ∈ Im.
]�×�Ø

L : Sm−1 → Sm−1 Ù ×ÛÚ>æ¢Þ¢Ý3×�Ú�ì�ã/åB×�ì�Ú�Ø�ã/ì õ Úû_îÚ�ì���ã�öã/åB×�ì�Ú�Ø�ã/ì ÷ Ú/ß�ß�ã�á�Þ¥Ú�Ø�×�é ð2Þ¢Øuë�Ú�ß�ï#èÚ�ì�×KßuØ�ã�á�ëÚ/ßuØuÞFáKä�Ú�ØuìuÞ¡ø P = (pij)
m
i,j=1,

Þyí	×�í¢à

L (x) = xP =

m∑

i=1

xipi•.

|
© � É Ê Æ2Ð t�����vyz�{Mw��
1 �B}�q ~B�Bz�vyx2}/t�~g��s�s�rU�/t�v��yq t�o o �U~�������z�v��ysu�����8�y}�s,w�� Ç�� ��vYt�r�������� Ð Ê Å ¦yÊ Å Ê`¦ É���� � ���B}�s6t����y}�z�vkt�o ~�z��y}/t�r�x�~�yz2�y}�s ����r�q z�vbnk~�~�z�|�q t��ys Ð |Y}�s��2s�£/nk������~ Ð t�o t��\¤ r��ys`vyr/t��yq z�r/t�o3��s�r���vysb�¡z�v,�B}�s�z�vys`�yq |ut�o�3}���~�q |�~��¢¤��B�g���Y£��#vyq s�~��ys�£¤¥�Yt�o ��£���}�s`vys6�y}�q ~g�/t���s`v��gt�~g�gvyq ���ys�r#£��¡z�v��y}�s6q r�{�q �Yt��yq z�rKt�r/�U}�z�~���q �Yt�o q � ���
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WYØZÞFßK×�Ú/ßuôpØ�ãâß�×�×!ØuëÚ�ØKØuë3×�æ¢Þ¢Ý3×�Ú�ì�ã/åB×�ì�Ú�Ø�ã/ì

L : Sm−1 → Sm−1 ÞFß�Úûßuè	ì+u×�á�ØuÞFã/Ý�Þ¡ç2Ú�Ý3é�ã/Ý	æ¢ôpÞ¡ç�Þ¢ØÞFß�Ú Ù Þ +u×�á�ØuÞFã/Ý�í�WYÝ3é	×�×�égàgØuë3×ÛßuØuì�Ú�Þ-,�ë#Ø�ç�ã/ìuð8Ú�ì�é¨á�Ú�æFá�è	æ¥Ú�ØuÞFã/Ý ßuë3ã�ð�ßKØuëÚ�ØKÞ¡ç L : Sm−1 → Sm−1 ÞFß�Úßuè	ì+u×�á�ØuÞFã/ÝûØuë3×�Ý�ç�ã/ì�×�Ú/á�ë
i
Øuë3×�ì�×M×�ø'ÞFßuØ�ß

j
ßuè3á�ëûØuëÚ�Ø

L −1(ei) = ej
ð2ë3×�ì�×

L −1(ei)
ÞFß8Ú�å	ì�×�Þ¢ä�Ú�,�×

ã�çkØuë3×Mö�×�ìuØ�×�ø
ei
ã�çkØuë3×MßuÞ¢äÛå	æF×�ø

Sm−1 í	V�ã/Ý3ß�×�ï#è3×�Ý#Øuæ¢ô�à	ßuè	ì+u×�á�ØuÞ¢ö�×Mæ¢Þ¢Ý3×�Ú�ì2ã/åB×�ì�Ú�Ø�ã/ì�ß2ã�çkØuë3×ZßuÞ¢äÛå	æF×�øÚ�ì�×�ã/Ý	æ¢ôûåB×�ìuä�è	Ø�Ú�ØuÞFã/Ý�ã/åB×�ì�Ú�Ø�ã/ì�ß�í
SU×�á�×�Ý#Øuæ¢ô�àØuë3×�ßuÞ¢äÛÞ¢æ¥Ú�ìUå	ì�ã Ù æF×�ä ç�ã/ìMÚ>ï#èÚ/é'ì�Ú�ØuÞFá�ã/åB×�ì�Ú�Ø�ã/ì õ ÚÛÝ3ã/Ý	æ¢Þ¢Ý3×�Ú�ìZ_îÚ�ì���ã�ö ã/åB×�ì�Ú�Ø�ã/ì/. 0�1 ÷Ú/ß�ß�ã�á�Þ¥Ú�Ø�×�é�ð2Þ¢Øuë�ÚMá�è Ù ÞFá�ßuØ�ã�á�ëÚ/ßuØuÞFá8ä�Ú�ØuìuÞ¡ø�ð8Ú/ßbß�ã/æ¢ö�×�é�Þ¢ÝÛØuë3×8åÚ�åB×�ì . 2�1Yí�WYÝ/,�×�Ý3×�ì�Ú�æyà�Øuë3×2á�ã/Ý#ö�×�ø'Þ¢ØYôã�çkØuë3×Zï#èÚ/é'ì�Ú�ØuÞFáKã/åB×�ì�Ú�Ø�ã/ì�ß8ÞFß2ßuØuì�ã/Ý�,�æ¢ô�ØuÞF×�éûè	åâð2Þ¢ØuëâØuë3×MÝ3ã/Ý	æ¢Þ¢Ý3×�Ú�ìUã/å	ØuÞ¢äÛÞ-3�Ú�ØuÞFã/Ý å	ì�ã Ù æF×�ä>ß4. * à�5'à6 à ) 1�Ú�Ý3é�ÞFßZÝ3ã/Ø�Ú�Ý�×�Ú/ßuôÁå	ì�ã Ù æF×�ä7. 8�1YíBWYÝ�Øuë	ÞFßZåÚ�åB×�ì�à�ð�×�å	ì�ã�ö�ÞFé	×>Úûá�ìuÞ¢Ø�×�ìuÞFã/Ýîç�ã/ìZßuè	ì+u×�á�ØuÞ¢ö�Þ¢ØYô�ã�ç

åBã/æ¢ô�Ý3ã/äÛÞ¥Ú�ækã/åB×�ì�Ú�Ø�ã/ì�ßMÚ/ß�ß�ã�á�Þ¥Ú�Ø�×�éâð2Þ¢ØuëpßuØ�ã�á�ëÚ/ßuØuÞFáKë#ô�åB×�ì ò ä�Ú�ØuìuÞFá�×�ß�í
9 D#:Ml�;�<kÒkl�=¨Ö f>;@?�A�B#j�f'Ó�lj�CEDEC�C�lgÕ#Ö f'Ó�B#ÔGF�Ö¥Ó�HOeBÓ�lgÕ�Hkf�C�Ó�Ö ÕJIK<LA�B#j�M�cIf'Ó�j/Ö ÕNBOC

]�×�Ø
P = (pi1...ik)

m
i1,...,ik=1 Ù ×\Ú

k ò ã/ì�é	×�ì m ò é'Þ¢ä>×�Ý3ßuÞFã/ÝÚ�æûë#ô�åB×�ì ò ä�Ú�ØuìuÞ¡øgí ó ×\é	×�Ü3Ý3× Øuë3×
ç�ã/æ¢æFã�ð2Þ¢Ý�,�ö�×�á�Ø�ã/ì�ßUÚ�Ý3é ä�Ú�ØuìuÞFá�×�ß

pi1...ik−1• =
(
pi1...ik−11, . . . , pi1...ik−1m

)
, Pi1...ik−2•• =

(
pi1...ik−2jl

)m
j,l=1

,

ç�ã/ìUÚ�Ý#ô
i1, . . . , ik−1 ∈ Im.

WYÝ ð2ëÚ�Ø2ç�ã/æ¢æFã�ð�ß�à	ð�×�é	×�Ý3ã/Ø�×
i[1:l] := i1 . . . il

ç�ã/ì2Þ¢Ý3é	×�øgí
G ë#ô�åB×�ì ò ä�Ú�ØuìuÞ¡ø P = (pi1...ik)

m
i1,...,ik=1

ÞFßîá�Ú�æ¢æF×�é 	�ý�	��	�����ù�ü������\Ú�Ý3éIð2ìuÞ¢ØuØ�×�Ý
P > 0

Þ¡ç
pi[1:k−1]• > 0

ç�ã/ì,Ú�æ¢æ
i1, . . . , ik−1 ∈ Im.

Gaë#ô�åB×�ì ò ä�Ú�ØuìuÞ¡ø P = (pi1...ik)
m
i1,...,ik=1

ÞFß6á�Ú�æ¢æF×�é�ú�üyý�þ�ÿ'ù�ú�ü���þ
Þ¡ç,×�Ú/á�ëÁö�×�á�Ø�ã/ì

pi[1:k−1]•
ÞFß�ßuØ�ã�á�ëÚ/ßuØuÞFáMç�ã/ìMÚ�æ¢æ

i1, . . . , ik−1 ∈ Im.ó ×bé	×�Ü3Ý3×�Ú8åBã/æ¢ô�Ý3ã/äÛÞ¥Ú�æ#ã/åB×�ì�Ú�Ø�ã/ì
P : Sm−1 → Sm−1 Ú/ß�ß�ã�á�Þ¥Ú�Ø�×�éZð2Þ¢Øuë k ò ã/ì�é	×�ì m ò é'Þ¢ä>×�Ý3ßuÞFã/ÝÚ�æßuØ�ã�á�ëÚ/ßuØuÞFáKë#ô�åB×�ì ò ä�Ú�ØuìuÞ¡ø P = (pi1...ik)

m
i1,...,ik=1

Ú/ß8ç�ã/æ¢æFã�ð�ß

P(x) =
m∑

i1=1

· · ·
m∑

ik−1=1

xi1 . . . xik−1
pi[1:k−1]• õ * ÷

ç�ã/ìUÚ�Ý#ô
x ∈ Sm−1.

WYØ2ÞFß�×�Ú/ßuôûØ�ãÛá�ë3×�á � ØuëÚ�Ø
P(x) = xPx õ 5 ÷

ð2ë3×�ì�×
Px =

m∑

i1=1

· · ·
m∑

ik−2=1

xi1 . . . xik−2
Pi[1:k−2]•• =

(
pjl(x)

)m
j,l=1

ÞFßMÚ>ß�ï#èÚ�ì�×�ßuØ�ã�á�ëÚ/ßuØuÞFá�ä�Ú�ØuìuÞ¡øÁç�ã/ìMÚ�Ý#ô
x ∈ Sm−1. P è3×�Ø�ã>Øuë3×�ä�Ú�ØuìuÞ¡ø ç�ã/ìuä õ 5 ÷ à3Øuë3×�åBã/æ¢ô�Ý3ã/äÛÞ¥Ú�æã/åB×�ì�Ú�Ø�ã/ì

P : Sm−1 → Sm−1 Ú/ß�ß�ã�á�Þ¥Ú�Ø�×�éKð2Þ¢Øuë k ò ã/ì�é	×�ì m ò é'Þ¢ä>×�Ý3ßuÞFã/ÝÚ�æ�ßuØ�ã�á�ëÚ/ßuØuÞFá6ë#ô�åB×�ì ò ä�Ú�ØuìuÞ¡ø PÞFßpù 	�ý�	>Q ��	��uù��KRîù��TS/ý��êýTU����uù�üyý�� õ ß�×�×V. 0�1 ÷ íbRUÝ	æ¢Þ ��× Øuë3×Áá�æ¥Ú/ß�ßuÞFá�Ú�æU_îÚ�ì���ã�ö á�ëÚ�Þ¢Ý�àbØuë3× Ý3ã/Ý	æ¢Þ¢Ý3×�Ú�ì
_îÚ�ì���ã�öûá�ëÚ�Þ¢Ý ÞFß�Ú!ßuØ�ã�á�ëÚ/ßuØuÞFáMå	ì�ã�á�×�ß�ß�ð2ë3ã�ß�×MØuì�Ú�Ý3ßuÞ¢ØuÞFã/Ý ä�Ú�ØuìuÞ¡ø

Px

ä�Ú�ôûé	×�åB×�Ý3éâÝ3ã/Ø2ã/Ý	æ¢ôûã/Ý�ü ÿ �
þXW ��� ��	ü�ú�üyù�ü��ã�ç6Øuë3×Kå	ì�ã�á�×�ß�ß Ù è	ØUÚ�æFß�ã>ã/Ýêü ÿ �!þXW ��� ��	üZY��¥ú�ü�����[%W'ü���ý�	 x

ã�ç6Øuë3×Kå	ì�ã�á�×�ß�ß õ ß�×�×\. ]�1 ÷ íL8ë	ì�ã/è�,�ë3ã/è	ØUØuë	ÞFß2åÚ�åB×�ì�à	ð2Þ¢Øuë3ã/è	ØUæFã�ß�ß2ã�ç",�×�Ý3×�ì�Ú�æ¢Þ¢ØYô�àð�×�Ú/ß�ßuè	ä>×ZØuëÚ�Ø
pi1...ik−1• = piπ(1)...iπ(k−1)•ç�ã/ì2Ú�Ý#ô

i1, . . . , ik−1 ∈ Im
Ú�Ý3é Ú�Ý#ô�åB×�ìuä�è	Ø�Ú�ØuÞFã/Ý

π
ã�çkØuë3×Zß�×�Ø

Ik−1.
ó ×ZÚ�æFß�ãÛÚ/ß�ßuè	ä>×UØuëÚ�Ø

m > k
í

ó ×KÝ3×�×�éâØuë3×Zç�ã/æ¢æFã�ð2Þ¢Ý�,âÚ�è'ø'Þ¢æ¢Þ¥Ú�ìuôâì�×�ßuè	æ¢Ø�ß�í
:�j�l^Abl^C�Ö¥Ó�Ö l�Ò 9 D�A . 0�1 D _a` �cbd���-���e"�-�gfK(�
d�&
'�$�K�$��
h( ` ���i�j
(i)

ßuè	å	å
(P(x)) =

⋃
i[1:k−1]∈ k�lXmXm (x)

ßuè	å	å
(pi[1:k−1]•);



) 5 �����g���X����� 7
(ii)

Ý#è	æ¢æ
(P(x)) =

⋂
i[1:k−1]∈ k�lXmXm (x)

Ý#è	æ¢æ
(pi[1:k−1]•);

(iii) P(
Þ¢Ý#Ø

Γα) ⊂
Þ¢Ý#Ø

Γβ
e ` �$�X�

β =
⋃

i[1:k−1]∈α

ßuè	å	å
(pi[1:k−1]•);

(iv) P(
Þ¢Ý#Ø

Γα) ⊂
Þ¢Ý#Ø

Γβ
�-b�����i ����� � �-b

P(x(0)) ∈ Þ¢Ý#Ø
Γβ

bd���c(X���K�
x(0) ∈ Þ¢Ý#Ø

Γα.GUÝÁÚ Ù ß�ã/ì Ù Þ¢Ý�,>ßuØ�Ú�Ø�×Uå	æ¥Ú�ô�×�éÁÚ�ÝâÞ¢äÛåBã/ìuØ�Ú�Ý#Ø�ì�ã/æF×MÞ¢ÝâØuë3×MØuë3×�ã/ìuôûã�çkØuë3×Zá�æ¥Ú/ß�ßuÞFá�Ú�æg_îÚ�ì���ã�öûá�ëÚ�Þ¢Ý3ß�íGUÝÚ�æFã�,�ã/è3ßuæ¢ô�à#Øuë3×Má�ã/Ý3á�×�å	Ø8ã�çkÚ Ù ß�ã/ì Ù Þ¢Ý�,�ß�×�Ø�ßbç�ã/ì�Ý3ã/Ý	æ¢Þ¢Ý3×�Ú�ì8_îÚ�ì���ã�ö�á�ëÚ�Þ¢Ý3ß�ð8Ú/ß�Þ¢Ý#Øuì�ã�é'è3á�×�éûÞ¢Ý�Øuë3×åÚ�åB×�ì . 0�1Yí
������	�
�	��	���
������ . 0�1 � GIßuè Ù ß�×�Ø α ⊂ Im

ÞFß2á�Ú�æ¢æF×�é�Ú Ù ß�ã/ì Ù Þ¢Ý�,>Þ¡ç,ã/Ý3×KëÚ/ß2ØuëÚ�Ø

α =
⋂

i[1:k−1]∈α

Ý#è	æ¢æ
(pi[1:k−1]•).

WYØ2ÞFß�á�æF×�Ú�ì�ØuëÚ�Ø
α ⊂ Im

ÞFßUÚ�Ý�Ú Ù ß�ã/ì Ù Þ¢Ý�,�ß�×�Ø2Þ¡çbÚ�Ý3éÁã/Ý	æ¢ôûÞ¡ç

α =
⋃

i[1:k−1]∈α

ßuè	å	å
(pi[1:k−1]•).

L8ë3×Zç�ã/æ¢æFã�ð2Þ¢Ý�,�ì�×�ßuè	æ¢Ø�å	ì�×�ß�×�Ý#Ø�ßMÚ�Ý Þ¢Ý3ßuÞ-,�ë#ØUã�çbÚ�Ý�Ú Ù ß�ã/ì Ù Þ¢Ý�,�ß�×�Ø�í:�j�l^Abl^C�Ö¥Ó�Ö l�Ò 9 D 9 . 0�1 Dc_a` �cbd���-���e"�-�gf (�
d�&
'�$�K�$��
h( ���X�4��������������$��
$j
(i) � (�����(X��


α ⊂ Im
� (�����(X�������-�gf��

(ii)
� ��� ` ��(4
 ` �&


P(
Þ¢Ý#Ø

Γα) ⊂
Þ¢Ý#Ø

Γα;
(iii)

� ��� ` ��(4
 ` �&

P
(
x(0)

)
∈ Þ¢Ý#Ø

Γα
bd��� (X���K�

x(0) ∈ Þ¢Ý#Ø
Γα.:�j�l^Abl^C�Ö¥Ó�Ö l�Ò 9 D��gD! b���� � (�����(X��


α ⊂ Im
e"��
 ` |α| 6 k − 1

� (\����(X�������-�gf 
 ` �$� (X�J���X�E���-�
(�����(X��
h( ��b

Im
7

C
P#è	å	åBã�ß�× ØuëÚ�ØêÚ�Ý#ôIßuè Ù ß�×�Ø α ⊂ Im

ð2Þ¢Øuë |α| 6 k − 1
ÞFß�Ú Ù ß�ã/ì Ù Þ¢Ý�,3íKWYØ�ä>×�Ú�Ý3ßîØuëÚ�Øßuè	å	å

(pi[1:k−1]•) ⊂ α
ç�ã/ì�Ú�Ý#ô

i1, · · · , ik−1 ∈ α
íBWYÝ�åÚ�ìuØuÞFá�è	æ¥Ú�ì�àBØuë3×�ß�×�Ø�ß

α◦ = {i◦1, · · · , i◦k−1}
Ú�Ý3é

β◦ = {j◦} Ú�ì�×ZÚ Ù ß�ã/ì Ù Þ¢Ý�,�ç�ã/ì�Øuë3×c,�Þ¢ö�×�ÝûÞ¢Ý3é'ÞFá�×�ß i◦1, · · · , i◦k−1, j
◦ ∈ Im õ Øuë3×Uì�×�åB×�ØuÞ¢ØuÞFã/Ýâã�ç�Þ¢Ý3é'ÞFá�×�ß�ÞFßÚ�æ¢æFã�ð�×�é ÷ í ó ×�Øuë3×�ÝÛã Ù Ø�Ú�Þ¢Ý�ØuëÚ�Ø6ßuè	å	å (pj◦···j◦•) = {j◦} Ú�Ý3é�ßuè	å	å (pi◦1 ···i

◦

k−1•
) ⊂ {i◦1, · · · i◦k−1} = α◦ç�ã/ì�Ú�Ý#ôV,�Þ¢ö�×�Ý¨Þ¢Ý3é'ÞFá�×�ß

i◦1, · · · , i◦k−1, j
◦ ∈ Im õ Øuë3×�ì�×�åB×�ØuÞ¢ØuÞFã/Ýaã�ç2Þ¢Ý3é	×�á�×�ß!ÞFß�Ú�æ¢æFã�ð�×�é ÷ í#"M×�Ý3á�×�à�ç�ã/ìÚ�Ý#ô

β ⊂ Im
ã/Ý3×ZëÚ/ß�ØuëÚ�Ø
⋃

i[1:k−1]∈β

ßuè	å	å
(pi[1:k−1]•) =

⋃

j∈β

ßuè	å	å
(pj···j•) ∪

⋃

iν 6=iµ

ßuè	å	å
(pi[1:k−1]•) = β.

WYØ2ä>×�Ú�Ý3ß�ØuëÚ�Ø
β
ÞFßUÚ�Ý�Ú Ù ß�ã/ì Ù Þ¢Ý�,�ßuè Ù ß�×�Ø�í	L8ë	ÞFßUá�ã/äÛå	æF×�Ø�×�ß�Øuë3×Kå	ì�ã�ã�çuí B$�B&= =êf 9 D�AD% bc��� � (�����(X��


α ⊂ Im
e"��
 ` |α| 6 k − 1

� (/����(X�������-�gf 
 ` �$�G
 ` � !#��� �������������
�%!#�$�%�&
'���

P : Sm−1 → Sm−1 � (c�/(���������	�
���� 7
C P è3×2Ø�ã�[,ì�ã/åBã�ßuÞ¢ØuÞFã/Ý3ßZ5'í 5�Ú�Ý3é 5'í ]'à�Øuë3×�åBã/æ¢ô�Ý3ã/äÛÞ¥Ú�æ�ã/åB×�ì�Ú�Ø�ã/ì P : Sm−1 → Sm−1 ä�Ú�å3ß�×�Ú/á�ëçyÚ/á�×2ã�ç�Øuë3×8ßuÞ¢äÛå	æF×�ø

Sm−1 Þ¢Ý#Ø�ãZÞ¢Ø�ß�×�æ¡çuí�WYØ6ÞFß6ð�×�æ¢æ ò ��Ý3ã�ð2Ý>Þ¢Ý�Ú�æ-,�× Ù ì�Ú�ÞFá2Ø�ã/åBã/æFã�,�ô�ØuëÚ�Ø�Ú�Ý#ô�á�ã/Ý#ØuÞ¢Ý#è3ã/è3ßä�Ú�å	å	Þ¢Ý�,âð2ë	ÞFá�ëîä�Ú�å3ßM×�Ú/á�ë�çyÚ/á�×�ã�çbØuë3×!ßuÞ¢äÛå	æF×�ø
Sm−1 Þ¢Ý#Ø�ã�Þ¢Ø�ß�×�æ¡çbÞFßZÚ�ßuè	ì+u×�á�ØuÞFã/Ý�ã�ç�Øuë3×�ßuÞ¢äÛå	æF×�ø

Sm−1 õ ß�×�×K]�×�äÛä�Ú * àL. 2�1 ÷ í	L8ë	ÞFßUá�ã/äÛå	æF×�Ø�×�ß�Øuë3×Kå	ì�ã�ã�çuí B
�gD�e�ikj'&�B#Õ�Ó�Ö¥m�BJ:Ml�;�<kÒkl�=¨Ö f>;@?�A�B#j�f'Ó�lj�CÛmLC($bl3Ó*)'f,+�-Kl�;¥Ó�B#j�j�f ?�A�B#j�f'Ó�lj�C

ó ×Kì�×�á�Ú�æ¢æ�Ú�é	×�Ü3Ý	Þ¢ØuÞFã/Ý�ã�ç,]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�Ú�ã/åB×�ì�Ú�Ø�ã/ì�ß õ ß�×�×\. 2�1 ÷ í������	�
�	��	���
0/������ GQåBã/æ¢ô�Ý3ã/äÛÞ¥Ú�æbã/åB×�ì�Ú�Ø�ã/ì
P : Sm−1 → Sm−1 ÞFßZá�Ú�æ¢æF×�é�ü ÿ �21�ý�ü�S/ù4365	ý�Q¡ü�����uùýTU����uù�üyý��ÛÞ¡ç,ßuè	å	å

(pi[1:k−1]•) ⊂ {i1, . . . , ik−1}
ç�ã/ìUÚ�Ý#ô

i1, . . . , ik−1 ∈ Im.



����������	�
����������� ������������� �"!#�$�%�&
'���$( ) ]
ó ×Kå	ì�ã�ö�ÞFé	×�Ú�á�ìuÞ¢Ø�×�ìuÞFã/ÝÁç�ã/ì2Øuë3×�]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�Ú>ã/åB×�ì�Ú�Ø�ã/ì�Þ¢ÝÁØ�×�ìuä>ßUã�ç,Ú Ù ß�ã/ì Ù Þ¢Ý�,ûß�×�Ø�ß�í$�B&= =êf �gD�AD _a` �cbd���-���e"�-�gfK(�
d�&
'�$�K�$��
h( ���X�4��������������$��
$j
(i)

_a` �@!#��� �������������#�%!#�$�%�&
'���
P : Sm−1 → Sm−1 � (4
 ` � � �O
��N� 9�� ����
'�$� �%� �%!#�$�%�&
'��� �

(ii) � � �J(�����(X��
 α ⊂ Im
e"��
 ` |α| 6 k − 1

� (�����(X�������-�gf��
(iii)

� ��� ` ��(4
 ` �&

P−1(

Þ¢Ý#Ø
Γα) =

Þ¢Ý#Ø
Γα

bd������� � (�����(X��

α ⊂ Im

e"��
 ` |α| 6 k − 1
7

� ���
	����/������âó ×�Ú�æ¢ð8Ú�ô'ßMÚ/ß�ßuè	ä>×ZÞ¢Ý#Ø
Γα := Γα

ç�ã/ì2Øuë3×�ßuè Ù ß�×�Ø α ⊂ Im
ð2Þ¢Øuë |α| = 1

í
C
ó ×Zå	ì�ã�ö�×�Øuë3×Zç�ã/æ¢æFã�ð2Þ¢Ý�,>Þ¢äÛå	æ¢ÞFá�Ú�ØuÞFã/Ý3ß

(i) ⇒ (ii) ⇒ (iii) ⇒ (i).

(i) ⇒ (ii) :
]�×�Ø

P : Sm−1 → Sm−1 Ù ×ÛØuë3×>]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�Ú�ã/åB×�ì�Ú�Ø�ã/ì�í ó ×ÛØuë3×�ÝêëÚ�ö�×�ØuëÚ�Øßuè	å	å
(pi[1:k−1]•) ⊂ {i1, . . . , ik−1}

ç�ã/ì�Ú�Ý#ô
i1, . . . , ik−1 ∈ Im õ Øuë3×�ì�×�åB×�ØuÞ¢ØuÞFã/Ýûã�çgÞ¢Ý3é'ÞFá�×�ß�ÞFß�Ú�æ¢æFã�ð�×�é ÷ í[6Ú�ìuØuÞFá�è	æ¥Ú�ìuæ¢ô�àBßuè	å	å

(pj···j•) = {j} ç�ã/ìZÚ�Ý#ô j ∈ Im
í�"M×�Ý3á�×�à	ç�ã/ìMÚ�Ý#ô

α ⊂ Im
ð2Þ¢Øuë |α| 6 k − 1

ã/Ý3×
ëÚ/ß2ØuëÚ�Ø

⋃

i[1:k−1]∈α

ßuè	å	å
(pi[1:k−1]•) =

⋃

j∈α

ßuè	å	å
(pj...j•) ∪

⋃

iν 6=iµ

ßuè	å	å
(pi[1:k−1]•) = α.

WYØ2ä>×�Ú�Ý3ß2ØuëÚ�Ø
α
ÞFßUÚ�ÝpÚ Ù ß�ã/ì Ù Þ¢Ý�,ûßuè Ù ß�×�Ø�í

(ii) ⇒ (iii) :
P#è	å	åBã�ß�×�ØuëÚ�Ø6Ú�Ý#ô�ßuè Ù ß�×�Ø α ⊂ Im

ð2Þ¢Øuë |α| 6 k−1
ÞFß6Ú Ù ß�ã/ì Ù Þ¢Ý�,3í ó ×bØuë3×�Ý�ã Ù Ø�Ú�Þ¢ÝØuëÚ�Ø�ßuè	å	å

(pi[1:k−1]•) ⊂ α
ç�ã/ì�Ú�Ý#ô

i1, . . . , ik−1 ∈ α.
[6Ú�ìuØuÞFá�è	æ¥Ú�ìuæ¢ô�àkßuÞ¢Ý3á�×�Øuë3×>ßuè Ù ß�×�Ø α◦ = {j} ÞFßÚ Ù ß�ã/ì Ù Þ¢Ý�,3à�ð�×�ëÚ�ö�×�ØuëÚ�Ø6ßuè	å	å (pj...j•) = {j} ç�ã/ì,Ú�Ý#ô j ∈ Im

í�WYØ�ç�ã/æ¢æFã�ð�ßkç�ì�ã/ä [,ì�ã/åBã�ßuÞ¢ØuÞFã/Ý\5'í 5'à
(ii)ØuëÚ�Ø

P(
Þ¢Ý#Ø

Γα) ⊂
Þ¢Ý#Ø

Γα
ç�ã/ì�Ú�Ý#ôûÚ Ù ß�ã/ì Ù Þ¢Ý�,!ßuè Ù ß�×�Ø α ⊂ Im

í#_�ã/ì�×�ã�ö�×�ì�à#Þ¡ç
P−1(

Þ¢Ý#Ø
Γα)\

Þ¢Ý#Ø
Γα 6=

∅
Øuë3×�Ý¨Øuë3×�ì�×>×�ø'ÞFßuØ�ß

y ∈ Sm−1 ð2Þ¢Øuë β :=
ßuè	å	å

(y)
ßuè3á�ë¨ØuëÚ�Ø

β \ α 6= ∅
Ú�Ý3é

P(y) ∈ Þ¢Ý#Ø
Γα.L8ë3×�Ý>Þ¢Ø,ç�ã/æ¢æFã�ð�ß,ç�ì�ã/äd[,ì�ã/åBã�ßuÞ¢ØuÞFã/ÝK5'í * à

(iv)
ØuëÚ�Ø

P(
Þ¢Ý#Ø

Γβ) ⊂
Þ¢Ý#Ø

Γα
í�P#Þ¢Ý3á�×

P : Sm−1 → Sm−1 ÞFßá�ã/Ý#ØuÞ¢Ý#è3ã/è3ß�à�ð�×bëÚ�ö�×�ØuëÚ�Ø
P(Γβ) = P(

Þ¢Ý#Ø
Γβ) ⊂

Þ¢Ý#Ø
Γα = Γα

í�[6Ú�ìuØuÞFá�è	æ¥Ú�ìuæ¢ô�à
P(ej) = pj...j• ∈ Γαõ ã/ì�×�ï#è	Þ¢ö�Ú�æF×�Ý#Øuæ¢ô�ßuè	å	å (pj···j•) ⊂ α ÷ ç�ã/ì j ∈ β \α í "Mã�ð�×�ö�×�ì�à�Øuë	ÞFß�á�ã/Ý#Øuì�Ú/é'ÞFá�Ø�ß8Ø�ã�Øuë3×2çyÚ/á�Ø�ØuëÚ�Ø�Øuë3×ßuÞ¢Ý�,�æF×�Ø�ã/Ý {j} à j ∈ β \ α ÞFßKÚ�ÝêÚ Ù ß�ã/ì Ù Þ¢Ý�,Áß�×�Ø õ ã/ìK×�ï#è	Þ¢ö�Ú�æF×�Ý#Øuæ¢ô�ßuè	å	å (pj···j•) = {j} ÷ ígL8ë3×�ì�×�ç�ã/ì�×�àð�×KëÚ�ö�×KØuëÚ�Ø

P−1(
Þ¢Ý#Ø

Γα) =
Þ¢Ý#Ø

Γα
í

(iii) ⇒ (i) :
P#è	å	åBã�ß�×�ØuëÚ�Ø

P−1(
Þ¢Ý#Ø

Γα) =
Þ¢Ý#Ø

Γα
ç�ã/ìZÚ�Ý#ôÁßuè Ù ß�×�Ø α ⊂ Im

ð2Þ¢Øuë |α| 6 k − 1.ó ×KØuë3×�ÝÁã Ù Ø�Ú�Þ¢ÝÁç�ì�ã/ä [,ì�ã/åBã�ßuÞ¢ØuÞFã/Ý 5'í * à
(iii)

ØuëÚ�Ø
⋃

i[1:k−1]∈α

ßuè	å	å
(pi[1:k−1]•) = α.

[6Ú�ìuØuÞFá�è	æ¥Ú�ìuæ¢ô�àBð�× ,�×�ØMØuëÚ�ØZßuè	å	å
(pi[1:k−1]•) ⊂ α

ç�ã/ìKÚ�Ý#ô
i1, . . . , ik−1 ∈ α

í�]�×�ØZè3ßUÝ3ã�ðIÜ	øpÞ¢Ý3é'ÞFá�×�ß
i◦1, . . . , i

◦
k−1 ∈ Im õ Øuë3×!ì�×�åB×�ØuÞ¢ØuÞFã/Ýêã�ç�Þ¢Ý3é'ÞFá�×�ßZÞFßKÚ�æ¢æFã�ð�×�é ÷ í�L8ë3×�Ý�àç�ã/ìMØuë3×�ß�×�Ø α◦ = {i◦1, . . . , i◦k−1}ð�×ÛëÚ�ö�×>ØuëÚ�Ø�ßuè	å	å

(pi◦1 ···i
◦

k−1•
) ⊂ {i◦1, . . . , i◦k−1} = α◦ í�P#Þ¢Ý3á�×ÛØuë3×ÛÞ¢Ý3é'ÞFá�×�ß i◦1, . . . , i◦k−1 ∈ Im

Ú�ì�×
Ú�ì Ù Þ¢Øuì�Ú�ìuô\á�ë3ã�ß�×�Ý�à�Øuë3×Áæ¥Ú/ßuØ�Þ¢Ý3á�æ¢è3ßuÞFã/Ý ä>×�Ú�Ý3ßûØuëÚ�Ø

P : Sm−1 → Sm−1 ÞFß�Øuë3×p]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�Ú
ã/åB×�ì�Ú�Ø�ã/ì�í3L8ë	ÞFßUá�ã/äÛå	æF×�Ø�×�ß�Øuë3×Kå	ì�ã�ã�çuí

Bó ×�Ú�ì�×ZÝ3ã�ðñì�×�Ú/é'ôûØ�ã�ç�ã/ìuä�è	æ¥Ú�Ø�×�Øuë3×Zä�Ú�Þ¢ÝÁì�×�ßuè	æ¢ØUã�ç6Øuë3×KåÚ�åB×�ì�í
� HaB#lj�B&= �gD�AD�� ��


P : Sm−1 → Sm−1 ���K�K!#��� ������������� �%!#�$�%�&
'��� 7 _a` �$� 
 ` �Ebd���-���e"�-�gf
(�
d�&
'�$�K�$��
h( ���X�4��������������$��
$j

(i)
_a` �@!#��� �������������#�%!#�$�%�&
'���

P : Sm−1 → Sm−1 � (��/(���������	�
������
(ii)

_a` �$�X� ���g� (�
h(E�K!#�$� � ��
d�&
����
π
��b/
 ` � (X��


Im
(��&	 ` 
 ` �&
 bd��� ��� �

1 6 l 6 k − 1
����i

bd���\��� �
i1, . . . , il ∈ Im

����� ` ��(K
 ` �&

P−1(

Þ¢Ý#Ø
Γei1

...eil
) =

Þ¢Ý#Ø
Γeπ(i1)

...eπ(il)

e ` �$�X�
Γei1

...eil
=á�ã/Ý#ö {ei1 , . . . , eil} �

(iii)
_a` �$�X�����g� (�
h(Z� !#�$� � ��
d�&
����K� �&
� ���

Π
(��&	 ` 
 ` �&


Π ◦P � (�
 ` � � �O
��N� 9�� ����
'�$� �%���%!#�$�%�&
'��� 7
� ���
	����/�� ���âó ×�Ú�æ¢ð8Ú�ô'ßMÚ/ß�ßuè	ä>×ZØuëÚ�Ø�Þ¢Ý#Ø

Γei := {ei}
ç�ã/ìUÚ�Ý#ô

i ∈ Im
í

C
ó ×Zå	ì�ã�ö�×�Øuë3×Zç�ã/æ¢æFã�ð2Þ¢Ý�,>Þ¢äÛå	æ¢ÞFá�Ú�ØuÞFã/Ý3ß

(i) ⇒ (ii) ⇒ (iii) ⇒ (i).



) 6 �����g���X����� 7
(i) ⇒ (ii) :

P#è	å	åBã�ß�×âØuëÚ�Ø>Øuë3×âåBã/æ¢ô�Ý3ã/äÛÞ¥Ú�æ�ã/åB×�ì�Ú�Ø�ã/ì
P : Sm−1 → Sm−1 ÞFß�Úîßuè	ì+u×�á�ØuÞFã/Ý�í]�×�Ø

P−1(ej) Ù ×pÚêå	ì�×�Þ¢ä�Ú�,�× õ ð2ë	ÞFá�ëOÞFß�Ý3ã/Ý3×�äÛå	ØYô ÷ ã�ç�Øuë3×pö�×�ìuØ�×�ø ej
ç�ã/ì

j ∈ Im.
J Ù ö�ÞFã/è3ßuæ¢ô�àÞ¡ç

x ∈ P−1(ej)
ð2Þ¢Øuë\ßuè	å	å

(x) = α
Øuë3×�Ý

Γα ⊂ P−1(ej) õ ß�×�× [,ì�ã/åBã�ßuÞ¢ØuÞFã/Ý 5'í * à (iv) ÷ í "M×�Ý3á�×�à
P−1(ej)

ÞFß�ÚpçyÚ/á�×Áã/ì�Ú�è	Ý	ÞFã/Ý\ã�çMçyÚ/á�×�ß>ã�çZØuë3×ÁßuÞ¢äÛå	æF×�ø
Sm−1 ç�ã/ì�Ú�Ý#ô j ∈ Im

í�V�ã/Ý3ß�×�ï#è3×�Ý#Øuæ¢ô�à
Øuë3×2ß�×�Ø {P−1(e1), · · · ,P−1(em)} á�ã/Ý3ßuÞFßuØ�ßbã�ç õ Ú�Ø,æF×�Ú/ßuØ ÷ m ä�è	ØuèÚ�æ¢æ¢ôÛé'ÞFß+uã/Þ¢Ý#Ø6çyÚ/á�×�ß,ã�ç�Øuë3×2ßuÞ¢äÛå	æF×�ø
Sm−1 í6L8ë	ÞFß!ÞFß�åBã�ß�ßuÞ Ù æF×�Þ¡çZÚ�Ý3éaã/Ý	æ¢ô¨Þ¡çUØuë3×�ì�× ×�ø'ÞFßuØ�ß�ÚpåB×�ìuä�è	Ø�Ú�ØuÞFã/Ý π

ã�çMØuë3×âß�×�Ø
Im

ßuè3á�ëaØuëÚ�Ø
P−1(ej) = eπ(j)

ç�ã/ì�Ú�Ý#ô
j ∈ Im

í']�×�Ø2è3ß8Ý3ã�ð ßuë3ã�ð
P−1(

Þ¢Ý#Ø
Γei1

...eil
) =

Þ¢Ý#Ø
Γeπ(i1)

...eπ(il)

ç�ã/ì�Ú�Ý#ô
i1, . . . , il ∈ Im Ù ôîä>×�Ú�Ý3ß�ã�ç8ä�Ú�Øuë3×�ä�Ú�ØuÞFá�Ú�æ�Þ¢Ý3é'è3á�ØuÞFã/Ý¨ð2Þ¢Øuëêì�×�ßuåB×�á�Ø�Ø�ã l ð2ë3×�ì�× 1 6 l 6 k − 1

í
J Ù ö�ÞFã/è3ßuæ¢ô�à�Þ¡ç y ∈ P−1(

Þ¢Ý#Ø
Γei1

...eil
)
ð2Þ¢Øuë�ßuè	å	å

(y) = β
Øuë3×�ÝaÞ¢Ý#Ø

Γβ ⊂ P−1(
Þ¢Ý#Ø

Γei1
...eil

)
Ú�Ý3é

Γβ ⊂ P−1(Γei1
...eil

) õ ß�×�× [,ì�ã/åBã�ßuÞ¢ØuÞFã/Ý 5'í * à
(iv) ÷ íK_�ã/ì�×�ã�ö�×�ì�àZÞ¡ç β \ {π(i1), . . . , π(il)} 6= ∅

õ ã/ì ×�ï#è	Þ¢ö�Ú�æF×�Ý#Øuæ¢ô
π−1(β) \ {i1, . . . , il} 6= ∅ ÷ Øuë3×�Ý eπ(j) ∈ P−1(Γei1

...eil
)
ç�ã/ì�ß�ã/ä>×

j ∈
π−1(β) \ {i1, . . . , il}.

"Mã�ð�×�ö�×�ì�à,Þ¢ØÛá�ã/Ý#Øuì�Ú/é'ÞFá�Ø�ßÛØ�ã
eπ(j) = P−1(ej).

L8ë3×�ì�×�ç�ã/ì�×�à6ð�×ûä�è3ßuØ�ëÚ�ö�×
ØuëÚ�Ø

β ⊂ {π(i1), . . . , π(il)}.
JUÝÁØuë3×Kã/Øuë3×�ì�ëÚ�Ý3égà3é'è3×KØ�ã�ä�Ú�Øuë3×�ä�Ú�ØuÞFá�Ú�ækÞ¢Ý3é'è3á�ØuÞFã/Ý�à3ð�×�Ú�æFß�ã�ëÚ�ö�×

ØuëÚ�Ø {π(i1), . . . , π(il)} \ β = ∅
í�"M×�Ý3á�×�àkð�× ,�×�Ø!ØuëÚ�Ø

β = {π(i1), . . . , π(il)}
íbP#Þ¢Ý3á�×ûØuë3×�åBã/Þ¢Ý#Ø

y ∈ P−1(
Þ¢Ý#Ø

Γei1
...eil

)
ÞFß6Ú�ì Ù Þ¢Øuì�Ú�ìuô!á�ë3ã�ß�×�Ý�à�ð�×8ã Ù Ø�Ú�Þ¢Ý�ØuëÚ�Ø P−1(

Þ¢Ý#Ø
Γei1

...eil
) ⊂ Þ¢Ý#Ø

Γeπ(i1)
...eπ(il)

í
L8ë3× Þ¢Ý3á�æ¢è3ßuÞFã/Ý Þ¢Ý#Ø

Γeπ(i1)
...eπ(il)

⊂ P−1(
Þ¢Ý#Ø

Γei1
...eil

)
ç�ã/æ¢æFã�ð�ßOç�ì�ã/ä [,ì�ã/åBã�ßuÞ¢ØuÞFã/Ý 5'í * à

(iv)
í

V�ã/Ý3ß�×�ï#è3×�Ý#Øuæ¢ô�à
P−1(

Þ¢Ý#Ø
Γei1

...eil
) =

Þ¢Ý#Ø
Γeπ(i1)

...eπ(il)

ç�ã/ìUÚ�Ý#ô
i1, . . . , il ∈ Im

Ú�Ý3é
1 6 l 6 k − 1

í
(ii) ⇒ (iii) :

P#è	å	åBã�ß�×>ØuëÚ�Ø�Øuë3×�ì�×û×�ø'ÞFßuØ�ß!Ú åB×�ìuä�è	Ø�Ú�ØuÞFã/Ý
π
ßuè3á�ë ØuëÚ�Ø

P−1(
Þ¢Ý#Ø

Γei1
...eil

) =Þ¢Ý#Ø
Γeπ(i1)

...eπ(il)

ç�ã/ìîÚ�Ý#ô
i1, . . . , il ∈ Im

Ú�Ý3é
1 6 l 6 k − 1

íM[6Ú�ìuØuÞFá�è	æ¥Ú�ìuæ¢ô�àZð�×¨ëÚ�ö�× ØuëÚ�Ø
P−1(ej) = eπ(j)

ç�ã/ì�Ú�Ý#ô
j ∈ Im

í ó × Ý3ã�ð é	×�Ü3Ý3×ÁÚ�åB×�ìuä�è	Ø�Ú�ØuÞFã/Ý\ä�Ú�ØuìuÞ¡ø
Π õ Ú/ß�ß�ã�á�Þ¥Ú�Ø�×�éað2Þ¢ØuëØuë3×KåB×�ìuä�è	Ø�Ú�ØuÞFã/Ý

π ÷ Ú/ß8ç�ã/æ¢æFã�ð�ß Π(ej) := eπ(j)
ç�ã/ìUÚ�Ý#ô

j ∈ Im
í�J Ù ö�ÞFã/è3ßuæ¢ô�à	ð�×�ã Ù Ø�Ú�Þ¢ÝÁØuëÚ�Ø

Π
(
P(
Þ¢Ý#Ø

Γei1
...eil

)
)
=
Þ¢Ý#Ø

Γei1
...eil

, ∀ i1, . . . , il ∈ Im, ∀ 1 6 l 6 k − 1.

P è3×KØ�ãÛ]�×�äÛä�ÚE]'í * à	Øuë3×ZåBã/æ¢ô�Ý3ã/äÛÞ¥Ú�ækã/åB×�ì�Ú�Ø�ã/ì Π ◦P ÞFß2Øuë3×�]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�Ú>ã/åB×�ì�Ú�Ø�ã/ì�í
(iii) ⇒ (i) :

P#è	å	åBã�ß�×KØuëÚ�ØUØuë3×�ì�×�×�ø'ÞFßuØ�ßUÚ�åB×�ìuä�è	Ø�Ú�ØuÞFã/Ý�ä�Ú�ØuìuÞ¡ø
Π
ßuè3á�ëpØuëÚ�Ø

PΠ := Π ◦P ÞFß
Øuë3×Z]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�ÚÛã/åB×�ì�Ú�Ø�ã/ì�í P è3×MØ�ã�]�×�äÛä�Ú/ßc5'í * Ú�Ý3é ]'í * à�Øuë3×Z]�ã/Ø���Ú*.#Xbã/æ¢Ø�×�ìuì�ÚÛã/åB×�ì�Ú�Ø�ã/ì PΠ

ÞFß
ÚÛßuè	ì+u×�á�ØuÞFã/ÝpÚ�Ý3éÁß�ã�ÞFß2Øuë3×KåBã/æ¢ô�Ý3ã/äÛÞ¥Ú�ækã/åB×�ì�Ú�Ø�ã/ì

P = Π−1 ◦PΠ
í	L8ë	ÞFßUá�ã/äÛå	æF×�Ø�×�ß�Øuë3×Kå	ì�ã�ã�çuí

B
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