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Àííîòàöèÿ. Êëàññè÷åñêèì ñâîéñòâîì ïåðèîäè÷åñêîé �óíêöèè íà âåùåñòâåííîé îñè ÿâëÿåòñÿ âîç-

ìîæíîñòü åå ïðåäñòàâëåíèÿ òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå. Åñòåñòâåííûì àíàëîãîì óñëîâèÿ ïå-

ðèîäè÷íîñòè â åâêëèäîâîì ïðîñòðàíñòâå R
n
ÿâëÿåòñÿ ïîñòîÿíñòâî èíòåãðàëîâ îò �óíêöèè ïî âñåì

øàðàì (èëè ñ�åðàì) �èêñèðîâàííîãî ðàäèóñà. Ôóíêöèè ñ óêàçàííûì ñâîéñòâîì ìîæíî ðàçëîæèòü

â ðÿä ïî ñîáñòâåííûì �óíêöèÿì îïåðàòîðà Ëàïëàñà ñïåöèàëüíîãî âèäà. Ýòîò �àêò äîïóñêàåò îáîá-

ùåíèå íà âåêòîðíûå ïîëÿ â R
n
, èìåþùèå íóëåâîé ïîòîê ÷åðåç ñ�åðû �èêñèðîâàííîãî ðàäèóñà.

Ïðè ýòîì äëÿ íèõ âîçíèêàåò ïðåäñòàâëåíèå Ñìèòà â âèäå ñóììû ñîëåíîèäàëüíîãî âåêòîðíîãî ïîëÿ

è áåñêîíå÷íîãî ÷èñëà ïîòåíöèàëüíûõ âåêòîðíûõ ïîëåé. Ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ óäîâëåòâî-

ðÿþò óðàâíåíèþ �åëüìãîëüöà, ñâÿçàííîìó ñ íóëÿìè �óíêöèè Áåññåëÿ Jn/2. Öåëüþ äàííîé ðàáîòû

ÿâëÿåòñÿ ïîëó÷åíèå ëîêàëüíûõ àíàëîãîâ òåîðåìû Ñìèòà. Èçó÷àþòñÿ âåêòîðíûå ïîëÿ A ñ íóëåâûì

ïîòîêîì ÷åðåç ñ�åðû �èêñèðîâàííîãî ðàäèóñà íà îáëàñòÿõ O â åâêëèäîâîì ïðîñòðàíñòâå, èíâàðè-

àíòíûõ îòíîñèòåëüíî âðàùåíèé. �àññìàòðèâàþòñÿ ñëó÷àè, êîãäà O = BR = {x ∈ R
n : |x| < R} èëè

O = Ba,b = {x ∈ R
n : a < |x| < b}. Îïèñàíèå ïîëåé A ñîñòîèò èç äâóõ øàãîâ. Íà ïåðâîì øàãå äîêàçû-

âàåòñÿ ðàâåíñòâî A(x) = A
s(x)+B(x)x, x ∈ O, ãäåA

s
� ïîäõîäÿùåå ñîëåíîèäàëüíîå âåêòîðíîå ïîëå,

B � ñêàëÿðíîå ïîëå. Âòîðîé øàã ñîñòîèò â îïèñàíèè �óíêöèé B(x). Îñíîâíûì èíñòðóìåíòîì äëÿ

îïèñàíèÿ B(x) ÿâëÿþòñÿ ìíîãîìåðíûå ðÿäû Ôóðüå ïî ñ�åðè÷åñêèì ãàðìîíèêàì. Åñëè O = BR, òî

êîý��èöèåíòû Ôóðüå �óíêöèè B(x) ïðåäñòàâèìû ðÿäàìè ïî ãèïåðãåîìåòðè÷åñêèì �óíêöèÿì 1F2.

Â ñëó÷àå, êîãäà O = Ba,b, ñîîòâåòñòâóþùèå êîý��èöèåíòû Ôóðüå ðàçëàãàþòñÿ â ðÿäû, ñîäåðæàùèå

�óíêöèè Áåññåëÿ, Íåéìàíà è Ëîììåëÿ. �åçóëüòàòû, ïîëó÷åííûå â ðàáîòå, ìîæíî èñïîëüçîâàòü ïðè

ðåøåíèè çàäà÷, ñâÿçàííûõ ñ ãàðìîíè÷åñêèì àíàëèçîì âåêòîðíûõ ïîëåé íà îáëàñòÿõ â R
n
.
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1. Ââåäåíèå

Îäíèì èç õîðîøî èçâåñòíûõ êðèòåðèåâ T -ïåðèîäè÷íîñòè íåïðåðûâíîé �óíêöèè f íà
âåùåñòâåííîé îñè ÿâëÿåòñÿ ïîñòîÿíñòâî èíòåãðàëîâ îò f ïî âñåì îòðåçêàì äëèíû T íà R,

ò. å. óñëîâèå

x+T
∫

x

f(y) dy =

T
∫

0

f(y) dy (∀x ∈ R). (1)
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Åñòåñòâåííûì àíàëîãîì óñëîâèÿ (1) â ìíîãîìåðíîì ñëó÷àå ÿâëÿåòñÿ ïîñòîÿíñòâî èíòå-

ãðàëîâ îò �óíêöèè ïî âñåì øàðàì �èêñèðîâàííîãî ðàäèóñà. Áëèçêèé êëàññ �óíêöèé

ïîëó÷àåòñÿ, åñëè çäåñü çàìåíèòü øàðû íà ñ�åðû �èêñèðîâàííîãî ðàäèóñà.

Ñîãëàñíî òåîðèè ðÿäîâ Ôóðüå âñÿêóþ T -ïåðèîäè÷åñêóþ �óíêöèþ f ∈ C1(R) ìîæíî
ðàçëîæèòü â àáñîëþòíî è ðàâíîìåðíî ñõîäÿùèéñÿ òðèãîíîìåòðè÷åñêèé ðÿä

f(x) =
a0
2

+

∞
∑

m=1

am cos

(

2πm

T
x

)

+ bm sin

(

2πm

T
x

)

, (2)

ò. å. ïðåäñòàâèòü f â âèäå ñóììû êîíñòàíòû

a0
2

è ïîñëåäîâàòåëüíîñòè ïåðèîäè÷åñêèõ

�óíêöèé {fm}∞m=1, óäîâëåòâîðÿþùèõ äè��åðåíöèàëüíûì óðàâíåíèÿì

f ′′m(x) +
4π2m2

T 2
fm(x) = 0.

Ñóùåñòâåííî áîëåå òðóäíîé çàäà÷åé ÿâëÿåòñÿ îïèñàíèå �óíêöèé ñ ïîñòîÿííûìè èíòå-

ãðàëàìè ïî øàðàì (èëè ñ�åðàì) �èêñèðîâàííîãî ðàäèóñà. Äëÿ ý��åêòèâíîé õàðàêòåðè-

çàöèè óêàçàííûõ êëàññîâ òðåáóåòñÿ ïðèâëåêàòü ñîîòâåòñòâóþùèå ñïåöèàëüíûå �óíêöèè.

Íàïðèìåð, â äâóìåðíîì ñëó÷àå èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà A. Ïóñòü f ∈ C∞(R2). Òîãäà �óíêöèÿ f èìååò íóëåâûå èíòåãðàëû ïî âñåì

êðóãàì â R
2
ðàäèóñà r â òîì è òîëüêî òîì ñëó÷àå, êîãäà èìååò ìåñòî ðàçëîæåíèå

f(x, y) =
∞
∑

m=−∞

∞
∑

q=1

cq,mJm

(νq
r

√

x2 + y2
)

(

x+ iy
√

x2 + y2

)m

,

ãäå Jm � �óíêöèÿ Áåññåëÿ ïîðÿäêà m, {νq}∞q=1 � ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæè-

òåëüíûõ íóëåé �óíêöèè J1, çàíóìåðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ, è êîý��èöèåíòû

cq,m ∈ C óäîâëåòâîðÿþò óñëîâèþ

cq,m = O

(

1

ναq

)

ïðè q → ∞

äëÿ ëþáîãî �èêñèðîâàííîãî α > 0.
Îòìåòèì, ÷òî �óíêöèè

(x, y) → Jm

(νq
r

√

x2 + y2
)

(

x+ iy
√

x2 + y2

)m

ÿâëÿþòñÿ ñîáñòâåííûìè �óíêöèÿìè îïåðàòîðà Ëàïëàñà ∆ â R
2
. Ïîäîáíûå ðåçóëüòàòû

áûëè ïîëó÷åíû è äëÿ �óíêöèé ìåíüøåé ãëàäêîñòè, çàäàííûõ íà îãðàíè÷åííûõ ìíîæå-

ñòâàõ â R
n
, n > 2, èíâàðèàíòíûõ îòíîñèòåëüíî âðàùåíèé (ñì. [1, òåîðåìà 3℄, [2, òåîðå-

ìà 3℄, à òàêæå [3�5℄, ãäå ñîäåðæàòñÿ ñóùåñòâåííî áîëåå îáùèå ðåçóëüòàòû, êàñàþùèåñÿ

ñòðóêòóðû ðåøåíèé óðàâíåíèé â ñâåðòêàõ).

�îðàçäî ìåíåå èçó÷åííûì â ýòîé îáëàñòè ÿâëÿåòñÿ ñëó÷àé âåêòîðíûõ ïîëåé. Åñëè

ðàññìàòðèâàòü f ∈ C1(R) êàê âåêòîðíîå ïîëå â R, òî óñëîâèå

f

(

x− T

2

)

− f

(

x+
T

2

)

= 0

îçíà÷àåò, ÷òî f èìååò íóëåâîé ïîòîê ÷åðåç ëþáóþ íóëüìåðíóþ ñ�åðó ðàäèóñà T/2. Òà-
êèì îáðàçîì, ðàâåíñòâî (2) äàåò ïðåäñòàâëåíèå äëÿ ïîëåé ñ íóëåâûì ïîòîêîì ÷åðåç âñå
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ñ�åðû ðàäèóñà T/2 â R
1
. Ýòîò �àêò äîïóñêàåò íåòðèâèàëüíîå îáîáùåíèå íà âåêòîðíûå

ïîëÿ â R
n
. Ïðè ýòîì êîíñòàíòà

a0
2 èíòåðïðåòèðóåòñÿ êàê ñîëåíîèäàëüíîå âåêòîðíîå ïî-

ëå, à {fm} çàìåíÿþòñÿ íà ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ, óäîâëåòâîðÿþùèå óðàâíåíèþ
äëÿ ñîáñòâåííûõ �óíêöèé îïåðàòîðà Ëàïëàñà. Óêàçàííîå óòâåðæäåíèå ÿâëÿåòñÿ ÷àñò-

íûì ñëó÷àåì ñëåäóþùåãî ëîêàëüíîãî ðåçóëüòàòà Ä. Ñìèòà [6, òåîðåìà 3℄.

Òåîðåìà B. Ïóñòü A : BR+1 → R
n (1 < R 6 ∞) � âåêòîðíîå ïîëå â R

n
êëàññà Cn+α

(0 < α < 1), èìåþùåå íóëåâîé ïîòîê ÷åðåç ëþáóþ ñ�åðó åäèíè÷íîãî ðàäèóñà, ëåæàùóþ

â BR+1. Òîãäà äëÿ x ∈ BR èìååò ìåñòî ðàâåíñòâî

A(x) = A
s(x) +

∞
∑

m=1

A
p
m(x), (3)

â êîòîðîì ðÿä ñõîäèòñÿ ðàâíîìåðíî íà êîìïàêòàõ èç BR,A
s
� ñîëåíîèäàëüíîå âåêòîðíîå

ïîëå êëàññà Cn+α
è A

p
m � ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ, óäîâëåòâîðÿþùèå óðàâíåíèþ

(∆ + ν2m)Ap
m = 0, (4)

ãäå {νm}∞m=1 � ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæèòåëüíûõ íóëåé �óíêöèè Jn/2, çàíóìåðî-
âàííûõ â ïîðÿäêå âîçðàñòàíèÿ.

Ñèìâîë BR â òåîðåìå B è íèæå îáîçíà÷àåò îòêðûòûé øàð èç R
n
ðàäèóñà R ñ öåíòðîì

â íóëå. Êëàññ Cn+α
îïðåäåëÿåòñÿ êàê êëàññ òàêèõ �óíêöèé f ∈ Cn

, ó êîòîðûõ ÷àñòíûå

ïðîèçâîäíûå ïîðÿäêà n óäîâëåòâîðÿþò óñëîâèþ ��åëüäåðà  ïîêàçàòåëåì α. Íàïîìíèì
òàêæå, ÷òî âåêòîðíîå ïîëå A = (A1, . . . , An) êëàññà C

1
â îáëàñòè D ⊂ R

n
íàçûâàåòñÿ

ñîëåíîèäàëüíûì, åñëè

divA :=

n
∑

j=1

∂Aj

∂xj
= 0

âî âñåõ òî÷êàõ îáëàñòè D, è ïîòåíöèàëüíûì, åñëè ñóùåñòâóåò ñêàëÿðíîå ïîëå u â D
òàêîå, ÷òî

A = gradu :=

(

∂u

∂x1
, . . . ,

∂u

∂xn

)

.

Îäíèì èç ñóùåñòâåííûõ íåäîñòàòêîâ òåîðåìû B ÿâëÿåòñÿ îòñóòñòâèå ðàçëîæåíèÿ (3)

âî âñåì øàðå BR+1. Ýòî ñîçäàåò ñåðüåçíûå ïðåïÿòñòâèÿ äëÿ èçó÷åíèÿ ñâîéñòâ âåêòîðíîãî

ïîëÿ A íà âñåé îáëàñòè îïðåäåëåíèÿ. Êðîìå òîãî, ìåòîä äîêàçàòåëüñòâà òåîðåìû B íå

ïîçâîëÿåò ïîëó÷èòü ïîäîáíîå îïèñàíèå äëÿ îáëàñòåé âèäà

Ba,b = {x ∈ R
n : a < |x| < b} .

Â äàííîé ðàáîòå ïðåäëîæåí èíîé ïîäõîä, ïîçâîëÿþùèé ïðåîäîëåòü ïåðå÷èñëåííûå

âûøå òðóäíîñòè. Â òåîðåìàõ 1, 2 íèæå ïîëó÷åíî ïîëíîå îïèñàíèå âåêòîðíûõ ïîëåé â øà-

ðå è øàðîâîì ñëîå ïðîñòðàíñòâà R
n
, èìåþùèõ íóëåâîé ïîòîê ÷åðåç ãðàíèöó ëþáîãî øàðà

�èêñèðîâàííîãî ðàäèóñà, ëåæàùåãî â ýòèõ îáëàñòÿõ. Îòìåòèì, ÷òî ïðè ýòîì âîçíèêàþò

íîâûå ñïåöèàëüíûå �óíêöèè (ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ ïîðÿäêà (1, 2) è �óíêöèè

Ëîììåëÿ), êîòîðûå íå ïîÿâëÿëèñü ðàíåå â ïîäîáíûõ çàäà÷àõ äëÿ åâêëèäîâà ïðîñòðàí-

ñòâà.

2. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü r > 0 �èêñèðîâàíî, x ∈ R
n
,

Br(x) =
{

y ∈ R
n : |x− y| < r

}

,

Br(x) è ∂Br(x) � ñîîòâåòñòâåííî çàìûêàíèå è ãðàíèöà øàðà Br(x).
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Äëÿ îáëàñòè O ⊂ R
n
, ñîäåðæàùåé øàðû Br(x) ïðè íåêîòîðûõ x, îáîçíà÷èì ÷åðåç

Vr(O) ñîâîêóïíîñòü âñåõ íåïðåðûâíûõ âåêòîðíûõ ïîëåé A : O → R
n
ñ óñëîâèåì

∫

∂Br(x)

A · n dξ = 0 (∀x ∈ R
n : Br(x) ⊂ O),

ãäå n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå ∂Br(x), dξ � ýëåìåíò ïëîùàäè

íà ∂Br(x).

Äàëåå, êàê îáû÷íî, Sn−1
� åäèíè÷íàÿ ñ�åðà èç R

n
ñ öåíòðîì â íóëå, Hk � ïðî-

ñòðàíñòâî ñ�åðè÷åñêèõ ãàðìîíèê ñòåïåíè k íà Sn−1
. Ïðîñòðàíñòâî L2(Sn−1) ÿâëÿåòñÿ

ïðÿìîé ñóììîé ïîïàðíî îðòîãîíàëüíûõ ïðîñòðàíñòâ Hk, k = 0, 1, . . . (ñì., íàïðèìåð, [7,

ãë. 4, � 2℄). Ïóñòü dk � ðàçìåðíîñòü Hk,
{

Y
(k)
l

}dk
l=1

� �èêñèðîâàííûé îðòîíîðìèðîâàííûé

áàçèñ â Hk. Äëÿ òî÷êè x ∈ R
n
ïîëîæèì

ρ = |x|, σ =
x

|x| , x 6= 0.

Ôóíêöèÿ Y
(k)
l ïðîäîëæàåòñÿ äî îäíîðîäíîãî ãàðìîíè÷åñêîãî ìíîãî÷ëåíà ñòåïåíè k â R

n

ïî �îðìóëå

Y
(k)
l (x) = ρkY

(k)
l (σ).

Åñëè îáëàñòü O èíâàðèàíòíà îòíîñèòåëüíî âðàùåíèé ïðîñòðàíñòâà R
n
, òî âñÿêîé ëî-

êàëüíî ñóììèðóåìîé â O �óíêöèè f ñîîòâåòñòâóåò ðÿä Ôóðüå âèäà

f(x) =

∞
∑

k=0

dk
∑

l=1

fk,l(ρ)Y
(k)
l (σ),

ãäå

fk,l(ρ) =

∫

Sn−1

f(ρσ)Y
(k)
l (σ) dσ.

�àçëîæåíèå �óíêöèè Áåññåëÿ ïîðÿäêà ν ∈ R â ñòåïåííîé ðÿä èìååò âèä

Jν(t) =

(

t

2

)ν ∞
∑

m=0

(−1)m

m!Γ(ν +m+ 1)

(

t

2

)2m

, (5)

ãäå Γ � ãàììà-�óíêöèÿ. Ôóíêöèÿ Íåéìàíà ïîðÿäêà ν ∈ R âûðàæàåòñÿ ÷åðåç �óíêöèþ

Áåññåëÿ ïî �îðìóëå

Nν(t) = lim
µ→ν

Jµ(t) cos(πµ)− J−µ(t)

sin(πµ)
.

Ïàðà {Jν , Nν} ÿâëÿåòñÿ �óíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé äè��åðåíöèàëüíîãî óðàâ-

íåíèÿ Áåññåëÿ

t2
d2u

dt2
+ t

du

dt
+
(

t2 − ν2
)

u = 0.

Îáîçíà÷èì ÷åðåç 1F2(a1; b1, b2; t) ãèïåðãåîìåòðè÷åñêóþ �óíêöèþ ïîðÿäêà (1, 2), îïðå-
äåëÿåìóþ ðàâåíñòâîì

1F2(a1; b1, b2; t) =

∞
∑

k=0

(a1)k
(b1)k(b2)k

tk

k!
, (6)
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ãäå

(a)0 = 1, (a)k = a(a+ 1) . . . (a+ k − 1), k = 1, 2, . . .

(ñì., íàïðèìåð, [8, ãë. 4℄). Ïðèñîåäèíåííàÿ �óíêöèÿ Ëîììåëÿ ñ èíäåêñàìè µ, ν ∈ R

îïðåäåëÿåòñÿ ðàâåíñòâîì

Sµ,ν(t) =
tµ+1

(µ + 1)2 − ν2
1F2

(

1;
µ− ν + 3

2
,
µ+ ν + 3

2
;− t

2

4

)

+ 2µ−1Γ

(

µ− ν + 1

2

)

Γ

(

µ+ ν + 1

2

)

×
[

sin

(

π(µ − ν)

2

)

Jν(t)− cos

(

π(µ− ν)

2

)

Nν(t)

]

, (7)

ãäå ïðè µ ± ν = −1,−3,−5, . . . ïðàâàÿ ÷àñòü â (7) íàõîäèòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþ-

ùåãî ïðåäåëüíîãî ïåðåõîäà (ñì. [9, ïðèëîæåíèå II, � II.12℄). Êàê èçâåñòíî [10, ãë. 1, � 16℄,

�óíêöèÿ Sµ,ν ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ

t2
d2u

dt2
+ t

du

dt
+ (t2 − ν2)u = tµ+1.

Ñëåäóþùèå ðåçóëüòàòû äàþò îïèñàíèå ãëàäêèõ âåêòîðíûõ ïîëåé A, ïðèíàäëåæàùèõ

êëàññàì Vr(BR) è Vr(Ba,b) ñîîòâåòñòâåííî.

Òåîðåìà 1. Ïóñòü r > 0, r < R 6 +∞, A : BR → R
n
� âåêòîðíîå ïîëå êëàññà C∞

.

Òîãäà A ïðèíàäëåæèò Vr(BR) â òîì è òîëüêî òîì ñëó÷àå, êîãäà

A(x) = A
s(x) + B(x)x, x ∈ BR, (8)

ãäåA
s
� ñîëåíîèäàëüíîå âåêòîðíîå ïîëå êëàññà C∞

,B � ñêàëÿðíîå ïîëå, êîý��èöèåíòû

Ôóðüå êîòîðîãî ïðåäñòàâèìû ðÿäàìè

Bk,l(ρ) =
∞
∑

m=1

γm,k,l ρ
k
1F2

(

n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

, 0 6 ρ < R,

â êîòîðûõ êîíñòàíòû γm,k,l óáûâàþò áûñòðåå ëþáîé �èêñèðîâàííîé ñòåïåíè νm ïðè

m→ ∞.

Çäåñü è äàëåå B(x)x � âåêòîðíîå ïîëå, îïðåäåëÿåìîå ðàâåíñòâîì

B(x)x = (B(x)x1, . . . ,B(x)xn).

Òåîðåìà 2. Ïóñòü r > 0, 0 6 a < b 6 +∞, b − a > 2r, A : Ba,b → R
n
� âåêòîðíîå

ïîëå êëàññà C∞
. Òîãäà A ïðèíàäëåæèò Vr(Ba,b) â òîì è òîëüêî òîì ñëó÷àå, êîãäà

A(x) = A
s(x) +B(x)x, x ∈ Ba,b,

ãäåA
s
� ñîëåíîèäàëüíîå âåêòîðíîå ïîëå êëàññà C∞

, B � ñêàëÿðíîå ïîëå, êîý��èöèåíòû

Ôóðüå êîòîðîãî ïðåäñòàâèìû ðÿäàìè

Bk,l(ρ) =
∞
∑

m=1

αm,k,l

ρn−1

[

(n+ k − 2)Jn
2
+k−1

(νm
r
ρ
)

Sn
2
−1,n

2
+k−2

(νm
r
ρ
)

−

− Jn
2
+k−2

(νm
r
ρ
)

Sn
2
,n
2
+k−1

(νm
r
ρ
)]

+

+
βm,k,l

ρn−1

[

(n+ k − 2)Nn
2
+k−1

(νm
r
ρ
)

Sn
2
−1,n

2
+k−2

(νm
r
ρ
)

−

− Nn
2
+k−2

(νm
r
ρ
)

Sn
2
,n
2
+k−1

(νm
r
ρ
)]

+
γm,k,l

ρn
, a < ρ < b,
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â êîòîðûõ êîíñòàíòû αm,k,l, βm,k,l, γm,k,l óáûâàþò áûñòðåå ëþáîé �èêñèðîâàííîé ñòåïåíè

νm ïðè m→ ∞.

Â îòëè÷èå îò òåîðåìû B òåîðåìû 1, 2 äàþò ðàçëîæåíèå äëÿ ïîëåé A èç ðàññìàòðèâà-

åìûõ êëàññîâ íà âñåé îáëàñòè îïðåäåëåíèÿ. Îòìåòèì òàêæå, ÷òî òåîðåìû 1, 2 ÿâëÿþòñÿ

ðàçâèòèåì ðåçóëüòàòîâ Â. Â. Âîë÷êîâà îá îïèñàíèè �óíêöèé ñ íóëåâûìè èíòåãðàëàìè ïî

ñ�åðàì �èêñèðîâàííîãî ðàäèóñà íà ñëó÷àé âåêòîðíûõ ïîëåé (ñì. [1, 2℄, à òàêæå [3�5℄).

� 3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïðåæäå âñåãî íàïîìíèì íåêîòîðûå ñâîéñòâà âñòðå÷àþùèõñÿ âûøå ñïåöèàëüíûõ

�óíêöèé.

Äëÿ �óíêöèé Áåññåëÿ è Íåéìàíà ñïðàâåäëèâû ñëåäóþùèå �îðìóëû äè��åðåíöèðî-

âàíèÿ [8, ãë. 7℄

d

dt
(tνJν(t)) = tνJν−1(t),

d

dt
(tνNν(t)) = tνNν−1(t), (9)

d

dt

(

Jν(t)

tν

)

= −Jν+1(t)

tν
,

d

dt

(

Nν(t)

tν

)

= −Nν+1(t)

tν
. (10)

Îòìåòèì ñëåäóþùèå ñâîéñòâà �óíêöèé Ëîììåëÿ [9, ïðèëîæåíèå II, � II.12℄:

Sµ,−ν(t) = Sµ,ν(t), (11)

Sµ,ν(t) = tµ−1 +
(

ν2 − (µ− 1)2
)

Sµ−2,ν(t), (12)

2νSµ,ν(t) = (µ+ ν − 1)tSµ−1,ν−1(t)− (µ − ν − 1)tSµ−1,ν+1(t), (13)

d

dt
Sµ,ν(t) =

ν

t
Sµ,ν(t) + (µ− ν − 1)Sµ−1,ν+1(t). (14)

Èç (14) èìååì

d

dt
(tνSµ,ν(t)) = ν tν−1Sµ,ν(t) + tν

(ν

t
Sµ,ν(t) + (µ − ν − 1)Sµ−1,ν+1(t)

)

= tν−1
(

2νSµ,ν(t) + (µ − ν − 1)tSµ−1,ν+1(t)
)

.

Îòñþäà è èç (13) ïîëó÷àåì

d

dt
(tνSµ,ν(t)) = (µ + ν − 1)tνSµ−1,ν−1(t). (15)

Ëåììà 1. Äëÿ �óíêöèè h(t) = 1F2(α;α + 1, β; γt) èìååò ìåñòî ñîîòíîøåíèå

th′(t) + αh(t) = αΓ(β)
Jβ−1(2

√−γt)
√−γt β−1

.

⊳ Èç (6) è îïðåäåëåíèÿ h èìååì

αh(t) =

∞
∑

k=0

(α)kα

(α+ 1)k(β)k

(γt)k

k!
,

th′(t) =

∞
∑

k=0

(α)k
(α+ 1)k(β)k

k(γt)k

k!
.
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Ñêëàäûâàÿ ýòè ðàâåíñòâà è ó÷èòûâàÿ, ÷òî

(α)k
(α+ 1)k

(α+ k) = α,

ïîëó÷àåì

th′(t) + αh(t) = α

∞
∑

k=0

1

(β)k

(γt)k

k!
.

Òåïåðü èñïîëüçóÿ ðàçëîæåíèå

Jν(t) =
1

Γ(ν + 1)

(

t

2

)ν ∞
∑

k=0

1

(ν + 1)k

(−t2/4)k
k!

(ñì. (5)), ïðèõîäèì ê òðåáóåìîìó óòâåðæäåíèþ. ⊲

Ëåììà 2. Èìåþò ìåñòî ðàâåíñòâà

(

(µ+ ν − 1)tJν(t)Sµ−1,ν−1(t)− tJν−1(t)Sµ,ν(t)
)′

= tµJν(t), (16)

(

(µ+ ν − 1)tNν(t)Sµ−1,ν−1(t)− tNν−1(t)Sµ,ν(t)
)′

= tµNν(t). (17)

⊳ Èñïîëüçóÿ (9), (11) è (15), íàõîäèì

d

dt

(

tJν(t)Sµ−1,ν−1(t)
)

=
d

dt

(

tνJν(t)t
1−νSµ−1,1−ν(t)

)

= tJν−1(t)Sµ−1,ν−1(t) + (µ − ν − 1)tJν(t)Sµ−2,ν(t).

Äàëåå, ñ ïîìîùüþ (10) è (15) ïîëó÷àåì

d

dt

(

tJν−1(t)Sµ,ν(t)
)

=
d

dt

(

t1−νJν−1(t)t
νSµ,ν(t)

)

= −tJν(t)Sµ,ν(t) + (µ+ ν − 1)tJν−1(t)Sµ−1,ν−1(t).

Èñêëþ÷àÿ èç ïðàâûõ ÷àñòåé ýòèõ ñîîòíîøåíèé �óíêöèþ tJν−1(t)Sµ−1,ν−1(t), èìååì

d

dt

(

tJν−1(t)Sµ,ν(t)
)

= −tJν(t)Sµ,ν(t) + (µ + ν − 1)
d

dt

(

tJν(t)Sµ−1,ν−1(t)
)

+
(

ν2 − (µ− 1)2
)

tJν(t)Sµ−2,ν(t).

Îòñþäà è èç ñîîòíîøåíèÿ (12) ñëåäóåò �îðìóëà (16). �àâåíñòâî (17) äîêàçûâàåòñÿ àíà-

ëîãè÷íî. ⊲

Ëåììà 3. Ïóñòü ñêàëÿðíîå ïîëå B ∈ C1(O) èìååò âèä

B(x) = ϕ(ρ)Y
(k)
l (σ). (18)

Òîãäà

div(B(x)x) =
(

ρϕ′(ρ) + nϕ(ρ)
)

Y
(k)
l (σ). (19)

⊳ Äëÿ ëþáîãî ñêàëÿðíîãî ïîëÿ B ∈ C1(O) èìååì

div(B(x)x) =
n
∑

j=1

∂

∂xj
(xjB(x)) =

n
∑

j=1

B(x) + xj
∂B

∂xj
= nB(x) +

n
∑

j=1

xj
∂B

∂xj
. (20)
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Ïóñòü òåïåðü âûïîëíåíî óñëîâèå (18). Çàïèøåì B â âèäå

B(x) = ψ(ρ)Y
(k)
l (x), ψ(ρ) =

ϕ(ρ)

ρk
.

Òîãäà

∂B

∂xj
=
ψ′(ρ)

ρ
xjY

(k)
l (x) + ψ(ρ)

∂Y
(k)
l (x)

xj
.

Ñëåäîâàòåëüíî,

div(B(x)x) = nψ(ρ)Y
(k)
l (x) +

n
∑

j=1

ψ′(ρ)

ρ
x2jY

(k)
l (x) + ψ(ρ)

n
∑

j=1

xj
∂Y

(k)
l (x)

∂xj

=
(

nψ(ρ) + ψ′(ρ)ρ
)

Y
(k)
l (x) + ψ(ρ)

n
∑

j=1

xj
∂Y

(k)
l (x)

∂xj
.

Ïîýòîìó ïî òåîðåìå Ýéëåðà îá îäíîðîäíûõ �óíêöèÿõ

div(B(x)x) =
(

(n+ k)ψ(ρ) + ψ′(ρ)ρ
)

Y
(k)
l (x).

Ïîñêîëüêó

ψ′(ρ) =
ϕ′(ρ)

ρk
− k

ϕ(ρ)

ρk+1
,

îòñþäà âûòåêàåò òðåáóåìîå ðàâåíñòâî. ⊲

Èç ëåììû 3 íåïîñðåäñòâåííî ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 1. Èìååò ìåñòî ðàâåíñòâî

div

(

Y
(k)
l (σ)

ρn
x

)

= 0.

Ñëåäñòâèå 2. Ïóñòü

ϕ(ρ) = ρk1F2

(

n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

.

Òîãäà

div
(

ϕ(ρ)Y
(k)
l (σ)x

)

= (n+ k)Γ
(n

2
+ k
)

2
n
2
+k−1

×
(νm
r

)1−k−n
2

ρ1−
n
2 Jn

2
+k−1

(νm
r
ρ
)

Y
(k)
l (σ). (21)

⊳ Ïîëàãàÿ

ψ(t) = 1F2

(

n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;− ν2m

4r2
t

)

,

ïîëó÷àåì ϕ(ρ) = ρk ψ(ρ2) è

ρϕ′(ρ) + nϕ(ρ) = ρk
(

2ρ2ψ′(ρ2) + (n + k)ψ(ρ2)
)

. (22)
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Ïî ëåììå 1 èìååì

tψ′(t) +
(n+ k)

2
ψ(t) =

(n + k)

2
Γ
(n

2
+ k
)

2
n
2
+k−1

Jn
2
+k−1

(

νm
r ρ
)

(

νm
r ρ
)

n
2
+k−1

. (23)

Êîìáèíèðóÿ (22), (23) è (19), ïðèõîäèì ê (21). ⊲

Ñëåäñòâèå 3. Ïóñòü

ϕ(ρ) =

[

(n+ k − 2)Jn
2
+k−1

(νm
r
ρ
)

Sn
2
−1,n

2
+k−2

(νm
r
ρ
)

− Jn
2
+k−2

(νm
r
ρ
)

Sn
2
,n
2
+k−1

(νm
r
ρ
)

]

1

ρn−1
.

Òîãäà

div
(

ϕ(ρ)Y
(k)
l (σ)x

)

=
(νm
r

)
n
2

ρ1−
n
2 Jn

2
+k−1

(νm
r
ρ
)

Y
(k)
l (σ).

⊳ Èñïîëüçóÿ �îðìóëó

ρϕ′(ρ) + nϕ(ρ) =
1

ρn−1
(ρnϕ(ρ))′

è ëåììó 2 ïðè ν = n
2 + k − 1, µ = n

2 , íàõîäèì

ρϕ′(ρ) + nϕ(ρ) =
1

ρn−1

[

(n+ k − 2)
νm
r
ρJn

2
+k−1

(νm
r
ρ
)

Sn
2
−1,n

2
+k−2

(νm
r
ρ
)

−νm
r
ρ Jn

2
+k−2

(νm
r
ρ
)

Sn
2
,n
2
+k−1

(νm
r
ρ
)]′ r

νm
=
(νm
r

)
n
2

ρ1−
n
2 Jn

2
+k−1

(νm
r
ρ
)

.

Îòñþäà è èç ëåììû 3 ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå. ⊲

Àíàëîãè÷íî äîêàçûâàåòñÿ

Ñëåäñòâèå 4. Ïóñòü

ϕ(ρ) =
[

(n+ k − 2)Nn
2
+k−1

(νm
r
ρ
)

Sn
2
−1,n

2
+k−2

(νm
r
ρ
)

− Nn
2
+k−2

(νm
r
ρ
)

Sn
2
,n
2
+k−1

(νm
r
ρ
)] 1

ρn−1
.

Òîãäà

div
(

ϕ(ρ)Y
(k)
l (σ)x

)

=
(νm
r

)n
2

ρ1−
n
2Nn

2
+k−1

(νm
r
ρ
)

Y
(k)
l (σ).

Ëåììà 4. Ïóñòü A ∈ C1(Ba,b), ρ0 � �èêñèðîâàííîå ÷èñëî èç èíòåðâàëà (a, b), è

B(x) =

1
∫

ρ0
|x|

A (tx)tn−1dt, a < |x| < b.

Òîãäà

div (B(x)x) = A (x). (24)
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⊳ Ïðåæäå âñåãî îòìåòèì, ÷òî îïðåäåëåíèå �óíêöèè B ÿâëÿåòñÿ êîððåêòíûì. Äåé-

ñòâèòåëüíî, åñëè a < |x| 6 ρ0, òî 1 6
ρ0
|x| è ïðè 1 6 t 6 ρ0

|x| âûïîëíåíû íåðàâåíñòâà

a < |x| 6 t|x| 6 ρ0 < b.

Àíàëîãè÷íî, åñëè ρ0 < |x| < b, òî ρ0
|x| < 1 è ïðè ρ0

|x| 6 t 6 1 èìååì

a < ρ0 6 t|x| 6 |x| < b.

Äàëåå, ïî �îðìóëå Ëåéáíèöà íàõîäèì

∂B

∂xj
=

∂

∂xj

1
∫

ρ0(x2

1
+···+x2

n)
−1/2

A (tx1, . . . , txn)t
n−1 dt

= −A (tx)tn−1
∣

∣

t=ρ0/|x|

∂

∂xj

(

ρ0
|x|

)

+

1
∫

ρ0/|x|

∂

∂xj
(A (tx)) tn−1 dt

= −A

(

ρ0x

|x|

)(

ρ0
|x|

)n−1

ρ0
(−1)xj
|x|3 +

1
∫

ρ0/|x|

∂

∂xj
(A (tx)) tn−1 dt

= A

(

ρ0x

|x|

)

ρn0
|x|n+2

xj +

1
∫

ρ0/|x|

∂

∂xj
(A (tx)) tn−1 dt.

Îòñþäà (ñì. (20))

div(B(x)x) = nB(x) +

n
∑

j=1

xj
∂B

∂xj
= n

1
∫

ρ0/|x|

A (tx)tn−1 dt+

n
∑

j=1

A

(

ρ0x

|x|

)

ρn0
|x|n+2

x2j

+

1
∫

ρ0/|x|

n
∑

j=1

xj
∂

∂xj
(A (tx)) tn−1 dt = n

1
∫

ρ0/|x|

A (tx)tn−1 dt

+A

(

ρ0x

|x|

)(

ρ0
|x|

)n

+

1
∫

ρ0/|x|

tn





n
∑

j=1

xj
∂A

∂xj
(tx)



 dt.

(25)

Ïðåîáðàçóåì ïîñëåäíèé èíòåãðàë ñ ïîìîùüþ �îðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Òîãäà

1
∫

ρ0/|x|

tn





n
∑

j=1

xj
∂A

∂xj
(tx)



 dt =

1
∫

ρ0/|x|

d

dt
(A (tx)) tn dt

= tnA (tx)
∣

∣

1

ρ0/|x|
− n

1
∫

ρ0/|x|

A (tx)tn−1 dt.

Èñïîëüçóÿ ýòî ñîîòíîøåíèå è (25), ïîëó÷àåì ðàâåíñòâî (24). ⊲
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Ëåììà 5. Ïóñòü A ∈ C1(BR) è

B(x) =

1
∫

0

A (tx)tn−1 dt, |x| < R.

Òîãäà

div (B(x)x) = A (x).

⊳ Óòâåðæäåíèå ëåììû 5 ïîëó÷àåòñÿ òåìè æå ðàññóæäåíèÿìè, ÷òî è â äîêàçàòåëüñòâå

ëåììû 4. ⊲

4. Äîêàçàòåëüñòâà òåîðåì 1 è 2

Ïðèâåäåì äâà èçâåñòíûõ ðåçóëüòàòà (ñì. [1, 2℄), êîòîðûå ïîòðåáóþòñÿ íèæå.

Ëåììà 6. Ïóñòü r > 0, r < R 6 +∞, f ∈ C∞(BR). Òîãäà �óíêöèÿ f èìååò íóëåâûå

èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì â BR â òîì è òîëüêî òîì

ñëó÷àå, êîãäà ïðè âñåõ öåëûõ k > 0, 1 6 l 6 dk èìåþò ìåñòî ðàâåíñòâà

fk,l(ρ) = ρ1−
n
2

∞
∑

m=1

cm,k,l Jn
2
+k−1

(νm
r
ρ
)

, 0 6 ρ < R,

ãäå cm,k,l ∈ C è

cm,k,l = O

(

1

ναm

)

ïðè m→ ∞

äëÿ ëþáîãî �èêñèðîâàííîãî α > 0.

Ëåììà 7. Ïóñòü r > 0, 0 6 a < b 6 +∞, b− a > 2r, f ∈ C∞(Ba,b). Òîãäà �óíêöèÿ f
èìååò íóëåâûå èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì â Ba,b â òîì è

òîëüêî òîì ñëó÷àå, êîãäà ïðè âñåõ öåëûõ k > 0, 1 6 l 6 dk èìåþò ìåñòî ðàâåíñòâà

fk,l(ρ) = ρ1−
n
2

∞
∑

m=1

αm,k,l Jn
2
+k−1

(νm
r
ρ
)

+ βm,k,lNn
2
+k−1

(νm
r
ρ
)

, a < ρ < b,

ãäå αm,k,l ∈ C, βm,k,l ∈ C è

|αm,k,l|+ |βm,k,l| = O

(

1

ναm

)

ïðè m→ ∞

äëÿ ëþáîãî �èêñèðîâàííîãî α > 0.

⊳ Äîêàçàòåëüñòâî òåîðåì 1 è 2. Ïóñòü A ∈ Vr(BR) ∩ C∞(BR). Ïî �îðìóëå

�àóññà � Îñòðîãðàäñêîãî èìååì

∫

Br(x)

divA (y) dy =

∫

∂Br(x)

A · n dξ = 0 (∀x ∈ BR−r), (26)

ãäå n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå øàðà Br(x). Ýòî îçíà÷àåò, ÷òî
�óíêöèÿ divA èìååò íóëåâûå èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì
â BR. Îòñþäà ïî ëåììå 6

(divA)k,l(ρ) = ρ1−
n
2

∞
∑

m=1

cm,k,lJn
2
+k−1

(νmρ

r

)

, (27)
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ãäå êîíñòàíòû cm,k,l óáûâàþò áûñòðåå ëþáîé ñòåïåíè νm ïðè m → ∞. �àññìîòðèì âåê-

òîðíîå ïîëå C(x) = B(x)x, ãäå

B(x) =

1
∫

0

divA(tx)tn−1 dt.

Òîãäà

Bk,l(ρ) =

∫

Sn−1

B(ρσ)Y
(k)
l (σ) dσ =

∫

Sn−1





1
∫

0

divA(tρσ)tn−1 dt



Y
(k)
l (σ) dσ

=

1
∫

0





∫

Sn−1

divA(tρσ)Y
(k)
l (σ) dσ



 tn−1dt =

1
∫

0

(divA)k,l(tρ)t
n−1 dt.

Òåïåðü â ñîîòâåòñòâèè ñ (27)

Bk,l(ρ) =

1
∫

0

ρ1−
n
2

∞
∑

m=1

cm,k,lJn
2
+k−1

(

tνmρ

r

)

t
n
2 dt.

Èñïîëüçóÿ �îðìóëó

1
∫

0

Jν(at)t
λ dt =

aν

2ν(λ+ ν + 1)Γ(ν + 1)
1F2

(

λ+ ν + 1

2
;
λ+ ν + 3

2
, ν + 1;−a

2

4

)

,

Re(λ+ ν) > −1 (ñì. [11, ï. 1.9.1, �îðìóëà 1℄), ïîëó÷àåì

Bk,l(ρ) =

∞
∑

m=1

γm,k,l ρ
k
1F2

(

n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

, (28)

ãäå

γm,k,l =
cm,k,l

(n+ k)Γ
(

n
2 + k

)

2
n
2
+k−1

(νm
r

)
n
2
+k−1

.

Êðîìå òîãî, ïî ëåììå 5

divC = divA. (29)

Ïîëàãàÿ

A
s = A−C,

èç (28) è (29) ïîëó÷àåì ïðåäñòàâëåíèå (8). Îáðàòíîå óòâåðæäåíèå òåîðåìû ñëåäóåò èç

ñîîòíîøåíèé (21), (26) è ëåììû 6. Òàêèì îáðàçîì, òåîðåìà 1 äîêàçàíà.

Ïîâòîðÿÿ òåïåðü ðàññóæäåíèÿ âûøå ñ èñïîëüçîâàíèåì ñëåäñòâèé 1, 3, 4 è ëåìì 4, 7,

ïîëó÷àåì óòâåðæäåíèå òåîðåìû 2. ⊲

Â çàêëþ÷åíèå âûïèøåì ÿâíîå ðàçëîæåíèå ïîëåé

bm,k,l(x) = ρk 1F2

(

n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ

2r

)2
)

Y
(k)
l (σ)x,
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âîçíèêàþùèõ â òåîðåìå 1, â âèäå ñóììû ñîëåíîèäàëüíîé è ïîòåíöèàëüíîé ÷àñòè, óäî-

âëåòâîðÿþùåé óðàâíåíèþ âèäà (4) èç òåîðåìû B. Â ñèëó ðàâåíñòâà (21) è [3, ÷. 1, ãë. 5,

�îðìóëà (5.27)℄ èìååì

∆div bm,k,l(x) = −
(νm
r

)2
div bm,k,l(x).

Îòñþäà è èç ðàâåíñòâà ∆ = div grad íàõîäèì

div

(

grad div bm,k,l(x) +
ν2m
r2
bm,k,l(x)

)

= 0.

Êðîìå òîãî,

∆grad div bm,k,l(x) = grad∆div bm,k,l(x) = −
(νm
r

)2
grad div bm,k,l(x).

Ïîýòîìó èñêîìûå ñîëåíîèäàëüíàÿ è ïîòåíöèàëüíàÿ ÷àñòè ðàâíû

bm,k,l(x) +

(

r

νm

)2

grad div bm,k,l(x)

è

−
(

r

νm

)2

grad div bm,k,l(x)

ñîîòâåòñòâåííî.
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Abstrat. The lassial property of a periodi funtion on the real axis is the possibility of its

representation by a trigonometri Fourier series. The natural analogue of the periodiity ondition in the

Eulidean spae R
n
is the onstany of the integrals of the funtion over all balls (or spheres) of a �xed radius.

Funtions with the spei�ed property an be expanded in a series in speial eigenfuntions of the Laplae

operator. This fat admits a generalization to vetor �elds in R
n
, having zero �ow through spheres of �xed

radius. In this ase, Smith's representation arises for them as the sum of a solenoidal vetor �eld and an

in�nite number of potential vetor �elds. Potential vetor �elds satisfy the Helmholtz equation related to the

zeros of the Bessel funtion Jn/2. The purpose of this paper is to obtain loal analogs of the Smith theorem.

We study vetor �elds A with zero �ow through spheres of �xed radius on domains O in Eulidean spae

that are invariant with respet to rotations. Cases are onsidered when O = BR = {x ∈ R
n : |x| < R} or

O = Ba,b = {x ∈ R
n : a < |x| < b}. The desription of the �elds A onsists of two steps. The �rst step

proves the equality A(x) = A
s(x) + B(x)x, x ∈ O, where A

s
is a suitable solenoidal vetor �eld and B is a

salar �eld. The seond step is to desribe the funtions B(x). As the main tool for the desription of B(x),
multidimensional Fourier series in spherial harmonis are used. If O = BR then the Fourier oe�ients of the

funtion B(x) an be represented in the form of series in the hypergeometri funtions 1F2. In the ase of

O = Ba,b the orresponding Fourier oe�ients an be expanded in the series ontaining the Bessel, Neumann

and Lommel funtions. These results an be used in harmoni analysis of vetor �elds on domains in R
n
.

Key words: vetor �eld, zero spherial mean, spherial harmoni, Lommel funtion.
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