
Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë

2018, Òîì 20, Âûïóñê 4, Ñ. 35�42

ÓÄÊ 517.983.2

DOI 10.23671/VNC.2018.4.23385

LP − LQ-ÎÖÅÍÊÈ ÄËß ÎÏÅ�ÀÒÎ�ÎÂ ÒÈÏÀ ÏÎÒÅÍÖÈÀËÀ

Ñ ÎÑÖÈËËÈ�ÓÞÙÈÌÈ ßÄ�ÀÌÈ

Ì. Í. �óðîâ

1
, Â. À. Íîãèí

2

1
×ÎÓ ¾Ëèöåé êëàññè÷åñêîãî ýëèòàðíîãî îáðàçîâàíèÿ¿,

�îññèÿ, 344006, �îñòîâ-íà-Äîíó, óë. Ïóøêèíñêàÿ, 166A;

2
Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � �èëèàë ÂÍÖ �ÀÍ,

�îññèÿ, 362027, Âëàäèêàâêàç, óë. Ìàðêóñà, 22

E-mail: MGurov�inbox.ru, nogin�math.rsu.ru

Àííîòàöèÿ. Ïîëó÷åíû Lp −Lq-îöåíêè äëÿ îáîáùåííûõ ïîòåíöèàëîâ �èññà ñ îñöèëëèðóþùèìè ÿä-

ðàìè è õàðàêòåðèñòèêàìè øèðîêîãî êëàññà, âêëþ÷àþùåãî ïðîèçâåäåíèå îäíîðîäíîé �óíêöèè, áåñ-

êîíå÷íî äè��åðåíöèðóåìîé â R
n \{0}, è �óíêöèè êëàññà Cm,γ(Ṙ1

+). Îïèñàíû âûïóêëûå ìíîæåñòâà

(1/p, 1/q)-ïëîñêîñòè, äëÿ òî÷åê êîòîðûõ óïîìÿíóòûå îïåðàòîðû îãðàíè÷åíû èç Lp â Lq , è óêàçàíû

îáëàñòè, ãäå ýòè îïåðàòîðû íå îãðàíè÷åíû. Â íåêîòîðûõ ñëó÷àÿõ äîêàçàíà òî÷íîñòü ïîëó÷åííûõ

îöåíîê. Â ÷àñòíîñòè, ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè èññëåäóåìûõ

îïåðàòîðîâ â Lp. Â íàñòîÿùåå âðåìÿ èìååòñÿ ðÿä ðàáîò ïî Lp − Lq-îöåíêàì äëÿ îïåðàòîðîâ ñâåðò-

êè ñ îñöèëëèðóþùèìè ÿäðàìè, â ÷àñòíîñòè, äëÿ îïåðàòîðîâ Áîõíåðà � �èññà è àêóñòè÷åñêèõ ïî-

òåíöèàëîâ, âîçíèêàþùèõ â ðàçëè÷íûõ çàäà÷àõ àíàëèçà è ìàòåìàòè÷åñêîé �èçèêè. Â ýòèõ ðàáîòàõ

ðàññìàòðèâàþòñÿ ÿäðà, ñîäåðæàùèå òîëüêî ðàäèàëüíóþ õàðàêòåðèñòèêó b(r), êîòîðàÿ ñòàáèëèçè-

ðóåòñÿ íà áåñêîíå÷íîñòè êàê ã�åëüäåðîâñêàÿ �óíêöèÿ. Áëàãîäàðÿ ýòîìó ñâîéñòâó ïîëó÷åíèå îöåíîê

äëÿ óêàçàííûõ îïåðàòîðîâ ñâîäèëîñü ê ñëó÷àþ îïåðàòîðà ñ õàðàêòåðèñòèêîé b(r) ≡ 1. Ïîäîáíîå
ñâåäåíèå â ïðèíöèïå íåâîçìîæíî, êîãäà ÿäðî ïîòåíöèàëà �èññà ñîäåðæèò îäíîðîäíóþ õàðàêòåðè-

ñòèêó a(t′). Ïîýòîìó â ðàáîòå ðàçâèâàåòñÿ íîâûé ìåòîä, îñíîâàííûé íà ïîëó÷åíèè ñïåöèàëüíûõ

ïðåäñòàâëåíèé äëÿ ñèìâîëîâ ðàññìàòðèâàåìûõ îïåðàòîðîâ ñ ïîñëåäóþùèì ïðèìåíåíèåì òåõíèêè

Ôóðüå-ìóëüòèïëèêàòîðîâ, âûðîæäàþùèõñÿ èëè èìåþùèõ îñîáåííîñòè íà åäèíè÷íîé ñ�åðå â R
n
.

Êëþ÷åâûå ñëîâà: ïîòåíöèàë �èññà, îñöèëëèðóþùåå ÿäðî, Lp − Lq-îöåíêè, L -õàðàêòåðèñòèêà.

Mathematial Subjet Classi�ation (2000): 46E35, 26A33.

Îáðàçåö öèòèðîâàíèÿ: �óðîâ Ì. Í., Íîãèí Â. À. Lp − Lq-îöåíêè äëÿ îïåðàòîðîâ òèïà ïîòåí-

öèàëà ñ îñöèëëèðóþùèìè ÿäðàìè // Âëàäèêàâê. ìàò. æóðí.�2018.�Ò. 20, âûï. 4.�Ñ. 35�42. DOI:

10.23671/VNC.2018.4.23385.

Ââåäåíèå

Â ðàáîòå ïîëó÷åíû Lp − Lq-îöåíêè äëÿ îïåðàòîðîâ òèïà ïîòåíöèàëà

(Rαϕ)(x) =

∫

Rn

a(t′)b(|t|) ei|t|
|t|n−α

ϕ(x− t) dt, (1)

ãäå 0 < Reα < n, a(t′) (t′ = t/|t|) � îäíîðîäíàÿ íóëåâîé ñòåïåíè �óíêöèÿ, áåñêî-

íå÷íî äè��åðåíöèðóåìàÿ â R
n \ {0}, óäîâëåòâîðÿþùàÿ óñëîâèþ a(t′) 6≡ 0, t′ ∈ Sn−1

.
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Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ðàäèàëüíàÿ �óíêöèÿ b(r) ïðèíàäëåæèò êëàññó Cm,γ(Ṙ1
+)

ã�åëüäåðîâñêèõ �óíêöèé (ñì. � 2).

Â ðàáîòå îïèñàíû âûïóêëûå ìíîæåñòâà (1/p, 1/q)-ïëîñêîñòè, äëÿ òî÷åê êîòîðûõ îïå-
ðàòîð Rα

îãðàíè÷åí èç Lp â Lq, è óêàçàíû îáëàñòè, ãäå ýòîò îïåðàòîð íå îãðàíè÷åí

(ñì. òåîðåìó 1.1). Â íåêîòîðûõ ñëó÷àÿõ äîêàçàíà òî÷íîñòü ïîëó÷åííûõ îöåíîê (ñì. çà-

ìå÷àíèå 1.1). Â ÷àñòíîñòè, ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íîå óñëîâèÿ îãðàíè÷åííîñòè

îïåðàòîðà (1) â Lp.

Â íàñòîÿùåå âðåìÿ èìååòñÿ ðÿä ðàáîò ïî Lp − Lq-îöåíêàì äëÿ îïåðàòîðîâ ñâåðòêè

ñ îñöèëëèðóþùèìè ÿäðàìè, â ÷àñòíîñòè, äëÿ îïåðàòîðîâ Áîõíåðà � �èññà è àêóñòè÷å-

ñêèõ ïîòåíöèàëîâ, âîçíèêàþùèõ â ðàçëè÷íûõ çàäà÷àõ àíàëèçà è ìàòåìàòè÷åñêîé �èçèêè

(ñì. êíèãè [1℄ è [2℄, à òàêæå ðàáîòû [3�6, 7�9℄). Âî âñåõ óïîìÿíóòûõ ðàáîòàõ, êðîìå [3℄

è [7℄, ðàññìàòðèâàëèñü ÿäðà, ñîäåðæàùèå òîëüêî ðàäèàëüíóþ õàðàêòåðèñòèêó b(r), êî-
òîðàÿ ñòàáèëèçèðóåòñÿ íà áåñêîíå÷íîñòè êàê ã�åëüäåðîâñêàÿ �óíêöèÿ. Áëàãîäàðÿ ýòîìó

ñâîéñòâó ïîëó÷åíèå îöåíîê äëÿ óêàçàííûõ îïåðàòîðîâ ñâîäèëîñü ê ñëó÷àþ îïåðàòîðà

ñ õàðàêòåðèñòèêîé b(r) ≡ 1. Ïîäîáíîå ñâåäåíèå â ïðèíöèïå íåâîçìîæíî, êîãäà ÿäðî îïå-
ðàòîðà (1) ñîäåðæèò îäíîðîäíóþ õàðàêòåðèñòèêó a(t′).

Â ðàáîòå [3℄ áûëè ïîëó÷åíû îöåíêè äëÿ ïîòåíöèàëà (1) â ñëó÷àå b(|t|) ≡ 1 è (n−1)/2 <
Reα < n. Îäíàêî, èñïîëüçîâàííûé â íåé ìåòîä, îñíîâàííûé íà ïðåäñòàâëåíèè îïåðàòîðà
Rα

a ÷åðåç îïåðàòîð Áîõíåðà � �èññà è íåêîòîðûé îïåðàòîð, áëèçêèé ê àêóñòè÷åñêîìó

ïîòåíöèàëó, íå ðàáîòàåò ïðè Reα 6 (n− 1)/2.
Â ðàáîòå [7℄ ðàçâèâàåòñÿ íîâûé ìåòîä, îñíîâàííûé íà ïîëó÷åíèè ñïåöèàëüíûõ ïðåä-

ñòàâëåíèé äëÿ ñèìâîëà îïåðàòîðà (1) (â ñëó÷àå b(|t|) ≡ 1) ñ ïîñëåäóþùèì ïðèìåíåíèåì

òåõíèêè Ôóðüå-ìóëüòèïëèêàòîðîâ, âûðîæäàþùèõñÿ èëè èìåþùèõ îñîáåííîñòè íà åäè-

íè÷íîé ñ�åðå â R
n
. Ýòîò ìåòîä ïîçâîëÿåò ïîëó÷èòü Lp − Lq-îöåíêè äëÿ ïîòåíöèàëà (1)

â ñëó÷àå b(|t|) ≡ 1 ïðè ëþáûõ çíà÷åíèÿõ α, óäîâëåòâîðÿþùèõ óñëîâèþ 0 < Reα < n.

1. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà

Â ðàáîòå èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: (A,B, . . . ,K) � îòêðûòûé ìíîãî-

óãîëüíèê â R
2
ñ âåðøèíàìè â òî÷êàõ A,B, . . . ,K; [A,B, . . . ,K] � åãî çàìûêàíèå.

×åðåç L (A) îáîçíà÷èì L -õàðàêòåðèñòèêó îïåðàòîðà A, ò. å. ìíîæåñòâî âñåõ òî-

÷åê (1/p, 1/q)-ïëîñêîñòè (1 6 p 6 q 6 ∞) òàêèõ, ÷òî îïåðàòîð A îãðàíè÷åí èç Lp â Lq.

Ïóñòü 0 < Reα < n. Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå òî÷êè (1/p, 1/q)-ïëîñêîñòè:

A =

(

1, 1 − Reα

n

)

, A′ =

(

Reα

n
, 0

)

,

C =

(

3

2
− 2Reα

n− 1
,
3

2
− 2Reα

n− 1

)

, C ′ =

(

2Reα

n− 1
− 1

2
,
2Reα

n− 1
− 1

2

)

,

E = (1, 0), F =

(

1

2
,
1

2

)

,

G =

(

1− (n− Reα)(n − 1)

n(n+ 3)
, 1− Reα

n

)

, G′ =

(

Reα

n
,
(n− Reα)(n − 1)

n(n+ 3)

)

,

H =

(

1− Reα

n
, 1− Reα

n

)

, H ′ =

(

Reα

n
,
Reα

n

)

,

O = (1, 1), O′ = (0, 0),

K =

(

2(Reα+ 1)

n+ 1
− 1

2
,
1

2

)

, K ′ =

(

1

2
,
3

2
− 2(Reα+ 1)

n+ 1

)

,
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B =

(

1− (n − 1)(n − Reα)

n(n+ 1)
, 1− Reα

n

)

, B′ =

(

Reα

n
,
(n − 1)(n − Reα)

n(n+ 1)

)

.

O′

O

E
1/p

1/q

A′

G

F

G′

H ′
C ′

C
H A

�èñ. 1.

O′

O

E
1/p

1/q

A′
G′

H ′

H

K ′

K

B

B′

G A

�èñ. 2.

Íàì ïîíàäîáÿòñÿ òàêæå ñëåäóþùèå ìíîæåñòâà íà (1/p, 1/q)-ïëîñêîñòè (ñì. ðèñ. 1 è 2
äëÿ ñëó÷àåâ 0 < Reα 6

n−1
2 è

n−1
2 < Reα < n ñîîòâåòñòâåííî):

L1(α, n) =



















































[A′,H ′,H,A,E] \ ([A′,H ′] ∪ [A,H]), 0 < Reα 6
n(n−1)
2(n+1) ,

(A′, G′, C ′, C,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ (C ′, C), n(n−1)
2(n+1) < Reα < n−1

2 ,

(A′, G′, F,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ {F}, Reα = n−1
2 , Imα 6= 0,

(A′, G′, F,G,A,E) ∪ (A,E] ∪ (A′, E), α = n−1
2 ,

(A′, G′,K ′,K,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ [K ′,K], n−1
2 < Reα < n

2 ,

(A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E), n
2 6 Reα < n, Imα 6= 0,

(A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E) ∪ (B′, B), n
2 6 α < n,

L2(α, n) = [O,A,A′, O′] \ ({A′} ∪ {A}).



38 �óðîâ Ì. Í., Íîãèí Â. À.

Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1.1. Ïóñòü 0 < Reα < n.
I. Ñïðàâåäëèâî âëîæåíèå

L (Rα) ⊃ L1(α, n) ∩ L2(α, n). (2)

II. Ìíîæåñòâî L (Rα) íå ñîäåðæèò òî÷åê ëåæàùèõ:

1) íà îòðåçêå [A,H] è âûøå íåãî, åñëè a(σ) 6= 0, σ ∈ Sn−1
;

2) íà îòðåçêå [A′,H ′] è ëåâåå íåãî ïðè òîì æå óñëîâèè íà õàðàêòåðèñòèêó a(σ), ÷òî è
â ï. 1);

3) íà îòðåçêå [O′, O], åñëè α = (n− 1)/2;
4) íèæå ïðÿìîé A′A, à òàêæå òî÷êè A′

è A.

Çàìå÷àíèå 1.1. Ïðè 0 < Reα 6
n(n−1)
2(n+1) è n/2 6 α < n ïîëó÷åííûå îöåíêè ÿâëÿþòñÿ

òî÷íûìè. À èìåííî,

L (Rα) = [A′,H ′,H,A] \ ([A′,H ′] ∪ [A,H]), 0 < Reα 6
n(n− 1)

2(n+ 1)
,

L (Rα) = (A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E) ∪ (B′, B), n/2 6 α < n.

Â ÷àñòíîñòè, äëÿ òàêèõ α ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îãðàíè÷åí-

íîñòè îïåðàòîðà (1) â Lp. Èìåííî, ýòîò îïåðàòîð îãðàíè÷åí â Lp òîãäà è òîëüêî òîãäà,

êîãäà n/(n− Reα) < p < n/Reα.

2. Âñïîìîãàòåëüíûå ñâåäåíèÿ è óòâåðæäåíèÿ

Ñëåäóÿ [1℄, áóäåì ãîâîðèòü, ÷òî �óíêöèÿ f(r) ïðèíàäëåæèò êëàññó Cm;γ(Ṙ1
+),

m = 0, 1, 2, . . . , è 0 6 γ 6 m, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

i) �óíêöèÿ f(r) ∈ Cm(R1
+ \ {0});

ii) �óíêöèÿ f∗(r) = f(1r ) èìååò â òî÷êå r = 0 ïðîèçâîäíûå äî m-ãî ïîðÿäêà âêëþ÷è-
òåëüíî;

iii) â òî÷êå r = 0 �óíêöèÿ f(r) èìååò íåïðåðûâíûå ïðîèçâîäíûå äî ïîðÿäêà [γ]
âêëþ÷èòåëüíî, è ñïðàâåäëèâà îöåíêà

|f (p)(r)| 6 rγ−p,

ïðè r → 0, p = [γ] + 1, . . . ,m.
Â ñëó÷àå γ = m èìååì Cm;m(Ṙ1

+) = Cm(Ṙ1
+).

Ëåììà 2.1 [1℄. Ïóñòü f(r) ∈ Cm,γ(Ṙ1
+), m > 1. Òîãäà ñïðàâåäëèâî ðàçëîæåíèå

f(r) =
m−1
∑

k=0

ak
(1 + r2)k/2

+ fm(r),

ãäå

ak =
1

k!
f
(k)
∗ (0) =

(−1)k

k!

(

(1 + r2)3/2

r

d

dr

)k

f(r)
∣

∣

r=∞, (3)

fm(r) =
1

(m− 1)!(1 + r2)m/2

1
∫

0

(1− u)m−1f
(m)
∗

(

u√
1 + r2

)

du. (4)

Çäåñü f∗(t) = f
(√

1−t2

t

)

.



Lp − Lq-îöåíêè äëÿ îïåðàòîðîâ òèïà ïîòåíöèàëà ñ îñöèëëèðóþùèìè ÿäðàìè 39

Êðîìå òîãî, ñïðàâåäëèâà îöåíêà

|fm(r)| 6 c(1 + r2)−
m

2 , (5)

äëÿ íåêîòîðîãî c > 0.

Äàëåå, ðàññìîòðèì ïîòåíöèàë

(Rα
aϕ)(x) =

∫

Rn

a(t′)ei|t|

|t|n−α
ϕ(x− t) dt,

ãäå 0 < Reα < n, a(t′), t′ = t/|t|, � îäíîðîäíàÿ íóëåâîé ñòåïåíè �óíêöèÿ, áåñêîíå÷íî

äè��åðåíöèðóåìàÿ â R
n \ {0}, óäîâëåòâîðÿþùàÿ óñëîâèþ a(t′) 6≡ 0, t′ ∈ Sn−1

.

Â ðàáîòå äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2.1 [7℄. Ïóñòü 0 < Reα < n.

I. Ñïðàâåäëèâî âëîæåíèå

L (Rα
a ) ⊃ L1(α, n) ∩ L2(α, n).

II. Ìíîæåñòâî L (Rα
a ) íå ñîäåðæèò òî÷åê, ëåæàùèõ:

1) íà îòðåçêå [A,H] è âûøå íåãî, åñëè a(σ) 6= 0, σ ∈ Sn−1
;

2) íà îòðåçêå [A′,H ′] è ëåâåå íåãî ïðè òîì æå óñëîâèè íà õàðàêòåðèñòèêó a(σ), ÷òî è
â ï. 1);

3) íà îòðåçêå [O′, O], åñëè α = (n− 1)/2;

4) íèæå ïðÿìîé A′A, à òàêæå òî÷êè A′
è A.

3. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Èìååì

(Rαϕ)(x) =

(

∫

|t|<1

+

∫

|t|>1

)

b(|t|)a(t′)ei|t|
|t|n−α

ϕ(x− t) dt ≡ (Mα,0ϕ)(x) + (Mα,∞ϕ)(x).

Îòìåòèì, ÷òî ÿäðî mα,0(t) îïåðàòîðà Mα,0
ïðèíàäëåæèò L1. Ñëåäîâàòåëüíî, îïåðà-

òîð Mα,0
îãðàíè÷åí â Lp, 1 6 p 6 ∞.

Ñ äðóãîé ñòîðîíû, äëÿ îïåðàòîðà Mα,0
ñïðàâåäëèâà òåîðåìà Ñîáîëåâà. Îòñþäà ñëå-

äóåò, ÷òî

L (Mα,0) ⊃ [O′, O,A,A′] \ ({A′} ∪ {A}). (6)

�àññóæäàÿ òàê æå, êàê è â ñòàòüå [6℄, çàêëþ÷àåì, ÷òî L (Mα,0) íå ñîäåðæèò òî÷åê ìíî-
æåñòâà [A′, A,E] \ (A′, A).

�àññìîòðèì îïåðàòîð Mα,∞
. Â ñèëó ëåììû 2.1 èìååì

b(r) =

m−1
∑

k=0

ak
(1 + r2)k/2

+ bm(r),

ãäå êîý��èöèåíòû ak è �óíêöèÿ bm(r) îïðåäåëÿþòñÿ ðàâåíñòâàìè (3) è (4) ñîîòâåòñòâåí-
íî.
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�àçëîæèâ �óíêöèþ (1 + r2)−k/2
ïî �îðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòå-

ãðàëüíîé �îðìå, áóäåì èìåòü

b(r) =

m−1
∑

k=0

ak
rk

(

1 +

l−1
∑

s=1

(−k
2

s

)

1

r2s
+Rl

(

1

r2

)

)

+ bm(r), (7)

ãäå r > 1, m > 1,
(

n
k

)

= n(n−1)...(n−k+1)
k! ,

Rl

(

1

r2

)

=
1

r2l (l − 1)!

1
∫

0

(1− u)l−1((1 +
u

r2
)−k/2)(l) du,

çäåñü l =
[

α
2

]

+ 1.
Ñ ó÷åòîì (7) ïîëó÷àåì

(Mα,∞ϕ)(x) = a0(R
α
a )(x) +

m−1
∑

k=1

ak(R
α−k
a )(x)

+

m−1
∑

k=0

l−1
∑

s=1

(−k
2

s

)

ak(R
α−k−2s
a )(x) +

m−1
∑

k=0

ak(T
α−k
a ϕ)(x) + (Sα

aϕ)(x).

Çäåñü

(Tα−k
a ϕ)(x) =

∫

|t|>1

a(t′)Rl(1/|t|2)ei|t|
|t|n−(α−k)

ϕ(x− t) dt,

(Sα
aϕ)(x) =

∫

|t|>1

a(t′)bm(|t|)ei|t|
|t|n−α

ϕ(x− t) dt.

Çàìåòèì, ÷òî äëÿ îïåðàòîðîâ Rα
è Rα−k−2s

(0 6 k 6 m−1, 1 6 s 6 l−1) ñïðàâåäëèâà
òåîðåìà 2.1. Èç óêàçàííîé òåîðåìû âûòåêàþò âëîæåíèÿ

L (Rα
a ) ⊃ L1(α, n) ∩ L2(α, n); (8)

L (Rα−k−2s
a ) ⊃ L1(α, n) ∩ L2(α, n). (9)

Êðîìå òîãî, èç óòâåðæäåíèé ï. II òåîðåìû 2.1 âûòåêàåò, ÷òî ìíîæåñòâî L (Rα
a ) íå ñî-

äåðæèò òî÷åê, ëåæàùèõ:

1) íà îòðåçêå [A,H] è âûøå íåãî, åñëè a(σ) 6= 0, σ ∈ Sn−1
;

2) íà îòðåçêå [A′,H ′] è ëåâåå íåãî ïðè òîì æå óñëîâèè íà õàðàêòåðèñòèêó a(σ), ÷òî è
â ï. 1);

3) íà îòðåçêå [O′, O], åñëè α = (n− 1)/2;
4) íèæå ïðÿìîé A′A, à òàêæå òî÷êè A′

è A.
Ïîñêîëüêó ÿäðà îïåðàòîðîâ Tα−k

a , 0 6 k 6 m − 1, ïðèíàäëåæàò L1, òî, ñ îäíîé

ñòîðîíû, îïåðàòîðû Tα−k
a îãðàíè÷åíû â Lp, 1 6 p < ∞, à ñ äðóãîé � â L∞.

Èíòåðïîëèðóÿ, ïîëó÷àåì

L (Tα−k
a ) = [O′, O,E], 0 6 k 6 m− 1. (10)

Äàëåå, ñ ó÷åòîì (5) èìååì

L (Sα
a ) = [O′, O,E]. (11)

Èç óñëîâèé (6), (8)�(11) âûòåêàåò óòâåðæäåíèå òåîðåìû 1.1.
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Abstrat. We onsider a lass of multidimensional potential-type operators whose kernels are osillating

at in�nity. The harateristis of these operators are from a wide lass of funtions inluding the produt of

a homogeneous funtion in�nitely di�erentiable in R
n \ {0} and any funtion from Cm,γ(Ṙ1

+). We desribe

onvex sets in the (1/p; 1/q)-plane for whih these operators are bounded from Lp into Lq and indiate the

domains where they are not bounded. In some ases, the auray of the estimates obtained is proved. In

partiular, neessary and su�ient onditions for the boundedness of the operators under onsidered in Lp are
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obtained. Currently, there is a number of papers on Lp−Lq-estimates for onvolution operators with osillating

kernels, in partiular, for the Bohner�Riesz operators and aousti potentials arising in various problems of

analysis and mathematial physis. These papers over kernels ontaining only the radial harateristi b(r),
whih stabilized at in�nity as a H�elder funtion. Due to this property, the derivation of estimates for the

indiated operators was redued to the ase of an operator with the harateristi b(r) ≡ 1. Suh a redution
is impossible when the Riesz potential kernel ontains a homogeneous harateristi a(t′). To reeive the

results we use new method whih based on speial representation of the symbols multidimensional potential-

type operators. To these representations of the symbols we apply the tehnique of Fourier-multipliers, whih

degenerate or have singularities on the unit sphere in R
n
.

Key words: potential-type operators, osillating kernel, Lp − Lq-estimates, L -harateristis.
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