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Àííîòàöèÿ. Çàäà÷à íàõîæäåíèÿ òî÷íîé îöåíêè âåëè÷èíû íàèëó÷øåãî ïðèáëèæåíèÿ En−1(f)p,
1 6 p 6 ∞, ÷åðåç óñðåäíåííóþ âåëè÷èíó ìîäóëÿ íåïðåðûâíîñòè è ìîäóëÿ ãëàäêîñòè ñàìîé �óíê-

öèè è åå ñîîòâåòñòâóþùèõ ïðîèçâîäíûõ ÿâëÿåòñÿ îäíîé èç èíòåðåñíûõ çàäà÷ òåîðèè ïðèáëèæåíèé.

Â ñâîå âðåìÿ Í. Ï. Êîðíåé÷óê ðàññìîòðåë ýòó çàäà÷ó äëÿ êëàññà 2π-ïåðèîäè÷åñêèõ �óíêöèé f(x)
ñ âûïóêëûì ìîäóëåì íåïðåðûâíîñòè ω(f ′, t) â ìåòðèêå ïðîñòðàíñòâà íåïðåðûâíûõ �óíêöèé C[0, 2π].
Àíàëîãè÷íóþ çàäà÷ó áåç ïðåäïîëîæåíèÿ âûïóêëîñòè ìîäóëÿ íåïðåðûâíîñòè ãðàíè÷íûõ çíà÷åíèé

àíàëèòè÷åñêèõ â êðóãå �óíêöèé â ïðîñòðàíñòâå Õàðäè Hp, 1 6 p 6 ∞, ðàññìîòðåë Ë. Â. Òàéêîâ.

Ïðîäîëæàÿ èññëåäîâàíèå óêàçàííûõ àâòîðîâ, â ïðîñòðàíñòâàõ Õàðäè Hp, p > 1, Ì. Ø. Øàáîçîâ

è Ì. Ì. Ìèðêàëîíîâà äîêàçàëè íîâûå òî÷íûå íåðàâåíñòâà, â êîòîðûõ íàèëó÷øåå ïîëèíîìèàëü-

íîå ïðèáëèæåíèå àíàëèòè÷åñêèõ �óíêöèé îöåíèâàåòñÿ ÷åðåç ñóììû óñðåäíåííûõ çíà÷åíèé ìîäóëåé

íåïðåðûâíîñòè ñàìîé �óíêöèè è íåêîòîðîé åå ïðîèçâîäíîé. Â íàñòîÿùåé ðàáîòå ïîëó÷åíû òî÷íûå

íåðàâåíñòâà ìåæäó íàèëó÷øèìè ïîëèíîìèàëüíûìè ïðèáëèæåíèÿìè àíàëèòè÷åñêèõ â åäèíè÷íîì

êðóãå �óíêöèé àëãåáðàè÷åñêèìè êîìïëåêñíûìè ïîëèíîìàìè è ìîäóëÿìè íåïðåðûâíîñòè è ãëàäêî-

ñòè ñàìîé �óíêöèè è åå âòîðîé ïðîèçâîäíîé â âåñîâîì ïðîñòðàíñòâå Áåðãìàíà. Âû÷èñëåíû òî÷íûå

çíà÷åíèÿ áåðíøòåéíîâñêèõ è êîëìîãîðîâñêèõ n-ïîïåðå÷íèêîâ êëàññîâ �óíêöèé, çàäàâàåìûõ â âå-

ñîâîì ïðîñòðàíñòâå Áåðãìàíà. Ïîëó÷åííûå â ïîñëåäíåé òåîðåìû ðåçóëüòàòû ÿâëÿþòñÿ îáîáùåíèåì

ðåçóëüòàòà Ë. Â. Òàéêîâà, ïîëó÷åííîãî äëÿ êëàññîâ äè��åðåíöèðóåìûõ ïåðèîäè÷åñêèõ �óíêöèé, íà

ñëó÷àé àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé, ïðèíàäëåæàùèõ ïðîñòðàíñòâó Bq,γ , 1 6 q 6 ∞.
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1. Ââåäåíèå

Â íàñòîÿùåå âðåìÿ äîñòèãíóò çíà÷èòåëüíûé ïðîãðåññ â ðåøåíèè çàäà÷ íàõîæäåíèÿ

òî÷íûõ çíà÷åíèé íàèëó÷øèõ ïîëèíîìèàëüíûõ ïðèáëèæåíèé àíàëèòè÷åñêèõ â åäèíè÷íîì

êðóãå �óíêöèé è âû÷èñëåíèÿ òî÷íûõ çíà÷åíèé n-ïîïåðå÷íèêîâ êëàññîâ àíàëèòè÷åñêèõ
�óíêöèé â ðàçëè÷íûõ �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ (ñì., íàïðèìåð, [1�12℄ è ïðèâå-

äåííóþ òàì ëèòåðàòóðó). Ïðåäñòàâëåííûå â íàñòîÿùåé ðàáîòå ðåçóëüòàòû ïðîäîëæàþò

è ðàçâèâàþò èññëåäîâàíèÿ â óêàçàííîì íàïðàâëåíèè.

© 2019 Ëàíãàðøîåâ Ì. �.
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Ïóñòü C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë, N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë è Z+ �

ìíîæåñòâî öåëûõ ïîëîæèòåëüíûõ ÷èñåë.

Èçâåñòíî, ÷òî àíàëèòè÷åñêàÿ â åäèíè÷íîì êðóãå U = {z ∈ C : |z| < 1} �óíêöèÿ

f(z) =

∞
∑

k=0

ckz
k, z = ρeit, 0 6 ρ < 1,

ïðèíàäëåæèò âåñîâîìó ïðîñòðàíñòâó Áåðãìàíà Bq,γ, 1 6 q 6 ∞, ñ êîíå÷íîé íîðìîé [8℄

‖f‖Bq,γ =

(

1

2π

∫∫

(U)

γ(|z|)|f(z)|q dσ

)1/q

< ∞, 1 6 q 6 ∞, (1)

ãäå γ(|z|) � ïîëîæèòåëüíàÿ èíòåãðèðóåìàÿ âåñîâàÿ �óíêöèÿ, dσ � ýëåìåíò ïëîùàäè, è

èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà.

Î÷åâèäíî, ÷òî íîðìó (1) ìîæíî çàïèñàòü â âèäå

‖f‖Bq,γ =

(

1

2π

1
∫

0

2π
∫

0

ργ(ρ)
∣

∣f
(

ρeit
)∣

∣

q
dρ dt

)1/q

< ∞.

×åðåç f
(r)
a (z) = ∂rf(ρeit)/∂tr îáîçíà÷èì ïðîèçâîäíóþ r-ãî ïîðÿäêà �óíêöèè f(z) =

f(ρeit) ïî àðãóìåíòó t. Ïðè ýòîì

f ′
a(z) = f ′(z) · zi, f (r)

a (z) =
{

f (r−1)
a (z)

}′

a
, r > 2.

Âåëè÷èíû

ω
(

f (r)
a , t

)

Bq,γ
= sup

|h|6t

∥

∥f (r)
a (·+ h)− f (r)

a (·)
∥

∥

Bq,γ
,

ω2

(

f (r)
a , 2t

)

Bq,γ
= sup

|h|6t

∥

∥f (r)
a (·+ h)− 2f (r)

a (·) + f (r)
a (· − h)

∥

∥

Bq,γ

ñîîòâåòñòâåííî íàçîâåì èíòåãðàëüíûì ìîäóëåì íåïðåðûâíîñòè è èíòåãðàëüíûì ìîäó-

ëåì ãëàäêîñòè �óíêöèè f
(r)
a (z) â ïðîñòðàíñòâå Bq,γ, 1 6 q 6 ∞, ïîñêîëüêó �óíêöèè

ω
(

f
(r)
a , t

)

Bq,γ
è ω2

(

f
(r)
a , 2t

)

Bq,γ
îáëàäàþò âñåìè ñâîéñòâàìè ìîäóëÿ íåïðåðûâíîñòè è ìî-

äóëÿ ãëàäêîñòè (ñì., íàïðèìåð, [13℄).

Äëÿ ëþáûõ n ∈ N è ak ∈ C, k = 0, 1, . . . , n, ñèìâîëîì

Pn =

{

pn(z) : pn(z) =
n
∑

k=0

akz
k

}

îáîçíà÷èì ìíîæåñòâî àëãåáðàè÷åñêèõ êîìïëåêñíûõ ïîëèíîìîâ ñòåïåíè íå âûøå n.
Âåëè÷èíó

En(f)Bq,γ = inf
{

‖f − pn−1‖Bq,γ : pn−1(z) ∈ Pn−1

}

íàçîâåì íàèëó÷øèì ïðèáëèæåíèåì �óíêöèè f(z) ∈ Bq,γ , 1 6 q 6 ∞, ìíîæåñòâîì Pn−1.
×åðåç Bq,γ,R (1 6 q 6 ∞, 0 < R 6 1) îáîçíà÷èì ïðîñòðàíñòâî Áåðãìàíà Bq,γ àíàëè-

òè÷åñêèõ â êðóãå |z| 6 R �óíêöèé f(z), äëÿ êîòîðûõ

‖f(·)‖Bq,γ,R

def

= ‖f(R·)‖Bq,γ < ∞, 1 6 q 6 ∞, 0 < R 6 1.
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Â ðàáîòå [11℄ äîêàçàíî, ÷òî äëÿ ïðîèçâîëüíîé �óíêöèè f(z) ∈ Bq,γ,R, 1 6 q 6 ∞,

0 < R 6 1, ó êîòîðîé ïðîèçâîäíàÿ f
(r)
a (z) ∈ Bq,γ, 1 6 q 6 ∞, ïðè ëþáûõ r, n ∈ N èìåþò

ìåñòî òî÷íûå íåðàâåíñòâà

En(f)Bq,γ,R
6 Rnn−rEn

(

f (r)
a

)

Bq,γ
, (2)

En(f)Bq,γ,R
6

Rn

4nr−1

π/n
∫

0

ω
(

f (r)
a , t

)

Bq,γ
dt. (3)

Â íàñòîÿùåé ðàáîòå, èñõîäÿ èç íåðàâåíñòâà (2) è (3), ìû ïîëó÷èì òî÷íûå îöåíêè âåëè-

÷èíû íàèëó÷øåãî ïðèáëèæåíèÿ �óíêöèè f(z) ∈ Bq,γ , 1 6 q 6 ∞, ÷åðåç óñðåäíåííûå
çíà÷åíèÿ ìîäóëÿ íåïðåðûâíîñòè è ìîäóëÿ ãëàäêîñòè ñàìîé �óíêöèè è åå âòîðîé ïðî-

èçâîäíîé f ′′
a (t), à òàêæå âû÷èñëèì òî÷íûå çíà÷åíèÿ íåêîòîðûõ n-ïîïåðå÷íèêîâ êëàññîâ

àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé â âåñîâîì ïðîñòðàíñòâå Áåðãìàíà. Îòìåòèì,

÷òî íåðàâåíñòâî (3) ÿâëÿåòñÿ ðàñïðîñòðàíåíèåì ðåçóëüòàòà Í. Ï. Êîðíåé÷óêà [14℄ íà ñëó-

÷àé àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå �óíêöèé ïðèíàäëåæàùèõ âåñîâîìó ïðîñòðàíñòâó

Áåðãìàíà Bq,γ , 1 6 q 6 ∞.
Ïðèâåäåì íåîáõîäèìûå äëÿ äàëüíåéøåãî îïðåäåëåíèÿ è îáîçíà÷åíèÿ. Ïóñòü X �

áàíàõîâî ïðîñòðàíñòâî; S � åäèíè÷íûé øàð â X; M � íåêîòîðîå âûïóêëîå öåíòðàëüíî-

ñèììåòðè÷íîå ïîäìíîæåñòâî â X; Λn ⊂ X � n-ìåðíîå ïîäïðîñòðàíñòâî X. Âåëè÷èíû

bn(M, Bq,γ) = sup
{

sup{ε > 0 : εS ∩ Λn+1 ⊂ M} : Λn+1 ⊂ Bq,γ

}

,

dn(M, Bq,γ) = inf
{

sup{inf{‖f − g‖Bq,γ : g ∈ Λn} : f ∈ M} : Λn ⊂ Bq,γ

}

íàçûâàþòñÿ ñîîòâåòñòâåííî áåðíøòåéíîâñêèì è êîëìîãîðîâñêèì n-ïîïåðå÷íèêàìè. Óêà-
çàííûå ïîïåðå÷íèêè óäîâëåòâîðÿþò íåðàâåíñòâó (ñì. [16℄)

bn(M, Bq,γ) 6 dn(M, Bq,γ). (4)

Ïóñòü Φ(u) � ïîëîæèòåëüíàÿ íåóáûâàþùàÿ �óíêöèÿ, îïðåäåëåííàÿ äëÿ u > 0 è

óäîâëåòâîðÿþùàÿ óñëîâèþ

lim {Φ(u) : u → 0+} = Φ(0) = 0.

Åñëè M � íåêîòîðûé êëàññ �óíêöèé, ïðèíàäëåæàùèé ïðîñòðàíñòâó Bq,γ , òî ÷åðåç

En(M)Bq,γ := sup
{

En(f)Bq,γ : f ∈ M
}

îáîçíà÷èì îòêëîíåíèå ìíîæåñòâà M ⊂ Bq,γ îò ìíîæåñòâà Pn.
Ïîëîæèì òàêæå

(sin t)∗ =

{

sin t, 0 6 t 6 π
2 ;

1, t > π
2 .

Äëÿ ëþáûõ r ∈ Z+ è n ∈ N îïðåäåëèì êëàññû �óíêöèé

W (r)
a (Φ) =

{

f(z) ∈ Bq,γ :

π/n
∫

0

ω
(

f (r)
a , t

)

Bq,γ
dt 6 Φ

(π

n

)

}

.
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2. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Äëÿ ïðîèçâîëüíîé �óíêöèè f(z) ∈ Bq,γ , 1 6 q 6 ∞, è ëþáîãî çàäàííîãî

h ∈ (0, π/(2n)] èìååò ìåñòî òî÷íîå íåðàâåíñòâî

En(f)Bq,γ 6
1

2n

{ h
∫

0

ω
(

f ′′
a , 2τ

)

Bq,γ

(

1− sin
π

2h
τ
)

dτ

+
( π

2h

)2
h
∫

0

ω(f, 2τ)Bq,γ sin
π

2h
τ dτ

}

(5)

è çíàê ðàâåíñòâà â íåðàâåíñòâå (5) ðåàëèçóåò �óíêöèÿ f0(z) = zn ∈ Bq,γ , 1 6 q 6 ∞.

⊳ Ââåäåì â ðàññìîòðåíèå îïåðàòîð

F (f ′
a, t) =

π

4h

h
∫

0

(

f ′
a(t+ τ) + f ′

a(t− τ)
)

cos
π

2h
τ dτ.

Èñïîëüçóÿ íåðàâåíñòâî (2) ïðè R = r = 1, çàïèøåì îöåíêó

En(f)Bq,γ 6
1

n
En(f

′
a)Bq,γ 6

1

n

(

En

(

f ′
a − F

(

f ′
a

))

Bq,γ
+ En

(

F
(

f ′
a

))

Bq,γ

)

6
1

n

(

∥

∥f ′
a − F (f ′

a)
∥

∥

Bq,γ
+
∥

∥F (f ′
a)
∥

∥

Bq,γ

)

. (6)

Òàê êàê

f ′
a(t)− F (f ′

a, t) =
π

4h

h
∫

0

(

−f ′
a(t+ τ) + 2f ′

a(t)− f ′
a(t− τ)

)

cos
π

2h
τ dτ, (7)

òî, èíòåãðèðóÿ ïðàâóþ ÷àñòü ðàâåíñòâà (7) ïî ÷àñòÿì è ïðèìåíÿÿ îáîáùåííîå íåðàâåí-

ñòâî Ìèíêîâñêîãî (ñì., íàïðèìåð, [15℄)

∥

∥

∥

∥

∥

b
∫

a

f(·, t) dt

∥

∥

∥

∥

∥

p

6

b
∫

a

‖f(·, t)‖p dt, 1 6 p < ∞, (8)

áóäåì èìåòü

∥

∥f ′
a(·)− F (f ′

a, ·)
∥

∥

Bq,γ
=

1

2

∥

∥

∥

∥

∥

h
∫

0

(

f ′′
a (t+ τ)− f ′′

a (t− τ)
)

(

1− sin
π

2h
τ
)

dτ

∥

∥

∥

∥

∥

Bq,γ

6
1

2

h
∫

0

∥

∥f ′′
a (·+ τ)− f ′′

a (· − τ)
∥

∥

Bq,γ

(

1− sin
π

2h
τ
)

dτ.

(9)
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Àíàëîãè÷íûì îáðàçîì ìåòîäîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì

∥

∥F (f ′
a)
∥

∥

Bq,γ
=

∥

∥

∥

∥

∥

π

2h

h
∫

0

(

f ′
a(t+ τ)− f ′

a(t− τ)
)

cos
π

2h
τ dτ

∥

∥

∥

∥

∥

Bq,γ

=

∥

∥

∥

∥

∥

1

2

( π

2h

)2
h
∫

0

(f(t+ τ)− f(t− τ)) sin
π

2h
τ dτ

∥

∥

∥

∥

∥

Bq,γ

6
1

2

( π

2h

)2
h
∫

0

‖f(t+ τ)− f(t− τ)‖Bq,γ
sin

π

2h
τ dτ.

(10)

Èç íåðàâåíñòâà (6) ñ ó÷åòîì íåðàâåíñòâ (9) è (10) è îïðåäåëåíèÿ ìîäóëÿ íåïðåðûâ-

íîñòè ñëåäóåò, ÷òî

En(f)Bq,γ 6
1

2n

{ h
∫

0

∥

∥f ′′
a (·+ τ)− f ′′

a (· − τ)
∥

∥

Bq,γ

(

1− sin
π

2h
τ
)

dτ

+
( π

2h

)2
h
∫

0

‖f(·+ τ)− f(· − τ)‖Bq,γ
sin

π

2h
τ dτ

}

6
1

2n

{ h
∫

0

ω
(

f ′′
a ; 2τ

)

Bq,γ

(

1− sin
π

2h
τ
)

dτ +
( π

2h

)2
h
∫

0

ω (f ; 2τ)Bq,γ
sin

π

2h
τ dτ

}

,

÷åì è çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 1. Çíàê ðàâåíñòâà äëÿ �óíêöèè f0(z) = zn

â ñîîòíîøåíèè (5) ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì. ⊲

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 1 ñïðàâåäëèâî íåðàâåíñòâî

En(f)Bq,γ 6
1

2n

{ π/(2n)
∫

0

ω(f ′′
a ; 2τ)Bq,γ (1− sinnτ) dτ + n2

π/(2n)
∫

0

ω (f ; 2τ)Bq,γ
sinnτ dτ

}

.

Òåîðåìà 2. Äëÿ ïðîèçâîëüíîé f(z) ∈ Bq,γ, 1 6 q 6 ∞, è ëþáîãî h ∈ (0, π/(2n)),
n ∈ N, ñïðàâåäëèâî òî÷íîå íåðàâåíñòâî

En(f)Bq,γ 6
π

2hn2
·

1

π − 2

{ h
∫

0

ω2

(

f ′′
a ; 2τ

)

Bq,γ

(

1− sin
π

2h
τ
)

dτ

+
( π

2h

)2
h
∫

0

ω2 (f ; 2τ)Bq,γ
sin

π

2h
τ dτ

}

(11)

è çíàê ðàâåíñòâà â (11) ðåàëèçóåò �óíêöèÿ f0(z) = zn.

⊳ Ââåäåì â ðàññìîòðåíèå îïåðàòîð

F (f ′′
a , t) =

π

2h
·

1

π − 2

h
∫

0

(

f ′′
a (t+ τ) + f ′′

a (t− τ)
)

(

1− sin
π

2h
τ
)

dτ.
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Èç íåðàâåíñòâà (2) ïðè R = 1 è r = 2 çàïèøåì ñëåäóþùåå ñîîòíîøåíèå:

En(f)Bq,γ 6
1

n2

∥

∥f ′′
a

∥

∥

Bq,γ
6

1

n2

(

∥

∥f ′′
a − F (f ′′

a )
∥

∥

Bq,γ
+
∥

∥F (f ′′
a )
∥

∥

Bq,γ

)

. (12)

Èñïîëüçóÿ âûøåïðèâåäåííîå ðàññóæäåíèå, îöåíèì êàæäîå ñëàãàåìîå â ïðàâîé ÷à-

ñòè (12). Ñ ýòîé öåëüþ ðàçíîñòü f ′′
a (t)− F (f ′′

a , t) ïðåäñòàâèì â ñëåäóþùåì âèäå:

f ′′
a − F (f ′′

a ) = −
π

2h(π − 2)

h
∫

0

(

f ′′
a (t+ τ)− 2f ′′

a (t) + f ′′
a (t− τ)

)

(

1− sin
π

2h
τ
)

dτ. (13)

Îöåíèì ðàâåíñòâî (13) ïî íîðìå

∥

∥f ′′
a − F (f ′′

a )
∥

∥

Bq,γ

6
π

2h(π − 2)

h
∫

0

∥

∥f ′′
a (t+ τ)− 2f ′′

a (t) + f ′′
a (t− τ)

∥

∥

Bq,γ

(

1− sin
π

2h
τ
)

dτ. (14)

Ïåðåõîäèì ê îöåíêå âòîðîãî ñëàãàåìîãî â íåðàâåíñòâå (12). Äâàæäû âûïîëíÿÿ èíòå-

ãðèðîâàíèå ïî ÷àñòÿì è èñïîëüçóÿ íåðàâåíñòâî (8), ïîëó÷àåì

∥

∥F (f ′′
a )
∥

∥

Bq,γ
=

π

2h
·

1

π − 2

∥

∥

∥

∥

∥

h
∫

0

(

f ′′
a (·+ τ)− 2f ′′

a (·) + f ′′
a (· − τ)

)

(

1− sin
π

2h
τ
)

dτ

∥

∥

∥

∥

∥

Bq,γ

=
( π

2h

)2
·

1

π − 2

∥

∥

∥

∥

∥

h
∫

0

(

f ′
a(·+ τ)− f ′

a(· − τ)
)

cos
π

2h
τ dτ

∥

∥

∥

∥

∥

Bq,γ

=
( π

2h

)3
·

1

π − 2

∥

∥

∥

∥

∥

h
∫

0

(f(·+ τ)− 2f(·) + f(· − τ)) sin
π

2h
τ dτ

∥

∥

∥

∥

∥

Bq,γ

6

( π

2h

)3
·

1

π − 2

h
∫

0

‖f(·+ τ)− 2f(·) + f(· − τ)‖Bq,γ
sin

π

2h
τ dτ.

(15)

Ñêëàäûâàÿ íåðàâåíñòâà (14) è (15), ñ ó÷åòîì (12) è îïðåäåëåíèÿ ìîäóëÿ ãëàäêîñòè

�óíêöèè, ïîëó÷àåì

En(f)Bq,γ 6
1

n2

∥

∥f ′′
a

∥

∥

Bq,γ
6

π

2hn2
·

1

π − 2

{ h
∫

0

∥

∥f ′′
a (·+ τ)− 2f ′′

a (·) + f ′′
a (· − τ)

∥

∥

Bq,γ

×
(

1− sin
π

2h
τ
)

dτ +
( π

2h

)2
h
∫

0

‖f(·+ τ)− 2f(·) + f(· − τ)‖Bq,γ
sin

π

2h
τ dτ

}

6
π

2hn2
·

1

π − 2

{ h
∫

0

ω2

(

f ′′
a ; 2τ

)

Bq,γ

(

1− sin
π

2h
τ
)

dτ +
( π

2h

)2
h
∫

0

ω2 (f ; 2τ)Bq,γ
sin

π

2h
τ dτ

}

.

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ìîæíî ïîêàçàòü, ÷òî äëÿ �óíêöèè f0(z) = zn ∈ Bq,γ

íåðàâåíñòâî (11) îáðàùàåòñÿ â ðàâåíñòâî. ⊲
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Ñëåäñòâèå 2. Â óñëîâèÿõ òåîðåìû 2 ñïðàâåäëèâî íåðàâåíñòâî

En(f)Bq,γ 6
1

(π − 2)n

{ π/(2n)
∫

0

ω2

(

f ′′
a ; 2τ

)

Bq,γ
(1− sinnτ) dτ

+ n2

π/(2n)
∫

0

ω2 (f ; 2τ)Bq,γ
sinnτ dτ

}

,

â êîòîðîì ðàâåíñòâî äîñòèãàåòñÿ íà �óíêöèè f0(z) = zn ∈ Bq,γ .

Òåîðåìà 3. Ïóñòü �óíêöèÿ Φ(u) äëÿ ëþáûõ λ ∈ [0, 1], x ∈ [0, π] óäîâëåòâîðÿåò íåðà-
âåíñòâó

2 sin2
π

4
λ 6

Φ(λx)

Φ(x)
6

λ

π/2− (π/2− 1)λ
. (16)

Òîãäà ñïðàâåäëèâû ðàâåíñòâà

bn
(

W (r)
a (Φ), Bq,γ,R

)

= dn
(

W (r)
a (Φ), Bq,γ,R

)

=
Rn

4nr−1
· Φ
(π

n

)

. (17)

⊳ Ñîîòíîøåíèå (17) äîñòàòî÷íî äîêàçàòü äëÿ ñëó÷àÿ R = 1. Â ñèëó íåðàâåíñòâà

En(f)Bq,γ,R
6 RnEn(f)Bq,γ

è îïðåäåëåíèÿ êëàññà W
(r)
a (Φ), èìååì

dn
(

W (r)
n (Φ), Bq,γ

)

6 En

(

W (r)
n (Φ), Bq,γ

)

6
1

4nr−1
· Φ
(π

n

)

, (18)

è îöåíêà ñâåðõó äëÿ êîëìîãîðîâñêîãî n-ïîïåðå÷íèêà ïîëó÷åíà. Äëÿ ïîëó÷åíèÿ îöåíêè

ñíèçó èñïîëüçóåì ðàññóæäåíèÿ ðàáîòû Ë. Â. Òàéêîâà [2℄.

Ââåäåì â ðàññìîòðåíèå (n+ 1)-ìåðíóþ ñ�åðó ïîëèíîìîâ

Sn+1 =

{

pn(z) : ‖pn‖Bq,γ 6
1

4nr−1
· Φ
(π

n

)

}

è äîêàæåì, ÷òî Sn+1 ⊂ W
(r)
a (Φ). Åñëè m 6 n, òî èç íåðàâåíñòâà

ω
(

p(r)n,a, t
)

Bq,γ
dt 6 2nr

(

sin
nt

2

)

∗

‖pn‖Bq,γ (19)

ïîëó÷àåì

π/m
∫

0

ω
(

p(r)n,a, t
)

Bq,γ
dt 6 2nr‖pn‖Bq,γ

π/m
∫

0

sin
nt

2
dt

= 4nr−1‖pn‖Bq,γ

(

1− cos
πn

2m

)

= 2 sin2
πn

4m
Φ
(π

n

)

.

(20)

Ïîëàãàÿ π/m = λx, π/n = x, èç (20), ñîãëàñíî ëåâîé ÷àñòè íåðàâåíñòâà (16), áóäåì èìåòü

π/m
∫

0

ω
(

p(r)n,a, t
)

Bq,γ
dt 6 2 sin2

πn

4m
· Φ
(π

n

)

= 2 sin2
πλ

4
Φ(x) 6 Φ(λx) = Φ

( π

m

)

. (21)
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Ïóñòü òåïåðü m > n. Òîãäà, âíîâü èñïîëüçóÿ íåðàâåíñòâî (19), ïîëó÷àåì

π/m
∫

0

ω
(

p(r)n,a, t
)

Bq,γ
dt =

π/n
∫

0

ω
(

p(r)n,a, t
)

Bq,γ
dt+

π/m
∫

π/n

ω
(

p(r)n,a, t
)

Bq,γ
dt

6 4nr−1‖pn‖Bq,γ ·
(

1 +
π

2

( n

m
− 1
))

6

(

1 +
π

2

( n

m
− 1
))

· Φ
(π

n

)

6 Φ
( π

m

)

.

(22)

Èç íåðàâåíñòâ (21) è (22) ñëåäóåò, ÷òî Sn+1 ⊂ W
(r)
n (Φ). Ïîýòîìó, ñîãëàñíî èçâåñòíîé

òåîðåìå Â. Ì. Òèõîìèðîâà [15℄, ïîëó÷àåì

bn
(

W (r)
a (Φ), Bq,γ

)

> bn (Sn+1, Bq,γ) >
1

4nr−1
Φ
(π

n

)

. (23)

Ñðàâíèâàÿ íåðàâåíñòâà (18) è (23), ñ ó÷åòîì ñîîòíîøåíèÿ (4) ïðèõîäèì ê ðàâåíñòâó (17),

÷åì è çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 3. ⊲

Çàìå÷àíèå. Â [2℄ äîêàçàíî, ÷òî óñëîâèþ (16) óäîâëåòâîðÿåò, íàïðèìåð, �óíêöèÿ

Φ∗(u) = uπ/2.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ðåöåíçåíòó çà öåííûå ñîâåòû è çàìå÷àíèÿ, èñïîëüçîâàííûå

â ðàáîòå.
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Abstrat. The problem of �nding an aurate estimate of the best approximation value En−1(f)p,
1 6 p 6 ∞, using the average value of the modulus of ontinuity and the modulus of smoothness of the funtion

and its orresponding derivatives is one of the important and interesting problems in the approximation

theory. N. P. Korneyhuk onsidered this problem for lasses of 2π periodi funtions with a onvex modulus

of ontinuity in the metri spae of ontinuous funtions C[0, 2π]. A similar problem without assuming

onvexity of the modulus of ontinuity was onsidered L. V. Taikov in the Hardy spae Hp, 1 6 p 6 ∞.

Continuing this study of the Hardy spaes Hp, p > 1, M. Sh. Shabozov and M. M. Mirkalonova proved new

sharp inequalities in whih the best approximation of analyti funtions is estimated by the sums of averaged

values of the modules of ontinuity of the funtion and some of its derivatives. In this paper, we give some sharp

inequalities between the best polynomial approximations of analyti in the unit disk funtions by algebrai

omplex polynomials and moduli of ontinuity and smoothness of a funtion itself and its seond derivative

in weighted Bergman spaes. The exat values of Bernstein and Kolmogorov n-widths of lasses of funtions

in weighted Bergman spaes are alulated. The last theorem of this work generalizes a result by L. V. Taikov

obtained for lasses of di�erentiable periodi funtions, to the ase of funtions analyti in the unit irle

belonging to the spae Bq,γ , 1 6 q 6 ∞.
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