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Àííîòàöèÿ. Â äâóìåðíîé îáëàñòè Q, âíåøíåé ïî îòíîøåíèþ ê êðóãó, ðàññìàòðèâàåòñÿ ðàâíîìåðíî

ýëëèïòè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà â äèâåðãåíòíîé �îðìå ñ èçìåðèìûìè êîý��èöèåíòàìè,

ñîäåðæàùåå ìëàäøèé íåîòðèöàòåëüíûé êîý��èöèåíò q(x) = q(x1, x2) òèïà ïîòåíöèàëà â ñòàöè-

îíàðíîì óðàâíåíèè Øð¼äèíãåðà. Èçó÷àþòñÿ îáîáùåííûå ðåøåíèÿ, ïðèíàäëåæàùèå ïðîñòðàíñòâó

Ñ. Ë. Ñîáîëåâà W 1
2 â ëþáîé îãðàíè÷åííîé ïîäîáëàñòè. �àññìàòðèâàåòñÿ âîïðîñ î âîçìîæíîì ðîñòå

ðåøåíèé íà áåñêîíå÷íîñòè. Äîêàçàíî, ÷òî ïðè äîñòàòî÷íî áûñòðîì óáûâàíèè ìëàäøåãî êîý��è-

öèåíòà q(x) íà áåñêîíå÷íîñòè ñóùåñòâóåò ïîëîæèòåëüíîå ðåøåíèå, ðàñòóùåå êàê ëîãàðè�ì ìîäóëÿ

ðàäèóñ-âåêòîðà òî÷êè, ò. å. òàê æå, êàê �óíäàìåíòàëüíîå ðåøåíèå ñîîòâåòñòâóþùåãî ýëëèïòè÷åñêîãî

îïåðàòîðà áåç ìëàäøåãî ÷ëåíà. Ïîñòðîåííîå ðåøåíèå îáëàäàåò ðàâíîìåðíî îãðàíè÷åííûì ¾ïîòîêîì

òåïëà¿ ÷åðåç îêðóæíîñòè ïðîèçâîëüíîãî ðàäèóñà R, êîíöåíòðè÷åñêèå ñ ãðàíèöåé îáëàñòè Q. Äàëåå

óñòàíàâëèâàåòñÿ, ÷òî äëÿ ëþáîãî ðåøåíèÿ, óäîâëåòâîðÿþùåãî íåêîòîðîé ñòåïåííîé îöåíêå ðîñòà íà

áåñêîíå÷íîñòè, âûïîëíåíà îöåíêà èíòåãðàëà Äèðèõëå òèïà ïðèíöèïà Ñåí-Âåíàíà â òåîðèè óïðóãî-

ñòè. �àíåå ïîäîáíàÿ îöåíêà øèðîêî èñïîëüçîâàëàñü â ðàáîòàõ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî

ïîðÿäêà áåç ìëàäøèõ ÷ëåíîâ â íåîãðàíè÷åííûõ îáëàñòÿõ. Îöåíêà òèïà Ñåí-Âåíàíà ïîçâîëÿåò ïîëó-

÷èòü îöåíêó äëÿ èíòåãðàëà Äèðèõëå ðåøåíèÿ â êîëüöåâîé îáëàñòè ÷åðåç ñðåäíåå çíà÷åíèå ðåøåíèÿ

íà îäíîé èç îêðóæíîñòåé ýòîé êîëüöåâîé îáëàñòè. Èç ýòîãî ñëåäóåò, ÷òî ðåøåíèå íà îêðóæíîñòè

ðàäèóñà R èìååò òîò æå ïîðÿäîê ðîñòà ïî R, ÷òî è ñðåäíåå çíà÷åíèå íà ýòîé îêðóæíîñòè. Èñïîëü-

çîâàíèå ïðèíöèïà ìàêñèìóìà ïîçâîëÿåò ïîêàçàòü, ÷òî ëþáîå ðàñòóùåå íà áåñêîíå÷íîñòè ðåøåíèå

èìååò ëîãàðè�ìè÷åñêèé ðîñò. Îñíîâíîé ðåçóëüòàò ñòàòüè ñîñòîèò â òîì, ÷òî äëÿ äàííîãî óðàâíå-

íèÿ èìååò ìåñòî òðèõîòîìèÿ ðåøåíèé, êàê è äëÿ óðàâíåíèÿ áåç ìëàäøåãî ÷ëåíà: ðåøåíèå ÿâëÿåòñÿ

ëèáî îãðàíè÷åííûì, ëèáî ðàñòåò ñ ëîãàðè�ìè÷åñêîé ñêîðîñòüþ, ñîõðàíÿÿ çíàê, ëèáî îñöèëëèðóåò

è ðàñòåò ïî ìàêñèìóìó ìîäóëÿ êàê ìèíèìóì ñòåïåííûì îáðàçîì. Îñíîâíûì óñëîâèåì óáûâàíèÿ

ìëàäøåãî êîý��èöèåíòà, ãàðàíòèðóþùåãî òðèõîòîìèþ ðåøåíèé, ÿâëÿåòñÿ êîíå÷íîñòü èíòåãðàëà∫
Q
q(x) ln |x| dx.
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Mathematial Subjet Classi�ation (2000): 35J15.

Îáðàçåö öèòèðîâàíèÿ: Íåêëþäîâ À. B. Òðèõîòîìèÿ ðåøåíèé ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî

ïîðÿäêà ñ óáûâàþùèì ïîòåíöèàëîì íà ïëîñêîñòè // Âëàäèêàâê. ìàò. æóðí.�2019.�Ò. 21, âûï. 1.�

Ñ. 37�50. DOI: 10.23671/VNC.2019.1.27733.

1. Ââåäåíèå

Ïîâåäåíèå ðåøåíèé ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà â íåîãðàíè÷åííûõ

îáëàñòÿõ èçó÷àëîñü ðàçëè÷íûìè àâòîðàìè [1�4℄. Õîðîøî èçâåñòíî [3℄, ÷òî ïðè íåêîòîðûõ

ïðåäïîëîæåíèÿõ îòíîñèòåëüíî íåîãðàíè÷åííîé îáëàñòè, â ñëó÷àå óðàâíåíèé âòîðîãî

ïîðÿäêà áåç ìëàäøèõ ÷ëåíîâ, äëÿ ðåøåíèé, óäîâëåòâîðÿþùèõ íà ãðàíèöå íåîãðàíè-

÷åííîé îáëàñòè îäíîðîäíîìó óñëîâèþ Íåéìàíà, òèïè÷íîé ÿâëÿåòñÿ òðèõîòîìèÿ ðåøåíèé.
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Òðèõîòîìèÿ îçíà÷àåò, ÷òî ëþáîå ðåøåíèå ïðèíàäëåæèò ê îäíîìó èç òðåõ êëàññîâ: 1)

îãðàíè÷åííûå ðåøåíèÿ, 2) çíàêîïîñòîÿííûå ðåøåíèÿ, ðàñòóùèå ïî ìîäóëþ íà áåñêî-

íå÷íîñòè ñî ñêîðîñòüþ, îïðåäåëÿåìîé ãåîìåòðèåé îáëàñòè, 3) îñöèëëèðóþùèå ðåøåíèÿ,

ðàñòóùèå ïî ìàêñèìóìó ìîäóëÿ áûñòðåé, ÷åì ðåøåíèÿ èç êëàññà 2). Íàïðèìåð, â ñëó-

÷àå öèëèíäðè÷åñêèõ îáëàñòåé êëàññ 2) îáðàçóþò ðåøåíèÿ ëèíåéíîãî ðîñòà, êëàññ 3) �

ðåøåíèÿ, ðàñòóùèå ïî ìàêñèìóìó ìîäóëÿ íà ñå÷åíèè öèëèíäðà ýêñïîíåíöèàëüíî. Äëÿ

äâóìåðíûõ óãëîâûõ îáëàñòåé, à òàêæå âî âíåøíîñòè êðóãà ðåøåíèÿ èç êëàññîâ 2) è 3)

îáëàäàþò ñîîòâåòñòâåííî ëîãàðè�ìè÷åñêèì è ñòåïåííûì ðîñòîì. Â äàííîé ðàáîòå âî-

ïðîñ î òðèõîòîìèè ðàññìàòðèâàåòñÿ âî âíåøíîñòè êðóãà äëÿ óðàâíåíèÿ, ñîäåðæàùåãî

ìëàäøèé ÷ëåí âèäà q(x)u(x) ñ äîñòàòî÷íî áûñòðî óáûâàþùèì â áåñêîíå÷íîñòè ïîòåíöè-

àëîì q(x). �àíåå âîïðîñ î òðèõîòîìèè ðåøåíèé óðàâíåíèé ñ óáûâàþùèì ïîòåíöèàëîì

áûë ðàññìîòðåí [5℄ äëÿ öèëèíäðè÷åñêèõ îáëàñòåé ñ óñëîâèåì Íåéìàíà íà áîêîâîé ïîâåðõ-

íîñòè. Áëèçêîé ê ýòîìó ñëó÷àþ îêàçàëàñü [6℄ òàêæå ñèòóàöèÿ ñ òðèõîòîìèåé ðåøåíèé â

öèëèíäðè÷åñêèõ îáëàñòÿõ äëÿ óðàâíåíèé áåç ìëàäøåãî ÷ëåíà ïðè òðåòüåì ãðàíè÷íîì

óñëîâèè (óñëîâèè �îáåíà).

2. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ.

Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Â äâóìåðíîé îáëàñòè Q = {x : |x| > R0} (áóäåì ñ÷èòàòü, ÷òî R0 > 1) ðàññìàòðèâàåòñÿ
óðàâíåíèå ýëëèïòè÷åñêîãî òèïà

Lu ≡ L0u− q(x)u ≡
2

∑

i,j=1

∂

∂xj

(

aij(x)
∂u

∂xi

)

− q(x)u = 0, (1)

ãäå x = (x1, x2) ∈ R
2
x, aij(x) � èçìåðèìûå �óíêöèè â Q, aij = aji, λ1|ξ|

2 6
∑2

i,j=1 aij(x)ξiξj 6 λ2|ξ|
2
, ξ ∈ R

2
, λ1, λ2 = const > 0, q(x) > 0 � îãðàíè÷åííàÿ èçìå-

ðèìàÿ �óíêöèÿ.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Q(a, b) := Q ∩ {x : a < |x| < b}, QR = Q(R,R+ 1),

SR := {x : |x| = R}, ∇u := gradu, u(R) := (2πR)−1

∫

SR

u ds.

Ïîä ðåøåíèÿìè (1) â Q áóäåì ïîíèìàòü îáîáùåííûå ðåøåíèÿ, ò. å. �óíêöèè, ïðè-

íàäëåæàùèå ïðîñòðàíñòâó Ñîáîëåâà W 1
2 (Q(R0, R)) äëÿ âñåõ R > R0 è óäîâëåòâîðÿþùèå

èíòåãðàëüíîìó òîæäåñòâó

∫

Q(R0,R)

2
∑

i,j=1

aij
∂u

∂xi

∂v

∂xj
dx+

∫

Q(R0,R)

quv dx = 0 (2)

äëÿ âñåõ �óíêöèé v ∈ W 1
2 (Q(R0, R)) òàêèõ, ÷òî v

∣

∣

SR0
∪SR

= 0.

Äëÿ ðåøåíèÿ u(x) óðàâíåíèÿ (1) ñòàíäàðòíûì îáðàçîì ââåäåì ïîíÿòèå ¾ïîòîêà òåï-

ëà¿ ÷åðåç îêðóæíîñòü SR:

P (R,u) = lim
h→0+






h−1

∫

Q(R,R+h)

2
∑

i,j=1

aij
∂u

∂xi

xj
|x|

dx






=

∫

SR

2
∑

i,j=1

aij
∂u

∂xi

xj
|x|

ds,
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ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî äëÿ ïî÷òè âñåõ R > R0, åãî òàêæå ìîæíî çàïèñàòü

â âèäå

P (R,u) =

∫

SR

∂u

∂ν
ds,

ãäå

∂u
∂ν =

∑2
i,j=1 aij

∂u
∂xi

xj

|x| � ïðîèçâîäíàÿ ïî êîíîðìàëè ê îêðóæíîñòè SR.

Ïóñòü R0 6 r < R, h1 > 0, h2 > 0. Ïîëîæèì â (2) v = Φ, ãäå Φ = Φ(|x|) � íåïðåðûâíàÿ

�óíêöèÿ, Φ = 1 ïðè r + h1 < |x| < R, Φ(r) = Φ(R + h2) = 0, Φ � ëèíåéíàÿ ïðè

r < x1 < r + h1 è ïðè R < x1 < R+ h2:

h−1
1

∫

Q(r,r+h1)

2
∑

i,j=1

aij
∂u

∂xi

xj
|x|

dx− h−1
2

∫

Q(R,R+h2)

2
∑

i,j=1

aij
∂u

∂xi

xj
|x|

dx+

∫

Q(r,R+h2)

quΦ dx = 0.

Óñòðåìëÿÿ ê íóëþ h1, à çàòåì h2, ïîëó÷àåì ñîîòíîøåíèå

P (R,u)− P (r, u) =

∫

Q(r,R)

qu dx. (3)

Ëåãêî âèäåòü, ÷òî ïðè R > R0 â îïðåäåëåíèè ïîòîêà îáëàñòü èíòåãðèðîâàíèÿ Q(R,R+h)
ìîæíî çàìåíèòü íà Q(R− h,R).

Äàëåå áóäåì èñïîëüçîâàòü íåðàâåíñòâî Ïóàíêàðå ñëåäóþùåãî âèäà:

∫

SR

v2 ds 6 cR2

∫

SR

|∇v|2 ds

(c > 0 íå çàâèñèò îò �óíêöèè v è R) äëÿ v ∈ W 1
2 (SR) òàêèõ, ÷òî v(R) = 0; è

∫

Q(aR,bR)

v2 dx 6 c(a, b)R2







∫

Q(aR,bR)

|∇v|2 dx+ v2(R)







äëÿ v ∈ W 1
2 (Q(aR, bR)), 0 < a 6 1, b > 1.

Áóäåì èñïîëüçîâàòü òàêæå îöåíêó [7, ëåììà 1℄

|v(R)− v(R1)| 6 (2π)−1/2 ln1/2
(

R

R1

)







∫

Q(R1,R)

|∇v|2 dx







1/2

, (4)

R > R1 > 0, v ∈ W 1
2 (Q(R1, R)).

3. Ñóùåñòâîâàíèå ïîëîæèòåëüíîãî ðåøåíèÿ ñ ëîãàðè�ììè÷åêèì ðîñòîì

�àññìîòðèì ñîîòâåòñòâóþùåå óðàâíåíèþ (1) óðàâíåíèå áåç ìëàäøåãî ÷ëåíà

L0V ≡
2

∑

i,j=1

∂

∂xj

(

aij(x)
∂V

∂xi

)

= 0. (5)
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Õîðîøî èçâåñòíî, íàïðèìåð [8, �îðìóëà (7.5)℄, ÷òî â Q ñóùåñòâóåò �óíäàìåíòàëüíîå

ðåøåíèå V (x) óðàâíåíèÿ (5), óäîâëåòâîðÿþùåå ïðè |x| > R0 îöåíêå

C1 ln |x| 6 V (x) 6 C2 ln |x|,

C1, C2 � íåîòðèöàòåëüíûå êîíñòàíòû.

Åñòåñòâåííî îæèäàòü, ÷òî ïðè äîñòàòî÷íî áûñòðîì óáûâàíèè êîý��èöèåíòà q(x) íà
áåñêîíå÷íîñòè ðåøåíèå ñ ëîãàðè�ìè÷åñêèì ïîâåäåíèåì ñóùåñòâóåò è äëÿ óðàâíåíèÿ (1).

Òåîðåìà 1. Ïóñòü q(x) > 0 â Q,
∫

Q q(x) ln |x| dx < ∞, 0 6 q(x) 6 c|x|−2 ln |x| ïðè |x| >
R1 = const; c > 0 � íåêîòîðàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ îò λ1, λ2. Òîãäà â Q ñóùåñòâóåò

ïîëîæèòåëüíîå ðåøåíèå U(x) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì

U
∣

∣

SR0

= 0, A1 ln |x| 6 U(x) 6 A2 ln |x| (0 < Ai = const, i = 1, 2),

P (R,U) → p0 ïðè R → ∞ (0 < p0 = const).

⊳ Äëÿ ïðîèçâîëüíîãî N ∈ N, N > R0, â îáëàñòè Q(R0, N) ðàññìîòðèì ðåøåíèå UN (x)
çàäà÷è

LUN = 0, UN

∣

∣

SR0

= 0,
∂UN

∂ν

∣

∣

∣

∣

SN

= (2πN)−1.

Ôóíêöèÿ UN óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

∫

Q(R0,N)

2
∑

i,j=1

aij
∂UN

∂xi

∂v

∂xj
dx+

∫

Q(R0,N)

qUNv dx = (2πN)−1

∫

SN

v ds (6)

äëÿ âñåõ �óíêöèé v ∈ W 1
2 (Q(R0, N)) òàêèõ, ÷òî v|SR0

= 0.
Ïîëàãàÿ â èíòåãðàëüíîì òîæäåñòâå (6) äëÿ ðåøåíèÿ UN ïðîáíóþ �óíêöèþ v = UN

è èñïîëüçóÿ îöåíêó âèäà (4) äëÿ UN (N), ïîëó÷àåì

∫

Q(R0,N)

2
∑

i,j=1

aij
∂UN

∂xi

∂UN

∂xj
dx+

∫

Q(R0,N)

qU2
N dx

= (2πN)−1

∫

SN

UN ds = UN (N) 6 (2π)−1/2 ln1/2
(

N

R0

)







∫

Q(R0,N)

|∇UN |2 dx







1/2

.

Îòñþäà ñ ó÷åòîì ýëëèïòè÷íîñòè óðàâíåíèÿ (1) ïîëó÷àåì, ÷òî

∫

Q(R0,N)

|∇UN |2 dx+

∫

Q(R0,N)

qU2
N dx 6 c1 lnN, (7)

çäåñü è äàëåå â äîêàçàòåëüñòâå íåîòðèöàòåëüíûå êîíñòàíòû ci çàâèñÿò òîëüêî îò λ1, λ2.

Î÷åâèäíî, ÷òî P (N,UN ) = 1.
Â ñèëó ïðèíöèïà ýêñòðåìóìà UN íå ìîæåò èìåòü îòðèöàòåëüíûé ìèíèìóì

â Q(R0, N), à â ñèëó ãðàíè÷íîãî óñëîâèÿ íà SN íå ìîæåò èìåòü ìèíèìóì íà SN . Îò-

ñþäà UN > 0 â Q(R0, N). Òàê êàê ñîãëàñíî (3) ïðè R0 6 r < N

P (r, UN ) = P (N,UN )−

∫

Q(r,N)

qUN dx,
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òî èç ïîëîæèòåëüíîñòè UN è ðàâåíñòâà P (N,UN ) = 1 ïîëó÷àåì, ÷òî P (r, UN ) 6 1 ïðè
R0 6 r < N .

Ïîëó÷èì îöåíêó èíòåãðàëà Äèðèõëå äëÿ UN ïî îáëàñòè Q(R0, r), R0 < r < N . Äëÿ

ïî÷òè âñåõ r èìååì

∫

Q(R0,r)

2
∑

i,j=1

aij
∂UN

∂xi

∂UN

∂xj
dx+

∫

Q(R0,r)

qU2
N dx =

∫

Sr

UN
∂UN

∂ν
ds.

Îòñþäà ñ ó÷åòîì ýëëèïòè÷íîñòè óðàâíåíèÿ, èñïîëüçóÿ íåðàâåíñòâà Êîøè � Áóíÿêîâ-

ñêîãî è Ïóàíêàðå, ïîëó÷àåì

∫

Q(R0,r)

(

|∇UN |2 + qU2
N

)

dx 6 c2

∫

Sr

UN
∂UN

∂ν
ds = c2

∫

Sr

(

UN − UN (r)
)∂UN

∂ν
ds

+ c2P (r, UN )UN (r) 6 c3r

∫

Sr

|∇UN |2 ds+ c2P (r, UN )UN (r).

(8)

Îòñþäà ñ ó÷åòîì îöåíêè âèäà (4) äëÿ UN (r) è íåðàâåíñòâà P (r, UN ) 6 1 ïîëó÷èì

I(r) ≡

∫

Q(R0,r)

(

|∇UN |2 + qU2
N

)

dx 6 c3r

∫

Sr

|∇UN |2 ds+ c4 ln
1/2 r







∫

Q(R0,r)

|∇UN |2 dx







1/2

6 c3r

∫

Sr

|∇UN |2 ds+
1

2
c24 ln r +

1

2

∫

Q(R0,r)

|∇UN |2 dx.

Îòñþäà

I(r) 6 2c3r

∫

Sr

|∇UN |2 ds+ c24 ln r 6 2c3rI
′(r) + c24 ln r.

Çàïèøåì ýòî íåðàâåíñòâî â âèäå

(

I(r)r−δ
)′
> −c5r

−δ−1 ln r, δ = (2c3)
−1 > 0, c5 = c24/(2c3).

Èíòåãðèðóÿ è ó÷èòûâàÿ ëîãàðè�ìè÷åñêóþ îöåíêó (7) èíòåãðàëà Äèðèõëå äëÿ UN

ïî îáëàñòè Q(R0, N), ïîëó÷àåì îöåíêó

I(r) 6 I(N)

(

r

N

)δ

+ c5r
δ

N
∫

r

ρ−δ−1 ln ρ dρ 6 c6 ln r, (9)

åñëè r2 6 N .

Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü UN (N > r2) îãðàíè÷åíà â W 1
2 (Q(R0, r)) äëÿ

ëþáîãî r > R0. Îòñþäà, ïðèìåíÿÿ äèàãîíàëüíûé ïðîöåññ, ïîëó÷àåì ïîñëåäîâàòåëü-

íîñòü UNk
, ñëàáî ñõîäÿùóþñÿ â W 1

2 (Q(R0, r)) è ñèëüíî ñõîäÿùóþñÿ â L2(Q(R0, r)) äëÿ
ëþáîãî r > R0 ê íåêîòîðîé �óíêöèè U , ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ (1). Î÷åâèäíî,

÷òî U > 0 â Q, è ñïðàâåäëèâà îöåíêà
∫

Q(R0,r)

(

|∇U |2 + qU2
)

dx 6 c6 ln r. (10)
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Òîãäà â ñèëó (4)

|U(r)| 6 c4 ln
1/2 r







∫

Q(R0,r)

|∇U |2 dx







1/2

6 c7 ln r.

Èç îöåíêè Äå Äæîðäæè [9, òåîðåìà 8.17℄ è íåðàâåíñòâà Ïóàíêàðå ïîëó÷àåì, ÷òî

supSr
|UN (x)| 6 c8r

−1







∫

Q(r/2,2r)

U2
N dx







1/2

6 c9















∫

Q(r/2,2r)

|∇U2
N | dx







1/2

+ UN (r)









.

Îòñþäà, ó÷èòûâàÿ îöåíêè (4) äëÿ UN (r) è (9) äëÿ èíòåãðàëà Äèðèõëå �óíêöèè UN ,

ïîëó÷àåì

supSr
|UN (x)| 6 c10 ln r,

îòêóäà

supSr
|U(x)| 6 c10 ln r. (11)

Èç ýòîé îöåíêè, ñ ó÷åòîì òîãî, ÷òî P (N,UN ) = 1 è
∫

Q q(x) ln |x| dx < ∞, ïîëó÷àåì, ÷òî

ïðè R > R1 = const è N > R ñïðàâåäëèâî íåðàâåíñòâî

P (R,UN ) = P (N,UN )−

∫

Q(R,N)

qUN dx >
1

2
.

Èç (3) ñëåäóåò, ÷òî

P (R,UN ) =

R0+1
∫

R0






P (r, UN ) +

∫

Q(r,R)

qUN dx






dr,

îòêóäà âûòåêàåò, ÷òî P (R,U) = limN→∞ P (R,UN ) è, ñëåäîâàòåëüíî, P (R,U) > 1/2 äëÿ
äîñòàòî÷íî áîëüøèõ R. Èç (3) è îöåíêè ñâåðõó (11) äëÿ �óíêöèè U òàêæå ñëåäóåò, ÷òî

P (R,U) → p0 = const, ïðè÷åì p0 > 1/2.
Î÷åâèäíî òàêæå, ÷òî

∫

Sr

|∇U |2 ds > c11r
−1P 2(r, U) > c12r

−1,

∫

Q(R0,R)

|∇U |2 dx > c13 lnR. (12)

Ïîëó÷èì ëîãàðè�ìè÷åñêóþ îöåíêó ñíèçó äëÿ U(x).
Äëÿ èíòåãðàëà Äèðèõëå �óíêöèè U ñïðàâåäëèâî äè��åðåíöèàëüíîå íåðàâåíñòâî âè-

äà (8):

J(r) ≡

∫

Q(R0,r)

|∇U |2 dx 6 c3r

∫

Sr

|∇U |2 ds+ c2P (r, U)U (r)

6 c3r

∫

Sr

|∇U |2 ds+ c2U(r) = c3rJ
′(r) + c2U(r),
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(

J(r)r−ε
)′

> −c14r
−ε−1U(r), ε = c−1

3 , c14 = c2/c3.

Èíòåãðèðóÿ ýòî íåðàâåíñòâî îò R äî mR ïðè m > 1, ïîëó÷àåì

mR
∫

R

U(r)r−ε−1 dr > c−1
14

(

J(R)R−ε − J(mR)(mR)−ε
)

.

Îòñþäà, èñïîëüçóÿ äâóñòîðîííþþ ëîãàðè�ìè÷åñêóþ îöåíêó (10), (12) äëÿ J(R), ïî-
ëó÷èì

mR
∫

R

U(r)r−ε−1 dr > c15R
−ε lnR− c16(mR)−ε ln(mR).

Ïóñòü m > 1 òàêîâî, ÷òî c15 − 2m−εc16 > c15/2. Âîçüìåì R > m. Ïîëó÷èì îöåíêó

mR
∫

R

U(r)r−ε−1 dr >
1

2
c15 R

−ε lnR.

Òîãäà äëÿ íåêîòîðîãî ξ ∈ (R,mR) èìååì

(m− 1)RU(ξ)ξ−ε−1
>

1

2
c15 R

−ε lnR,

îòñþäà

U(ξ) >
1

2
(m− 1)−1c15 lnR.

Òàê êàê â ñèëó (4)

∣

∣U(ξ)− U(R)
∣

∣ 6 (2π)−1/2 ln

(

ξ

R

)







∫

Q(R,ξ)

|∇U |2 dx







1/2

6 c17 ln
1/2 R,

òî èç ïðåäûäóùåé îöåíêè äëÿ U(ξ) ïîëó÷àåì äëÿ äîñòàòî÷íî áîëüøèõ R îöåíêó

U(R) > c18 lnR. (13)

Òàê êàê �óíêöèÿ w = U − U(R) óäîâëåòâîðÿåò óðàâíåíèþ L0w = qU , òî èç îöåíêè

Äå Äæîðäæè [9, òåîðåìà 8.17℄ èìååì

supSR
|U(x)− U(R|2 6 c8






R−2

∫

Q(R/2,2R)

∣

∣U − U(R)
∣

∣

2
dx+R2

∫

Q(R/2,2R)

q2U2 dx






.

Èñïîëüçóÿ íåðàâåíñòâî Ïóàíêàðå, óñëîâèÿ íà �óíêöèþ q(x) è îöåíêó (10), ïîëó÷àåì, ÷òî

supSR
|U(x)− U(R|2 6 c19







∫

Q(R/2,2R)

|∇U |2 dx+ c lnR

∫

Q(R/2,2R)

qU2 dx






6

1

4
c218 ln

2 R,

åñëè êîíñòàíòà c äîñòàòî÷íî ìàëà. C ó÷åòîì íèæíåé ëîãàðè�ìè÷åñêîé îöåíêè (13)

äëÿ U(R) ïîëó÷èì îöåíêó U(x) > A1 ln |x|, A1 = const, A1 > 0. ⊲

Çàìåòèì òàêæå, ÷òî òî÷å÷íóþ îöåíêó q(x) 6 c|x|−2 ln |x| äëÿ íåîòðèöàòåëüíîé �óíê-
öèè q(x) â óñëîâèè òåîðåìû ìîæíî çàìåíèòü íà èíòåãðàëüíóþ îöåíêó

∫

Q(R/2,2R) q
2 dx 6

cR−2
, åñëè ïîñòîÿííàÿ c > 0 äîñòàòî÷íî ìàëà.
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4. Òðèõîòîìèÿ ðåøåíèé

Ëåììà 1. Ïóñòü u(x) � ðåøåíèå (1) â Q, q(x) > 0. Òîãäà ïðè R > R0+1 ñïðàâåäëèâà
îöåíêà

∫

Q(R0+1,R)

|∇u|2 dx 6 c1R
−2

∫

Q(R,2R)

u2 dx,

c1 > 0 çàâèñèò òîëüêî îò λ1, λ2.

⊳ Ïóñòü Φ = Φ(|x|) = 1 ïðè R0 + 1 < |x| < R, Φ(|x|) = |x| − R0 ïðè R0 < |x| <

R0 + 1, Φ(|x|) = ϕ2(|x|) ïðè R < |x| < 2R, ãäå ϕ(|x|) = 2R−|x|
R . Ïîëîæèì â èíòåãðàëüíîì

òîæäåñòâå (2) v = uΦ:

∫

Q(R0,2R)

Φ

2
∑

i,j=1

aij
∂u

∂xi

∂u

∂xj
dx+

∫

Q(R0,2R)

qu2Φ dx = 2R−1

∫

Q(R,2R)

ϕu

2
∑

i,j=1

aij
∂u

∂xi

xj
|x|

dx.

Èñïîëüçóÿ ýëëèïòè÷íîñòü óðàâíåíèÿ (1) è íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî, ïîëó÷àåì

∫

Q(R0,2R)

Φ|∇u|2 dx 6

∫

Q(R,2R)

ϕ2|∇u|2 dx+ c1R
−2

∫

Q(R,2R)

u2 dx.

Ó÷èòûâàÿ, ÷òî Φ = ϕ2
â îáëàñòè Q(R, 2R), òî îòñþäà ñðàçó ïîëó÷àåì óòâåðæäåíèå ëåì-

ìû. ⊲

Ëåììà 2. Ïóñòü u(x) � ðåøåíèå (1) â Q, q(x) > 0; â Q âûïîëíåíî óñëîâèå

|u(x)| 6 c0|x|
γ

äëÿ íåêîòîðûõ ïîñòîÿííûõ γ > 0, c0 > 0. Òîãäà, åñëè 4γ/(1 + δ) < 1, δ > 0, òî äëÿ

íåêîòîðîé ïîñëåäîâàòåëüíîñòè Rk → ∞, k → ∞, ñïðàâåäëèâà îöåíêà

∫

Q(Rk,2Rk)

|∇u|2 dx 6 δ

∫

Q(R0,Rk)

|∇u|2 dx.

⊳ Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà äëÿ âñåõ R > R′
0 = const èìååì

∫

Q(R0,2R)

|∇u|2 dx−

∫

Q(R0,R)

|∇u|2 dx =

∫

Q(R,2R)

|∇u|2 dx > δ

∫

Q(R0,R)

|∇u|2 dx,

ò. å.

∫

Q(R0,R)

|∇u|2 dx < (1 + δ)−1

∫

Q(R0,2R)

|∇u|2 dx < (1 + δ)−2

∫

Q(R0,4R)

|∇u|2 dx

< · · · < (1 + δ)−k

∫

Q(R0,2kR)

|∇u|2 dx.
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Èñïîëüçóÿ ëåììó 1, ïîëó÷àåì

∫

Q(R0,R)

|∇u|2 dx 6 (1 + δ)−k






c1
(

2kR
)−2

∫

Q(2kR,2k+1R)

u2 dx+ I0







6 (1 + δ)−k
(

c1
(

2kR
)−2

π
(

2k+1R
)2
c20(2

k+1R)2γ + I0

)

→ 0, k → ∞,

åñëè 4γ/(1+δ) < 1 (çäåñü I0 íå çàâèñèò îò k). Òàêèì îáðàçîì, ∇u ≡ 0, ÷òî íåâîçìîæíî. ⊲

Ëåììà 3. Ïóñòü u(x) � ðåøåíèå (1) â Q, |u(x)| 6 c0|x|
γ
, 0 < c0 = const, 0 6 q(x) 6

c|x|−2
, γ > 0 è c > 0 � íåêîòîðûå ïîñòîÿííûå, çàâèñÿùèå îò λ1, λ2. Òîãäà äëÿ íåêîòîðîé

ïîñëåäîâàòåëüíîñòè R′
k → ∞, k → ∞, äëÿ x ∈ SR′

k
ñïðàâåäëèâà îöåíêà

u(R′
k)−

1

2
|u(R′

k)| − I1 6 u(x) 6 u(R′
k) +

1

2
|u(R′

k)|+ I1,

ãäå I1 > 0 íå çàâèñèò îò k.

⊳ Ïóñòü äëÿ δ > 0 âûïîëíåíî óñëîâèå 4γ/(1 + δ) < 1. Êàê è ðàíåå, ÷åðåç c1, c2, . . .
áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, çàâèñÿùèå òîëüêî îò λ1, λ2.

Èñïîëüçóÿ ëåììû 2 è 1 è íåðàâåíñòâî Ïóàíêàðå, ïîëó÷èì äëÿ íåêîòîðîé ïîñëåäîâà-

òåëüíîñòè Rk → ∞ îöåíêó

∫

Q(Rk,2Rk)

|∇u|2 dx 6 δ

∫

Q(R0,Rk)

|∇u|2 dx 6 c1δ






R−2

k

∫

Q(Rk,2Rk)

u2 dx+ I0







6 c2δ







∫

Q(Rk,2Rk)

|∇u|2 dx+ u2(3Rk/2) + I0






,

ãäå I0 íå çàâèñèò îò k. Åñëè c2δ 6 1/2, òî

∫

Q(Rk,2Rk)

|∇u|2 dx 6 2c2δ
(

u2(3Rk/2) + I0
)

. (14)

Ââåäåì îáîçíà÷åíèå q̃k := supQ(Rk,2Rk)
q(x). Òàê êàê �óíêöèÿ w = u−u(3Rk/2) ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ L0w = qu, òî, èñïîëüçóÿ îöåíêó Äå Äæîðäæè [9, òåîðåìà 8.17℄
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è äàëåå äâàæäû íåðàâåíñòâî Ïóàíêàðå, ïîëó÷àåì

supS3Rk/2

∣

∣u− u(3Rk/2)
∣

∣

2
6 c3






R−2

k

∫

Q(Rk,2Rk)

∣

∣u− u(3Rk/2)
2
∣

∣ dx+R2
k

∫

Q(Rk,2Rk)

q2u2 dx







6 c4







∫

Q(Rk,2Rk)

|∇u|2 dx+ q̃2kR
2
k

∫

Q(Rk,2Rk)

u2 dx







6 c5







∫

Q(Rk,2Rk)

|∇u|2 dx+ q̃2kR
4
k







∫

Q(Rk,2Rk)

|∇u|2 dx+ u2(3Rk/2)













= c5
(

1+q̃2kR
4
k

)

∫

Q(Rk,2Rk)

|∇u|2 dx+c5q̃
2
kR

4
ku

2(3Rk/2) 6 c6

∫

Q(Rk,2Rk)

|∇u|2 dx+c5c
2u2(3Rk/2).

Èñïîëüçóÿ îöåíêó (14) ïîëó÷àåì, ÷òî ïðè k > k0 = const

supS3Rk/2

∣

∣u− u(3Rk/2)
∣

∣

2
6 c7δ

(

u2(3Rk/2) + I0
)

+ c5c
2u2(Rk) 6 2c7δu

2(3Rk/2) + I ′0,

åñëè c5c
2 6 c7δ. Çäåñü I ′0 íå çàâèñèò îò k.

Ïóñòü δ > 0, γ > 0 è c > 0 òàêîâû, ÷òî c2δ 6 1/2, 2c7δ 6 1/4, 4γ/(1+δ) < 1, c5c
2 6 c7δ.

Òîãäà ïðè k > k0 = const ñïðàâåäëèâà îöåíêà

sup
S3Rk/2

∣

∣u− u(3Rk/2)
∣

∣

2
6

1

4
u2(3Rk/2) + I ′0.

Îòñþäà ñðàçó âûòåêàåò óòâåðæäåíèå ëåììû äëÿ ïîñëåäîâàòåëüíîñòè R′
k = 3Rk/2. ⊲

Ëåììà 4. Ïóñòü äëÿ u(x) âûïîëíåíû óñëîâèÿ òåîðåìû 1 è ëåììû 3. Òîãäà ïðè

|x| > R1 = const ñïðàâåäëèâà îöåíêà

|u(x)| 6 c0 ln |x|,

0 < c0 = const íå çàâèñèò îò x.

⊳ Ïðåäïîëîæèì ïðîòèâíîå, òîãäà äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè Rk → ∞ èìå-

åì supRk
|u|/ lnRk → ∞, k → ∞. Ïóñòü U(x) � ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ (1),

óäîâëåòâîðÿþùåå ëîãàðè�ìè÷åñêîé îöåíêå, ñóùåñòâîâàíèå êîòîðîãî äîêàçàíî â òåîðå-

ìå 1. Ïðèìåíÿÿ ê �óíêöèÿì u ± c1U ïðè äîñòàòî÷íî áîëüøîì c1 ïðèíöèï ìàêñèìóìà,

ëåãêî ïîëó÷èòü, ÷òî supSR
|u|/ lnR → ∞, R → ∞. Â ïðîòèâíîì ñëó÷àå �óíêöèÿ u(x)

óäîâëåòâîðÿëà áû ëîãàðè�ìè÷åñêîé îöåíêå â Q, ÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ.
Ïóñòü R′

k � ïîñëåäîâàòåëüíîñòü, äëÿ êîòîðîé ñïðàâåäëèâî óòâåðæäåíèå ëåììû 3. Áåç

îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî supSR′

k

u > 0. Òîãäà èç ëåììû 3 ïîëó÷àåì,

÷òî infSR′

k

u/ lnR′
k → +∞, k → ∞. Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà ê �óíêöèè U − c2− εu

ïðè äîñòàòî÷íî áîëüøîì c2 è óñòðåìëÿÿ ε > 0 ê íóëþ, ïîëó÷àåì, ÷òî U 6 c2 â Q(R′
1,∞),

÷òî íåâîçìîæíî. ⊲

Ëåììà 5. Ïóñòü äëÿ u(x) âûïîëíåíû óñëîâèÿ òåîðåìû 1 è ëåììû 3. Òîãäà
∫

Q(R0,r)

|∇u|2 dx 6 c0 ln r,
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0 < c0 = const íå çàâèñèò îò r > R0.

⊳ Èñïîëüçóåì äëÿ �óíêöèè u(x) äè��åðåíöèàëüíîå íåðàâåíñòâî âèäà (8):

I(r) ≡

∫

Q(R0,r)

|∇u|2 dx 6 c1rI
′(r) + c2P (r, u)u(r), (15)

çäåñü è äàëåå â äîêàçàòåëüñòâå ci > 0 çàâèñÿò òîëüêî îò λ1, λ2. Â ñèëó ëåììû 4 |u(x)| 6
c3 ln |x|, ïîýòîìó

∫

Q q|u| dx < ∞. Òîãäà èç (3) ñëåäóåò, ÷òî |P (r, u)| 6 c4. À èç (15) òîãäà

âûòåêàåò, ÷òî

I(r) 6 c1rI
′(r) + c5 ln r.

Èíòåãðèðóÿ êàê è â äîêàçàòåëüñòâå òåîðåìû 1, ïðè r2 < R ïîëó÷àåì îöåíêó

I(r) 6 I(R)

(

r

R

)δ

+ c6 ln r 6 c0 ln r,

ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç òîãî, ÷òî â ñèëó ëåììû 1 âûïîëíåíà îöåíêà I(R) 6

c7 ln
2R, çäåñü 0 < δ = const. ⊲

Ëåììà 6. Ïóñòü äëÿ u(x) âûïîëíåíû óñëîâèÿ òåîðåìû 1 è ëåììû 3, ïðè÷åì äëÿ

íåêîòîðîé ïîñëåäîâàòåëüíîñòè Rk, Rk → ∞, k → ∞, ñïðàâåäëèâà îöåíêà infSRk
|u| =

o(lnRk), k → ∞. Òîãäà ðåøåíèå u(x) îãðàíè÷åíî â Q.

⊳ Ñîãëàñíî ëåììå 4 |u(x)| 6 c0 ln |x|. Â ñèëó îöåíêè Äå Äæîðäæè è íåðàâåíñòâà

Ïóàíêàðå

sup
SRk

|u(x)− u(Rk)|
2
6 c1






R−2

k

∫

Q(Rk/2,2Rk)

|u− u(Rk)|
2 dx+R2

k

∫

Q(Rk/2,2Rk)

q2u2 dx







6 c2







∫

Q(Rk/2,2Rk)

|∇u|2 dx+ supQ(Rk/2,2Rk)
(qu2)R2

k ln
−1Rk

∫

Q(Rk/2,2Rk)

q ln |x| dx







6 c3







∫

Q(Rk/2,2Rk)

|∇u|2 dx+ lnRk

∫

Q(Rk/2,2Rk)

q ln |x| dx






.

Îòñþäà, ó÷èòûâàÿ ëîãàðè�ìè÷åñêóþ îöåíêó èíòåãðàëà Äèðèõëå â ñèëó ëåììû 5,

ïîëó÷àåì, ÷òî ïðè x ∈ SRk
âûïîëíåíà îöåíêà u(x) − u(Rk) = o(lnRk), îòêóäà ñëåäóåò,

÷òî u(x) = o(lnRk) íà SRk
. Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà ê �óíêöèÿì u± c0 ± εU (ãäå,

êàê è âûøå, U(x) � ðåøåíèå óðàâíåíèÿ (1) ñ ëîãàðè�ìè÷åñêèì ðîñòîì) ïðè äîñòàòî÷íî

áîëüøîì c0, ïîëó÷èì, ÷òî |u| 6 c0 + εU â Q(R1, Rk) äëÿ k > k0(ε). Óñòðåìèâ ε ê íóëþ,
ïîëó÷èì óòâåðæäåíèå ëåììû. ⊲

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ

∫

Q q(x) ln |x| dx < ∞, 0 6 q(x) 6 c|x|−2
äëÿ

çàâèñÿùåé îò λ1, λ2 ïîñòîÿííîé c > 0, óäîâëåòâîðÿþùåé óñëîâèÿì íà êîíñòàíòó c â òåî-

ðåìå 1 è ëåììå 3. Òîãäà ëþáîå ðåøåíèå óðàâíåíèÿ (1) â Q âåäåò ñåáÿ îäíèì èç òðåõ

âîçìîæíûõ ñïîñîáîâ:

1) supSRk
|u| > c0R

γ
k äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè Rk → ∞, k → ∞, ïðè÷åì u(x)

ìåíÿåò çíàê íà ëþáîé îêðóæíîñòè SR ïðè R > R′
0 = const; ïîñòîÿííàÿ γ > 0 çàâèñèò

òîëüêî îò λ1, λ2; 0 < c0 = const;
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2) C1 ln |x| 6 u(x) 6 C2 ln |x|, C1 > 0, C2 > 0;

3) u(x) îãðàíè÷åíî â Q.

⊳ Åñëè ðåøåíèå u(x) íå óäîâëåòâîðÿåò óñëîâèþ 1), òî, ñîãëàñíî ëåììå 4, ñïðàâåäëèâà

îöåíêà |u(x)| 6 c ln |x|, c = const. Åñëè ïðè ýòîì íå âûïîëíåíî óñëîâèå 2), òî ïî ëåììå 6

ðåøåíèå u(x) îãðàíè÷åíî â Q.

Ïîêàæåì, ÷òî ëþáîå ðåøåíèå, óäîâëåòâîðÿþùåå 1), ÿâëÿåòñÿ çíàêîïåðåìåííûì.

Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü ñóùåñòâóåò ðåøåíèå u(x) èç êëàññà 1), íåîòðèöàòåëü-

íîå ïðè |x| > R1 = const.

Ëåãêî âèäåòü, ÷òî äëÿ íåîòðèöàòåëüíûõ ðåøåíèé óðàâíåíèÿ (1) â îáëàñòè

Q(R/2, 3R/2) âûïîëíåíî íåðàâåíñòâî Õàðíàêà ñ êîíñòàíòîé K, íå çàâèñÿùåé îò R:
u(A)/u(B) 6 K äëÿ âñåõ A,B ∈ Q(R/2, 3R/2). Äåéñòâèòåëüíî, îòîáðàçèì Q(R/2, 3R/2)
íà îáëàñòü Q(1/2, 3/2) ïðåîáðàçîâàíèåì x → y = x/R. Óðàâíåíèå (1) ïåðåéäåò â óðàâ-
íåíèå LRu − qR(y)u = 0, ãäå LR � ðàâíîìåðíî ýëëèïòè÷åñêèé äèâåðãåíòíûé îïåðàòîð

ïî ïåðåìåííûì y ñ ïîñòîÿííûìè ýëëèïòè÷íîñòè, íå çàâèñÿùèìè îò R; qR(y) = R2q(x) 6
c2 = const, ïîýòîìó êîíñòàíòà Õàðíàêà äëÿ ðåøåíèé u(y) â Q(1/2, 3/2) íå çàâèñèò îò R.
Ñîîòâåòñòâåííî íå çàâèñèò îò R êîíñòàíòà Õàðíàêà äëÿ ðåøåíèé u(x) â Q(R/2, 3R/2).

Òàê êàê supSRk
u/ lnRk → ∞, k → ∞, òî â ñèëó íåðàâåíñòâà Õàðíàêà ïîëó÷àåì

infSRk
u/ lnRk → ∞. Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà, êàê è â äîêàçàòåëüñòâå ëåììû 4,

ïîëó÷èì, ÷òî ñóùåñòâîâàíèå ðåøåíèÿ u(x), ðàñòóùåãî íà íåêîòîðîé ïîñëåäîâàòåëüíîñòè
îêðóæíîñòåé SRk

áûñòðåå, ÷åì ln |x|, ïðîòèâîðå÷èò ñóùåñòâîâàíèþ ðåøåíèÿ U(x) ñ ëîãà-
ðè�ìè÷åñêèì ðîñòîì. Òàêèì îáðàçîì, ðåøåíèå èç êëàññà 1) ìîæåò áûòü òîëüêî çíàêîïå-

ðåìåííûì â ëþáîé îáëàñòè âèäà |x| > R1. Îòñþäà ñëåäóåò, ÷òî îíî äîëæíî ìåíÿòü çíàê

íà ëþáîé îêðóæíîñòè SR äëÿ äîñòàòî÷íî áîëüøèõ R, ïîñêîëüêó, åñëè áû ñóùåñòâîâàëà

ïîñëåäîâàòåëüíîñòü R′
k → ∞ òàêàÿ, ÷òî u > 0 íà SR′

k
, òî â ñèëó ïðèíöèïà ìàêñèìóìà

u > 0 â Q(R′
1,∞), ÷òî íåâîçìîæíî. Òàêèì îáðàçîì, òåîðåìà ïîëíîñòüþ äîêàçàíà. ⊲

Â çàêëþ÷åíèå îòìåòèì, ÷òî èíòåãðàëüíîå óñëîâèå óáûâàíèÿ ïîòåíöèàëà

∫

Q q(x) ln |x| dx < ∞ ÿâëÿåòñÿ àíàëîãîì óñëîâèÿ òðèõîòîìèè

∫

x1q(x) dx < ∞ äëÿ

ðåøåíèé çàäà÷è Íåéìàíà â áåñêîíå÷íîì öèëèíäðå [5℄ (çäåñü x1 � ïåðåìåííàÿ, ñîîòâåò-

ñòâóþùàÿ îñè öèëèíäðà).
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Abstrat. We onsider a uniformly ellipti seond-order divergent equation with measurable oe�ients

in two-dimensional domain Q external to the irle. An equation ontains the lower nonnegative oe�ient

q(x) = q(x1, x2) of potential type in the stationary Shr�odinger equation. Weak solutions in the Sobolev

spae W 1
2 in any bounded subdomain are studied. The possible rate of solutions at in�nity is onsidered.

It is established that if the lower oe�ient dereases with a su�ient rate then the positive solution exists

and has the same rate at in�nity as the fundamental solution of respetive ellipti equation without lower term.

The rate is logarithmi. This solution has uniformly bounded �heat �ow� on irles of radius R. It is established

Sen-Venan type inequality for Dirihlet integral of solution of power rate. Sen-Venan inequality leads to the

evaluation of Dirihlet integral in a ring domain via average value of solution on the irle. It means that

the solution has the same rate on the irle as its average value. Maximum priniple implies that any tending

to in�nity solution has the logarithmi rate. The main result of paper is the trihotomy of solutions: The

solution is either bounded, or tends to in�nity with a logarithmi rate, preserving the sign, or osillates and

has a power-law rate of the maximum of the modulus. The basi ondition for the derease of the lower

oe�ient is formulated in integral form

∫
Q
q(x) ln |x| dx < ∞.

Key words: ellipti equation, unbounded domain, lower oe�ient, asymptoti behaviour of solutions,

trihotomy of solutions.
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