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Abstract. Let # be a prime ring with the extended centroid ¥ and the Matrindale quotient ring 2.
An additive mapping % : #Z — % is called a semiderivation associated with a mapping ¥ : Z — %,
whenever .7 (zy) = F(2)9(y) + .7 (y) = F(z)y + Y (x)F(y) and F(Y(z)) = 4(F(x)) holds for all
z,y € Z. In this manuscript, we investigate and describe the structure of a prime ring % which satisfies
F(x™oy") € Z(R) for all x,y € #, where m,n € Z" and .F : # — # is a semiderivation with
an automorphism £ of #. Further, as an application of our ring theoretic results, we discussed the nature
of €*-algebras. To be more specific, we obtain for any primitive ¢ *-algebra <7. If an anti-automorphism
¢ : o — o satisfies the relation (z™)¢ 4 z™* € Z (&) for every x,y € &, then o is €* — #i-algebra, i.e.,
o satisfies the standard identity #a(a1,az,as,as) = 0 for all a1,a2,as3,a4 € .
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1. Introduction

Throughout the paper unless otherwise stated, # is the prime ring with centre 2 (%),
2 is the Martindale quotient ring of Z and % is the extended centroid # (for further details
see [1]). For given z,y € #, the symbol [z,y] and z o y stands for the commutator and anti-
commutator of x and y defined as xy—yz and zy+yx, respectively. We also note that a ring Z
is said to be a prime ring if aZb = {0} implies that either a = 0 or b = 0. For any subsets </
and B of Z, [/, P] stands for the additive subgroup generated by [a,b] with a € </ and
b € A. Also, an additive subgroup .Z of # is said to be Lie ideal of Z if [u,r] € £ for
all u € £ and r € #Z. A mapping g : # — Z is said to be commuting (resp. centralizing)
on a subset . of Z if [g(x),x] = 0 (resp. [g(x),x] € Z(Z#)) for all z € .. An additive
mapping 7 : # — % is called a derivation on %, if Z(vy) = Z(z)y + Z(y) holds for all
x,y € X.

In [2], Bergen introduced the notion of semiderivation. An additive mapping % : Z — %
is called a semiderivation associated with a mapping ¢ : #Z — %, whenever

F(zy) = F(2)9(y) + 2F (y) = F(2)y + 9 (2)F (y)
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and .7 (9 (z)) = 9(F(x)) holds for all z,y € Z. For 4 = 14, the identity map on %, .
is clearly a derivation. Breser [3| proved that the only semiderivations of prime rings are
ordinary derivations and mappings of the form % (z) = y(x — ¥(z)), where v € € and ¥ is
an endomorphism.

Let us briefly recall the motivation behind this study. In [4], Posner studied the centralizing
derivations of prime rings and proved that if & is a prime ring and Z is a non-zero derivation
of #Z such that [Z(x),x] € Z(Z#), for all x € Z, then #Z is commutative. This result
due to Posner was then extended to Lie ideals by Lanski [5]. In [6], Daif and Bell showed
that a semiprime ring #Z must be commutative if it admits a derivation Z such that either
D([z,y])—[z,y] = 0forallz,y € Z or Z([x,y])+[x,y] = 0forall x,y € #. In 2002, Ashraf and
Rehman [7] obtained the same conclusion if the commutator is replaced by an anti-commutator
which stated that if a prime ring % admits a derivation 2 such that Z(x) o Z(y) = z oy for
all z,y € Z, then Z is commutative. In [8], Herstein proved that a ring % is commutative if it
has no nonzero nilpotent ideal and there is a fixed integer n > 1 such that (zy)™ = z"y" for all
z,y € Z. In [9], Bell proved that a prime ring # with nonzero center, for which char(#) =0
or char(#) > n, where n > 1, must be commutative if it admits a nonzero derivation & such
that Z([z",y] — [z,y"]) € Z(Z) for all z,y € #Z. Further, Ali et al. [10] showed that if #Z be
a 2-torsion free semiprime ring and it admits a derivation & such that 2(z™ o y") € Z (%)
for all x,y € #Z, then Z is commutative (for additional associated results [11-14]).

On the other hand, recently Haung [15] proved that a prime ring Z satisfies sy,
the standard identity in four variables if char(#) > n + 1 or char(#) = 0 and .#(x)" = 0
holds, where = € £, a noncentral Lie ideal of # and .% is a semiderivation associated with
an automorphism ¢ of Z.

Given the above discussions, we investigate and describe the structure of a ring # which
satisfies certain identities involving automorphisms and semi-derivations. Also, we discuss the
nature of ¥ *-algebras. To be more specific, we obtain the following theorems:

Theorem 1.1. Let Z be a prime ring of char(#) # 2 and m,n € Z™. If an automorphism ¢
of X satisfies (z™ o y™)S € Z () for all z,y € X, then X satisfies s4, the standard identity
in four variables.

Theorem 1.2. Let Z be a prime ring of char(%#) # 2 and m,n € Z™. If a semiderivation F
associated with an automorphism £ such that #(z™ oy") € Z(#). Then Z# satisfies s4, the
standard identity in four variables.

Theorem 1.3. Let o/ be a primitive ¢ *-algebra and m,n € Z*. If an automorphism
¢ : o/ — o satisfies the relation (2™ o y")¢ € Z(<f) for all x,y € &, then < is €* — Wj-
algebra.

Theorem 1.4. Let &/ be a primitive € *-algebra and n € Z*. If an anti-automorphism
¢ : o — o satisfies the relation (x")¢ + 2™ € (/) for every x,y € @/, then o is
€* — W,-algebra.

2. Preliminaries

Before proving our main results, we fix some notions which are required for the exposition
of our main results. An automorphism £ is called 2-inner if there exists an invertible element
q € 2 such that £(x) = grg™! for all x € #Z. Also, the standard identity s4 in four variables
is defined as follows:

s1= ) (= 1) K0 Kpu2) Ky Xpu(a):
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where (—1)* is a sign of permutation x of the symmetric group of degree 4. Further we mention
the following results which are crucial in developing the proof of our main theorem.

Fact 2.1. Let #Z be a prime ring and ¢ a two sided ideal of Z. Then %, %, 2 satisfy
the same generalized polynomial identities with coefficients in 2 (see |16]). Furthermore, .#,
X and 2 satisfy the same generalized polynomial identities with automorphisms (see |17,
Theorem 1J).

Fact 2.2. Let #Z be a prime ring with extended centroid €. Then the following conditions
are equivalent:

(i) dimg Z€ < 4.

ii) Z satisfies s4, the standard identity in four variables.
iii) #Z is commutative or R embeds in Ms(F) for F a field.
iv) Z is algebraic of bounded degree 2 over € .

v) X satisfies [[22, 4], [x,y]] = 0.

Fact 2.3. Let #Z be a prime ring and £ a be non-central Lie ideal of %. If char(%) # 2, by
[18, Lemma 1| there exists a nonzero ideal .% of % such that 0 # [%, %] C Z. If char(Z) = 2
and dimy Z€ > 4, i.e., char(#Z) = 2 and % does not satisfy s4, then by [19, Theorem 13|
there exists a nonzero ideal .% of % such that 0 # [, %] C £. Thus if either char(%) # 2
or Z does not satisfy sy, then we may conclude that there exists a nonzero ideal .% of % such

that [.#,.7] C £.

(
(
(
(

3. Main Results

Proposition 3.1. Let # be a dense subring of End(¥Vy) and ( : % — X be
an automorphism of %. If # satisfies ([x1,x2] o [y1,y2])¢ € Z(#) for all x1,29,y1,y2 € X,
then either dim(¥%) < 2 or ¢ is an identity map on End(7%).

< First assume that 7% be a right vector space over a division ring 2. Let End(7%)
the ring of Z-linear transformations on #%. Thus in view of classical Jacobson Theorem |20,
Isomorphism Theorem, p. 79|, we have s¢ = s~ for every s € End(¥#5), where ( is
an automorphism of End(%%) and & is an invertible semi-linear transformation. Hence,
forallve ¥, (€ 2, P(vp) = (Pv)((p). Given by the hypotheses, we obtain

0=[[z1, 22) [y1, y2]* + [y1, ¥2)  [x1, 22]°, 2] = [P[m1, 23] [y1, 2] P + P[y1, Yol 21, 22) P71, 2]

for every x1,22,y1,y2,2 € End(#5). Let us assume that v and 2~ !v are Z-dependent for
every v € ¥. In view of [21, Lemma 1], we find that £~!v = vy, where x € 2 and v € 7.
Hence, for all s € End(7%), 2~ 1(sv) = svyx and sv = P(svy) = P(s(vx)) = PsP L(v) =
sSv for all s € End(7%), v € ¥ . Therefore, we find that (s¢—s)¥ = (0) for every s € End(72).
Hence, s¢ = s for every s € End(¥%). This shows that ¢ is an identity map on End(7%),
as required.

Thus, there exists v € ¥ such that v and & 'v are linearly Z-independent. Firstly,
we assume that dim(¥#) > 4. Then we may take w, v € ¥ such that {w,v, v, Z v}
is Z-independent. Let x,y € End(¥#%) such that

zw=0 7P =0 zw=v, PP =0, z20=0;
T =w, 2P v=v, yw=v, PP v=v, 2Pv=uw.

We notice that [z1,29] 2 v = 0, [y1,92] P 'v = v, [x1,22]v = v and hence, our assumption
yields
0= ([y[xl)xﬂ[yl)yﬂ‘@_l + y[yhy?][xlaxﬂ‘@_l)z])v = ~w,

a contradiction, implying that dim(¥%) < 3.
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Secondly, we assume that dim(7#y) = 3. Take Pv € ¥ such that {v, Pv, Z 1o} is
P-independent and then {v, Zv, 2~ 1v} forms a P-basis of ¥. If Z(v+ P v+ Pv) € vD
and (P v + Pv) € vZ, then Pv, (P v+ Pv) € vZ and then v, Z v + Pv €
P w9) = 271 ()("H2) = P D, contradicting the fact that {v, 2 v + Pv} is
P-independent. Therefore, one can pick p € {0,1} such that u = pv + £ v + Pv and
Pu ¢ vP. Write Pu = va + P~ v + Py, where o, 3,7 € Z and S, both are not zero.
By density of theorem, there exist x1, z2,y1,¥y2, 2 € End(¥%) such that

rw=0, zv=%v, ypv=v, Yyv=v, zv=0;
1P w=v, 222 w=0, P2 =0 PP lv=v, 2P lv=u;
1nPv=u, 1oPv=0, yPv=v, YPpLPv=v, z25v=u.

That is z1u = (p+ 1)v + P v+ Pv, xou = Pv,y1u = (p+ 1)v and you = —uy. Therefore,
we can see that [z1,79] P v = —P Y, [y1,12] 2 v = v, [z1,22)v = u, [y1,y2] P 1v = 0.
Also, z2u = vf + uy. As 3, v are not both zero and v, u are Z-dependent, so it is easy to

see that z%u # 0. Thus in all, we see that
0= (['@[xlva][ylvyZ]'@_l + t@[yhyﬂ[xl,m]@_l,zbv = —zPu,

a contradiction, implying that dim(¥%) < 2. >

Theorem 3.1. Let # be a non-commutative prime ring of characteristic different from
two and ¢ be an automorphism of Z. If # satisfies ([x1,%2] o [y1,92])¢ € Z(Z#) for all
xr1,%2,Y1,Y2 € X, then X satisfies s4, the standard identity in four variables.

< Firstly, we assume that ¢ is an inner automorphism of Z, i.e., s¢ = psp~! for every
s € Z. As ( is the non-identity map, so p ¢ €. Then

V() = [Zler a2y, 9227 + Pl yallan, o 27 2]

is a non-trivial generalized polynomial identity (GPI) of # and hence of 2 as well.
By Martindale’s theorem [22], 2 is isomorphic to dense subring of the ring of linear
transformations of a vector space ¥ over 2, where & is a finite dimensional division ring
over ¢. By Proposition 3.1, we have dim(%#%) < 2. Thus it follows that either 2 = 2
or 2 = #2(2), the ring of 2x 2 matrices over 2. More generally, we assume that 2 = #(2),
for k£ < 2.

If € is finite, then & is field by Wedderburn’s theorem. On the other hand, if ¥ infinite,
let .# be the algebraic closure of €, therefore by the Van der monde determinant argument, we
see that 2 ®¢ .7 satisfies the generalized polynomial identity W(r) = 0. Moreover, 2 ®q¢ F =
M(D) Q¢ F =2 M(D @¢ F) = Mi(F), for some t > 1. Considering Proposition 3.1 and
the fact that 2 is not commutative, we assert that ¢ = 2, yields the required conclusion.

Secondly, we assume that ( is an outer automorphism. By [17, Theorem 1|, £ and
hence Z# satisfy [[x1,22][y1, 2] + [y1,v2)%[x1,22]%,2] = 0. As 2, yS-word degree <
char(#), then by [23, Theorem 3|, # satisfies [[z],25][v],v5] + (i, v5][=], 25, 2] = O.
That is, # is a polynomial identity (PI) ring. Thus, # and .#;(.7) satisfy the same
polynomial identities [24, Lemma 1], i.e., for each x|, 2%, v}, v4, 2z € M(F), [}, 25][y], vh] +

[y, y5)[xh, 25], 2] = 0. Take k > 3 and e;;, the usual unit matrix. Therefore, for z = egs,
Yy = es2, 2 = €11, S = e12, we get a contradiction 0 = [[z], z5][y], vh] + (¥}, vb][x], 5], 2] =
[[e11, €12][ea3, €32] + [e23, e32][e11, €12], [€23, e32]] = e12 # 0. Hence t = 2, i.e., Z satisfies sy, the

standard identity in four variables. This completes the proof. >
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<1 PROOF OF THEOREM 1.1. We are given that (2™ o y")¢ € Z(Z%) for every x,y € %.
Let S; = {r"™: r € Z} and Sy = {r" : r € Z} be the additive subgroups. It implies that
(aob)s € Z (%) for all a € S, b € Sy. In view of [25, Main theorem|, and since char(%) # 2,
either S7 have a non-central Lie ideal &) of Z or r™ € 2 (%) for all r € #Z. The latter case
concludes Z to be commutative. Similarly, assume that there exists a Lie ideal %5 € (%)
such that %% C S5. Moreover, in view of Fact 2.3, there exist .#; and % nonzero two-sided
ideals of Z such that 0 # [#1,Z] C £ and 0 # [So, Z] C L. Also, Z is non-commutative
as #, % are non-central Lie ideal of %Z. Therefore (z o y)¢ € Z(Z) for all x € [, 7],
y € [So, S). Since 1, S5 and X satisfy the same differential identities (see [24, Theorem 3|),
so we have (zoy)¢ € Z(Z) for all 2,y € [%#,%). By Theorem 3.1, we get the required result. >

Using the same technique as used in Theorem 1.1 and Theorem 3.1, we can write in view
of above result

Theorem 3.2. Let #Z be a non-commutative prime ring of characteristic different from two
and # be a non-zero semiderivation associated with an automorphism £ of %. If % satisfies
F([x1,m2) 0 [y1,y2]) € ZL(X) for all x1,x9,y1,y2 € XZ, then Z satisfies sy, the standard
identity in four variables.

< First we note that if £ is an identity map on %, then .# is not more than a derivation.
In view of previous discussion, we have nothing to prove. Hence, we proceed by assuming that &
is not an identity map on Z. Hence in view of Bresar [3], .Z (z) = y(z—2%) for all x € %, where
0 # v € €. Thus by our hypothesis we can write v([z1, 2] o [y1,y2] — ([z1, 2] o [y1,92])¢) €
Z (%) which can be rewritten as v(([z1, 2] o [y1,y2])/% — ([x1, 22] 0 [y1, ¥2])¢) € Z(#), where
15 is the identity map on Z. It is well known that if £ is an automorphism of Z, then £ 4+ ki
(k is an any integer) is also an automorphism on #Z. Thus, we set £ — I = (. Therefore, the
last relation can be written as y([z1,%2] o [y1,42])¢ € Z(Z) for all x1,z2,y1,y2 € #. Since
0 # v € €, the above identity reduces to ([z1, 2] o [y1,%2])¢ € Z(Z) for all z1,22,y1,Yy2 € Z
and hence in view of Theorem 3.1, we get the desired conclusion. >

PROOF OF THEOREM 1.2. We are given that .% (2™ oy") € Z (%) for every x,y € Z. Let
Sp={r"m:reZ}and Sy = {r": r € Z} be the additive subgroups. It is easy to see that
F(xoy) € Z(Z#) for each x € Sy, y € Sa. Since char(#) # 2 and by main theorem of [25],
we have either r™ € Z(Z) for every r € # or S; contains a non-central Lie ideal %) of Z.
The first case concludes that # to be commutative. Similarly, assume that there exists a Lie
ideal 4 € Z(#) such that % C S,. According to Fact 2.3, there exist nonzero two-sided
ideals .71 and % of #Z such that 0 # [A,Z] C A and 0 # [ S, Z] C %. Since L1, %
are non-central Lie ideal of %, so # is non-commutative. Hence, .#(z o y) € Z(Z) for all
x € [, ],y € [ S, ). Since F1, H and X satisfy the same differential identities (see [24,
Theorem 3|), so we have .Z (zoy) € Z(Z) for all x,y € [#,Z). Applying Theorem 3.2, we are
done.

Corollary 3.1. Let # be a prime ring of characteristic different from two, m be fixed
positive integer and ¥ be a nonzero semiderivation associated with an automorphism £ of Z%.
If Z(ax™) € Z(X) for all x,y € X#, then X satisfies s4, the standard identity in four variables.

Corollary 3.2. Let # be a prime ring of characteristic not two. If % admits an auto-
morphism ¢ of # such that (z") € Z(Z) for all v € &, then X satisfies sy, the standard
identity in four variables.

Theorem 3.3. Let # be a prime ring of characteristic not two. If # admits an auto-
morphism ¢ of #Z such that (z™)¢+2" € 2 (%) for all x € R, then X satisfies s, the standard
identity in four variables.
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< It is well known that if ¢ is an automorphism of #, then ¢ + kl4 (k is an any integer)
is also an automorphism on %. We have given that (z")¢ + 2" € Z(%) for all x € % which
can be rewritten as ()¢ + (z")/% € Z (%), where Iy is the identity map on Z. Thus, we set
¢ — Iz = £. Therefore, the last relation can be written as (z")¢ € Z(%) for all x € % and
hence by Corollary 3.2 we have done. >

4. Result Based on %*-Algebras

A Banach algebra is a linear associate algebra which, as a vector space, is a Banach space
with norm || - || satisfying the multiplicative inequality; ||zy|| < ||z||/||y| for all  and y in &7. A
Banach algebra o7 is a Pl-algebra if and only if there exists n € N and a polynomial ¢ € %,
q # 0, such that q(z1,z9,...,2,) = 0 for all x1,z9,...,2, € o, where #,, is the set of all
complex polynomials in 7 non-commuting variables. An involution on an algebra 7 is a map
x — x* of o7 onto such that the following conditions are hold: (i) (zy)* = y*z*, (ii) (*)* = =z,
and (iii) (z + \y)* = 2"+ \y* for all 2, € &7 and X € C the field of complex number, where
is the conjugate of X. Of course the prototypical example of an involution on a Banach algebra
is the adjoint operation on A(.#), the set of bounded linear operators on Hilbert space .7
Another important example is complex conjugation on C(X), the set of all continuous complex
valued functions on X, a compact Hausdroff space defined as f*(z) := f(x).

An algebra equipped with an involution is called a *-algebra or algebra with involution.
A Banach x-algebra is a Banach algebra .7 together with an isometric involution ||z*|| = ||z]|
for all x € o/. A Banach *-algebra is called a ¢*-algebra 7 if ||z*z|| = ||z|? for all z € &.
A €*-algebra & is primitive if its zero ideal is primitive, that is, if &/ has a faithful non-
zero irreducible representation. Let %, denote the standard polynomial of degree m in n
non-commuting variables, %, = Yses, sign (0)ay1)0x(2) """ Go(n), Where S, is the set of
all permutations of {1,2,3,--- ,n} and sign(c) = %1 for ¢ even (odd) (see [26, 27| and
references therein). An algebra &7 is said to be an €*-#,,-algebra if #,(a1,a2, -+ ,a,) =0
for each choice of elements ay,as, - ,a, € <. In particular, an algebra is €* — #j-algebra
if it satisfies the standard identity #4(a1,as2,as,aqs) = 0 for all a;,as,as,a4 € 7. Moreover,
an algebra is €* — #s-algebra if and only if it is commutative, i.e., a €* — #5-algebra is
commutative if it satisfies the standard identity #5(a1,a2) = 0 for all a1,as € /. Many
researcher discussed Gelfand’s theory for Banach algebra and %€ *-algebra namely, Banach-
Won-algebra and €* — #a,,-algebra. Throughout the present section, ¥ *-algebras are assumed
to be nonunital unless indicated otherwise.

<1 PROOF OF THEOREM 1.3. We have given that ¢ : & — & is an automorphism of .o/
and &/ is a primitive €*-algebra such that (z™ o y™)¢ € Z() for all x,y € o/. Therefore,
o/ is prime by [28, Theorem 5.4.5] because <7 is primitive ¢ *-algebra. Hence, &7 is a prime
ring since & is a prime % *-algebra. By application of Theorem 1.1 get the required conclusion,
thereby proving the theorem. >

<1 PROOF OF THEOREM 1.4. We have (2)¢ + 2™ € Z(</) for all z € <. Replace z*
for z, to get (z*)¢ + 2" € Z(</) for all & € 7. Now, amap 7 : & — o/ by 2™ = x** for every
x € /. It is easy to see that (xy)™ = z™y™ for all z,y € &/, that is, 7 is an automorphism
of &7 and hence we find that (z™)" + 2" € Z(&/) for every = € o . Therefore, o7 is prime by
[28, Theorem 5.4.5] because 7 primitive € *-algebra. Hence, o7 is a prime ring since o/ is a
prime % *-algebra. Application of Theorem 3.3 yields the required conclusion. >
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[MOJIYINOPEPEHIIMPOBAHIN A B ITEPBIIYHBIX KOJIBIIAX

Paza M. A.! and Pexmvan H.2

! Vumsepcurer koponst AGmyn-Aszusa, Caymosckas Apasust, 21589, Txxumia;
2 Asurapxckuit MycyabMaHcKuil yausepenrer, Mumsi, 202002, Asurapx

arifraza03@gmail.com; nu.rehman.mm@amu.ac.in, rehman100@gmail.com

Awnnoranus. [lycrs % — nepBuvHOE KOJIBIIO C PACIIUPEHHBIM [EHTPOUIOM € U ¢ daxTop-Koabio Mar-
pungeitna 2. AjpurusHoe orobpaxkenue F : H — I Ha3BIBAIOT IOJYIIPOU3BOIHON, ACCOIUUPOBAHHON
cY X — %, ecmn F(vy) = F()9y) +2F(y) = F(@)y+9@)F@y) n F(¥(z)) = 9(F(z)) nna
BCeX x,y € Z. B 310it paboTe MbI UCCIIELyeM U ONMUCHIBAEM CTPOEHNE TIEPBUYHBIX KOJIEI %, yIOBJIETBOPSIONINX
yerosuto (™ o y") € (%) nna veex z,y € X, tae m,n € ZT u F 1 # — H# — TOTYyNPOU30BOTHAS
¢ aBromopdusMoM & Koabla Z. Iajiee, B KaueCTBe NMPUJIOXKEHHS HAIIEIO TEOPETHKO-KOJIBIIEBOTO PE3YJIBTATA
MBI 00CyKaeM pupoy € *-anre6p. Tounee, myist 1060# TpUMUTHBHON 6 -anrebpel 7. Tounee, miist 11060
NPUMUATUBHON & -ayirebpbl &7 mosydaem ciemyomee. Eciu antunzomopdusm ¢ : &/ — &/ yn0BJIETBOPSIET CO-
orromenuio (") +z™* € (&) nisi Beex T,y € &, 10 & CiyRuT €* — Wi-anrebpoii, T. €., &/ YIOBIETBOPSIET
CTaHJIAPTHOMY TOXAeCTBY #4a(ai,az,as,as) = 0 for all a1, a2,as3,a4 € 7.
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