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Awnnoranusi. B mozenn «nHBecTUIMI-TIOTPEOIEHUST» TEMIT POCTa (DOHIOBOOPYKEHOCTH TPEICTABIISIET CO-
601 pa3HOCTH MEXKYy COOCTBEHHBIMU WHBECTUIMSIMU U TEMIIOM aMOpTU3anuu. Kejim umeercs nesb JOCTHr-
HYTb 3aJIAHHOTO YPOBHsI (DOHJIOBOOPYXKEHOCTH K (PUKCUPOBAHHOMY MOMEHTY BPEMEHH, HO COOCTBEHHBIX
WHBECTHIIMIA JIJIsI 9TOMO HEJIOCTATOYHO, TO HEOOXOUMO MPUBJIEKATH JOMOJIHUTEIbHBIE CPEJCTBA, KOTOPbIE
[IOCTYIIAIOT B BUE (DUHAHCOBOIO MOTOKA. Besimunna noroka orpanndena cBepxy (OyHKIMER — IIPeIebHOM
CITOCODHOCTBIO K TOTJIONIEHNIO nHBecTuInii. [lojiydeH oTBeT Ha BOIIPOC O TOM, KAKOBA MUHUMAJIbHAST BEJIV-
YMHA JOMOJIHUTEIHLHBIX CPEJCTB U B (popMe KaKOro (pMHAHCOBOTO MOTOKA OHM JOJI?KHBI IOCTYUTh, YTOOL
rnocTaBJieHHas 1eJib Oblia JocturnyTa. OKa3bIBaeTCs, MCKOMBIN ITOTOK YCTPOEeH ciemyoomuM obpazom. Cy-
IIECTBYET Mapa 3HAYEHUN (DOHIOBOOPYKEHHOCTH MEYK/ly HadaJIbHBIM U I€JIEBBIM 3HAYEHUSIMU, TaKasl, 9TO
1oKa (POHI0BOOPYKEHHOCTb MEHSIETCA OT MEHBIIEro K OO0JIbIIeMY 3HAYEHUIO, UCIOJIB3YIOTCH TOJIBKO COO-
CTBEHHBIE UHBECTUIIUU. B OCTaJbHOE BpeMs UCIOJIb3YIOTCA JIONOJHUTEIbHBIE CPEJICTBA B MAKCUMAJIBLHOM
BO3MOXKHOM Temite. [Tomydennbr (hopMysibl JjTsi BBIYUC/IEHNUST YKA3aHHBIX 3HAYEHUI (DOHI0BOOPYKEHHOCTH,
a Takxke (opMyJia JJisd BbIYUCIEHUs 00beMa JIOMOTHUTEILHBIX CPEJICTB.

KuroueBnble cjioBa: mpon3BOCTBEHHAS (DYHKINSI, yIIPaBIeHne, (DOHIOBOOPYKEHHOCTD, TPUHITUIT MAKCH-
myMa [louTpsaruna.
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1. BBeagenue

Jnnamuka ¢HOHAOBOOPYXKEHHOCTH B MOJEIU «HHBECTUIUH-TIOTPEOJIECHIE» OIMCHIBACTCS

3akoHOM (cM. [1, c.243])
T = Sf(ﬂ?) — KT,

rjge © — (OHIOBOOPYXKEHHOCTb, f — mpomsBojcTBeHHast GyHKus, f(x) — HponusseeHHAasT
B €JIMHUILY BPEMEHU CTOUMOCTH, TIPUXOIAIIASICST Ha OJHOro paboraroriero, 0 < s < 1 — mosist
[MPOU3BEAEHHON CTOMMOCTH, KOTOPasi BO3BPAIIAETCA B IIPOM3BOACTBO B BUJIE€ MHBECTUIWIA, (1 —
KO3 DUITUEHT aMOPTU3AIUN TTPOU3BOJICTBEHHBIX (DOHIOB.

[TpoussojcTeennas gpyHKIMA obyagaer ceoiicrsamu: f > 0, f/ >0, f <0,

lim f'(z) = lim f'(z) =0.
lim f'(z) = +oo,  lim f(z) =0

Paccmarpusaercst ukcuposansbiii ipomexxkyTok Bpemenu [0, 7], hoHIOBOOPYKEHHOCTD
Ha MOMEHT HYJIb COCTaBJIAET BEJIMUUHY I(.
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[IycTp mocraBiieHa 1€ib: K MOMEHTY 1’ JOCTUTHYTH (DOHIOBOOPY2KEHHOCTH T1 > (g, HO
COOCTBEHHBIX WHBECTUIIMI JJIs JIOCTUYKEHUsT STOM Ie/IU HE XBaTAET — 9TO O3HAYAET, UTO BPEMs
JOCTUKEHUSI BEJIMYNHON T 3HAUYEHUS T 110 3aKOHY

& =sf(z) - px

ooubire T
z1

/sf(ﬂgix—;w>f

Zo

[IpeamonoKum, ITO st JOCTUXKEHUSI ITOM [eJId BhIJEJIeHBI CPEICTBA 00beMa S, KOTOphIe
HOCTYTAIOT B BUje (DUHAHCOBOTO MOTOKA U (t), TJe U — KyCOYHO-HenpepbiBHAast (DYHKIUS,

T
O/u(t) dt =S,

npuyueM
0 <u(t) < plx(t)),

BesinanHa P(x) — IpejiesibHasi CIOCOOHOCTD K MOMVIONIEHUIO WHBECTUIIHH, IIPEJIIIOIAraeTCsl, 9TO
OHa HelpepbIBHO-Iuddepenmpyema. Torma nuHaMuKa POHIOBOOPYKEHHOCTH IIPUMET BU/I:

T = F(z) + u,

e F(x) = sf(x) — px.

[TocTaBuM BONPOC: KAKOB MUHUMAJILHBINA 00LEM CPeJCTB S U B BHJIE KAKOrO (DMHAHCOBOIO
IIOTOKa OHU JOJIZKHBI ITIOCTYIIUTD, LITO6]:)I ITIOCTaBJICHHadA IIe/Ib 6I:)Iﬂa ;LOCTHFHyT&?

Bynewm cuurars, uro F' 1ojoxkuTesibHa HA OTpe3Ke [xq, T1] U

T e (.%'0,1‘1),

rje £ — Touka Makcumyma F'.

Eciu T okaxkercs: BHe nuHTEpBaJIa (o, £1), TO OTBET HA IIOCTABJIEHHbI BOIPOC JIE'KO yCMaT-
PHUBAETCA U3 HUZKEU3JI0ZKEHHOTO.

OTmernmM, 9TO 3aJ1a4a O HAMCKOPENIIeM BBIXOJE Ha 3aJaHHbIi ypOoBeHb (POHI0BOODYKEH-
HOCTH ObliIa B YIIPOIIEHHO! II0OCTAHOBKE M3y4YeHa paHee B pabore [2].

2. 3ajjaua ynpasJieHUsI

3armuieM IMOCTaBJIEHHYIO 3a/1a9y KakK 3aJady TEeOPUHU YIIPaBJICHUS:

T

J(u) = /u(t) dt — min,

0
&= F(x) + u,
z(0) =x9, =(T)=x1,

bi(r,u) =u—p(x) <0, ba(zr,u)=—-u<0,
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Bpems 1" dpukcuposano. VcciemyeM 3Ty 3a1a4dy € MOMOIIBIO IPUHINIIA MakcuMyMa [TonTpsi-
ruHa. YCJI0BHs ONTHMAJIBHOCTH JIs TaKuX 3a1a4 copmysmpoBanbl Boarsiackum [3, ¢. 400].
CoriacHO 9TUM YCJIOBUSIM ONTUMAJIbHBINA TIPOIECC (T, U) JOCTABJIsIET MAKCUMYM 110 U (byHKIHN
IlonTpsaruna

H = thou+ $(F(2) + u) :
max  H(y(t),z(t),v) = H(¥(t), z(t), u(t)) (1)

0<v<p(z(t))

(1151 BCex, KpoMe, BO3MOYKHO, KOHEYHOI'O YHMCJIa MOMEHTOB t), rye 1y < 0 — KoHcTaHTa, ¢ —
HeIIpepbIBHOE PEIleHNe BCIIOMOIaTeJIbHOI'O YPaBHEHUS

ox ‘
—
= —yF'(x) — p1p/(2), (2)
rie p; — KyCOYHO-HelpepbIBHbIC HEOTPUIATeIbHble (PYHKIUNA TaKHe, 9TO
pi(t)bi(x(t),u(t)) =0, i=1,2, (3)

n JJjigd BCeX, KpOMe KOHEYIHOI'0 4YucJia, 3HAYEHUN t, BBIIIOJIHACTCA COOTHOIIICHUE

9 0 (<
O (B (w(e) 2(0),u(t) = 2 (Z pi(ﬂ@(ﬁﬂ@)&@))) :
Yo + 1 = p1 — p2; (4)
BekTOp (g, (1)) HeHyIeBOIL. (5)
Caenyer paccMOTpeTh JiBa ciaydast: Yy = 0, g = —1.

3. O umciie nepekJIIOYEHMUIA

a) Pacemorpum ciy4aii g = 0, u3 ycinosust makcumyma (1) ciemyer, aro

= {40 o =

U3 yenosus (5) caeayer, aro (1) # 0. Eciu ¢(T) > 0, ro u(T') = p(x(T)) n u3 (3) noayaem
p2 = 0 mist Beex t, rie 1 > 0. Torga u3 dbopmyssl (4) noaydaem, 4ro ¢ = p1 U, TMOJICTABIISISA
B (2), mosyvaem .
U =—y(F'(z) + p'(x)).
[TockosbKy 1 — pelieHne OJIHOPOIHOTO JIMHEHHOTO YPABHEHUS, OHO COXPAHSIEeT 3HAK, CJie-
JIOBATEBLHO, TOUKH MEPEKJIIOYMEHNsT YIIPABIEHUsT OTCY TCTBYIOT:

u(t) = p(x(t)) mns seex t € [0,T].

Ecmu ¢(T) < 0, ro w(T) = 0 u, cremoBaresbho, p; = 0 Ha IpoMexyTKe, cojepxKariem 1.
[oxcrasiss pp = 0 B (2), nosnygaem

¢ = _ZZ)F/(‘T)a

U, B CHJIy COXPaHEHUs BeJIMIUHOI 1) 3Haka, u(t) = 0 mus Beex t € [0, 7.
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6) Paccemorpum ciy4ait g = —1. Torna H = —u+¢(F(x) 4+ u), u3 ycaosus (1) norydaem

y— p(xz), ecom P > 1,
10, ecmm P < 1.

Eciu mast Beex ¢ u3 nekoroporo npomexkyrtka u(t) < p(z(t)), To B cuy (3), (2) pr = 0 n

)= —yF(z).
[Tocko/IbKY, B CHJIy ypaBHEHUsI JUHAMUKH, £ MOHOTOHHO BospacTaer u I’ obpamaercs B
HyJ/Ib JINIIb B OJHOW TOYKE, PABEHCTBO ¢ = 1 MOXKET BBINOJIHATHCA He 0ojiee, YeM B JIBYX

TOYKaX U Ha YKa3aHHOM IIPOMEXKYTKE U = 0.

ITycrs [ar, f] — mpoMeKyTOK MaKCHMaJsbHOI JUIMHBIL, Ha KOTOpoM u = (. DTO 03HAYAET,
qro Jmbo « = 0, b0 v — TOUKA IIEPEKJIIOUEeHNs! U, claejoBaTenbHo, P(a) = 1 (ecau a > 0).
Awnanoruuno, ¥(8) =1 (ecu f < T).

Ecin o > 0, To u3 ycsoswuii

P =—pF'(z), YPl@)=1 ¢<1

CJIEJIy€eT, YTO
F'(z(a)) > 0,
T. e. z(a) < Z. Anamornuno, z(f3) > .
TakuMm 00pasoM, ylpaBjleHue U COAEPKUT He Gosiee JIBYX TOYeK HepekJodeHus. [lpuyaem,
€cJI T — MOMEHT IepekJodenus ¢ u = p(x) Ha u = 0, o z(7) < &; ecom ¢ u = 0 Ha u = p(x),
To (T) > Z.

4. HaxoxkxeHne To4eK NepeKJII0UeHNs

Touku nepexsiodeHnst onpejessiorcs u3 yciaosus x(1) = xp. Bemwdaunna x MoHOTOHHO
BO3PACTAET, TIOITOMY YIIPABJICHUE U SIBJISETCS TaKyKe (DYHKITHEH .
Ecim nmeercs oqaa Touka nepeksodenns ¢ p(x) Ha 0 B MOMeHT 7/, mpuaem

/ / ~
(") =2 < 7,
TO T MEHAETCA 11O 3aKOHY

b F(z)+p(x), mpu 0<t <7,
| F(o), upu 7' <t <T.
Torna

xr1

dx

, "N y dx
T=r +(T_T)_1/7F(x)—|—p(x)+

®yukius or =’ B npaBoil yactu paseHcTBa (6) siBisieTcss MOHOTOHHOM, nosromy x' u3z (6)
SIBJISIETCS MOHOTOHHOM, mosroMy 2 u3 (6) onpe/iessiercs: 0JJHO3HAUHO (B C/Iydae paspernMOoCTH
ypaBHenusi). B ciydae paspenmmocru (6) 6yaem obosHadars xq yepes .

Amnasiornyno, eciin umeercst o/iHa Touka nepekrodenns ¢ 0 va p(x) B moment 77 (x(7") =
" > ), 10

T

1 1

dx dx
B CN / F(e) + pla) v

Uz (7) (B cayuae paspemmmoctn) x” onpesessiercst oJHO3HaUHO. B ciyuae paspernmo-
cru (7) nepeobosnaunm x( depes z'.
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Ecim umerorest e Touku nepekstodenust: ¢ p(x) va 0 B moment 7' (z(7') = 2'), ¢ 0 Ha
p(x) B momenr 7" (2(7") = 2”), To Ha npomexyrke or 7’ mo 7

{32,

npuuem (') = (") = 1.
Hannast cucreMa sIBJIsieTCst TaMIJIBTOHOBOIT ¢ dyukimeit H = Y F(x), mostomy

() F((r') = (") F(a(r")).

/ 7
Crenosarensuo, F(z') = F(z").
Torna 2/, «” ogHO3HAYHO OIpeE/ICHbI U3 COOTHONIEHNUI

xl $//

dx dx 7 dx N ,
T:/F(ﬂc)—i—p(m) +/F(m) +/F(x)+p(x)’ F(2') = F(2"). (8)

o !

Sarmuiem 3HaveHne QyHKIUOHATA

= [una= [ pema= | % v

0 [OvT]\[TlvT”] [1‘0,1‘1}\(1",1‘”)

Takum 0OpazoM, yCcTaHOBJIEHA

Teopema. Ecsin nporece (x,u) onruMasbHbId, TO JUHAMHKA T OMHCHIBAETCS 3AKOHOM

b { F(x), npu z € (2, 2"),
F(z)+p(z), mpu z € [xg,x1] \ («/,2"),

rae x', " ynosmersopstor omuoii u3 opmyna (6)—(8). Bravenme J(u) onpemesser opmy-
aa (9).

BeiBoabl. MunuMasbHasi CyMMa, KOTOpasl 00eCHedYuT JOCTUKeHHEe (POHI0BOOPYKEHHO-
cThi0 3HavYeHusi £1 K MoMenTy T, onpezessiercss uz dopmysbt (9). [Ipu srom pocr dowo-
BOOPY?KEHHOCTH OT 3HadeHus x’' 10 3HadeHus x” obecreduBaloT COOCTBEHHbLIE MHBECTUIIWM,
B OCTaJIbHOE BpeMsl, KpoMe COOCTBEHHBIX WHBECTHUI, B MAKCHMAJIBHOM TEMIIE UCIIOJIB3YIOTCS
[IpUBJIEYEHHBIE CPEJICTBA.
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ON AN EXTREMAL PROBLEM IN “INVESTMENT-CONSUMPTION” MODELS
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Abstract. In the «investment—consumption» model, the growth rate of capital-labor ratio is the difference
between own investments and the rate of depreciation. If there is a goal to achieve a given level of capital-labor
ratio by a fixed point in time, but own investment is not enough for this, it is necessary to attract additional
funds that come in the form of financial flow. The amount of flow is limited from above by the function — the
ultimate ability to absorb investments. The article provides an answer to the question of what is the minimum
amount of additional funds and in the form of what financial flow they must arrive in order for the goal to be
achieved. It turns out that the desired flow is arranged as follows. There is a pair of capital-labor ratio values
between the initial and target values such that as long as the capital-labor ratio varies from the lower to the
higher value, only own investment is used. The rest of the time, additional funds are used at the maximum
possible pace. Formulas for calculating the specified values of capital-labor ratio, as well as a formula for
calculating the amount of additional funds have been obtained.
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