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Annortanms. IIpemioxkeH aJropuT™M MOWCKAa MHOIOYJIEHA HAMJIYYINErO NPUOJIMKEHUS JJIsi HEIPEPHIB-
HOIl MHOTO3HAYHOI CErMeHTHOW (PYHKIUU, 33JJaHHOW Ha COBOKYITHOCTH HE IMEPECEKAONIUXCS OTPE3KOB
X = (U?llzo[ajl,bh]) U (Ur_o k) Takux, uTo (U;?:O[ah,bh]) N (Ur_o@k) = 9, rae He nepeceka-
IOIUecss OTPE3KU [aj,,bj; | M TOUKM xp mpuHamyExRaT orpanmdeHHOMy oTpe3ky [A, B] C R. Cuwmraem,
uro GyHKIuM fi U fo HENpPepHIBHBI Ha MHOXKeCTBe X, U BCioAy Ha X 3Hadenue yukiuu fi(x) He mpe-
BocxonuT 3Hadenune dynknmu f2(x). Omeparop, craBamuii B COOTBETCTBHE KaXKAOMy T € X OTpe3oK
[(z, f1(z)), (z, f2(z))], Oynem Ha3bIBaTHL cermenTHON dyHKuMeR ¥ (), 3ananuoit Ha X. B cuiy Henpepsis-
Hoctu yHKumi fi u fo cermenTHast GyHKIUs F sIBIsIETCS h-TI0JIyHEIIEPBIBHBIM OTOOPAaXKEHUEM CBEDPXY.
Muorowien P, = 31" a;x° manmmyamrero mpubmkenus B MeTpuKe Xaycaopda Ha MHOXKeCTBe X CerMeHT-
Hoit dbymkmun & ¢ BekTopoM Koddbbuumentos @ = (ao, a1, . ..,an) € R™T! ects pemenne skcrpemaiis-
HOI1 331241 MiNgcpm+1 MaXee x Max(Pm(z) — fi(x), f2(z) — Pm(z)). MeTonammu KOHCTPYKTHUBHOI T€OpUH
dbyuKImii mokazano, 9To aia 00X HenpepbiBHBIX Ha X dynkuuii fi(x) < f2(x) cymecrByer mHOTrO-
JIeH HAWJTY49IIero mpubIMKeHns B XaycaIopdoBoit MeTpuke h-110IyHEIPEPBIBHOI CBEPXY HA MHOXKeCTBe X
cermenTHOM yukmmu # (x). [IpeyioxKeH aJropuT™ ONUCAHUsT MHOXKECTBa KO3(MDMUIEHTOB @ MHOIOIe-
HOB HAWJLY4IIero NpUOIIMKeHns: cerMeHTHOM dhyHKimu. ITonydensr HEOOXOUMBbIE U JIOCTATOYHBIE YCIOBUS
€IMHCTBEHHOCTH MHOIOYJIEHA HAWMJIYYIIEro NpubJInKeHust cerMeHTHON dyukumu. [IpuBeneHbr pe3ybraTsl
YUCJIEHHBIX SKCIEPUMEHTOB, PEAJIN30BAHHBIX C TIOMOIIBIO IPEJIOKEHHOIO AJIFOPUTMA.

KuroueBrble cioBa: HawIydllee NpuOIMKenrne (pyHKINH, AIIPOKCAMAINST MHOTOYJIEHAMY, CErMEHTHAS

byHKIHS.
AMS Subject Classification: 65D15, 26E25.

O6pazen;, nurupoBanusi: Tperaua A. FO. O MHOrodwieHax HAWJIyUIIero MPUOIUYKEHUS CErMEHTHBIX
dbyusxmmit // Baagukask. mar. kypH.—2023.—T. 25, som. 1.—C. 105-111. DOI: 10.46698 /m0485-4484-
9134-k.

1. Beengenue

B [1] mospo6HO u37107KeHBI OCHOBBI TEOPHH MHOTO3HAYHBIX OTOOPAYKEHUI, MMEIOIIHUX [P0~
KUl CIEKTP MPUKJIATHBIX BO3SMOXKHOCTEM, TaK KaK MCIIOJb30BAHNE MHOTO3HAUHBIX OTOOparke-
HUIi TI03BOJISIET B IIPOIIECCE PeaN3allui aJrOpPUTMa Cpa3y OIEHMBATH IOTPEIIHOCTh IIPUOJIN-
skenust perternst. [Tpu sToM nosxos, paspaboranublii aBropom MoHorpaduu [1], He npemosa-
raeT MCIIOJIb30BaHUsI MHTEPBAILHON apr(MeTUKN, YTO CHUMAET BOIPOC O IMOCTPOEHUH IIOJIA
MHTEPBAJIOB WU ero aHajoroB. Bmecte ¢ TeM, Teopusi, paspaboranHas B [1], B 3HAUMTEIbHOI
CTEIIEHU CITPABJIAETCS ¢ MHOI'MMHU OCHOBHBIMU 3aJladaMi MHTEPBAJIbHON MaTeMaTUKH.
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ITycTb
ni n ni n
X = U [ajl?bjl] U U Tk | U [ajl’bjl] N U g | =9, (1)
Jj1=0 k=0 j1=0 k=0

I7le He IIepeCeKaloINuecst OTPE3KN [aj, , bj, | 1 TOUKM f, mpuHA/IIeKAT OrPAHIIEHHOMY OTPE3KY
[A, B] C R. Cuuraem, uro dbyukiuu fi u fo HempepbiBHBI HA MHOXKecTBe X, U BCogy Ha X
Boinojasiercst coornommenue fi(z) < fa(x). Oneparop, craBsaImuil B COOTBETCTBHE KaXKIOMY
x € X orpesok [(z, f1(x)), (x, f2(x))], Bcaen 3a aBropamu pabotr [2-5| Oyxem HasbiBaTh Ha X
cermenTHOl dyHukiweit % (z). B cuny menpepsiBHocTn dbyukuumit fi u fo cermenTHas QyHK-
usi ¥ siBjisieTcst h-NoJiyHelepbiBHbIM oToOpazkernueMm cepxy (cMm. [1, §6]). Muorounen P,
HAMJIy9IIEro TpUOIMZKEHNS B MeTpuke Xaycaopda Ha MHOXKecTBe X CerMEeHTHONH pyHKImunu %
¢ BekTOpoM Kodbdummentos @ = (ag,ai,. .., ay,) € R™T! ecrs pemenne skerpemasbuoii 3a-

Jadun

_min maxmax (P (2) = f1(2). fo(a) = P(@)).

noo (2)
P (x) = (6, (1,x, ... ,xm)) = Zaix’.
=0

B cayuae fi = fo 3amaua (2) cBomures K Kiaccudeckoii Teopeme I1. JI. Uebbimesa st
MHOXKecTBa, X .

B ny6uukarnusix [2-5] npuBojgTcs HEOOXOIMMbIE U JOCTATOYHBIE YCJIOBHUSI CYIIECTBOBA-
HUsI U €JMHCTBEHHOCTH MHOIOYWIEHA HaWIydinero npubskenust (2) juisi caydasi, korga X
[peJICTaBIsgeT cO00i JIubO OTPEe30K, JTUOO KOHEUHBI HADOP TOYEK. DTU PAbOTHI UCIOJIB3YIOT
METOJINKHK JI0Ka3aTenbcTBa TeopeMbl [1. JI. YebbimeBa u BhIIyKjI0ro anajan3a. B sTtom ciy-
Jae, Jaxke Korga X IpeicraBiisger coO0il KOHEYHBIH HabOp M3 M TOYEK, KOJHMIECTBO CHCTEM,
KOTOPbIE HEOOXOIMMO PeNNTh /Tt TOMCKa MHOTOU/IeHa cTernenn m, pacteT kak C 2, Kpowme
TOr0, MHOT'OYWIEH, HAWIYUIIUM OOpa30M MPUOINKAIONIUNI CEerMEeHTHYIO (DYHKIINIO, OIHOBPE-
MEHHO IIPeICTaBJIsIeT cOO0 MHOIOYJIEH HAWIy YIIero Ipud/InKeHnsl HEKOTOPOi KJIaCCHIECKOM
dbyskImu. A u3 pesysnbraToB HccienoBanHuii B paborax [6, 7| cieiyer, 9To HE3aBUCHMO OT
MeToJla perieHnst 3a1a9u (2) ero YucjeHHas peajiu3aliisi BOSMOXKHA TOJBKO JIJisi HeOOJIBIINX
crereneil u xoporux QyHKINN, TaK KaK MOy KO3(DDUINEHTOB MHOTOMIEHOB HANTY IIITEr0
IpUOJIMKEHNsT HEIPEPBIBHLIX (PYHKIUN C POCTOM CTEIeHH MHOIOYJIEHOB MOIYT pPacTh OBICT-
pee reoMeTPUIECKOil IIporpeccun. 1eM He MeHee B JTaHHO# paboTe IPeyIozKeH IPyTroi MOIX0/T
K M3yYEeHHUIO 3TOH MpobJIeMbl Ha OCHOBE KJIACCHYECKOIO aHaJIM3a W TeOpHH (DYyHKINA. 31eCh
IPUBEJIEH TaKKe PsiJi IPUMEPOB UUCJIEHHBIX YKCIIEPUMEHTOB, MTO3BOJISIONINX YOS IUTHCSA B KOH-
CTPYKTHUBHOCTH IIPEJJIOYKEHHOI'O METO/1a MUCCJIeOBAHMIA.

2. OcHoBHOI1 pe3yJbTaT

Onpezesm byHKIMIO OrpaHndeHHoil Bapuain Ha [A, B]:

xT

i) = [x©de+ Y1 v x(o) =

‘A Tp<T

1, mpuz € X, 3)
0, mpuzx € [A4,B]\ X,

rae X onpezneneno B (1), u 6ygaem paccmarpuBarh ee Kak Mepy B mHTerpase CTuirbeca.
Cuenap oboznadeHue

fi(z) + fo()

m
%(a,x,m,f):z;aimi— 2 )
1=
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st Kaxknoro p € N onpenesmy cucreMy ypaBHEHUIA
B

/xi {%(a,x,m, f)arctg (pZ(a,x,m, f)) + d
A

(fo(z) — fi(z)) }2p1

! 4)
p%(a7 x7 m7 f)

p?%(a,z,m, f)?2+1

OTHOCUTEJILHO HEU3BECTHBIX @ € Rm—i—l. O60o3Ha49M qgepes Ep 3aMbIKaHHME€ MHOXKECTBa peH.IeHI/IfI

X (arctg(p,@(a,:c,m,f))—k >d,u(a:) =0, i=0,...,m,

cucremsl (4) npn kaxaoMm p € N n

E=() U E (5)

Teopema 1. /List sit06bix HenpepeiBabix Ha X Gyuknumii fi(x) < fo(x) cymecryer muOro-
4jieH HauLy4dniero rnpubsmkenus (2) B xaycaopoBoii Merpuke h-1moJiyHenpepbIBHOH CBEPXY
Ha mHO>KectBe (1) cermenTroii pyukmu .7 (x). OH eUHCTBEHEH TOTJA U TOJIBKO TOIJIA, KOIJIA
muozxkectso (5) ogroroueunoe B R™ 1L, Jloboit BekTop @ € E nMeer KOODIHHATDI, sIBJISIONIH-
ecst KoappunreHTaMy MHOTOY/IEHA HAUJLY IIIEr0 MPHOIHXKEeHHS].

< Beuuy Toro, uro jyisi npoussosbHoil dbyukiuu g € C[Y] cupaseyinBo coOOTHOIIEHE

lim g(z) % arctg (pg(z)) = |g(z)|,

p—o0

u3 KoToporo ciejyer (cM., Hanpumep, [8, ri. 1, §3|) pasencrso

1
2p

B %
lim < [ o2 ancts gt} dum) = vrai maxlg(z)| = gl

p—00
A

BEJIMYMHA, yKJIOHEHNs] MHOTOWIEHa Py, OT cermeHTHOR dpyHkmn % B MeTpuke Xaycaopda Ha
MHO)KecTBe X MOXKeT ObIThH IIPEJICTaB/IEHA CJIEIYIONINM 00Pa30oM:

B
p(F, Pp) = lim ( / {%,x,m, 7) 2 arcts (p(a, z,m, f))

p—o0
A

1

- b)) ”du<m>> o

[Mopprarerpanbiast GyHKIMs, KAk cyMMa (BO3MOXKHO HECTPOT'O) BBIMYKJIBIX (DYHKIUI ¢ HEOT-
punaTeJ bHONR BTOPOI IIPOU3BOAHOM, B (6), KaK (PYHKITUS [IEPEMEHHBIX (;, SIBJISIETCS BBIIYKJION
(BO3MOKHO HECTPOro) Ha R™HL, [TosTromy npu kaxkjgoMm p € N MHOXKECTBO BEKTOPOB KO3((h-
GUINEHTOB SKCTPEMAJIHLHBIX MHOTOY/IEHOB TAKUX, ITO MMOJABIHTErpaIbHas (DYHKIMS HauMeHee
YKJIOHAETCS OT HYJIS 10 HOpME IIPOCTPAHCTBA L [X], siBasiercsi, B cuity HEOOXOIUMOTO YCJIO-
BUf KCTPEMyMa, MHOXKECTBOM PeIleHnil CUCTeM

B

d (/{%(mx’m’f)%arctg(p%(a,x,maf))
A

8ai

1

2p 2p
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WM 9KBUBAJEHTHBIX cucreMaM (7) cucrem (4). Hemycrora muOMXKecTBa perieHuil 3Tux Cu-
CTEeM CJIeJlyeT M3 HeOOXOJMMOrO YCJIOBHsl SKCTPEMyMa, HeNpPepbIBHOI auddepennupyeMocTu
HEOTPHUIATELHON TTOJLIHTErPAIbHON (DYHKIUU 110 BCEM IIE€PEMEHHBIM U €€ HeOrPaHUIEeHHO-
ro BO3pacTaHms 110 JI060MY HaIpaBsjeHuio mpocrpancrsa R 12 npu crpemienun aprymenta
K OECKOHEYHOCTH.

Tak kak dbyHKIUE f1 U fo HeNpepbIBHBI Ha MHOXKecTBe (1), TO IpeIesIbHBII epexoj] B MH-
rerpasie Cruirrbeca 060CHOBBIBAETCs € MOMOIIBIO TeopeMbl 2 u3 [9, 1. 8, § 7).

KoadbdunpenTsr sxkcTpeMaabHbIX MHOIOWIEHOB, HAUMeHee YKJIOHAIONUXCS OT CErMEeHTHOM
dbyuximn 7 (x) B Merpuke Xaycgopda, B CUILy 3aMKHYTOCTH MHOXKECTBa HyJIeH HelpepbiB-
HOIl (DYHKIIUM COCTABJISAIOT MHOXKECTBO (D) TOUYEK NMPUKOCHOBEHUsI BCEBO3MOXKHBIX IIPEJIEJIOB
HOZIIOC/Ie0BATE/IbHOCTEl perenuii cucrem (4).

[To reopeme Kanropa |8, 1i1.5, § 1| muOXKecTBO (5) He mycro. >

3. PeBy.J'[I)TaTI)I HEKOTOPbIX YMCJIEHHBbIX 3KCIIEpMMEHTOB

B sTrom maparpade npusesieM pe3ysbTaTbl YUCAEHHBIX SKCIEPUMEHTOB, OPraHn30BAHHBIX
C TIOMOIIBIO yTBepXKeHust Teopembl 1. Perenue cucrem (4) OCyIIECTBIISLIOCH € TIOMOIIBIO
HEKOTOPOH aanTalni CTaHJaPTHBIX METOJIOB HaWCKOPEHIero Ciycka MM ITOKOOPINHATHOTO
CIIyCKa K PEIIeHUI0 U3ydaeMoil sKcTpeMasibHol 3aa4du. Ha pucynke 1 m3obpakeHa peasimza-
sl IPUMeEpPa, JEMOHCTPUPYIONIETO, YTO PACCMATPUBAEMBIII MHOT'OUJIEH TI€PBOl CTENIEHN HaW-
JIYUIEro MpUOJIMKEHUS OTINIAeTCss 0T JeObINEeBCKOr0 HAMJIYUIIEro MPUOJIMAKEHUST CePeInH
oTpeskoB cermenTHol pyukmuu. Ha pucynke 2 rpaduk 0gHONO n3 MHOTOY/IEHOB JIBEHAIIIATON
CTEIEHU HAUJIYJIUM 00pPa30M allIPOKCUMUPYINUX B MeTpUKe Xaycaopda Ty Ke CErMEeHTHYIO
GYHKINIO, 9TO U HA PUCYHKE 1.

4.0 4 L] 4.0 L ]

3.5 3.51

3.01 3.01

2.51 2.5 1

2.0 1

2.0 1

151 154
1.0 = 1.0 ]
051 0.5 1

0.01 W 0.0 =

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00

Puc. 1.n=2, m=1. Puc. 2. n =2, m = 12.

Puc. 3 nemoHCTpUpYET BO3MOXKHOCTD IIPEIaraeMoro MeTosa 00pabaTsiBaTh OOJIBIINE MAC-
CUBBI JIAHHBIX. B KadecTBe MOJe/M cerMeHTHON (yHKumM paccmarpusaercst napa fi(xg) =
sin 7z, — 1, fo(x) = sin Tz + 0.1z + 1, rme 0 < & < 1000. B xauecrBe MHOrOWI€HA HAMILY Y-
[Iero MpuOJINKEHUs B3ATa JIMHEeWHAsT (PYHKITHS.

Eme omuH o4yeBMAHBIAN HprMep HAMIYUIIero XaycaopdoBa IpUOINKEHUsI CerMeHTHOM
dbyuxun fi(zg) = sinag — 1, fo(zg) = sinzg + 1, tae 0 < k < 3, MHOrOwWIeHOM 1epBoii
CTEIleHH, KOTOPBIil BBITUCJIEH C IIOMOIIBIO TEOPpEMbBI 1, IpuBeaeH Ha puc. 4.
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2.0
24 | | n
1.51
1 <
1.0 = L
0l 0.5
0.0 A
n |
1
—0.5 A
-2+ -10{ = n
0 200 400 600 800 1000 0.0 05 10 15 2.0 2.5 3.0
Puc. 3. n =1000, m = 1. Puc. 4. n =3, m=1.

Puc. 5 comepxkur rpaduk peanmzanuu UPUOIMIKEHUs] CEIMEHTHOH  (DYHKIMN
Z(0)=1[(0,1),(0,1)], #(1)=1[(1,0),(1,2)] wmuHOrounenamu namay4rero Xaycaopdosa
IPUOJINKEHHs] [IEPBOTO MOPSI/IKA, KOTOPbIe BLIMUC/IEHBI ¢ IIOMOIIBIO T€OPEMBI 1 j1Ba pasa. 9To
Ta CUTYAIUsi, KOIJ[a MHOIOYJICH HAWIYUIIEro IPUOJIMKEHNs He eJUHCTBeHeH. B aToM cirydae
muOKecTBO E mpejicrasisier coboit orpesok [(2,—1),(0,1)]. Aganranus MeToga Hauckopeii-
IIEro CIIyCKa, O KOTOPOii IIIa pedb B Hadaje 9Toro maparpada, H03BOJsieT NPHOIINAKEHHO
BBIIHUC/IATH KOI(DMUIMEHTH MHOIOYIEHOB HAMJIYUIIEro MPUOIMKEHNST C TPAHUILI MHOKe-
crBa F, BoiOupasi pa3jndHble HadajlbHble UTepanuu. ['padukn JByX TAKHX MHOIOUIEHOB U
IOJIyY€Hbl B PE3yJIbTATE OMHUCAHHOIO YHUCIEHHOIO SKCIEPHMEHTA.

2.00 + L |

1.75 A

1.50 4

1.25 4

1.00 +

0.75 A

0.50 -

0.25 A

0.00 A L]

T T T T T

0.0 02 04 0.6 0.8 1.0

Puc. 5. Muorouiens! ¢ kKoadpdunueHraMu ¢ TpaHUIbl MHOXKeCTBa F,
n=1m=1.
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ON THE BEST POLYNOMIALS APPROXIMATION OF SEGMENT FUNCTIONS
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Abstract. An algorithm for finding the best approximation polynomial for a continuous multivalued
segment function defined on a set of segments X is proposed, where X = (U;Lf:o[ah:bh]) U (Up—o =x)
with (U;?:O[ajl,bh]) N (Up_¢r) = @. The disjoint segments [a;, , bj,] and points zx belong to a bounded
segment [A, B] C R. We assume that the functions f1 and f> are continuous on the set X, and everywhere
on X the value of the function fi(x) does not exceed the value of the function f2(z). The operator assigning
to each z € X the segment [(z, fi(x)), (z, f2(x))] will be called the segments function .% (z) defined on X.

Since the functions fi and f» are continuous, the segments function .# is an upper h-semicontinuous mapping.

The polynomial P, = >1" a;x’ of the best approximation in the Hausdorff metric on the set X of a segment
function % with a vector of coefficients @ = (ao, a1, ..., am) € R™"! is a solution to the extremal problem

Mingcpm+1 MaXge x Max(Pm () — f1(z), f2(x) — Pm(x)). It is shown by methods of constructive function theory
that, for any functions fi(z) < f2(x) continuous on X, there exists some polynomial of best approximation
in the Hausdorff metric as the segment function .#(z) is upper h-semicontinuous on X. An algorithm for
describing the set E of coefficients a@ of polynomials of the best approximation of a segment function is proposed.
Necessary and sufficient conditions for the uniqueness of the polynomial of best approximation of the segment
function are obtained. The results of numerical experiments carried out using the proposed algorithm are
presented.

Key words: best approximation of functions, polynomial approximation, segment function.
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