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The results presented in previous chapters show that in many cases the asymp-
totic behaviour of infinite-dimensional dissipative systems can be described by a fi-
nite-dimensional global attractor. However, a detailed study of the structure of
attractor has been carried out only for a very limited number of problems. In this re-
gard it is of importance to search for minimal (or close to minimal) sets of natural
parameters of the problem that uniquely determine the long-time behaviour of a sys-
tem. This problem was first discussed by Foias and Prodi [1] and by Ladyzhenskaya
[2] for the 2D Navier-Stokes equations. They have proved that the long-time beha-
viour of solutions is completely determined by the dynamics of the first N Fourier
modes if N is sufficiently large. Later on, similar results have been obtained for
other parameters and equations. The concepts of determining nodes and deter-
mining local volume averages have been introduced. A general approach to the prob-
lem on the existence of a finite number of determining parameters has been
discussed (see survey [3]).

In this chapter we develop a general theory of determining functionals. This
theory enables us, first, to cover all the results mentioned above from a unified point
of view and, second, to suggest rather simple conditions under which a set of func-
tionals on the phase space uniquely determines the asymptotic behaviour of the sys-
tem by its values on the trajectories. The approach presented here relies on the
concept of completeness defect of a set of functionals and involves some ideas and
results from the approximation theory of infinite-dimensional spaces.

§ 1 Concept of a Set of Determining
Functionals

Let us consider a nonautonomous differential equation in a real reflexive Banach
space H of the type

du
d_tzF(u’ t), t>0, Ul,_g =g - (1.1)

Let 9/ be a class of solutions to (1.1) defined on the semiaxis R, = {¢: ¢ > 0} such
that for any u(¢) € % there exists a point of time ¢, > 0 such that

u(t) e C(ty, +o0; H)NLE (tg, +o0, V), (12)

where V is a reflexive Banach space which is continuously embedded into H . Here-
inafter C (a, b; X ) is the space of strongly continuous functions on [a, b] with the
values in X and L3 (a, b; X) has a similar meaning. The symbols |-|, and ||,
stand for the norms in the spaces 4 and V, || <], -
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The following definition is based on the property established in [1] for the Fou-
rier modes of solutions to the 2D Navier-Stokes system with periodic boundary con-
ditions.

Let &= {lj: Jj=1, ..., N} be a set of continuous linear functionals on V.
Then % is said to be a set of asymptotically (V, H, W')-determining func-
tionals (or elements) for problem (1.1) if for any two solutions u, v € % the con-
dition

t+1
lim J. | (w() = L(v(T))Pdt =0 for j=1,.., N (1.3)

t

t — oo

implies that
tim Jou(t) =v(t)l; = 0. (1.4)
t — oo

Thus, if &£ is a set of asymptotically determining functionals for problem (1.1), the
asymptotic behaviour of a solution u(t) is completely determined by the behaviour
of a finite number of scalar values {;(u(t)): j=1, 2, ..., N}. Further, if no ambi-
guity results, we will sometimes omit the spaces V, H, and 9 in the description of
determining functionals.

Exercise 1.1 Show that condition (1.3) is equivalent to
t+1
lim | [N (u(T) —v(r))]2 dr=0,
t — oo
t

where Mg () is aseminorm in ' defined by the equation

N (u) = maxll(u).

Exercise 1.2 Let u; and u, be stationary (time-independent) solutions to
problem (1.1) lying in the class %/. Let % :{lj: j=1,..., N} bea
set of asymptotically determining functionals. Show that condition
Li(uy) = L(uy) forallj =1, 2, ..., N implies that u; = u,.

The following theorem forms the basis for all assertions known to date on the exis-
tence of finite sets of asymptotically determining functionals.

Theorem 1.1.
Let = {l]-: Jj=1, ..., N} be a family of continuous linear functionals
on V. Suppose that there exists a continuous function V' (u, t) on H x R,

with the values in R, which possesses the following properties:
a) there exist positive numbers o. and G such that

V(u, t)2o-|ul® forall weH tekR,; (1.5)
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b) for any two solutions u(t), v(t) € W to problem (1.1) there exist (i)
a point of time 1, > 0, (i) a function y(t) that is locally integrable
over the half-interval [, ) and such that

t+a

Ty = lim qu(r) dr > 0 (1.6)
t— o0
and
t+a
Iy, = lim | max{0, —y(7)}dt < o (1.7
t—> oo

t

Sfor some a >0, and (iii)) a positive constant C such that for all
t2s2t, we have

V() =0(1), 1)+ [ W) V(@) -0((x). 1) dr

< V(u(s)—v(s), s)+C~ jzf??i(, N|l](u( ) —1(v | dt. (1.8

Then % is a set of asymptotically (V, H, W)-determining functionals for
problem (1.1).

It is evident that the proof of this theorem follows from a version of Gronwall's lemma
stated below.

Lemma 1.1.
Let y(t) and g(t) be two functions that are locally integrable over
some half-interval [t,, o). Assume that (1.6) and (1.7) hold and g(t)
18 nonnegative and possesses the property
t+a
lim | g(t)dt =0, a>0. (1.9
t — oo

¢
Suppose that w(t) 1S a monnegative continuous function satisfying the

mequality
t t
+qu(r)-w(r)dr < w(s)+Jg(r)dr (1.10)

SJorall t > s >1t,. Then w(t) >0 as t —> oo,

It should be noted that this version of Gronwall's lemma has been used by many au-
thors (see the references in the survey [3]).
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E Proof.
Z Let us first show that equation (1.10) implies the inequality
i t t t
' w(t) < w(s)exp —J y(o)do ¢ + Jg(r) exp —Jw(c)dc dr (1.11)
5
S S T

for all ¢t > s > ;. It follows from (1.10) that the function w(t) is absolutely
continuous on any finite interval and therefore possesses a derivative w(¢) al-
most everywhere. Therewith, equation (1.10) gives us

w(t)+wy()w(t) < g(t) (1.12)
for almost all ¢ . Multiplying this inequality by

e(t) = exp J\y(c) do ¢,

we find that
d
g(w®e) < gt)e(t)
almost everywhere. Integration gives us equation (1.11).
Let us choose the value s such that

T+a
J max{—y(c), 0}jdo < I'+1, = FJ/ (1.13)
T
and
T+a
Y o+
J. y(c)do > 5. 1=y (1.14)
T

forall T > s.Itisevidentthatif ¢t > T > s and k = [%J , where [ -] is the in-

teger part of a number, then

13 ka+1 13

Jw(c)dc= J y(o)do + J y(o)do >

T T ka+t
(k+1)a+t

> Lk - '[ max{~y(0), 0jdo > Lk—(T+1).
ka+t

Thus, forallt > T > s
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Jt‘q/ do > y(t—) (1+F+%).

Consequently, equation (1.11) gives us that

t

w(t) < C(T, y)[w(s)exp{—zla(t—s)}+J.g(7f)exp{—2la(t—r)}d1:],

S

where C (I, y) = exp{l +I'+ %} Therefore,

lim w(t) < ¢(T, y)- Im |g(7) exp{—%(t—r)} dr. (1.15)

t — oo t — oo

It is evident that

N s+(k+1l)a
Y
< Z g(r)exp{ Za(t T)}d‘t,
k=0 sfka
where N = [ aSJ is the integer part of the number——a—— Therefore,
c+a N s+(k+1)a
. V- _
G(t,s) < sup J g(t)dr Z J exp{ 2a(t r)}dr =
o k=0 sfka
c+a s+(N+1)a
_ Vg _
= s J. g(t)dr '[ exp{ Za(t r)}dr =
(&) S
c+a Y(N+1)
_ 2a, . - 2 _
=5 ggsz. g(t)dt exp{ Za(t s)}{e 1]
(e}
Since N = [ 7l } this implies that
c+a
lim G(t, s) < C(a, y)- sup J g(t)dt (1.16)
t — oo [

(e
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for any s such that equations (1.13) and (1.14) hold. Hence, equations (1.15)
and (1.16) give us that

c+a

lim w(t) < C(T, vy, a)- sup -[ g(t)dr.
t— o [
(e}
If we tend s — oo, then with the help of (1.9) we obtain
lim w(t)=0.
t— oo

This implies the assertion of Lemma 1.1.

In cases when problem (1.1) is the Cauchy problem for a quasilinear partial differen-
tial equation, we usually take some norm of the phase space as the function G/'/(u, t)
when we try to prove the existence of a finite set of asymptotically determining func-
tionals. For example, the next assertion which follows from Theorem 1.1 is often
used for parabolic problems.

Corollary 1.1.

Let V and H be reflexive Banach spaces such that V is continuously
and densely embedded into H. Assume that for any two solutions
uy(t), ug(t) € W to problem (1.1) we have

s (1) —u2(t)||§ + J W(T) [y (1) —us(T)| 7 dr <

< Juy(s) —ug(s)] +KJ||u1 )’ dt a1m

Jor t 2 s 2 t,, where K is a constant and the function V() depends on
ul(t) and uz(t) m general and possesses properties (1.6) and (1.7).
Assume that the family b= {ZJ-: Jj=1, ..., N} on V possesses the pro-
perty
v < C- max |L;(v)+eglv 1.18
Ioly < € max |[1(0) +esloly (1.18)

Sor any veV, where C and £ are posilive constants depending
on B. Then % is a set of asymptotically determining functionals for

problem (1.1), provided
ta
J y(T)dr
t

852E<—-1m
t— oo

+ =11
Ny (1.19)

QI
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Proof.
Using the obvious inequality

(a+b)* < (1+6)a2+(1+%)b2, 5>0,

we find from equation (1.18) that

2 2
||7)||H < (l+5)82%||1)||v + Cé-jzrrllaxN|lj(@)|2 (1.20)
for any & > 0. Therefore, equation (1.17) implies that
¢

1) O+ [ (w(0) =1+ 8)K e oy () (o) o <

S
l

< uy(s) —us(s)> +C j [ Wi a1y (7) — g ()Pl

where N (v) = rrllaxN|lj (v)| - Consequently, if for some & > 0 the function
j=1..

~ 2
V(1) = (1) - (1+8)Ke?,
possesses properties (1.6) and (1.7) with some constants ¥ and I'> 0, then

Theorem 1.1 is applicable. A simple verification shows that it is sufficient to re-
quire that equation (1.19) be fulfilled. Thus, Corollary 1.1 is proved.

Another variant of Corollary 1.1 useful for applications can be formulated as follows.

Corollary 1.2.

Let V and H be reflexive Banach spaces such that V is conlinuously
embedded into H. Assume that for any two solutions wu(t), v(t) € W to
problem (1.1) there exists a moment ty> 0 such that for all t > s =1,
the equation

lu(t) —o ()% + VJIIu(r) —o(1)Edr <

< Ju(s) —v(s)lli, + J(I)(T) Ju(r) —U(T)Ili, dt (1.21)

holds. Here v >0 and the positive function d)(t) 18 locally imtegrable
over the half-interval [to, oo) and satisfies the relation

t+a

Tim é J d(t)dt < R (1.22)
13

t — oo

291
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Jor some a >0, where the constant R >0 is independent of w(t) and
v(t). Let £= {lj: Jj=1, ..., N} be a family of continuous linear func-
tionals on V possessing the property

ol < ng:{l’ﬂ?tli(, N|lj(w)|+8%'"w||v

forany w e V. Here Cy, and €, are positive constants. Then & is a set
of asymptotically (V, H, W')-determining functionals for problem (1.1),
provided that €4 < JV/R.

Proof.
Equation (1.20) implies that

ol > (1+8) a5 fulfy = Oy 5 _max 1 (w)?

for any 0 > 0. Therefore, (1.21) implies that

Ju(t) —o(t)IZ +J’w(r)-||u(r) —o(t)F dt <

< Ju(s)=v(s)l% + vCy 5 J _max (@) = o) dr
S

where y(t) = V(1+6)_18§£2 — ¢(t). Using (1.22) and applying Theorem 1.1

with V' (u, t) = ||u||2 , we complete the proof of Corollary 1.2.

Other approaches of introduction of the concept of determining functionals are also
possible. The definition below is an extension to a more general situation of the pro-
perty proved by O.A. Ladyzhenskaya [2] for trajectories lying in the global attractor
of the 2D Navier-Stokes equations.

Let 9 be a class of solutions to problem (1.1) on the real axis R such that
W < LIZOC(—oo, +o0; V). A family & = {lj: j=1,..., N} of continuous linear
functionals on V is said to be a set of (V, W')-determining functionals (or
elements) for problem (1.1) if for any two solutions u, v € I the condition

Li(u(t))=1;(v(t)) for j=1,..., N and almostall ¢ € R (1.23)

implies that w(t) = v(t).
It is easy to establish the following analogue of Theorem 1.1.

Theorem 1.2.

Let B= {lj: Jj=1, ..., N} be a family of continuous linear functionals
on V. Let W be a class of solutions to problem (1.1) on the real axis R such
that
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W < C(-o0, +o0; H) ﬂLIZOC(—oo, +o0; V) . (1.24)

Assume that there exists a continuous function V' (u, t) on Hx R with the
values in R which possesses the following properties:
a) there exist positive numbers o. and G such that

V(u,t) > o-|ul® forall weH, teR; (1.25)
b) forany w(t), v(t) € W
sul])Rq/(u(t) —o(t), t)< o ; (1.26)
t e

¢) for any two solutions wu(t), v(t) € W to problem (1.1) there exist (i)
a function \y(t) locally integrable over the axis R with the properties

t+a

Yy = lim y(t)dt >0 .27

t — —oo
t
and
t+a
I, = lm max{0, —y(7)}dt < o (1.28)
t — —oo

t

SJor some a >0, and (ii) a positive constant C such that equation
(1.8) holds forall t > s. Then % is a set of (V, W) -determining func-
tionals for problem (1.1).

Proof.

It follows from (1.23), (1.8), and (1.11) that the function w(t)= Y (u(t)-v(t), t)
satisfies the inequality

w(t) < w(s)-exp —J‘ y(t)dt (1.29)

for all ¢ > s. Using properties (1.27) and (1.28) it is easy to find that there exist
numbers s*, aq > 0,and by > 0 such that

52
qu(r) dt > ay-(s9—5) —by, s <55<5 .
S
1

This equation and boundedness property (1.26) enable us to pass to the limit
in (1.29) for fixed ¢t as s — —oo and to obtain the required assertion.

Using Theorem 1.2 with ¥'(u, t) = |u|? as above, we obtain the following assertion.

293
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Corollary 1.3.

Let V and H be reflexive Banach spaces such that V is continuously
embedded into H. Let W be a class of solutions to problem (1.1) on the
real axis R possessing property (1.24) and such that

sup [u(t)ly <o forall wu(t) e W. (1.30)
teR

Assume that for any wu(t), v(t) € W and for all real t>s equation
(1.21) holds with v >0 and a positive function ¢(t) locally integrable
over the axis R and satisfying the condition

s+a

im ¢ J. o(1)dt < R (1.31)

S —> —o0

Jor some a > 0. Here R > 0 is a constant independent of u(t) and v(t).
Let £ = { j=1, ..., N} be a family of continuous linear functionals
on V possessing pmpeﬁy (1.18) with €4 < JV/R. Then % is a set of
asymptotically (V, W) -determining functionals for problem (1.1).

Proof.
As in the proof of Corollary 1.2 equations (1.20) and (1.21) imply that

lee () =0 ()l + J-q/ Dlu(t)—o(tlE dr < Ju(s)-v(s)Z

forall t > s, where y(t) = v(1+8) 152 —¢(t) and & is an arbitrary positive
number. Hence

la(t) =0 (OIZ < u(s) —o(s)lZ exp —Jw(r)dr (1.32)

for all ¢ > s. Using (1.31) it is easy to find that for any 11 > 0 there exists
M n> 0 such that

'[ O(t)dt < (R+1)(sy—5,+a)

forall s; < sy < —M . This equation and boundedness property (1.30) enable
us to pass to the hmlt as s —» —oo in (1.32), provided €4 < +/V/R , and to obtain
the required assertion.

We now give one more general result on the finiteness of the number of determining
functionals. This result does not use Lemma 1.1 and requires only the convergence
of functionals on a certain sequence of moments of time.
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Theorem 1.3.

Let V and H be reflexive Banach spaces such that V is continuously
embedded into H. Assume that W is a class of solutions to problem (1.1)
possessing property (1.2). Assume that there exist constants C, K> 0,
B>a>0, and 0<qg<1 such that for any pair of solutions u,(t) and
uy(t) from W we have

oy (2) < Cluy(s) —ug(s)]y » s<t<s+f, (1.33)

uy (), <
and
Jus () —us(t)) ), < Kuy(8) —ug(t)], + afui(s)—us(s), , s+ta<t<s+f (1.349)

for s large enough. Let B be a finite set of continuous linear functionals
on V possessing property (1.18) with €4 < (l—q)]f1 Assume that {tk} isa
sequence of positive numbers such that 1, >+ and o <1, -1, < B.
Assume that

m I(2(t,) —ug(ty)) =0, le&. (1.35)
k — o
Then
Juy (£) —ug(t)], >0 as t— +oo. (1.36)

It should be noted that relations like (1.33) and (1.34) can be obtained for a wide
class of equations (see, e.g., Sections 1.9, 2.2, and 4.6).

Proof.
Let u(t) = u;(t) —uy(t). Then equations (1.34) and (1.18) give us

[y < s

u(ly_y)|, +C fﬁ?XVj(u(tk)) ;

where ¢, = q (1-e4K )_1 < 1. Therefore, after iterations we obtain that

[ltly < @sfultolly +C- Zq" kmaxll u(t)) -
k=1

Hence, equation (1.35) implies that ||u(tn ”V — 0 as 7 — oo . Therefore, (1.36) fol-
lows from equation (1.33). Theorem 1.3 is proved.

Application of Corollaries 1.1-1.3 and Theorem 1.3 to the proof of finiteness of a set
% of determining elements requires that the inequalities of the type (1.17) and
(1.21), or (1.30) and (1.33), or (1.33) and (1.34), as well as (1.18) with the constant
€5 small enough be fulfilled. As the analysis of particular examples shows, the fulfil-
ment of estimates (1.17), (1.21), (1.30), (1.31), (1.33), and (1.34) is mainly con-
nected with the dissipativity properties of the system. Methods for obtaining them
are rather well-developed (see Chapters 1 and 2 and the references therein) and in
many cases the corresponding constants v, B, K,and g either are close to opti-
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mal or can be estimated explicitly in terms of the parameters of equations. There-
fore, the problem of description of finite families of functionals that asymptotically
determine the dynamics of the process can be reduced to the study of sets of func-
tionals for which estimate (1.18) holds with €5 small enough. It is convenient to
base this study on the concept of completeness defect of a family of functionals with
respect to a pair of spaces.

§ 2 Completeness Defect

Let V and H be reflexive Banach spaces such that V' is continuously and densely
embedded into H. The completeness defect of a set &£ of linear functionals
on V with respect to H is defined as

€y (V, H) = sup {lelH: weV, (w)=0, Il e &, |w|,< 1}. @.1)
It should be noted that the finite dimensionality of Lin & is not assumed here.

Exercise 2.1 Prove that the value €4 (V, H) can also be defined by one
of the following formulae:

€y (V, H) = sup {IIwIIH: weV, l(w)=0, |wl,= 1} , (2.2)

lwly

weV, w=z0, l(w):O} , (2.3

ey (V, H) = inf{C: lwly < Clwly,, weV, l(w)zO} (2.4

Exercise 2.2 Let S@l c 562 be two sets in the space V™ of linear functionals
on V. Show that 8%1(1/, H) > S%Z(V’ H).

Exercise 28 Let $c V" andlet & be a weakly closed span of the set &
in the space V™. Show that &4 (V, H) = &.,(V, H).

The following fact explains the name of the value €, (V, H). We remind that a set &
of functionals on V is said to be complete if the condition I (w) = 0 forall [ € ¥ im-
plies that w = 0.

Exercise 24 Show that for a set & of functionals on V' to be complete it is
necessary and sufficient that .,(V, H) = 0.
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The following assertion plays an important role in the construction of a set of deter-
mining functionals.

Theorem 2.1.

Let £, = £ (V, H) be the completeness defect of a set % of linear func-
tionals on V with respect to H. Then there exists a constant Cy> 0 such
that

||u||H < sLllullv-l—CL-sup {Il(u)l: le St@, I, < 1} (2.5)
Sor any element w € V, where % is a weakly closed span of the set B in
V.
Proof.
Let
FlL={veV:l(v)=0, l e ¥} (2.6)

be the annihilator of %. If u e %L, then it is evident that [ () = 0 for all | € &.
Therefore, equation (2.4) implies that

luly, < eglul, forall we %, @

i.e. for u € %t equation (2.5) is valid.
Assume that u ¢ %L . Since %L isasubspacein V, it is easy to verify that there
exists an element w € %1 such that

lu—wl, = disty(u, L) = inf{"u—v”vz Ve %i} . (2.8)

Indeed, let the sequence {v,,} = %+ be such that

d = disty(u, $+) = lim Ju-v

aly-
7 — o0 4

It is clear that {?Jn} is a bounded sequence in V. Therefore, by virtue of the reflexivi-
ty of the space V, there exist an element w from %1 and a subsequence {Unk}
such that Vny, weakly converges to w as k — oo, i.e. for any functional f € V" the
equation
fu—w)= lim f(u-v, )
) k

holds. It follows that

lf(u—w) < lim “u—@

k — oo

sl < disl,

”k“ 1%

Therefore, we use the reflexivity of V' once again to find that

||u—w|IV=sup{|f(u—w)I: feVy, ||f||*=1} <d.

However, |u—wl;, > d . Hence, |u —wl, = d . Thus, equation (2.8) holds.
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Equation (2.7) and the continuity of the embedding of V' into H imply that
luly < lwly+lu-wly < eglwly +Clu—-wl, .
It is clear that
lwly < luly +lu-wl,.
Therefore,
luly < egluly +(eq+C)lu—wly . 2.9)

Let us now prove that there exists a continuous linear functional [, on the space V
possessing the properties

lo(u—w) = u-wl,, |l|.=1, l(v)=0 for ve . (2.10)

To do that, we define the functional 70 by the formula
ly(m)=alu-wl,, m=v+a(u—w),

on the subspace
M= {m:v +ta(u-w): ve B, ae ]R{}.

It is clear that [ is a linear functional on M and 1,(m) = 0 for m € %! . Let us cal-
culate its norm. Evidently

1
C—LUH a#0.

Imly = o+ a(u-wly =lal-fu-w+ Lo,

Since w —a~lv € %L, equation (2.8) implies that

Imly 2 lal-lu—wly, =[iy(m)

, m=v+a(u-w), a=#0.
Consequently, for any m € M

|fo(m)| < |mly,.
This implies that ZO has a unit norm as a functional on M . By virtue of the Hahn-Ba-
nach theorem the functional Zo can be extended on V without increase of the norm.
Therefore, there exists a functional [, on V' possessing propertles (2.10). Therewith
Iy lies in a weakly closed span % of the set . Indeed, if I, ¢ % then using the re-
flexivity of V' and reasoning as in the construction of the functional [, it is easy to
verify that there exists an element 2 € V such that [(x) # 0 and [(x) = 0 for all
I € $B.Itis impossible due to (2.10) .

In order to complete the proof of Theorem 2.1 we use equations (2.9) and
(2.10). As aresult, we obtain that

Il < egluly + (g +C) lg(u—w).

However, [, € %, lo(u—w)=1y(u), and Hlo”* = 1. Therefore, equation (2.5)
holds. Theorem 2.1 is proved.
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Exercise 25 Assume that $={l;: j=1, .., N}is a finite set in V.
Show that there exists a constant Cy, such that

luly < eq(V, H)luly, + C%j_lmax N|lj(u)| (2.11D)

foralw e V.

In particular, if the hypotheses of Corollaries 1.1 and 1.3 hold, then Theorem 2.1 and
equation (2.11) enable us to get rid of assumption (1.18) by replacing it with the cor-
responding assumption on the smallness of the completeness defect 8%(V, H ) .

The following assertion provides a way of calculating the completeness defect when
we are dealing with Hilbert spaces.

Theorem 2.2.

Let V and H be separable Hilbert spaces such that V is compactly and
densely embedded into H. Let K be a selfadjoint positive compact operator
in the space V defined by the equality

(Ku, v)= (u, v), u,veV.

Then the completeness defect of a set £ of functionals on V can be evalua-

ted by the formula
(Vo H) = [Hax (P KPy) (2.12)
where Py, 1is the orthoprojector in the space V onto the annihilator
Ft={veV: l(v)=0, l e B}

and L, (S) is the maximal eigenvalue of the operator S.

Proof.
It follows from definition (2.1) that

(V. H) = sup {Jully: w e By)

where By, = $X N {v: |vl,, < 1} is the unit ball in %+ . Due to the compactness
of the embedding of V' into H, the set By, is compact in [ . Therefore, there exists
an element u, € B, such that

e (V. H)? = Juglf; = (Kug, ug)y, = 1.

Therewith u is the maximum point of the function (Ku, u);, on the set B, .
Hence, forany v € %+ and s € R! we have

(K(ug+sv), u, +51))V .

= (Kuy, u .
sy T
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It follows that
(K(ug+sv), ug+sv),— pu, +s7)||12/ <0.
It is also clear that ||u0||V = 1. Therefore,

s2{(Kv, v), — plol?} + 25 {(Ku,, v), = W(ug, v),} < 0
for all s € R. This implies that
(Kug, v) = (g, v), < 0
for any v € %L . If we take —v instead of v in this equation, then we obtain the op-
posite inequality. Therefore,
(Kugy, v) — m(ug, v) = 0, ve Bt
Consequently,
Py KPyug = Hug,

Le. u=(Kuy, ugy), = ”uo”lz_[ is an eigenvalue of the operator P, KP, . It is evident
that this eigenvalue is maximal. Thus, Theorem 2.2 is proved.

Corollary 2.1.

Assume that the hypotheses of Theorem 2.2 hold. Let {e]-} be an ortho-
normal basis in the space V that consists of eigenvectors of the opera-
tor K:

Ke; = pe;, (e, €;),=0;;, M ZHy>.., Uy—0.

Then the completeness defect of the system of functionals

B={l,eV': L(v)=(v, ¢),: j=1, 2, ..., N}

is given by the formula €4(V, H) = Uy, ;-

To prove this assertion, it is just sufficient to note that Py, is the orthoprojector
onto the closure of the span of elements {ej: J =2 N+1} and that P, commutes
with K.

Exercise 2.6 Let A be a positive operator with discrete spectrum in the
space H :

Ae,=Mhe,, A <hy<.., Ay—o>+o, (e, ej)H: Skjv
and let %, = D(A®), s € R, be a scale of spaces generated by the
operator A (see Section 2.1). Assume that

%={l;: L(v)=(.¢e), j=1.2....N}. (213)

Prove that £, (%, %) = X;éfl_s) forallc > s.

It should be noted that the functionals in Exercise 2.6 are often called modes.
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Let us give several more facts on general properties of the completeness defect.

Theorem 2.3.

Assume that the hypotheses of Theorem 2.2 hold. Assume that & is a set
of linear functionals on V and F is a family of linear bounded operators
R that map V into H and are such that Ru = 0 for all uw € %+. Let

65(3) = sup {IIu—RuIIH: lually, < 1} (2.14)

be the global approximation error in H arising from the approximation
of elements v € V by elements Rv. Then

ey (V; H) :mjn{e{,’(fe): Re %‘%} (2.15)

Proof.
Let R € F,. Equation (2.14) implies that

H
lu—Ruly < ey(R)lul,, weV.

Therefore, for u € %+ we have |ul,, < eﬁ(R)IIuIIV e eq(V; H) < eg(R) for all
R e Jy. Let us show that there exists an operator R;e F such that
ey(V; H)= e{,[(RO) . Equation (2.12) implies that

eg(Vs H) = ||K1/2P5£”L(V; y) = Sup {||K1/2PS£ uly: luly < 1},

where P, is the orthoprojector in the space V onto %1 and ||K 12p, LV, V) is the
norm of the operator K1/ ZP% in the space L(V, V) of bounded linear operators in V.
Therefore, the definition of the operator K implies that

ex(Vs H) = sup{ Py, luly < 1} = eg(I—P&@). (2.16)

It is evident that the orthoprojector <, = I — P, belongs to Fb, (it projects onto
the subspace that is orthogonal to %% in V). Theorem 2.3 is proved.

Exercise 2.7 Assume that = {lj: Jj=1, ..., N} is afinite set. Show that
the family J, consists of finite-dimensional operators K of the

form
N
Ru=le(u)(pj, ueV,
j=1
where {(p]-: j=1, ..., N} is an arbitrary collection of elements

of the space V (they do not need to be distinct). How should the
choice of elements {(pj} be made for the operator ¢ from the
proof of Theorem 2.3?

301



302

s Q

~ 0 =T o

Theory of Functionals that Uniquely Determine Long-Time Dynamics

Theorem 2.3 will be used further (see Section 3) to obtain upper estimates of
the completeness defect for some specific sets of functionals. The simplest situation
is presented in the following example.

Example 21

Let H=12(0, 1) and let V= (H2NH)(0, ). As usual, here H(0, 1) is
the Sobolev space of the order s and Hy, (0, 1) is the closure of the set C’ (0, 1)
in #5(0, 1). We define the norms in 4 and V' by the equalities

l
lul? = Jul? = j(u(x))de, lul? = u”]? .
0

Let h = I/N, Z; =jh, 7=1, ..., N=—1.Consider a set of functionals

B ={l(u)=u(z): j=1,.., N-1}
on V. Assume that R is a transformation that maps a function « € V into its
linear interpolating spline

N-1

x -
s(v)= Z w(z;) X(l—z —j).

Jj=1
Here y(2x)=1-|x| for |x[ <1 and y(x)=0 for |z| >1. We apply Theo-
rem 2.3 and obtain

ex(V; H) < sup{||u—s||: ueV, |u'| < 1}.

We use an easy verifiable equation

x Lit1 9
u(x)—s(x) = —% '[dr '[ dé J-u”(y)dy , X e [xj, xjﬂ],
x] x] T

to obtain the estimate

h2
lu—sl < =lu"] .
3

7

This implies that £, (H; V) < h2/,3.

The assertion on the interdependence of the completeness defect €, and the Kol-
mogorov N-width made below enables us to obtain effective lower estimates
for e4,(V; H).

Let V and H be separable Hilbert spaces such that V is continuously and
densely embedded into H . Then the Kolmogorov N-width of the embedding
of V into H is defined by the relation



Completeness Defect

oy = %y (V; H):mf{e{,[(F); Fe @N}, .17
where @N is the family of all N -dimensional subspaces F' of the space VV and

er[(F) = sup {diStH(U, F): o], < 1}

is the global error of approximation of elements v € V in H by elements of the sub-
space F'. Here

dist,; (v, F) = inf {"7) ~fly: fe F} :

In other words, the Kolmogorov N -width %y, of the embedding of V into H is the
minimal possible global error of approximation of elements of V' in H by elements
of some N -dimensional subspace.

Theorem 2.4.

Let V and H be separable Hilbert spaces such that V is continuously
and densely embedded into H. Then

ny (Vs H) = min{sgg(V; H): %V’ dimLinS@:N} = [Py, 218)

where {Mj} is the nonincreasing sequence of eigenvalues of the operator K
defined by the equality (v, v); = (Ku, v);.

The proof of the theorem is based on the lemma given below as well as on the fact
that (u, v)y = (Ku, v);,, where K is a compact positive operator in the space V
(see Theorem 2.2). Further the notation {ej }j°°= 1 stands for the proper basis of the
operator K inthe space V while the notation K, stands for the corresponding eigen-

values:
Kej=e;, W zUy2.., W,—>0, (e,e),=0;.
It is evident that {—l— el} is an orthonormalized basis in the space H .
l-
(3

Lemma 2.1.

Assume that the hypotheses of Theorem 2.4 hold. Then

(2.19)

mjn{sgg(V; H): %V, dimLinSB:N}: T
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E Proof.

a By virtue of Corollary 2.1 it is sufficient to verify that

p

t

. ex(Vi H) 2 [y iy

5 for all $£= {lj: j=1, ..., N}, where lj are linearly independent functionals

on V. Definition (2.1) implies that
[ex (Vs H)]? 2 Julfy = Zuj(u (2.20)

for all e V such that |ul,;= 1 and lj(u) =0, =1, ..., N.Let us substi-
tute in (2.20) the vector

N+1
U= Z cje;,
Jj=1
where the constants c; are choosen such that lj (u) =0 for y=1, ..., N and
luly, = 1. Therewith equation (2.20) implies that
N+1 N+1
(e (V; H)] ZP‘J 72 My ZCJZ = by Il = By -
Jj=1

Thus, Lemma 2.1 is proved.

We now prove that x, = min{&, } . Let us use equation (2.16)

€y (V; H) = sup {HU—Q%M”H: luly, < 1} ) 2.21)

Here @ is the orthoprojector onto the subspace <,V orthogonal to %L in V. 1tis
evident that @V is isomorphic to Lin . Therefore, dim@yV = N . Hence, equa-
tion (2.21) gives us that

€4(V; H) > sup {distH(u, QRQyV): uly, < 1} >y (2.22)

for all % e V" such that dimLin % = N. Conversely, let /' be an N-dimensional
subspace in V and let { fj : j=1, ..., N} be a orthonormalized basis in the space H .
Assume that

S@F:{j:l(v) ( )H Jj=1, ..., N}.
Let @ 0. F be the orthoprojector in the space H onto F'. It is clear that
N
Oy pu = Z(u» Iy J;
j=1
Therefore, if u € %ﬁ{ , then @ U= 0. It is clear that @ H.F is a bounded operator
from V into H . Using Theorem 2.3 we find that
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S%F(V; H) < eg(QH,F) = sup {”u—QH’Fu"H: luly, < 1}.

However,

u—QH’Fu”H = dist; (u, F") . Hence,
min{eq} < &y (Vs H) < ey (F) (2.23)

for any N -dimensional subspace F' in V. Equations (2.22) and (2.23) imply that
%N(V; H) = min {83%(1/; H): $c V*, dimLin % :N} .
This equation together with Lemma 2.1 completes the proof of Theorem 2.4.

Exercise 2.8 Let V, and H, be reflexive Banach spaces such that V, is con-
tinuously and densely embedded into H,_, let £ . be a set of linear
functionals on V,., k =1, 2. Assume that

%=@1U§2C(V1XV2)*,

where

By, = {le (Vi x Vo)'s L(vg, vy)=1(v,), | € %k}, k=1,2.
Prove that

&g (V1 x Vo, Hyx Hy) = max {3%1(V1> Hy), Ssgz(vz’ Hz)}-

Exercise 29 Use Lemma 2.1 and Corollary 2.1 to calculate the Kolmogorov
N-width of the embedding of the space % = D (A®) into %, = D(A°)
for s > o, where A is a positive operator with discrete spectrum.

Exercise 210 Show that in Example 2.1 %y (V, H)=12-[n(N+1)]2.
Prove that m=2h% < g4(V; H) < h2/J3.

Exercise 2.11 Assume that there are three reflexive Banach spaces Vc
cWc H such that all embeddings are dense and continuous.
Let # be a set of functionals on W. Prove that &4 (V, H) <
Seq(V,W)-eq(W, H) (Hint: see (2.3)).

Exercise 2.12 In addition to the hypotheses of Exercise 2.11, assume that
the inequality

0 1-6
luly < agluly -luly", weV,

holds for some constants ay > 0 and 0 € (0, 1). Show that

1
[ag ex(V. MY < eq(V. H) < [ageq(W, H)]'0 .

Dl
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§ 3 Estimates of Completeness Defect
in Sobolev Spaces

In this section we consider several families of functionals on Sobolev spaces that are
important from the point of view of applications. We also give estimates of the cor-
responding completeness defects. The exposition is quite brief here. We recommend
that the reader who does not master the theory of Sobolev spaces just get acquain-
ted with the statements of Theorems 3.1 and 3.2 and the results of Examples 3.1 and
3.2 and Exercises 3.2-3.6.

We remind some definitions (see, e.g., the book by Lions-Magenes [4]). Let
be a domain in RY. The Sobolev space H™(€) of the order m (m=0, 1, 2, ...)
is a set of functions

H™Q) = {feLZ(Q); @I f(x) e L2(Q), |J] Sm},
where j=(j;, ... J,), J,=0, 1,2, ..., [jl=j,+... +J, and

A%
olily

J1 Ja Jy
oxyt- 0xy® ... Oy,

@I f(x) = 3.1

The space H m(Q) is a separable Hilbert space with the inner product
(u, ), = Z J‘@/u - Ylvdr .
[jl<m §

Further we also use the space H;'(€) which is the closure (in H™()) of the set
CSO (Q) of infinitely differentiable functions with compact support in Q and the
space H*(RY) which is defined as follows:

HS(RY) = {u(x) e L2(RY): J(1+ ) la(y)? dy = Jul? < oo},
RY
where s > 0, 74(y) isthe Fourier transform of the function u(x),

a(y) = '[ el y(x)dr,
RV
ly|? = y%+ +y%, and vy =2,y +... +2,y, . Evidently this definition coin-
cides with the previous one for natural s and Q = RV.

Exercise 8.1 Show that the norms in the spaces H5(RY) possess the pro-
perty
lul oy < 1l Nl L0, 5(0) = 05, +(1-0)s,,

0<0<1, s,820.
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We can also define the space H5(2) as restriction (to Q) of functions from H$(RV)
with the norm

||u||s’ o= inf{”v”s, RV v(@)=u(r) in Q, ve HS(]R{V)}

and the space H{(Q) as the closure of the set C;’(Q) in H5(Q2). The spaces H5(Q)
and HS(Q) are separable Hilbert spaces. More detailed information on the Sobolev
spaces can be found in textbooks on the theory of such spaces (see, e.g., [4], [5]).

The following version of the Sobolev integral representation will be used fur-
ther.

Lemma 3.1.
Let Q be a domain in RY and let L(x) be a function from L*(RY) such
that

suppr c < Q, Jk(x)d&czl. (3.2)

RY
Assume that Q is a star-like domain with respect to the support supp A
of the function A. This means that for any point x € Q the cone

V.,={2=1tx+(1-1)y; 0<1<1, yesupph} (3.3)
belongs to the domain Q. Then for any function u(x) € H™(Q) the re-
presentation

w(x)="P, _1(x; u)+ Z % J(x—y)aK(x, y) D%u(y)dy (3.4
lal=m v
18 valid, where
Pa(mu)= 3 & J' (y) (@ —y)* Du(y)dy 3.5)
m—1\"> ol , .
laf < m Q
a=(0y, ..., a,), oa=o0.0a), %= z?l z(vxv,

1
K(x, y) = J's—v—l x(x + y%“) ds. (3.6)

0

Proof.
If we multiply Taylor’s formula

u(x) = Z (wx;?)a@o‘u(y) +
la < m
1

+m Z %‘ Jsm‘l@“u(x+s(y—x))$

o =m 0
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by A(y) and integrate it over y, then after introducing a new variable
2 =2 +s(y —x) we obtain the assertion of the lemma.

Integral representation (3.4) enables us to obtain the following generalization of the
Poincaré inequality.

Lemma 3.2.

Let the hypotheses of Lemma 3.1 be wvalid for a bounded domain
Q c RY and for a function A(x). Then for any function u(x) € H'(Q)
the inequality

o
VvV gv+1
a0l g S S g WVl 3.1
is valid, where (u), = J.Qk(x)u(x) dr, o, is the surface measure of

the unit sphere in RV and d = diam Q = sup{|lx—yl|: »,y € Q}.

Proof.
We use formula (3.4) for m = 1:

(u>k+z JK(x v) (@, —y,)- %(y)dy . (3.8)

It is clear that k(x+(1/s)(y—x)) =0 when s7 !z —y| =2 d = diam Q. There-

fore,
1
K(z, y) = J‘ s‘V_lk(er%(y—x))ds.
Aoyl
Consequently,
S L.

Thus, it follows from (3.8) that

)~y | < j o <

|V'LL 1/2 1/2
< . 3.10
{ Ix ylV e —y|V T J le yl¥ ™ 1] (310

Let B,(x) = {y: |x—y| < r}. Then it is evident that

dy dy
J|mx—y|v—1 < J Imx—ylv_l < o,-d, (3.1D)
Q By(x)
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where 0, is the surface measure of the unit sphere in RY . Therefore, equation
(3.10) implies that

< \v4 2
@) = (a2 < 2.0, [ VAU
2 |z =yl

After integration with respect to # and using (3.11) we obtain (3.7). Lemma 3.2
is proved.

Lemma 3.3.

Assume that the hypotheses of Lemma 3.1 are valid for a bounded do-
main Q from RY and for a function A(x). Let m,, = [v/2]+1, where
[] 1S a sign of the integer part of a number. Then for any function
u(x) e H"™(Q) we have the inequality

_ . <
ﬂa}au(x) vafl(x, u)‘ <

V
A K My e
lal=m,
where P, _(x; u) is defined by formula (3.5), c, [Gv/(va—v)]l/z,

o, s the surface measure of the unit sphere in ]R{V, and d = diam .

Proof.
Using (3.4) and (3.9) we find that

(@) =By (@ w) < Y %@'_V J'|x_y|mv|;((x, )@ u(y)dy <

lof=

IA

bm
Jlx y"™ V@t (y)dy <

Ial m,

dm _ 1/2
Q

o =

IA

mny,

As above, we obtain that
d

2(m,—v 2m,, —v—1 2m,,—V ~1
Jlx—yI( v )dy < GVJ¢ v dr < o, d”V -(2m,-Vv) .

Thus, equation (3.12) is valid. Lemma 3.3 is proved.
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Lemma 3.4.

Assume that the hypotheses of Lemma 3.3 hold. Then for any function
u(x) e HmV(Q) and for any x. € £ the inequality

1/2
| —u(z,) @) = (J |u(x) —u(x*)de] <
Q
Voo 1
< Cv’(dv“k"[ﬁo(g)) . Zdﬂ Z ol ||@au"L2(Q) (3.13)
J=1 o=y

is valid, where C,, is a constant that depends on v only and d 1is the
diameter of the domain Q.

Proof.
It is evident that

|u—u(z,) : (3.14)

L2(Q) < ”u_<u>7»“L2(Q)+ dV/2|<u)}L—u(x*)

where

(uy, =j M) uly) dy
Q

The structure of the polynomial P, _;(x, «) implies that

](u)k—u(x)‘ <

IA

@) Pt Y [0 sl <
L<lod<m,~1 g
5

ol
1<]o < m,,—1

| %l

IA

|u(x) _vafl(x’ u)’ + LZ(Q). LZ(Q)

for all x € Q. Therefore, estimate (3.13) follows from (3.14) and Lemmata 3.2
and 3.3. Lemma 3.4 is proved.

These lemmata enable us to estimate the completeness defect of two families of
functionals that are important from the point of view of applications. We consider
these families of functionals on the Sobolev spaces in the case when the domain is
strongly Lipschitzian, i.e. the domain Q < RY possesses the property: for every
x € 0Q there exists a vicinity U such that

UNQ={x=(x, ..., 2,): 2,<f(2, ... 2,_1)}
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in some system of Cartesian coordinates, where f(x) is a Lipschitzian function.
For strongly Lipschitzian domains the space H S(Q) consists of restrictions to Q
of functions from H5(RV), s > 0 (see [5] or [6]).

Theorem 3.1.

Assume that a bounded strongly Lipschitzian domain Q in RY can be

divided into subdomains {€);: j=1, 2, ..., N} such that

N
Q:UQj, Q,NQ =0 for i#j. (3.15)
=1
Here the bar stands for the closure of a set. Assume that kj(x) s a function
in L*(€Y;) such that

supp kj cc Qj , J kj(x)dx =1 (3.16)
&

and Qj is a star-like domain with respect to supp kj. We define the set %
of generalized local volume averages corresponding to the collection

97:{(Qj; kj): j=1,2, .., N}
as the family of functionals
% = {zj(u)=_[ hy(@)u(@)de, j=1,2, .., N}. (3.17)
Q.

J
Then the estimate

e (H5(Q2), HO(Q)) <

holds, where A = max {djy”lj”Lw(Q): j=1,2, .., N}, d =maxd

d; = diam Q = sup{lv—yl: v,y € Qj} ,
C(v, s) and C, are constants.

Proof.
Let us define the interpolation operator %4 for the collection ¥ by the formula

(Fogu) (@) = L (u) = J @) u@)de, xeQ;, j=1,2, .., N.
@
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It is easy to check that

||u—%gu||L2(Q) < C AIIuIILZ(Q u e L3(Q).
It further follows from Lemma 3.2 that
(o]
[ 5 4 ) IVl

”L2(Q )~ M)’ LAQ)”

This implies the estimate

GV
||u_ %VMHLZ(Q) = v dA”u”HI(Q)
Using the fact (see [4, 6]) that

and the interpolation theorem for operators [4] we find that

JuRpu] ) < (CN)! (%V dA)S ll
forall 0 < s < 1. Consequently, Theorem 2.3 gives the equation
e (H5(Q); LA(Q)) < C,AdS, 0<s<1. (3.19)
Using the result of Exercise 2.12 and the interpolation inequalities (see, e.g., [4,6])

1_
(T

lul <Clul®, - 's?

s(0) = 5,0 + 52(1—9), 0<6<1, (320)
it is easy to obtain equation (3.18) from (3.19).

Let us illustrate this theorem by the following example.

Example 3.1

Let Q= (0, )V be a cube in RY with the edge of the length /. We construct
a collection ¥ which defines local volume averages in the following way.
Let K = (0, 1)V be the standard unit cube in RY and let ® be a measurable set
in K with the positive Lebesgue measure, mes ® > 0. We define the function
A(®, x) on K by the formula

)\.((L), x)z { [mesm]_l’ x e,
0, x e K\ow .

Assume that

Q]- =h-(j+K) = {xz(xl, s X)) gy < #<ji+1, i=1, 2, ..., V},

hy(x) = l-ilvk(co, Loj), weq
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for any multi-index j = (j;, ..., j,), where j,=0, 1, ..., N-1, h=1/N.
It is clear that the hypotheses of Theorem 3.1 are valid for the collection
T={Q;, A;}. Moreover,

v/2

— _ . _ v
dj_dlamQj_[vh, A e

and hence in this case we have

h S—O
£ (H(Q); HO(Q) < €, (1) (321

for the set & of functionals of the form (3.17) when s > 1 and 0 < 6 < 5.
It should be noted that in this case the number of functionals in the set &% is
equal to Ng = NV. Thus, estimate (3.21) can be rewritten as

I s—C 1 $=0
&y (H5(Q), HO(Q)) < Cv,s(meswj '(J\@ﬁj "

However, one can show (see, e.g., [6]) that the Kolmogorov Ny, -width of the em-
bedding of H5(Q) into H°(€2) has the same order in N, i.e.

wy, (HS(Q), HO(Q)) = CO[NLT”VE .

Thus, it follows from Theorem 2.4 that local volume averages have a complete-
ness defect that is close (when the number of functionals is fixed) to the mini-
mal. In the example under consideration this fact yields a double inequality

ch$79 < SL(HS(Q), HO(Q)) < coh®=%, o<s, (3.22)
where ¢, and ¢, are positive constants that may depend on s, v, ®, and Q.
Similar relations are valid for domains of a more general type.

Another important example of functionals is given in the following assertion.

Theorem 3.2.

Assume the hypotheses of Theorem 3.1. Let us choose a point 2 (called
a node) in every set Qj and define a set of functionals on H™(Q),
m=[v/2]+1, by

$={lj(u):u(xj): xjer, jzl,...,N}. (3.23)

Then for all s > m and 0 £ G < s the estimate
e (H3(Q); HO(Q))) < C(v, s)(AAN)*™° (3.24)

1s valid for the completeness defect of this set of functionals, where
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d:max{d: Jj=1, 2, ...,N}, dj:diamQ,

j
— v . y —
A —max{dj ”kj”Lw(Q). 7=1,2, ..., N} .
Proof.
Let w e H™(Q) and let lj(u)=wu(x;)=0, j=1,2, ..., N. Then using
(3.13) for Q = Q- and x, = x; we obtain that
lgq) < © S, . ) Zd lul,, g,
=1
where
_ 1 |gpa
”u"l’ Qj = Z &T"(-D25 u"LZ(Qj) .
lof =1
It follows that
ful 2y, < OV A .

=1
forall w e H™(Q) such that l;(u) = u(x;) =0, j=1, 2, ..., N. Using interpola-
tion inequality (3.20) we find that
l

l l/m
By virtue of the inequality
q

xyé‘?—erz—/—, %Jré:l, x,y =20,

we get
b , 1 m L
l
A-dl- ||u||L2(Q) luljp ) = 2 ™ [dmAl ||u||H,,J <
) _m_ ) _m m
_btygm-lI LSl l
< (U= 87 hul g g + 5578 A AT ful

forl=1, 2, ..., m—1 and for all 0 > 0. We substitute these inequalities in (3.25)
to obtain that

m—1 m

Il 2y S Oy > (1=55) 87 - Jul 5y +

m—1 l _7_n 7LL
+CV( ST Al +Ajdm||u||Hm(Q). (3.26)
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We choose 0 = 6 (v, m) such that

m

CZ( )mls

=1
Then equation (3.26) gives us that

DOl —

m

L AT gm
LAT gy

Ms

”uHLZ Q) < C( ) Hm(Q)

1

o o~

forall w e H™(Q) suchthat u(z;) =0, j=1, 2, ..., N.Hence, the estimate

£, (H(Q): Q) < C(v)d i% ‘

is valid. Since A > 1, this implies inequality (3.24) for =0 and s=m =
= [V/ 2] + 1. Asin Theorem 3.1 further arguments rely on Lemma 2.1 and interpola-
tion inequalities (3.20). Theorem 3.2 is proved.

Example 32

We return to the case described in Example 3.1. Let us choose nodes x; € Qj-
and assume that @ = K. Then for a set & of functionals of the form (3.23) we
have

8%(HS(Q);HG(Q)) < Cv,shs_c

foralls > [v/2]+1, 0 < 6 < s and for any location of the nodes x; inside the
Qj . In the case under consideration double estimate (3.22) is preserved.

In the exercises below several one-dimensional situations are given.

Exercise 8.2 Prove that
1

e, (0, 1: L2(0. 1)) = (10, 1 22(0, 1) = [1+(Z2)"] 2

for

!
- .
%= {l;(u) =Ju(x)cos]Tx dv, j=0, 1, ..., N—l}.
0
Exercise 3.8 Verify that

1
(30, 1): X0, 1)) = wyy_, (30, 1) 22(0, 1)) = [ 1+(EY) ] 2

for

B = {ljs(u)z'[u(x)sm‘%x de; j=1, 2, ..., N—l}.
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Exercise 34 Let

per(0 D)={u e HY0,1): u(0)=u(l)}.

Show that

( per(O l) 2(09 l)) =

= sy 1 (e (0, 0); 2200, 1)) =1+ (22N :

where % consists of functionals I3, and I3, for k=0, 1,..., N-1
(the functionals lf and ljS are defined in Exercises 3.2 and 3.3).

Exercise 8.5 Consider the functionals

ux+r

@I»—‘
ot

. 1 . _
wp=gh, h=g5, j=0,1 ., N-1,
on the space LZ(O, l). Assume that an interpolation operator R,
maps an element u € L2(0, 1) into a step-function equal to Li(w)

on the segment [xj x; +1] - Show that

[u—R,u < hfw]

L2(0, 1) L2(0, 1)

Prove the estimate
__h__
Ny
Exercise 86 Consider aset % of functionals
13
N’
on the space H 1(0, l). Assume that an interpolation operator Ry,

maps an element w € H'(0, 1) into a step-function equal to lj(u)
on the segment [xj Show that

hu"LZ(O’ 1) [” ||L2(0 1)

< eq(HY(0,1); L2(0,1)) < k.

L(w)=u(z;), x;=jh, h=

; : j=0,1,.., N—-1,

xj+l]'
o=

Prove the estimate
h

TP+ h?

< eq(HY0,1); L2(0,1)) <

=
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§ 4 Determining Functionals for Abstract
Semilinear Parabolic Equations

In this section we prove a number of assertions on the existence and properties of
determining functionals for processes generated in some separable Hilbert space H
by an equation of the form

d
aﬁmu Bu,t), t>0, ul,_,=1u. 4.1

Here A is a positive operator with discrete spectrum (for definition see Section 2.1)
and B(u, t) is a continuous mapping from D(Al/ 2) x R into H possessing the pro-
perties

IB(O, t) < My, [B(uy, t) =B(ug, 1)) < M(p)|AV2(u;—uy)|  (42)
for all ¢ and for all u; € D(AY2) such that “Al/ 2u, H < p, where p is an arbitrary

positive number, M, and M(p) are positive numbers
Assume that problem (4.1) is uniquely solvable in the class of functions

W=C([0, +0); H) N C([0, +0); D(AV2))
and is pointwise dissipative, i.e. there exists £ > 0 such that
[AY2u ()]l <R when ¢ > t,(u) (4.3)
for all u(t) € Y. Examples of problems of the type (4.1) with the properties listed
above can be found in Chapter 2, for example.

The results obtained in Sections 1 and 2 enable us to establish the following as-
sertion.

Theorem 4.1.

For the set of linear functionals £={l;: j=1, 2, N} on the space
V = D(AY2) with the norm | -|,, = |AY2 . | to be (v, V G/'4/) -asymptotically
determining for problem (4.1) under conditions (4.2) and (4.3), it is suffi-
cient that the completeness defect £, (V, H) satisfies the inequality
€y = €4(V, H) < M(R)7!, 4.4
where M(p) and R are the same as in (4.2) and (4.3).

Proof.
We consider two solutions u,(¢) and u,(t) to problem (4.1) that lie in 9.
By virtue of dissipativity property (4.3) we can suppose that

|A2u,t)| <R, 120, j=1,2. (4.5)
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Let (1) = uy(t) —uq(t) . If we consider w(t) as a solution to the linear problem
du
Q4 = (1) = Blus(t). 1) ~B(uy(0). 1),
then it is easy to find that
t t
()12 +J (Au(x), u(v))de < Llu(s)2+M(R) J||A1/2u(r)|| Ju(t)l de
S S

forallt > s > 0. We use (2.11) to obtain that

M(R)-[AY2ul - Jul < &y M(R)-|AV2ul? + 8]AV2ul? + C(R, %, 8)[N(u)]?

for any 0 > 0, where

N(w)=max{|l;(u)]: j=1, 2, ..., N}.

Therefore,
¢
Fu(O)? +2(1-8 — e M(R)) J JAV2 ()2 do <
S

< Ju(s)P+C(R, %, §) J [N(u(t))]? dt . (4.6)

Using (4.4) we can choose the parameter 6 > 0 such that 1-8 —e4,M(R) > 0.
Thus, we can apply Theorem 1.1 and find that under condition (4.4) equation

t+1
lim [N (uy (1) —uy(7))P dr = 0
t — oo
t
implies the equality
lim ||u1(t)—u2(t)|| =0. 4.7
t — oo

In order to complete the proof of the theorem we should obtain
Jim | A2 (uy (£) = ug (1))] = 0 (4.8)
from (4.7). To prove (4.8) it should be first noted that
Jim 149 (uay (1) =g (1)) = O (4.9)
forany 0 < 6 < 1/2 . Indeed, the interpolation inequality (see Exercise 2.1.12)

1A% < 720 Jav2y)?0 ) 0 <6< 1/2,

and dissipativity property (4.5) enable us to obtain (4.9) from equation (4.7). Now
we use the integral representation of a weak solution (see (2.2.3)) and the method
applied in the proof of Lemma 2.4.1 to show (do it yourself) that
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[APu(t)] < (R, My), L<B<1, t2t.
Therefore, using the interpolation inequality
Jav2ul < av2=du] Jav2+ou],  0<8<],

we obtain (4.8) from (4.9). Theorem 4.1 is proved.

Exercise 4.1 Show that if the hypotheses of Theorem 4.1 hold, then equa-
tion (4.9) isvalid forall 0 < O < 1.

The reasonings in the proof of Theorem 4.1 lead us to the following assertion.

Corollary 4.1.

Assume that the hypotheses of Theorem 4.1 hold. Then for any two weak
(in D(AV2)) solutions u,(t) and uy(t) to problem (4.1) that are boun-
ded on the whole axis,

sup {”Al/Zui(t)”: —o <t < oo} <R, i=1,2, (4.10)

the condition 1 (u(t))=1;(uy(t)) for I; € L and t € R implies that
uy(t) = uy(1).

Proof.
In the situation considered equation (4.6) implies that

lue(6)1% + By, j JAv2y (o) dr < Ju(s)?

forall t > s and some [ > 0. It follows that

lu@) < e PeC=Dps), 1>,

Therefore, if we tend s — —oo, then using (4.10) we obtain that [u(t)] =0
forallt e R,ie. u(t) = uy(2).

It should be noted that Corollary 4.1 means that solutions to problem (4.1) that are
bounded on the whole axis are uniquely determined by their values on the functionals
l - It was this property of the functionals {l]-} which was used by Ladyzhenskaya [2]
to define the notion of determining modes for the two-dimensional Navier-Stokes
system. We also note that a more general variant of Theorem 4.1 can be found in [3].

Exercise 42 Assume that problem (4.1) is autonomous, i.e. B(u, t) =
= B(u).Let A be a global attractor of the dynamical system (V; S,)
generated by weak (in V= D(A2)) solutions to problem (4.1) and
assume that a set of functionals % = {lj: Jj=1, ..., N} possesses
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property (4.4). Then for any pair of trajectories u,(¢) and uq(t)
lying in the attractor ./ the condition I;(u,(¢)) = ;(uy(¢)) implies
that 2,(t) = uy(t) forallt e Randj=1, 2, ..., N.

Theorems 4.1 and 2.4 enable us to obtain conditions on the existence of N deter-
mining functionals.

Corollary 4.2.

Assume that the Kolmogorov N-width of the embedding of the space
V=D(AY2) into H possesses the property w(V; H)< M(R) . Then
there exists a set of asymptotically (V, V; W')-determining functionals
Jor problem (4.1) consisting of N elements.

Theorem 2.4, Corollary 2.1, and Exercise 2.6 imply that if the hypotheses of Theorem
4.1 hold, then the family of functionals % given by equation (2.13)isa (V, V; W) -
determining set for problem (4.1), provided Ay, > M(R)?. Here M(R) and R are
the constants from (4.2) and (4.3). It should be noted that the set ¥ of the form
(2.13) for problem (4.1) is often called a set of determining modes. Thus, Theo-
rem 4.1 and Exercise 2.6 imply that semilinear parabolic equation (4.1) possesses
a finite number of determining modes.

When condition (4.2) holds uniformly with respect to p, we can omit the re-
quirement of dissipativity (4.3) in Theorem 4.1. Then the following assertion is valid.

Theorem 4.2.

Assume that a continuous mapping B(u, t) from D(AV2)x R into H
possesses the properties

IB(0, t)l < My, |B(uy, t) =Bug, t)] < MJAV2(u;—uy)| (41D

for all u; e D(AY2). Then a set of linear functionals % = {l;: 7=1,2, ..., N}
on V= D(Al/ 2) is asymptotically (V, V; W')-determining for problem (4.1),
provided € = €4, (V, H)< ML,

Proof.

If we reason as in the proof of Theorem 4.1, we obtain that if €, < M —1 then
for an arbitrary pair of solutions ,(¢) and u,(t) emanating from the points %, and
Uy at amoment s the equation (see (4.6))

t t
fu () + B'[ [AV2u (o) de < Ju(s)? + CJ [N(u(t)Pde  (4.12)
S S
is valid. Here u(t) = u () —uy(t), P = B(&y, M) and C(%, M) are positive con-
stants, and

N(u):max{]lj(u)]: Jj=1,2,.., N}.
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Therefore, using Theorem 1.1 we conclude that the condition

t+1
lim | [N(u(t))]*dt =0 (4.13)
t — oo
T
implies that
t+1
lim {IIu(t)IIZJr J' ||A1/2u(r)||2dr} - 0. (4.14)
t — oo
t
Since u(t) = u(t) —uq(t) is a solution to the linear equation
du
at-—i—Au = f(t) = B(u(t), t) =B(uy(t), t), (4.15)

it is easy to verify that
t
lai2u(of? < [al2u(s)? + 4 J LA de (4.16)
S

for ¢ > s. It should be noted that equation (4.16) can be obtained with the help
of formal multiplication of (4.15) by %(¢) with subsequent integration. This conver-
sion can be grounded using the Galerkin approximations. If we integrate equation
(4.16) with respect to s from t—1 to ¢, then it is easy to see that

t t
V2 (0] < J a2a(s)? ds + 1 J LA (I dr .
t—1 t—1
Using the structure of the function f(¢) and inequality (4.11), we obtain that

t
2
lavzu()] < (1+2) J Jav2 (o) de.
t-1
Consequently, (4.14) gives us that
lim [AY2 (wy(£) = uq(t))| = 0.

t — oo

Therefore, Theorem 4.2 is proved.

Further considerations in this section are related to the problems possessing inertial
manifolds (see Chapter 3). In order to cover a wider class of problems, it is conve-
nient to introduce the notion of a process.

Let H be a real reflexive Banach space. A two-parameter family {S (t, r);
t>1; t,te R} of continuous mappings acting in H is said to be evolutionary,
if the following conditions hold:

(@ S(t,s)-S(s, 1)=S(t, 1), t=2s=>21, St t)=1I.

(b) S(t, s) Uy 1s a strongly continuous function of the variable ¢ .
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A pair (H, S(t, t)) with S(¢, T) being an evolutionary family in H is often called
a process. Therewith the space H is said to be a phase space and the family
of mappings S (t, ’E) is called an evolutionary operator. A curve

Yo[uo] = {u(t) = S(t+s, s)uy: t =0}
is said to be a trajectory of the process emanating from the point u,, at the moment s .
It is evident that every dynamical system (H R Sz) is a process. However, main

examples of processes are given by evolutionary equations of the form (1.1). There-
with the evolutionary operator is defined by the obvious formula

S(t, s)ug = u(t, s; ug),

where (1) = u(t, s; ) is the solution to problem (1.1) with the initial condition
U at the moment s .

Exercise 4.8 Assume that the conditions of Section 2.2 and the hypotheses
of Theorem 2.2.3 hold for problem (4.1). Show that weak solutions
to problem (4.1) generate a processin H .

Similar to the definitions of Chapter 3 we will say that a process (V; S(¢, T)) acting
in a separable Hilbert space V' possesses an asymptotically complete finite-dimen-
sional inertial manifold {Mt} if there exist a finite-dimensional orthoprojector P in
the space V and a continuous function ®(p, t): PV x R — (1-P)V such that

(a) ||CD(p1, t) — ®(py, t)||V < L||p1—p2||v 4.17)
for all D, € PV,t € R, where L is apositive constant;
(b) the surface
M,={p+®@(p, t): pePVicV (4.18)
is invariant: S(t, T)M, < M,;
(¢) the condition of asymptotical completeness holds: for any s € R and

ug € V there exists u; € M, such that

||S(t, s)ug —S(t, s)ug|, < CeVt=5) s, (4.19)

where C and y are positive constants which may depend on U and
s eR.

Exercise 44 Show that for any two elements u,, u, € M, s € R the fol-
lowing inequality holds

(1 L2 Py — g, < [Py —ug)], < Juy—us|,,-
Exercise 4.5 Using equation (4.19) prove that
|[(1=P)S(t, s)ug — D(PS(L, s)ug, t),, < (1+L)- Cev(—5)

fort > s.
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Exercise 4.6 Show that for any two trajectories uj(t) =5(¢, s)uj, Jj=1,2,
of the process (V; S(t, 1)) the condition

lim | P - =0
: 1 || (ul(t) U‘ZU))”[]
implies that

li - =0.
iy (1) =y (1)

In particular, the results of these exercises mean that M is homeomorphic to a sub-
set in RN, N=dimP, for every s € R. The corresponding homeomorphism
r: V— RN can be defined by the equality ru = {(u, d)j)V}j_V:l , where {d)]} is a ba-
sisin PV . Therewith the set of functionals {ZJ- (u)=(u, (pj)V: J=1, ..., N} appears
to be asymptotically determining for the process. The following theorem contains
a sufficient condition of the fact that a set of functionals {! j} possesses the proper-

ties mentioned above.

Theorem 4.3.

Assume that V and H are separable Hilbert spaces such that V is con-
tinuously and densely embedded into H. Let a process (V; S(t, 1)) possess
an asymplotically complete finite-dimensional inertial manifold {M t} .
Assume that the orthoprojector P from the definition of {M z} can be conti-
nuously extended to the mapping from H into V, i.e. there exists a constant
A =A(P) > 0 such that

1Polly, < A-loly, veV. (4.20)
If £= {lj: Jj=1, ..., N} is a set of linear functionals on V such that
e (Vs H) < (1+L2) V2AL, (4.21)

then the following conditions are valid:
1) there exist positive constants ¢, and c, depending on £ such that

cl||u1—u2||H < max{|lj(u1—u2)|: Jj=1,..., N} < 02||u,1—u2||H (4.22)

Jorall u;, uge M, , t € R; i.e. the mapping r acting from V into
RN according to the formula ryu = { L (u)}sz | % a Lipschitzian ho-
meomorphism from M, into RN for every t e R;

2) the set of functionals % is determining for the process (V; S(t, 1)) in

the sense that for any two trajectories u;(t) = S(t, s)u; the condition

i (1 (o, (1)) = 4y (1)) = 0
implies that
m fuy(¢) —uqy(t)], = 0.

t — oo
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Proof.
Let uy, Uy € M, . Then

uj:Puj+CD(Pu-, t)y, Jj=1,2.
Therewith equation (4.17) gives us that
[y =g, < (1+L2)"2|Puy—Puy),,  u;eM,. (4.23)
Consequently, using Theorem 2.1 and inequality (4.20) we obtain that
iy ~uslyy S CoNg (ug —ug) + e (1+ L2V Afug — g,
where Ny (w) = max{|l;(u)|: j=1, ..., N} and &g = £4(V; H). Therefore, equa-
tion (4.21) implies that
Jur —ualyy < CLU(B)- Neg(uy —uy), (4.24)
where Cj(%) = Cy - (1—gq(1+L2)Y2A)
On the other hand, (4.20) and (4.23) give us that
L (uy—uy)| < Coyluy—ug, < Cu(1+L2) 2 Aluy—uy|,.  (425)

Equations (4.24) and (4.25) imply estimate (4.22). Hence, assertion 1 of the theo-
rem is proved.

Let us prove the second assertion of the theorem. Let u;(t) = S(t, s)u;, t = s,
be trajectories of the process. Since

u;(t) = (Puj(t) + ®(Puy(t), 1))+ ((1=P)u;(t) = ©(Pu;(t), 1)),
using (4.17) it is easy to find that

oy () - (1+L2)V2|P(uy (t) -

@)y = O+

Z [(1=P)u;(1) = ©(Puy(t), 1), -

=1, 2
The property of asymptotical completeness (4.19) implies (see Exercise 4.5) that

_ w.(t) — u < e t>s.
[(1=P)uy(1) = @(Puy(v), )] < CeT72),
Therefore, equation (4.20) gives us the estimate

< (1+L2)2 AJuy () —ug (1)), + Ce7 79 (4.26)

[eea () o (0] <

It follows from Theorem 2.1 that
Jur(t) —ug (), < CouNeg(ug(t)—ug(t)) + g |uy (8) —ug(t)), -
Therefore, provided (4.21) holds, equation (4.26) implies that
Jur(8) (D) € Ag- Nog(ty (1) =105(0)) 4 By e 75 125,
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where Ag, and By, are positive numbers. Hence, the condition
lim Nog (w4, (t) = uy(t)) = 0
t—> oo

implies that
lim ||u1(t) —uz(t)"V =0.

t — oo

Thus, Theorem 4.3 is proved.

Exercise 4.7 Assume that the hypotheses of Theorem 4.3 hold. Let
Uy, ug € M besuchthat I;(u;)=1;(ugy) forall I; e £.Show that

S(t, s)uy = S(t, s)ug for t >s.

Exercise 4.8 Prove that if the hypotheses of Theorem 4.3 hold, then in-
equality (4.22) as well as the equation

fuy —ug|, < max{|l;(u;—ug): J=1, 2, ..., N} < cofuy—uy|,

is valid for any u,, u, € M, and ¢t € R, where ¢, ¢y > 0 are con-

stants depending on &.

Let us return to problem (4.1). Assume that B(u, t) is a continuous mapping from
D(Ae) x R into H, 0 < 0 < 1, possessing the properties

1Blug, 0 < M(1+|A0), By, 0) ~Blug, 1) < MJA® (uy 1)

forall u; e D(A9), 0 < 0 < 1. Assume that the spectral gap condition
2M 0 0
A A, = —a—((l+k)kn+l+kn)

n+1 n

holds for some 7 and 0 < g < 2—4/2 . Here {%,,} are the eigenvalues of the opera-
tor A indexed in the increasing order and & is a constant defined by (3.1.7). Under
these conditions there exists (see Chapter 2) a process (D(A%); S(t, s)) generated
by problem (4.1). By virtue of Theorems 3.2.1 and 3.3.1 this process possesses an
asymptotically complete finite-dimensional inertial manifold {M t} and the corres-
ponding orthoprojector P is a projector onto the span of the first n eigenvectors
of the operator A . Therefore,

140 Pul < A0=S|asu],  —o<s<0.

Therewith the Lipschitz constant L for ®(p, t) can be estimated by the value
q/(1-q). Thus, if % is a set of functionals on V= D(Ae) , then in order to apply
Theorem 4.3 with H = D(A%), —oo < s < 0 , it is sufficient to require that

£ (D(A%); D(A%)) & ——=4 !

-
Jo—2q+2q2 A 7°
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Due to Theorem 2.4 this estimate can be rewritten as follows:

1-q knJrl 0-s
e (D(A%): D)) § ==t ()T, (D(): D)),
2-2q+2qg? n
where x,,(D(A%); D(A%)) is the Kolmogorov 7 -width of the embedding of D(AY)
into D(A%), —0o<s<0, 0<0<1.
It should be noted that the assertion similar to Theorem 4.3 was first estab-
lished for the Kuramoto-Sivashinsky equation

u, +u +u,tu,u=0, x e (0, L), t>0,

XxXXxX

with the periodic boundary conditions on [0, L] in the case when {lj} is a set of
uniformly distributed nodes on [0, L], i.e.

L;(u) = u(jh), where h:j%, j=0,1,...,N-1.
For the references and discussion of general case see survey [3].

In conclusion of this section we give one more theorem on the existence of deter-
mining functionals for problem (4.1). The theorem shows that in some cases we can
require that the values of functionals on the difference of two solutions tend to zero
only on a sequence of moments of time (cf. Theorem 1.3).

Theorem 4.4.
As before, assume that A is a positive operator with discrete spectrum:
Ae,=Mee,, 0<A; <Ak, <., lim A —oo.

k — o0
Assume that B(u, t) is a continuous mapping from D(Ae) x R into H for
some 0 < 0 < 1 and the estimate

|B(uy, 1) =B(ug, t)] < M"Ae(u,1 — Uy, g, Uy € D(AY),

holds. Let £={l;} be a finite set of linear functionals on D(AY). Then for
any 0 < o< P there exists n=n(a, B, 0, A, M) such that the condition

_ 15—
6y = 84 (D(A9), H) < § 3.0

implies that the set of functionals £ is determining for problem (4.1)
in the sense that if for some pair of solutions {u,(t); us(t)} and for some se-
quence {t, } such that

lim ¢, =0, o<t —t,<B, k21,
k — oo

the condition
lim lj(ul(tk)—uz(tk)) =0, l.e &,

k — o

holds, then
Jim |48 (2 () =g (1)) = O . .27
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Proof.
Let u(t) = u,(t) —u5(t) . Then the results of Chapter 2 (see Theorem 2.2.3 and
Exercise 2.2.7) imply that

||Aeu(t)|| < a4 g2=9) |ABwu(s), (4.28)
t— a t—
“(1 P,)ADu( H { P @=9) "I:?ié' " s)} JAO 2 (s) (4.29)
n+1

fort 2 s > 0,where a;, a,,and ag are positive numbers depending on 0, )‘1 ,and

M and B, is the orthoprojector onto Lln{el, s n} . It follows form (4.29) that
|\(1—%)A9u(z)\| < qq, ﬁ"Aeu(S)", s+o<t<s+p, (4.30)

where

— - +1¢ a3 “2B
do,p=¢ " toTe ¢
n+1
Let us choose 7 = n(a, B, 0, A;, M) suchthat g, p < 1/2 . Then equation (4.30)

gives us that
[a9u@)l < 29 Ju(l+ $la0u(s)l,  s+a <t <s+p.

This inequality as well as estimate (4.28) enables us to use Theorem 1.3 with V=
= D(Ae) and to complete the proof of Theorem 4.4.

Exercise 4.9 Assume that n is chosen such that g, < 1 in the proof
of Theorem 4.4. Show that the condition |5, ( ulgf —ugy(ty,))| >0
as k — oo implies (4.27).

The results presented in this section can also be proved for semilinear retarded
equations. For example, we can consider a retarded perturbation of problem (4.1)
of the following form

G HA =B )+ Qs ),
U, o [-r, 0]~ ¢p(t)eC,=C([-r 0], D(A1/2)) ’

where, as usual (see Section 2.8), u, is an element of C, defined with the help
of u(t) by the equality u,(0) = u(t+0), 0 € [-r, 0], and @ is a continuous map-
ping from C,. x R into H possessing the property

0
|Q(vy, 1) —Q(vq. t)”2 < M, -J-HAl/Z(vl(G) —02(8))”2 do

for any v, v4 € C,. The corresponding scheme of reasoning is similar to the me-
thod used in [3], where the second order in time retarded equations are considered.
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§ 5 Determining Functionals
for Reaction-Diffusion Systems

In this section we consider systems of parabolic equations of the reaction-diffusion
type and find conditions under which a finite set of linear functionals given on the
phase space uniquely determines the asymptotic behaviour of solutions. In particu-
lar, the results obtained enable us to prove the existence of finite collections of de-
termining modes, nodes, and local volume averages for the class of systems under
consideration. It also appears that in some cases determining functionals can be gi-
ven only on a part of components of the state vector. As an example, we consider
a system of equations which describes the Belousov-Zhabotinsky reaction and the
Navier-Stokes equations.

Assume that Q is a smooth bounded domain in R, n > 1, H5(Q) is the
Sobolev space of the order s on Q, and H;j(Q) is the closure (in /5(Q)) of the set
of infinitely differentiable functions with compact support in Q. Let | - | be a norm
in #5(Q) andlet | -| and (-, -) beanormand an inner product in L?(Q), respec-
tively. Further we also use the spaces

Hs = (H5(Q))™ = HS(Q) x ... x H5(Q), m>1.
Notations L2 and HS have a similar meaning. We denote the norms and the inner
products in L? and H® as in L2(Q) and H5(Q).
We consider the following system of equations

ou=a(r, t)Au—f(r,u, Vu; t), xeQ, t>0, (G.1)

Ul =0, u(x, 0)=wuy(r),
as the main model. Here w (2, t) = (u;(, t); ...; u,,(2, t)), A is the Laplace ope-
rator, Vuy = (O Uy, .. 0y ), and a(x, t) is an m-by-m matrix with the ele-

ments from L*(Q x R, ) such that forallz € Q and ¢ € R,
a, (v, t) = %~(a+a*) > uy- I, py>0. (5.2)
We also assume that the continuous function
S=0f5 s fy,): Qx REFDm R R™

is such that problem (5.1) has solutions which belong to a class 9 of functions
on R, with the following properties:
a) forany u € 9 there exists t; > 0 such that

u(t) e C(ty, +oo; HENHY), 8,u(t) e C(ty, +oo; L?), (5.3)

where C(a, b; X) is the space of strongly continuous functions on
[a, b] with the values in X ;
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b) there exists a constant ¥ > 0 such that for any u, v € W there exists
ty > 0 such that for ¢ > ¢; we have

1 (s Vs 1) = (0, Vos 0 < k- (lu—ol + 1V~ ). .4

It should be noted that if a(x,t) is a diagonal matrix with the elements from
C2(Q x R,) and f is a continuously differentiable mapping such that

| f(2, u, 5 t) = f(2, v, q; 1) < k-(lu—vl+[p—al) (5.5)

forallu,v e R™, p,qe R"™, zeQ,and te R ., then under natural compa-
tibility conditions problem (5.1) has a unique classical solution [7] which evidently
possesses properties (5.3) and (5.4). In cases when the dynamical system generated
by equations (5.1) is dissipative, the global Lipschitz condition (5.5) can be
weakened. For example (see [8]), if a is a constant matrix and

S, u, Vu; t) xu-ﬁ-Zb 2)0, u+g( ),
Jj=1

1 o 7 _ (7 7
where b; = (b, ..., b}”) el*, g=(9y --» 9,,) €L? and F=(f, ... fp)
is continuously differentiable and satisfies the conditions

T, wu = plul®, 7@ wl < ™ ve, py>2,
Z{L/ﬁs A+, 1<k<m, 1<j<n,

where Ly, Uy >0 and p; < min(4/n, 2/(n—2)) for » > 2, then any solution
to problem (5.1) with the initial condition from L? is unique and possesses proper-
ties (6.3) and (5.4).

Let us formulate our main assertion.

Theorem 5.1.

A set £={l: i Jj=1, N} of linearly independent continuous linear
Sfunctionals on H? N Ho is an asymptotically determining set with respect
to the space Ho Sor problem (5.1) in the class W if

Ho 27 —1/2
ey (H2NHL, L2) < -0—“-(1+--(-—)) =p(k, 1), 5.6
where cal =sup{lwly: w e (H? ﬂHé)(Q), lAw| < 1}, and p, and k are
constants from (5.2) and (5.4). This means that if inequality (5.6) holds,
then for some pair of solutions u, v € W the equation
t+1
. 9 .
lim J.|lj(u(r))—lj(v(r))| dt=0, j=1,..,N, 6.7

t — oo
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implies their asymptotic closeness in the space H' :
lim u(t)—v(t)l, = 0. (5.8)
t—> o0

Proof.
Let w, v € . Then equation (5.1) for w = u —v gives us that

o,w=a(x, t)Aw —(f(x, u, Vu; t) - f(x, v, Vo; t)).

If we multiply this by Aw in L2 scalarwise and use equation (5.4), then we find that
d
L S1awOF + wolaw < k(lw (O +1(Vw) (0 JAw (o)

for ¢ > 0 large enough. Therefore, the inequality |Vew|? = [(w, Aw)| < |wl]-|Aw]
enables us to obtain the estimate

d 2 2 o 2K%( L 27( kK ¥\ 12
SIvul+ gl < 2 (14 210 il (5.9

Theorem 2.1 implies that
lwl|* < C(N, 3) m?X|lj(w)|2+(l+ 8)- &2, -lwl3 (5.10)

forall w e H2 ( H} and forany 8 > 0, where C(N, 8) > 0 isa constant and &, =
= ¢y (H*NH, é, L?) . Consequently, estimate (5.9) gives us that

2
d 1+0)eg,
&HVw(t)Hz + U (1 —(7)92)”&0(?5)"2 < C~max|lj(w)
p(k, 1) J
where p(k, L) is defined by equation (5.6). It follows that if estimate (5.6) is valid,
then there exists § > 0 such that

2

t

V@) < e P v () + C~J- e~PU=") max|1,(w())? dt
N !
for all ¢ > ¢, where {, is large enough. Therefore, equation (5.7) implies (5.8).
Thus, Theorem 5.1 is proved.

Exercise 5.1 Assume that u(¢) and v(t) are two solutions to equation (5.1)
defined for all ¢ € R. Let (5.3) and (5.4) hold for every ¢, € R and
let

sup (1IVu(l + 190 < oo.

Prove that if the hypotheses of Theorem 5.1 hold, then equalities
Li(u(t)) =1L (v(t)) for j=1, ..., N and ¢ < s for some s < oo im-
ply that u(¢) = v(t) forall t<s.
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Let us give several examples of sets of determining functionals for problem (5.1).

Example 51 (determining modes, m > 1)

Let {e,} be eigenelements of the operator —A in L? with the Dirichlet bounda-
ry conditions on 0 Q and let 0 < 7“1 < k2 < ... be the corresponding eigenva-
lues. Then the completeness defect of the set

% = {zj: zj(w):J'w(x). o;(x)dr, j=1, .., N}
Q

can be easily estimated as follows: S%(Hz N HO, Lz) < Jn- }\‘N+1 (see Exer-
cise 2.6). Thus, if N possesses the property NI Jn - -p(k, P‘o) , then ¥
is a set of asymptotically (H 2N H! 05 H! 0> W')-determining functionals for prob-
lem (5.1).

Considerations of Section 5.3 also enable us to give the following examples.

Example 52 (determining generalized local volume averages)

Assume that the domain Q is divided into local Lipschitzian subdomains
{Qj: Jj=1, ..., N}, with diameters not exceeding some given number 2 >0 .

Assume that on every domain Q a function k (v) e LOO(QJ-) is given such

that the domain Q is star-like Wlth respect to supp l and the conditions

J?L , esssup|7u~(x)‘ < A

reQ, '/ "’

hold, where the Constant A > 0 does not depend on £ and j . Theorem 3.1 im-
plies that

e, (H2(Q) N Hy(Q); LX(Q)) < ¢, h? A

for the set of functionals

S@hz{j Jk x)do, j=1, 2, N}.
2

Therewith the reasonings in the proof of Theorem 3.1 imply that ¢, = 62 e
where G, is the area of the unit sphere in R" . For every lj € #,, we define the
functionals l( ) on H? by the formula

W w)=1(wy), w=(wy, ..., w,) eH*, k=12 .., m. (511)
Let
L) = (1 (w): k=1,2, .., m, L%}, (5.12)
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One can check (see Exercise 2.8) that

: 2 1. 72

v Szglm)(H NHy; L°) < Cm-hz-/\z.

, Therefore, if /& is small enough, then S@,Sm) is a set of asymptotically deter-
5 mining functionals for problem (5.1).

Example 58 (determining nodes, n < 3)
Let Q be a convex smooth domain in R, » < 3. Let & > 0 and let

Qj =QN{w=(2y, ..., v,): jph <z, < +1)h, k=1, 2, 3},

where j = (j;, ..., J,,) € 2" Q. Let us choose a point Z; in every subdomain
QJ- and define the set of nodes
By, ={lj(w)=u(z,): jeZ"NQ}, n<3. (5.13)

Theorem 3.2 enables us to state that
&g (H2(Q) N Hy(Q); L2(Q)) < ¢-h2,
where c is an absolute constant. Therefore, the set of functionals Séf(zm) defined

by formulae (5.11) and (5.12) with &, given by equality (5.13) possesses the
property

wy(HENHY; L2) < ¢ k2.

Consequently, %,(Lm) is a set of asymptotically determining functionals for prob-
lem (5.1) in the class 9/, provided that £ is small enough.

It is also clear that the result of Exercise 2.8 enables us to construct mixed determin-
ing functionals: they are determining nodes or local volume averages depending
on the components of a state vector. Other variants are also possible.

However, it is possible that not all the components of the solution vector u(, t)
appear to be essential for the asymptotic behaviour to be uniquely determined.
A theorem below shows when this situation can occur.

Let I be a subset of {1, ..., m}. Let us introduce the spaces

T={w=(wy, .., w,)eH: w,=0,kel}, seR.

We identify these spaces with (H$(€2 ))'I | where || is the number of elements of
the set 1. Notatlons L% and HO ; have the similar meaning. The set &% of linear
functionals on H? 1 is said to be determining if p, ) 7% is determining, where p ; is the
natural projection of HS onto H; .
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Theorem 5.2.

Let a = diag(d,, ..., d,,) be a diagonal matrix with constant elements
and let {I,1'} be a partition of the set {1, ..., m} into two disjoint subsets.
Assume that there exist positive constants ©, k*, Gi, where 1=1, ..., m,
such that for any pair of solutions w, v € W the following inequality holds
(hereinafter w = u—v):

Z@ { |Aw || + (S (u, Vus t) = f; (v, Vo; t), Aw, )} +

el
+>°0; {—di”Vwi"Z—(fi(u, Vu; t) - f;(v, Vo t), wi)} <
iel
< - Z [w,]? + & Z ;] - (5.14)
el el
Then a set = { j 340(1), ..., . of linearly independent continuous linear

Sfunctionals on H? 7 NH, 0,1 s an asymptotically determining set with respect
to the space Ho for problem (5.1) in the class W if

a0,

2 ks« )

where ¢y >0 is defined as in (5.6). This means that if two solutions
u, v € W possess the property
t+1

lim J‘lj(p[u(r))—lj(p[v(r))|2dr:O for j=1,..,N, (5.16)

ey = eq(H NHy ;. L}) < ¢ min (5.15)

t — oo

where p; is the matural projection of H® onto H;, then equation (5.8)
holds.

Proof.
Letu, v e W and w =wu —v . Then
0,w; = d; Aw; = (f; (%, u, Vu; t) = f;(x, v, Vu; 1)) (5.17)
fori=1, ..., m.In LZ(Q) we scalarwise multiply equations (5.17) by -0, Aw,

for 7 € I and by ini for ¢ € I' and summarize the results. Using inequality (5.14)
we find that

2
2 dt(l)(w(t ZZdZGZ”Aw I” +a)Z||w > < & Z”wi" :

1el 1 el el

w) = Zez-||Vw¢||2+ Z 0, |w|?-

el 1 el

where
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As in the proof of Theorem 5.1 (see (5.10)) we have
> Jwil® < OV, 8) maxf (pyw ) + 150 g?g S [awf?

vel vel
for every & > 0. Therefore, provided (5.15) holds, we obtain that

S0(w(n)+BO@w(t) < C-max|l;(pw(t))’

with some constant 3 > 0. Equation (5.16) implies that ®(w(t)) > 0 as t —> 0.
Hence,

lim [w(t)] =0. (5.18)
t — oo
However, equation (5.9) and the inequality

IVw| < C-lAwl, weH2NH],
imply that
t

V(@ < PP o [ PR ar

Ty
forall ¢ = t, with ¢, large enough and for B > 0. Therefore, equation (5.8) follows
from (5.18). Theorem 5.2 is proved.

The abstract form of Theorem 5.2 can be found in [3].

As an application of Theorem 5.2 we consider a system of equations which describe
the Belousov-Zhabotinsky reaction. This system (see [9], [10], and the references there-
in) can be obtained from (5.1) if we take 7 < 3, m = 3, a(x, t)=diag(d,, dy, d5)
and

S, u, Vus 1) = f(u) = (f1(w); Sfo(uw); f3(w),

where

Si(u) = =0 (g —uyuy +uy = Buf),

So(u) = —é(Yus_uz_“Wz)v Sa(u) = =06 (u;—ug).

Here o, f3, v, and O are positive numbers. The theorem on the existence of classi-
cal solutions can be proved without any difficulty (see, e.g., [7]). It is well-known
[10] that if ag > a; > max(1, B‘l) and ay > Y a4, then the domain
D ={u=(up, ug ug): 0<u;<a;, j=1,2, 3} c R3

is invariant (if the initial condition vector lies in D for all x € Q, then u(x, t) € D
for x € Q and t > 0). Let W = Y}, be a set of classical solutions the initial condi-
tions of which have the values in D . It is clear that assumptions (5.3) and (5.4) are
valid for 9. Simple calculations show that the numbers ®, k*, 92 , and 93 can be
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chosen such that equation (5.14) holds for /= {1}, I' ={2, 3}, and 0, = 1. In-
deed, let smooth functions u(x) and v(x) be such that u(x), v(x) € D for all
2 e Q and let w(x)=wu(x)—v(x). Then it is evident that there exist constants
C; > 0 such that

IA

d
®, = (fy(w)=fy(v). Awy) < FJawy P+ Cp-(Juoy P+ Jwg]?).

1
®, = ~(fy(u) = fy(v). wy) < —5k |wol? + Cy- (Juoy | + Js]?)
Oy = —(f3(u) —f3(v), wy) < —%||w3||2+03'||w1||2~
Consequently, for any 0,5, 05 > 0 we have
d
D, + 0,0, + 0,0, < -2—1||Aw1||2+(01+9202+9303)||w1||2+

* (Cl - ze_gc) Juws]* + (92 Cy - 63—8) s

It follows that there is a possibility to choose the parameters 92 and 93 such that

wi” o Jusf + o)

with positive constants £* and . This enables us to prove (5.14) and, hence, the
validity of the assertions of Theorem 5.2 for the system of Belousov-Zhabotinsky
equations. Therefore, if &= {lj: Jj=1,..., N } is a set of linear functionals on
H2(Q)N H(l)(Q) such that &g ((H2 N H(l))(Q), L2(Q)) is small enough, then the
condition

dl 2 *
Q)+ 0,0y + 0303 < | Aw|*+k

t+1
lim J|l]-(u1(r))—lj(vl(r))|2dr=O, j=1, .., N,

t— oo
t
for some pair of solutions wu(t) = (uy(t), uy(t), us(t)) and v(t) = (v,(t), vy(t),
v4(t)) which lie in % implies that

lu(t)=v(t)l; >0 as t—o0.

In particular, this means that the asymptotic behaviour of solutions to the Belousov-
Zhabotinsky system is uniquely determined by the behaviour of one of the compo-
nents of the state vector. A similar effect for the other equations is discussed in the
sections to follow.

The approach presented above can also be used in the study of the Navier-Stokes
system. As an example, let us consider equations that describe the dynamics of a vis-
cous incompressible fluid in the domain Q = 72 = (0, L) x (0, L) with periodic
boundary conditions:
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o,u —VAu+ (u,Vyu+Vp=F(z,t), xzeT?, >0,
Vu=0, xeT? ux0)= ug(x) , (5.19)

where the unknown velocity vector u(x, t) = (u;(x, t); uy(, t)) and pressure
p(x, t) are L -periodic functions with respect to spatial variables, v >0, and
F(x, t) is the external force.
Let us introduce some definitions. Let 9" be a space of trigonometric polynomi-
als v(x) of the period L with the values in R? such that divo =0 and
,0(x)dx = 0.Let H be the closure of % in L?,let IT be the orthoprojector onto
in L2, let A =-T1Au = —Au and B(u, v) = I1(u, V)v for all w and v from
DA)=HN H? . We remind (see, e.g., [11]) that A is a positive operator with dis-
crete spectrum and the bilinear operator B(u, v) is a continuous mapping from
D(A) x D(A) into H . In this case problem (5.19) can be rewritten in the form

O,u+VAu+B(u, u)=IF(), wu|,_,=ujeH. (5.20)

It is well-known (see, e.g., [11]) that if u, € H and I1F(t) € L*(R,; H), then prob-
lem (5.20) has a unique solution % (t) such that

u(t) e C(R.; H)N C(to, +o0; D(4)), ty>0. (5.21)
One can prove (see [9] and [12]) that it possesses the property
t+a
T4 [ < 500 200)
Tl J' (ol de < L0 - (5.22)
¢

for any @ > 0. Here A, = (2 TE/L)2 is the first eigenvalue of the operator A in H
and

F= T [TIF(t)].

o0
Lemma 5.1.
Let w,v € D(A) and let w=wu—v. Then

(B(u, u) —B(v, v), Aw) < 2wl |Vw||Au] (5.23)

(B(w, w)=B(v, v), Aw)| < ¢ JL| V|- IVwl "> | Aw] > |Au],  (5.24)

where |- |, is the L™ -norm, w, is the k-th component of the vector w,
k=1, 2, and ¢ is an absolute constant.

Proof.
Using the identity (see [12])

(B(u, w), Aw) + (B(w, v), Aw) + (B(w, w), Au)=0
for u, v € D(A) and w = u —v , it is easy to find that
(B(u, u)=B(v, v), Aw) = —=(B(w, w), Au) .
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Therefore, it is sufficient to estimate the norm |B(w, w)| . The incompressibili-
ty condition Vw = 0 gives us that

(w, V)w = (=w 0wy +wy 0wy, w0 wy=wydywy),
where 61- is the derivative with respect to the variable x, . Consequently,
I, Vywl? < 2(|(wy, Vywsf? +|(wg Vywy]?) (5.25)

This implies (5.23). Let us prove (5.24). For the sake of definiteness we let
k = 1. We can also assume that w € 9. Then (5.25) gives us that

I, V)l < 2 (Ju] V], s+ ool [ Vo]
We use the inequalities (see, e.g., [11], [12])
ol o < apllvl"? -] Av] 2
and
lol, 4 < a o2 Vo] 2,

where a and a are absolute constants (their explicit equations can be found
in [12]). These inequalities as well as a simply verifiable estimate [v] <
< (L/2m)-|Vo| imply that

l(w. Vywl < [E(a? +ag)| V| 1Veol V2 JAu] 2.

This proves (5.24) for k = 1.

Theorem 5.3.

1. A set £= {lj: Jj=1,2,..., N} of linearly independent continuous
linear functionals on D(A) = H> N H is an asymptotically determining set
with respect to H' for problem (5.20) in the class of solutions with property
(6.21) #f

— —1
g = €4 (D(A), H) < ¢,G = CIVZ( lim IIHF(t)II) , (5.26)
t — oo
where ¢, is an absolute constant.

2. Let £=1{l;: j=1,...,N} be a set of linear functionals on H%(Q)

and let

_ —2
el = e (H2(Q), L2(Q)) < 02V4L‘3(tlim mEl)

where ¢, is an absolute constant. Then every set p, & is an asymptotically
determining set with respect to H* for problem (5.20) in the class of solu-
tions with property (5.21). Here p, 1is the natural projection onto the k-th
component of the velocity vector, p, (u; uy) =1, , k=1, 2.
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Proof.
Let u(t) and v(t) be solutions to problem (5.20) possessing property (5.21).
Then equations (5.20) and (5.23) imply that

d
%'agllellerVIIAwII2 < 2wl [Vl -[Aul

for w = u—v . As above, Theorem 2.1 gives us the estimate

lwl < Cn(w)+eglAw], n(w)= mjax’lj(w)| )

Therefore,
lwl,, < ag-lwl- 18wl < cpdm(w) 1aw]"™ + ag feq - | Aw].
The inequality
IVl < Jel - [Aw]
enables us to obtain the estimate (see Exercise 2.12) €4, (D(A), D(AV2)) < 81%/2 and
hence
JAwl? > ~Cyn(w)* +(1-8)e3" - [Vl

for every & > 0. Therefore, we use dissipativity properties of solutions (see [8] and
[9] as well as Chapter 2) to obtain that

d 2

GIVwOF + o () Ivul® < C- [n(w) + A/n_(w)},
where

a(t)=v(1-8)ey! —2aleq, v Au(r)?.
Equation (5.22) for a = (Vkl)_1 implies that the function o.(¢) possesses proper-
ties (1.6) and (1.7), provided (5.26) holds. Therefore, we apply Lemma 1.1 to obtain
that [Vw(t)| > 0 as t — oo, provided
t+1
lim | [n(w(t)]*dt=0.

t — oo
t

In order to prove the second part of the theorem, we use similar arguments. For
the sake of definiteness let us consider the case k = 1 only. It follows from (5.20)
and (5.24) that

d
5 IVl +vIawl® < e JL |V, |2 [Vl - 1wl JAul . (527)

The definition of completeness defect implies that

[V |2 < € n(wy) + Jeb | Awy"? < € n(wy) + Jeb | Aw] 2,

where 1 (w;) = max|l;(w, )| .Therefore,
J
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e L Vo |2 Vel - | Aw] V2| Au] <

< oL [y IVwl- 1wl -Aul + ¢ M(w))IVw]-[Aw] V> - [Au] <
2
< o)l + (x+EC ey ) vul? Jauf? + Yl Awl?

for any % > 0, where the constant C depends on %, v, $, and L. Consequently,
from (5.27) we obtain that

2
OGP + 2 (x+ £ et ) Vel Aul?.

IA

d 2 2

—=[Vw|* + v|Aw

SIveol® + viAwl]
Therefore, we can choose % = 8- L-c¢2-v~!. gt and find that

2 2
d%HVwIIZJr[V(an) —2(1+8) 5 et Jaul | Ivwl < c[n(uwy),

where 0 > 0 is an arbitrary number. Further arguments repeat those in the proof
of the first assertion. Theorem 5.3 is proved.

It should be noted that assertion 1 of Theorem 5.3 and the results of Section 3 enable
us to obtain estimates for the number of determining nodes and local volume avera-
ges that are close to optimal (see the references in the survey [3]). At the same time,
although assertion 2 uses only one component of the velocity vector, in general it
makes it necessary to consider a much greater number of determining functionals in
comparison with assertion 1. It should also be noted that assertion 2 remains true if
instead of w, we consider the projections of the velocity vector onto an arbitrary
a priori chosen direction [3]. Furthermore, analogues of Theorems 1.3 and 4.4 can be
proved for the Navier-Stokes system (5.19) (the corresponding variants of estimates
(4.28) and (4.29) can be derived from the arguments in [2], [8], and [9]).

§ 6 Determining Functionals
1n the Problem of Nerve Impulse
Transmission

We consider the following system of partial differential equations suggested by
Hodgkin and Huxley for the description of the mechanism of nerve impulse trans-
mission:

0,u —dyo2u+g(u, vy, vy, v3)=0, 2e(0,L), t>0, (6.1)

2 .
8twj—dj6x@j+kj(u)~(7)j—hj(u))=0, xe(0,L), t>0, j=1,2,3. (6.2)
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Here dy>0, deO,and

9(u, 01, Vg, v3) = =107 05(8) 1) ~ Y05 (8y—u) = V5(85-u) ,  (63)
where y;> 0 and 8; > 65> 0 > 6,. We also assume that k() and &;(u) are the
given continuously differentiable functions such that k; (w) >0 and 0 < h; (u)< 1,
7 =1, 2, 3.1In this model u describes the electric potential in the nerve and ch is
the density of a chemical matter and can vary between 0 and 1. Problem (6.1) and
(6.2) has been studied by many authors (see, e.g., [9], [10], [13] and the references
therein) for different boundary conditions. The results of numerical simulation given
in [13] show that the asymptotic behaviour of solutions to this problem can be quite
complicated. In this chapter we focus on the existence and the structure of deter-
mining functionals for problem (6.1) and (6.2). In particular, we prove that the
asymptotic behaviour of densities v b is uniquely determined by sets of functionals
defined on the electric potential  only. Thus, the component u of the state vector
(u, vy, vy, v4) is leading in some sense.

We equip equations (6.1) and (6.2) with the initial data

ul,_o= ug(x), vj|t=0 = vjo(x), j=1,2,3, (6.4)

and with one of the following boundary conditions:

u|x=0:u|x=L:dej|x:O:deJ|x:L:O’ t>0, (6.5a)
axu‘x:(): 6xu‘x=L = djﬁxvj‘xzo = dj-axvj‘x_L =0, t>0, (6.5b)

w(@z+L, t)—u(z, t) =d; (v(x+L, t)—v;(x, 1)) =0, e R, ¢>0,(6.5c)

where j = 1, 2, 3. Thus, we have no boundary conditions for the function v, (2, 1)
when the corresponding diffusion coefficient dj- is equal to zero for some j=1, 2, 3.

Let us now describe some properties of solutions to problem (6.1)—(6.5). First
of all it should be noted (see, e.g., [10]) that the parallelepiped

D={U5(u,vl,vz,7)3): O0y<u <0, 0<v,<1,j=1, 2,3}C]R{4

is a positively invariant set for problem (6.1)—(6.5). This means that if the initial data
U() = (ug(2), v19(2), v99(2), v59(x)) belongs to D for almost all x € [0, L],
then

Ut) = (u(x, t), vy(x, t), vy(2, t), v3(x, t)) € D

for x € [0, L] and for all £ > 0 for which the solution to problem (6.1)—(6.5) exists.
Let M, =[H]* = [L2(0, L)]* be the space consisting of vector-functions

U(x) = (u, vy, vy, v3), where u € L*(0, L), v; € L*(0, L), j=1, 2, 3.

We equip it with the standard norm. Let



Determining Functionals in the Problem of Nerve Impulse Transmission

Ho (D) = {U(x) e Hy: U(x)e D foralmostall x (0, L)} .

Depending upon the boundary conditions (6.5a, b, or ¢) we use the following nota-
tions JH; = [V1]4 and H, = [V2]4 , where

Vi=Hy(0, L), or HY0,L), or H..(0,L) (6.6)
and

V, = H2(0, L) N Hy(0, L), or

{u(x) e H2(0, L): 6xu’x:0 LT 0}, or Hﬁer((), L), (6.7)

respectively. Hereinafter H%(0, L) is the Sobolev space of the order s on (0, L),
H é and lel)er are subspaces in H 1(0, L) corresponding to the boundary conditions
(6.5a) and (6.5¢). The norm in H%(0, L) is defined by the equality

L

[ull2 = 05 u)? + Jul? = J'(|a;u(x)\2+|u(x)|2)dx, s=1,2, ...

0
We use notations |-| and (-, -) for the norm and the inner product in H =
= LZ(O, L). Further we assume that C(0, T; X) is the space of strongly continu-
ous functions on [0, 7'] with the values in X . The notation L(0, T; X) has a simi-
lar meaning.

Let dj >0 for all j=1, 2, 3. Then for every vector U, € Hy(D) problem

(6.1)-(6.5) has a unique solution U(t) € (D) defined forall ¢ (see, e.g., [9], [10]).
This solution lies in

C(0, T; Hy(D)) N L2(0, T; Hy)
for any segment [0, T'] and if U € Hy(D) N H, , then
U(t) e C(0, T; Hy(D) N H,) NLA(0, T; Hy). (6.8)

Therefore, we can define the evolutionary semigroup S, in the space Hy(D) N H;
by the formula

§,Uy = U(1) = (i, 1), vy, 1), vy, 1), v 1)),
where U(t) is a solution to problem (6.1)—(6.5) with the initial conditions
Up = (ug(), v10(), v9y(2), v30())-
The dynamical system (Hy(D) N Hy; S,) has been studied by many authors.

In particular, it has been proved that it possesses a finite-dimensional global attrac-
tor [9].
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If dy =dy=dq=0, then the corresponding evolutionary semigroup can be
defined in the space V; = (V} x [H1(0, L)]3) N H(D) . In this case for any segment
[0, T] we have

S,Uy=U(t) e C(0, T; V) N L2(0, T; V, x (HY(0, L))*), (6.9)

if U, e V). This assertion can be easily obtained by using the general methods
of Chapter 2.

The following assertion is the main result of this section.

Theorem 6.1.

Let £ = {l]-: Jj=1, ..., N} be a finite set of continuous linear functio-
nals on the space V,,s =1, 2 (see (6.6) and (6.7)). Assume that
(1) _ V. H) < dy 1
ey = ox(Vi, H) < [P (6.10)
or
6 = g (v, H) € —0 (6.11)
0 e d%+K22’
where
3 B.,(A;+B))
K. = S ). J\T T .
1 (51 52) Z T (6.12)
Jj=1 J
and

3 2\1/2
Ky = 2-[<v1+v2)2+ 5(8;-85)" Z[Wj j (6.13)

i=1 g

with Bl: 3Y1; B2 = er BSZ 4Y2’ and

A= max{|8ukj(u)| t 0g<u< 51}, B; = max {|8u(kjhj) (w)]: dgsu< 51},

k;=mm{kj(u) 52§u£51}.

Then % is an asymptotically determining set with respect to the space H,
Sor problem (6.1)—(6.5) in the sense that for any two solutions
U(t) = ('LL(.%', t)’ ,Ul(xs t)a Uz(xs t)a 7)3(‘%9 t))
and
U(t) = (w(=, t), vi(@, 1), v5(x, t), v5(x, 1))

satisfying either (6.8) with dj >0, or (6.9) with d]- =0, j=1,2, 3, the con-
dition
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t+1
lim J'|zj(u(r))—zj(u*(r))|2dr=o for j=1,..,N (614
t — oo
tmplies that
i e (t) = (2 + S o, (8) —v5(t 2} =0. (6.15)
(o)~ Zn {0

Proof.
Assume that (6.10) is valid. Let

U(t) = (u(w, 1), vy(, 1), vy(w, 1), v3(, 1))
and
U(t) = (w'(w, 1), vy (2, 1), v(@, 1), v5(z, 1))

be solutions satisfying either (6.8) with dj > 0, or (6.9) with dj =0, =1, 2, 3.
It is clear that

G(U, U") = g(u, vy, vy, v3) =g (W', v}, 3, V) =
3 . .
= (107 vy + Vo v3 +73) (w =)+ h(U, U')
where
* 3 % % Q % 4 x4 s
R(U, U) = =y, (07 0y =07 05) (8] =) =75 (v3 =05 ) (83— ).

Since U, U" € D, it is evident that
3
\n(U, U") < Zaj’Uj_vj
j=1
where a; = (81—52)~Bj. Let w = w—u" and Y, = UJ—U;, 7=1, 2, 3.1t follows
from (6.1) that

o,w—dydw +GU, U )=0, wxe(0,L), t>0. (6.16)
If we multiply (6.16) by w in L2(0, L), then it is easy to find that
L Sl + dglo,wf +vslel? < iajnwjuwlwn. (6.17)
Equation (6.2) also implies that Fl
; d,;”‘*’y” + 0, v, 1P < 4+ B8] lwl. (6.18)

Thus, forany 0 < € < 1 and Qj >0, 7=1, 2, 3, we obtain that
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&l 3
za("w” "2 0wl j+d0”axw” it + 5301wl <

3
—Z (1-&)k0;| v | +Z a; +0;(4,+B)][w,| Il <
=1

Jj=1

||w||2 : 6.19)

Theorem 2.1 gives us that
1
lol® < Gy - mas | () + (1 m)[ele P ([0 + hol?)
forany 1 > 0. Therefore,

0,w 2 > (; —1]~||w||2— C., , -max l-(w)z. (6.20)
= ey o )

Consequently, it follows from (6.19) that
3
%'gz(“w”“ZejIIWﬂF] +dy (%, & 0, n)lwl’ +
j=1
3
+sZk;fej||q/j||2 < C%,n.m?x|lj(w)|2 (6.21)

forany 0<e<1, 9j>0,and 1n > 0, where
3 2
[aj+9j(Aj+Bj)]

V3 1
o(%e0,n)=5+—---—-1- p
Yo e [si) Zl 4(1-£)8;k; dg
We choose 9 =a, (A +B) and obtain that
T3 1 K,
o(%, ¢ 0,n) = S L [
b (e (-8

It is easy to see that if (6.10) is valid, then there exist 0 < € < 1 and 11 > 0 such that
o (%, €, 0, n) > 0. Therefore, equation (6.21) gives us that

3
o)+ 30y 0 <
j=1
t

3
< [||wo||2+Zej.||%.0||2)e—m+C%’n .J-e_@ (t=7) mjz_;lx|lj(w(r))|2dr,
J=1 0

where ® > 0. Thus, if (6.10) is valid, then equation (6.14) implies (6.15).
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Let us now assume that (6.11) is valid. Since

~(G(U, U"), 85w) < ~yso,w*+ ((vl +75) - lwl + (U, U*)H)-Hai

then it follows from (6.16) that

5 Slol + ozl + plo,uf <
3 2
R T
< oty el + 2 ]Zldo Jwl” - (6.22)

Therefore, we can use equation (6.18) and obtain (cf. (6.19)) that
L d 3 d 3
2 2 01A2,,12 2 2
z'a;{||5xwl| +>0,] v ]+ glotwl® + vlo,w|* 2y K0, y|* <
j=1

j+1
3 42
9 (A +B)
—b@ﬁh 42—————wﬁ

e)? [K;]%d,

forany 0 < & < 1 and 0, = 3a2-[(1—¢)k}dy]"" . As above, we find that

.7
2wl > | — L 1| wit-c, - L(w)P
Joul &+HMZJM a0

for any 1 > 0. Therefore,

2
5 dr [Ila wl? +Ze [l ]* 3|2yl +SZ’“J O ]wil* < Con-max|; (),

Jj+1
provided that
R TR )2_3 9a(A+B) N
@2 FEANEREE Z21— K2a?
(1+m)[es"] 0 —2(1-¢)’ [k dg

J=1

Asin the first part of the proof, we can now conclude that if (6.11) is valid, then (6.14)
implies the equations

lim [2,0()] =0 and lm |y ()] =0, j=1.2.3. (623

t — oo

It follows from (6.17) that

Sl + s lul? < YZJM%

Therefore, as above, we obtain equation (6.15) for the case (6.11). Theorem 6.1
is proved.
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As in the previous sections, modes, nodes and generalized local volume averages can
be choosen as determining functionals in Theorem 6.1.

Exercise 6.1 Let {e,} be a basis in L2(0, L) which consists of eigenvec-
tors of the operator 6925 with one of the boundary conditions (6.5).

Show that the set
L
% = {lj(u) :Jej(x)u(x) dr, j=1, ..., N}
0

is determining (in the sense of (6.14) and (6.15)) for problem (6.1)—
(6.5) for N large enough.

Exercise 6.2 Show that in the case of the Neumann boundary conditions
(6.5b) it is sufficient to choose the number N in Exercise 6.1 such

that
K.
L |Zj P =
N>n/d0, j=1or 2. (6.24)

Obtain a similar estimate for the other boundary conditions (H#nt:
see Exercises 3.2-3.4).

Exercise 6.3 Let

Show that for every w e V; the estimate
2 2 2 2

holds for any 1 > 0 (Hint: see Exercise 3.6).

Exercise 6.4 Use estimate (6.26) instead of (6.20) in the proof of Theorem
6.1 to show that the set of functionals (6.25) is determining for prob-

lem (6.1)-(6.5), provided that N > L- [(2K,)/d,, .

Exercise 6.5 Obtain the assertions similar to those given in Exercises 6.3
and 6.4 for the following set of functionals
h
%= {l(w): 1 J 12 )u(a;+ vy
J h h J !

0
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where the function A(x) € L*(R!) possesses the properties

J‘ AMa)dr=1,  supp A(x)c [0, 1].

It should be noted that in their work Hodgkin and Huxley used the following expres-
sions (see [13]) for k;(u) and /;(u):

. B ~ ocj(u)
j(u)_aj(u)_'_ﬁj(u)’ hj(u)_ot(u)+B(u)’
j J
where o (u)=e(=01u+25), PB,(u)=4exp(-u/18);

0.07 1
%)= cosayy P TrepcoTa )
og(u) = 01e(=01u+1), Pg(u)= 0.125exp(-u/80).

Here e(2) = 2/(e?—1). They also supposed that 0, = 115, 0, =—12, v, = 120,
and Y, = 36. As calculations show, in this case K, < 5.2-10% and K, < 7.4-10%.
Therefore (see Exercise 6.4), the nodes {x =jh, h=1l/N, j=0,1,2,...,N}
are determining for problem (6.1)—(6.5) when N > 2.3-102. L /[ 0- Of course,
similar estimates are valid for modes and generalized volume averages.

Thus, for the asymptotic dynamics of the system to be determined by a small
number of functionals, we should require the smallness of the parameter L/ﬁo.
However, using the results available (see [14]) on the analyticity of solutions to
problem (6.1)—(6.5) one can show (see Theorem 6.2 below) that the values of all
components of the state vector U= (u, V1, Vg, v3) in two sufficiently close nodes
uniquely determine the asymptotic dynamics of the system considered not depend-
ing on the value of the parameter L/ﬁo . Therewith some regularity conditions for
the coefficients of equations (6.1) and (6.2) are necessary.

Let us consider the periodic initial-boundary value problem (6.1)—(6.5c). As-
sume that d; > 0 for all j and the functions k; (u) and &, (u) are polynomials such
that k; (u) >0 and 0 < A, ( ) <1 forue [62, 5]- In this case (see [14]) every
solutlon

U(t) = (u(w, t), vy(2, 1), vy(2, 1), v3(, 1))

possesses the following Gevrey regularity property: there exists ¢. >0 such
that

o0

3
S E @O+ R0 el < ¢ 6.27)
j=1

[=—o0

for some T >0 and for all ¢ > ¢,. Here F;(w) are the Fourier coefficients of the
function w(x):
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L
Fl(w):%J-w(x)-exp{i-Z%-lx}dx, 1=0, +1, £2, ...

0
In particular, property (6.27) implies that every solution to problem (6.1)—(6.5¢) be-
comes a real analytic function for all ¢ large enough. This property enables us to
prove the following assertion.

Theorem 6.2.
Let d; >0 for all j and let k;(u) and h,(u) be the polynomials pos-
sessing the properties

ki(u)>0, 0<hi(u)<1 for ueld,y, d;].

Let x; and x5 be two modes such that 0<x <xy<L and
Zo—x; < J2dy/K,;, where K| is defined by formula (6.12). Then for every
two solutions

U(t) = (u(2, t), vy (2, 1), vy(, 1), vs(, 1))
and

U(t) = (' (@, 1), 03 (. 1), (o, 1), vy, 1)
to problem (6.1)—(6.5 c) the condition

3
lim max {|u(xl, t) —u'(z;, t) +jzl‘7{7(x1a t) —vj(x,, ’5)|}: 0

>0 =1,

implies their asymptotic closeness in the space I :

3
s * 2 * 2 _
tli)moo{ﬂu(t)—u () +Z“Uj(t)—vj(t)" }_o. (6.28)
Jj=1

Proof.

Let w = w—u" and let Y, = vj-—v;, j =1, 2, 3. Weintroduce the notations:
EP)

A=f{z: 2, <@ <xy), |Al=ay-a;, and |wl2 = J oo ()P ke
x1

Let

3
m(t, A) = max {|w(xl, DI+ > vyl t)]}.
: “~

As in the proof of Theorem 6.1, it is easy to find that

%.dﬂtllwlli +dg|o,ul} + yalwll <
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3
< [y 1) 0w (. )]+ ag|w - Tl
=1, 2 j=1
and
2 d,;"‘VJ”A ||i < Z |y, 1) 0, W, (2, )|+ (A;+B;) Wy o - lwlly -

1=1, 2
It follows from (6.27) that

3
sup  max {|6wx b))+ Z|8 y; (@, t)|}

L]
t>0 2el0, =

Therefore, forany 0 <& < 1 ande =a, (A +B) , j=1,2,3,wehave

dt[nw lIwZ@H%HAJWoH@ ool oY 0l <

J+1
< K -(1—g) ik + m(t, A),
where K is defined by formula (6.12). Simple calculations give us that
RP) 2y
2 2 A? 2 2
lwly = J lw(z)“dr < (1+r|) J |8xw(x)| dx + Cn-|A|-|w(x1)|
q q
for any 1 > 0. Consequently, if IA]? < 2d,/K;, then there exist 0 <& < 1 and
1 > 0 such that

3 3
d
a {"w"i + Zwuz} + w-[ﬂwﬂi +2.0)l wjuiJ < Com(i, A),
j=1 j=1

where @ is a positive constant. As in the proof of Theorem 6.1, it follows that condi-
tion m (¢, A) - 0 as t — oo implies that

3
. o 2 2| _
tli)moo" U(t)=U®la = Jim (Mqu +J§_ 1e].|| WJHAJ =0. (6.29)

Let us now prove (6.28). We do it by reductio ad absurdum. Assume that there exists
a sequence ¢, — +oo such that
Tim \| Ult,)— U*(tn)H >0. (6.30)

"N — oo

Let {V,} and {V,'} be sequences lying in the attractor / of the dynamical system

n

generated by equations (6.1)—(6.5¢) and such that
|Ut,) -V, | >0, |U¢)-V,|->0. (6.31)
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Using the compactness of the attractor we obtain that there exist a sequence {7, }
and elements V, V" € / such that V;, — V and V;, — V. Since

)

“Vn - V;

a = U =T @+ |U) =V + U -V

it follows from (6.29) and (6.31) that
V=vla= klgnoo HV%_ V”chA =0

Therefore, V(x) = V*(x) for x € A. However, the Gevrey regularity property im-
plies that elements of the attractor are real analytic functions. The theorem on the
uniqueness of such functions gives us that V(z) = V'(x) for x € [0, L]. Hence,
”V’”k — V;ZkH — 0 as k — oo. Therefore, equation (6.31) implies that

lclgnoo“ U(t”k) v (t“k)H =0
This contradicts assumption (6.30). Theorem 6.2 is proved.

It should be noted that the connection between the Gevrey regularity and the exis-
tence of two determining nodes was established in the paper [15] for the first time.
The results similar to Theorem 6.2 can also be obtained for other equations (see the
references in [3]). However, the requirements of the spatial unidimensionality
of the problem and the Gevrey regularity of its solutions are crucial.

§ 7 Determining Functionals
for Second Order in Time Equations

In a separable Hilbert space H we consider the problem

u+yu+Au=Bu,t), ul ¢ = Up> u|t=S:u1, (7.1)

=
where the dot over w stands for the derivative with respect to ¢, A is a positive
operator with discrete spectrum, ¥y > 0 is a constant, and B (u, t) is a continuous
mapping from D(Ae) x R into H with the property

|B(uys £)=B(ug, t)] < M(p)-|AO(u; —us)| (7.2)

for some 0 < 0 < 1/2 and for all u; € D(AY2) such that |AY2u ] < p. Assume
that forany s € R, u € D(Al/z) ,and u; € H problem (7.1) is uniquely solvable in
the class of functions

C([s, +); D(AV2)) N CY([s, +0), H) (7.3)
and defines a process (F6; S(t, T)) in the space J= D(AV2) x H with the evolu-
tionary operator given by the formula

(1. ) (s uy) = (u(t): (1), (7.4)



Determining Functionals for Second Order in Time Equations

where u(¢) is a solution to problem (7.1) in the class (7.3). Assume that the process
(F6; S(t, 1)) is pointwise dissipative, i.e. there exists R > 0 such that

||S(t, S)Z/o"% < R, t>s+t5(yo) (7.5)

for all initial data y, = (uq; %;) € J#. The nonlinear wave equation (see the book
by A. V. Babin and M. 1. Vishik [8])

0%u ou
ou
u|aQ=0, u,]tz():uo(x), ar =uy(x),

is an example of problem (7.1) which possesses all the properties listed above. Here
Q is a bounded domain in R? and the function f(u) € C1(R) possesses the pro-
perties:

~(—e)ut—C, < Jf(@)dv < Cyuflu)+ Gy + 500 —e)u? |
0

()l < c,(1+1ulPy,

where )‘1 is the first eigenvalue of the operator —A with the Dirichlet boundary
conditions on 9Q, C; >0 and &> 0 are constants, [ < 2(d—2)_1 for d = 3 and
[ is arbitrary for d = 2.

Theorem 7.1.

Let % = {lj: j=1,..., N} be a set of continuous linear functionals
on D(AV2). Assume that
1
Y 1-20
€ = £4(D(AY2); H) < [ } , (7.6)
M(R)(4+427 y2)?2

where R is the radius of dissipativity (see (7.5)), M(p) and 6 € [0, 1/2)
are the constants from (7.2), and }‘1 is the first eigenvalue of the operator
A. Then £ is an asymptotically determining set for problem (7.1) in the
sense that for a pair of solutions u,(t) and u,(t) from the class (7.3) the
condition

t+1

lim J |4 (uy (1) —ug(n))dt=0 for j=1,..,N (7.7
t

t — oo

implies that

lim {||Al/2 (g (1) = ug ()P + i (1) —uz(t)||2} =0. (7.8)

t — oo
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Proof.
We rewrite problem (7.1) in the form

d
vy =By 1), vl

=s
where
y=(u;u), Ay=(u;yu+Au), By, t)=(0; Bu,t)).

Lemma 7.1.
There exists an exponential operator exp{—tg%} in the space Fb=
=D(AY2)x H and

[ Al <2 el MY L 7.10)
eXp{ }Z/% = k—leXp m Ylgg » (7.

where 7»1 1S the first eigenvalue of the operator A.

Proof.

Let yo = (ug; u;). Then it is evident that y(t) = e~y = (u(t); u(t)),
where %(t) is a solution to the problem

u+yu+Au=0, u|

= ug, u|t =uy, (7.11)

t=0 =0

(see Section 3.7 for the solvability of this problem and the properties of solu-
tions). Let us consider the functional

V()= %(||u||2+||A1/2u||2)+ v(u, u+% ), 0<v<y,

on the space J6 = D(AV2) x H . It is clear that
1 Va2 o L 2
2(1—7)||u|| + §||A1/2u|| < V(u) <

1 12 1 _ 9
: (Z*?v?)"”” +(5+ A vy lav2ul® (7.12)

Moreover, for a solution % (t) to problem (7.11) from the class (7.3) with s = 0
we have that

(%V(U(t)) = —(y=v)lal? —v]avzq)*. (7.13)

Therefore, it follows from (7.12) and (7.13) that

d
gV ((0) + PV(u(t)) <

s ~(r=v=(3+ ) Bt ~(v-(§+27 vy) B)lavzal® .

Hence, for v = (1/2)y and B = (2 + A ! v2)"! -y we obtain that
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d
g Vw() + PV(u(t)) <0,

Yial +1av2ul?) < vy < (3+2702)(1al? +|avzul?),
This implies estimate (7.10). Lemma 7.1 is proved.

It follows from (7.9) that
t
y(t) = e =%y (s)+ Je_(t_r)d% B(y(t), T)dt .
S
Therefore, with the help of Lemma 7.1 for the difference of two solutions y; () =
= (u;(1); u;(t)), j=1,2,we obtain the estimate
t
ly ()l < DePEy(s)ly + Dj e P B(uy(0)) ~ Bluy(0)) dr, (7.14)
S

where y(t) = y,(t)—y5(t) and the constants D and 3 have the form

— T
D=2 /1+2712 =1
v P 40 +272

By virtue of the dissipativity (7.5) we can assume that ” Y; (1)] <R forall t>s>s,.

Therefore, equations (7.14) and (7.2) imply that

ly(t)lse < DePE5)y(s)ls+ DM(R) j e PU=D) 40w, (1) — uy (1)) dT .

The interpolation inequality (see Exercise 2.1.12)

[40ul < Jul' =204 20?0 0 <0 <3,
Theorem 2.1, and the result of Exercise 2.12 give us that

4% < ¢ mjax|lj (w)| + 8%726"141/2 ul,

where €, = £4(D(AV2), H). Therefore,

t
ly(t)lly < De‘ﬁ“—”uy(s)ii%+DM(R>~sigZGJeW” ly(T)l5 dt +
S

t
+C(%. D, R). J e BN, (u(1)) dr
S
where Ng(u) = max{‘lj(u)|: Jj=1,2,..., N}. If we introduce a new unknown
function (&) = eP!|y(t)l, in this inequality, then we obtain the equation
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t

y(t) < Dy(s)+ OLJ‘ y(t)dt + CJ- ePTING(u(1))dr,

where oo = DM(R)¢ gg_ 29 We apply Gronwall’s lemma to obtain

w(t) < Dy(s)e®t=5) ¢ CeO”J-e_‘” jeﬁizv%(u(g))dg dt .

After integration by parts we get
t
ly(l5 < Dly(s)ls exp{~(B—a)(t—s)} + CJ e B (E=DN, (u(1))dt.

If equation (7.6) holds, then ® = f—o > 0. Therewith it is evident that for
0 < a < t—s we have the estimate

¢
ly()l5 < Dly(s)ly e %) + CJ e~ TIING (u(T)) dt +

t—a

t—a
e J U= IN, (u(1)) dr .

Therefore, using the dissipativity property we obtain that

t
ly(t)ls < DR-e~©=5) 1 CJ Ny(u (1)) dt + C(R, £)e—0a

t—a
fort >s and 0 < a < t—s. If we fix a and tend the parameter ¢ to infinity, then
with the help of (7.7) we find that

T [y(t)ly < C(R, £)e=©C
t — oo

for any a > 0. This implies (7.8). Theorem 7.1 is proved.

Unfortunately, because of the fact that condition (7.2) is assumed to hold only for
0 £ 6<1/2, Theorem 7.1 cannot be applied to the problem on nonlinear plate
oscillations considered in Chapter 4. However, the arguments in the proof of Theo-
rem 7.1 can be slightly modified and the theorem can still be proved for this case
using the properties of solutions to linear nonautonomous problems (see Section 4.2).
However, instead of a modification we suggest another approach (see also [3]) which
helps us to prove the assertions on the existence of sets of determining functionals
for second order in time equations. As an example, let us consider a problem of plate
oscillations .
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Thus, in a separable Hilbert space H we consider the equation
0+ vy +A2u +M(!|A1/2u|!2)Au +Lu = p(t), (7.15)
u|t=0=uo, u|Z=0:u1 . (7.16)

We assume that A is an operator with discrete spectrum and the function M(z) lies
in C1(R,) and possesses the properties:

4
2 Ab(z) = '[M(g) dE > —az—b, (7.17)
0
where 0 < @ < Ay, beR,and A, is the first eigenvalue of the opera-
tor A
b) there exist numbers a; > 0 such that

EM(2) —ay Mo(2) = ag2!T%—ay, 220 (7.18)

with some constant o > 0.
We also require the existence of 0 < 0 < 1 and C > 0 such that

ILul < ClA%|, w e D(AY). (7.19)
These assumptions enable us to state (see Sections 4.3 and 4.5) that if
uyeDA), wu,eHd, p(t)el*R,,H), >0, (7.20)

then problem (7.15) and (7.16) is uniquely solvable in the class of functions
W =C(R,; D(A))NCYR,; H). (7.21)
Therewith there exists R > 0 such that
JAw(®* +la()* < R2, ¢ > ty(ug, uy) (7.22)
for any solution u(t) € % to problem (7.15) and (7.16).

Theorem 7.2.

Assume that conditions (7.17)-(7.20) hold. Let B = {lj: Jj=1,2,...,N}
be a set of continuous linear functionals on D(A). Then there exists ;>0
depending both on R and the parameter of equation (7.15) such that the
condition € = £4(D(A); H) < g, implies that % is an asymptotically deter-
mining set of functionals with respect to D(A) x H for problem (7.15) and
(7.16) in the class of solutions W, i.e. for two solutions u,(t) and u.(t)
Sfrom W the condition

t+1
lim J (g (D) —un (D) e =0, 1 e % (7.23)

!

t — oo J

implies that
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Jim. {||u1(t) — iy ()% + Ay (t) - uz(t))”Z} =0. (7.24)

Proof.
Let u,(t) and uy(t) be solutions to problem (7.15) and (7.16) lying in %/. Due
to equation (7.22) we can assume that these solutions possess the property

[Aw, () +]e; () < B2, t=0, j=1,2. (7.25)
Let us consider the function u(t) = u,(t) —uy(t) as a solution to equation
it i+ A%+ M(JAV2 0 (0 Au = F(uy (1), (1)), (7.26)
where
Py, ) = [M(JAV2 ]2 ) = (a2 | | Ay = Ly =),
It follows from (7.19) and (7.25) that
[Fuy(0). us(0)] < Cp(lav2ul +]4%ul). (7.27)
Let us consider the functional
Vi, tis t) = FE(u, 5 1)+ {(u, W)+ %Ilullg} (7.28)
on the space J6 = D(A) x H , where
B(u, i 1) = Ll + LAul? + 0 (|42, (1)) |AV2 0 + )

and the positive parameters ( and v will be chosen below. It is clear that for
(u; u) e J6 we have

B(u, s t) 2 Jal® + 1Aul® +mplAYV2ul® + pul?,
where mp = min{M(2): 0 < 2 < 1;'R?}. Moreover,
1.2 o V2 1.2 2
- = < L < =
il < (uoi)+ Pl < Ll +yhul?
Therefore, the value L can be chosen such that
2, 112 2, 112
oy (JAul? +10l2) < V(1) < oy (l4ul® +Lil?) (7.29)

forall 0 <v <y, where a; and o are positive numbers depending on R . Let us
now estimate the value (d/d¢) V(wu(t), %(t); t).Due to (7.26) we have that

%%E(u(t)» a(t); 1) = —ylal® + pu(t), w(t) +

0 (A2 (O Ay (0), 7y (DIAY2 (DI + (Flay (), y(0)), 1))
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With the help of (7.25) and (7.27) we obtain that

1d - Y (12 2 2
LB, s 1) < = Fla(l? + g (JAV2ul? + 14%ul?).

Using (7.26) and (7.27) it is also easy to find that
% {(u, )+ %(u, u)} = il + (w, di+yu) <
< Jal? ~ JAul® + Mplav2ul? + cp (JaV2ul? + 140wl ) Jul |

where
My = max{|M(z)|: 0<z< k;le}.

We choose v = y/4 and use the estimate of the form
[aPul < 1AulP -l =P < glaul+Clul, 0<B<1, £>0,
to obtain that

d o _df1 . Y
a—tV(u,u, t) = dt{ZE(u’ u; t)+v(u, u+2uj} <

Y 2 02 2
< = L(1Aaui®+10?) + Clu(ol?

Therefore, using the estimate
lu(0)]? < cggm?xuj () + 2e4(D(A), H)|Aul?

and equation (7.29) we obtain the inequality

(—%V(u(t), u(t); t)+oV(u(t), u(t); t) < Cmax|lj(u(t))|2 ,
J
provided £4(D(A), H) < € = % C]gl .Here o is a positive constant. As above, this

easily implies (7.24), provided (7.23) holds. Theorem 7.2 is proved.

Exercise 7.1 Show that the method used in the proof of Theorem 7.2 also
enables us to obtain the assertion of Theorem 7.1 for problem (7.1).

Exercise 7.2 Using the results of Section 4.2 related to the linear variant of
equation (7.15), prove that the method of the proof of Theorem 7.1
can also be applied in the proof of Theorem 7.2.

Thus, the methods presented in the proofs of Theorems 7.1 and 7.2 are close to each
other. The same methods with slight modifications can also be used in the study
of problems like (7.1) with additional retarded terms (see [3]).
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Exercise 7.8 Using the estimates for the difference of two solutions to equ-
ation (7.15) proved in Lemmata 4.6.1 and 4.6.2, find an analogue
of Theorems 1.3 and 4.4 for the problem (7.15) and (7.16).

§ 8 Om Boundary Determining Functionals

The fact (see Sections 5-7 as well as paper [3]) that in some cases determining func-
tionals can be defined on some auxiliary space admits in our opinion an interesting
generalization which leads to the concept of boundary determining functionals.
We now clarify this by giving the following simple example.

In a smooth bounded domain @ = R? we consider a parabolic equation with
the nonlinear boundary condition

ou
ar =vAu-f(u), xeQ, t>0,
8.1
ou
a———nag+h(u)]agzo, u‘zzozuo(x).

Assume that Vv is a positive parameter, f(2) and % (z) are continuously differenti-
able functions on R! such that

f(z)z—-a, [|r(2)] <P, (8.2)
where o > 0 and 3 > 0 are constants. Let
w=Cc%1QxR,)NCLY(QAxR,). (8.3)

Here C21 (Qx R,) isaset of functions w (2, t) on Q xR, that are twice continu-
ously differentiable with respect to & and continuously differentiable with respect
to ¢. The notation C1-0(Q x R, ) has a similar meaning, the bar denotes the closure
of a set.

Let u (2, t) and uy(2, t) be two solutions to problem (8.1) lying in the class
9 (we do not discuss the existence of such solutions here and refer the reader to
the book [7]). We consider the difference u(t) = u,(¢) —uy(t) . Then (8.1) evidently
implies that

§ IO o) + VIVu (O + (i (0) = (us(0). 0(0), ) =

~ v J' u(t) (h(uy(t)) = h(uy(t))) do .

0Q
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Using (8.2) we obtain that

L SO )+ VIV (O g =t hu(DEy ) < VB (DI ) - B

One can show that there exist constants ¢; and ¢, depending on the domain €2
only and such that

s (e 2y (85)

RN (O N (86)
Here H%(0€Q) is the Sobolev space of the order s on the boundary of the domain
Q . Equations (8.4)—(8.6) enable us to obtain the following assertion.
Theorem 8.1.

Let $£={l;: j=1,...,N} be a set of continuous linear functionals
on the space H'2(0Q)). Assume that o.c, < Vv and

(H'2(0Q), L2(0Q)) vo%a v (8.7
€q = &g , < =g, .
* * [v(1+cl) 02(1+B)} 0

where the comstants Vv, o, f3, ¢y, and ¢, are defined in equations (8.1),
(8.2), (8.5), and (8.6). Then % is an asymptotically determining set with
respect to L2(Q) Sor problem (8.1) in the class of classical solutions W.

Proof.

Let w(t) = u)(t)—uy(t), where wu,(t) € W are solutions to problem (8.1).
Theorem 2.1 implies that

Ju)? Cq. s max|l (u)| 1+b)&/)||u|| (8.8)

<
L2(6Q)
for any 0 > 0. Equations (8.5) and (8.6) imply that

gl/2 (Q)

2 2 2
Zoqy < Ca, s max|l(w) +(1+cl)02(1+5)8%(||u||L2 +Ivul?, Q))
Therefore, equation (8.4) gives us that
d
2
< v(1+B)||u(t)||L2(aQ) < V(1+cl)02(1+5)(1+B)8?g(||u||L2 S+ vl Q))
+C max| L () .
J

Using estimate (8.5) once again we get

2 (89

Q.|Q_

C
% Jul® + 011{1— (1+¢,)ey(1+3)(1+PB)e2 - ocvl}llu||2 <
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provided that
Cc
L= (1+0))ey(1+8)(1+B)e% —ag > 0. (8.10)

It is evident that (8.10) with some & > 0 follows from (8.7). Therefore, inequality
(8.9) enables us to complete the proof of the theorem.

Thus, the analogue of Theorem 3.1 for smooth surfaces enables us to state that prob-
lem (6.1) has finite determining sets of boundary local surface averages.

An assertion similar to Theorem 8.1 can also be obtained (see [3]) for a nonlinear
wave equation of the form

o%u ou
—a—?g—i-y.a.f:Au—f(u), reQc R, (>0,
a_n‘r:_o‘g‘r—@(uh), Uonr =0 Ul = %0(®), Et—ozul(x).

Here I' is a smooth open subset on the boundary of Q, f(u) and ¢@(u) are bound-
ed continuously differentiable functions, and o and y are positive parameters.
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