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In this chapter we consider some questions on the asymptotic behaviour of a dis-
crete dynamical system. We remind (see Chapter 1) that a discrete dynamical sys-
tem is defined as a pair (X s S) consisting of a metric space X and a continuous
mapping of X into itself. Most assertions on the existence and properties of attrac-
tors given in Chapter 1 remain true for these systems. It should be noted that the fol-
lowing examples of discrete dynamical systems are the most interesting from the
point of view of applications: a) systems generated by monodromy operators (period
mappings) of evolutionary equations, with coefficients being periodic in time;
b) systems generated by difference schemes of the type r_l(un +1 —un) =
= F(un) , n=0,1, 2, ... inaBanach space X (see Examples 1.5 and 1.6 of Chap-
ter 1).

The main goal of this chapter is to give a strict mathematical description of one
of the mechanisms of a complicated (irregular, chaotic) behaviour of trajectories.
We deal with the phenomenon of the so-called homoclinic chaos. This phenomenon
is well-known and is described by the famous Smale theorem (see, e.g., [1-3]) for fi-
nite-dimensional systems. This theorem is of general nature and can be proved for
infinite-dimensional systems. Its proof given in Section 5 is based on an infinite-di-
mensional variant of Anosov’s lemma on € -trajectories (see Section 4). The conside-
rations of this Chapter are based on the paper [4] devoted to the finite-dimensional
case as well as on the results concerning exponential dichotomies of infinite-dimen-
sional systems given in Chapter 7 of the book [5]. We follow the arguments given in [6]
while proving Anosov’s lemma.

§ 1 Bermnoulli Shift as a Model of Chaos

Mathematical simulation of complicated dynamical processes which take place in real
systems requires that the notion of a state of chaos be formalized. One of the possible
approaches to the introduction of this notion relies on a selection of a class of expli-
citly solvable models with complicated (in some sense) behaviour of trajectories.
Then we can associate every model of the class with a definite type of chaotic beha-
viour and use these models as standard ones comparing their dynamical structure
with a qualitative behaviour of the dynamical system considered. A discrete dynami-
cal system known as the Bernoulli shift is one of these explicitly solvable models.
Let m > 2 and let

z, = {x:(..., XT_1, Xy Ty .- ) z; € {1,2,..., m}, jeZ} ,

ie. Zm is a set of two-sided infinite sequences the elements of which are the inte-
gers 1, 2, ..., m . Let us equip the set Zm with a metric
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I4] |
d(@, y) = Zz 1+|x =l (1.1)

i=—00
Here o ={x;: i€/} and y ={y,: 1€/} are elements of X . Other methods
of introduction of a metric in 2, ~are given in Example 1.1.7 and Exercise 1.1.5.

Exercise 1.1 Show that the function d(x, y) satisfies all the axioms of
a metric.

Exercise 1.2 Let x={x,} and y={y,} be elements of the set X
Assume that &, = y, for |i] < N and for some integer N . Prove that
d(z,y) < 27N+1,

Exercise 1.3 Assume that equation d(x, y)< 27V holds for z, y € 2,
where N is a natural number. Show that x; = y; for all |i| < N—1
(Hint: d(x, y) = 27111 if 2, = y,).
Exercise 1.4 Letx € X, andlet
WUN(z)={yeZX,: x;=y; for |i| <N}. (1.2)
Prove that for any 0 < € < 1 the relation
WNE)*2(x) < {y: d(x, y) < e} < WNE) ()
holds, where N(€) is an integer with the property

Inl/g
N(e) < ms S N(g)+1.

Exercise 1.5 Show that the space X, with metric (1.1) is a compact met-
ric space.

In the space Zm we define a mapping S which shifts every sequence one symbol
left, i.e.

[Sxl;=2,,,, te€el, x={x;}eX

m-
Evidently, S is invertible and the relations
d(Sxz, Sy) < 2d(x,y), d(S7lx, S7ly) < 2d(x, y)
hold forall x, y € Zm . Therefore, the mapping S is a homeomorphism.
The discrete dynamical system (X, , S) is called the Bernoulli shift of the

space of sequences of m symbols. Let us study the dynamical properties of the sys-
tem (Z,,, S).

Exercise 1.6 Prove that (Zm, S) has m fixed points exactly. What struc-
ture do they have?
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We call an arbitrary ordered collection a = (0, ..., o) Wwith o, € {1,...,m}
a segment (of the length N). Each element x € X, can be considered as an or-
dered infinite family of finite segments while the elements of the set X = can be con-

structed from segments. In particular, using the segment a = (Otl, e OLN) we can
construct a periodic element @ € Zm by the formula
Ang+j = O je{l,..,N}, kel. (1.3)

Exercise 1.7 Let a= (ozl, ey ocN) be a segment of the length N and let
a € X, be an element defined by (1.3). Prove that @ is a periodic
point of the period N of the dynamical system (X, ,S), ie.
SNa=a.

Exercise 1.8 Prove that for any natural N there exists a periodic point
of the minimal period equal to N .

Exercise 1.9 Prove that the set of all periodic points is dense in Zm ,i.e. for
every x € Zm and € > 0 there exists a periodic point a with the
property d(x, a) < € (Hint: use the result of Exercise 1.4).

Exercise 1.10 Prove that the set of nonperiodic points is not countable.

Exercise 1.11 Leta = (..., o, o, @, ...) and b= (..., B, B, B, ...) be fi-
xed points of the system (X,,S). Let C={c;} be an element
of ¥, suchthat c; = a for 7 <—M; and ¢; = 3 for i > M, , where
M, and M, are natural numbers. Prove that

Iim S"c=a, lim S”c=b. (1.9

"N — —o0 n — oo

Assume that an element ¢ € Zm possesses property (1.4) with c#a and c#b.
If a # b, then the set

Yo p=1{S"c: mel}
is called a heteroclinic trajectory that connects the fixed points a and b.
Ifa=0b,theny,=v, , is called a homoclinic trajectory of the point a . The

elements of a heteroclinic (homoclinic, respectively) trajectory are called hetero-
clinic (homoclinic, respectively) points.

Exercise 1.12 Prove that for any pair of fixed points there exists an infinite
number of heteroclinic trajectories connecting them whereas the
corresponding set of heteroclinic points is dense in X m

Exercise 1.18 Let

vy ={S"a: nel}={S"a: n=0,1,..., N;—1}
and
Yo ={S"b: meZ}={S"b: n=0,1,..., Ny—1}

367
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be cycles (periodic trajectories). Prove that there exists a hetero-
clinic trajectory y; 5 ={S™c: m € /Z} that connects the cycles v,
and 74, i.e. such that
dist(S™c, y;) = inf d(S™c, ) >0, n—>-o0
x ey
and

dist(S™c, v,) = xirelfy a(S"c, x) >0, n—+w.
2

For every N there exists only a finite number of segments of the length N . There-
fore, the set & of all segments is countable, i.e. we can assume that &= {ak:
k=1, 2, ...}, therewith the length of the segment @y, .1 is not less than the length
of a; . Let us construct an element b = {bi: i e} from 2, taking b,=1 for
¢ < 0 and sequentially putting all the segments a,, to the right of the zeroth posi-

tion. As a result, we obtain an element of the form
b=(..,1,1, 1, a, ay, as, ...), a; € PB. (1.5)

Exercise 1.14 Prove that a positive semitrajectory y, = {S"b, 7> 0} with
b having the form (1.5) is dense in X, i.e. for every x € X, and
€>0 there exists 7 = n(x, €) such that d(x, S"b) < €.

Exercise 1.15 Prove that the semitrajectory v, constructed in Exercise 1.14
returns to an € -vicinity of every point x € Zm infinite number
of times (Hint: see Exercises 1.4 and 1.9).

Exercise 1.16 Construct a negative semitrajectory y_={S"c: n <0}
which is densein X .

Thus, summing up the results of the exercises given above, we obtain the following
assertion.

Theorem 1.1.

The dynamical system (X m S ) of the Bernoulli shift of sequences
of m symbols possesses the properties:

1) there exists a finite number of fixed points;

2) there exist periodic orbits of any minimal period and the set of these

orbits is dense in the phase space X, ;

3) the set of nonperiodic points is uncountable;

4) heteroclinic and homoclinic points are dense in the phase space;

5) there exist everywhere dense trajectories.

All these properties clearly imply the extraordinarity and complexity of the dyna-
mics in the system (X, ). They also give a motivation for the following definitions.
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Let (X  f ) be a discrete dynamical system. The dynamics of the system (X , f )
is called chaotic if there exists a natural number k such that the mapping f* is
topologically conjugate to the Bernoulli shift for some m , i.e. there exists a homeo-
morphism /: X— % such that i (f¥(x)) = S(k(x)) for all x € X. We also say
that chaotic dynamics is observed in the system (X  f ) if there exist a number k
and a set Y in X invariant with respect to f¥ (f¥Y < Y) such that the restriction
of ¥ to Y is topologically conjugate to the Bernoulli shift.

It turns out that if a dynamical system (X , f ) has a fixed point and a correspon-
ding homoclinic trajectory, then chaotic dynamics can be observed in this system
under some additional conditions (this assertion is the core of the Smale theorem).
Therefore, we often speak about homoclinic chaos in this situation. It should also be
noted that the approach presented here is just one of the possible methods used to
describe chaotic behaviour (for example, other approaches can be found in [1] as
well as in book [7], the latter contains a survey of methods used to study the dynam-
ics of complicated systems and processes).

§ 2 FExponential Dichotomy
and Difference Equations

This is an auxiliary section. Nonautonomous linear difference equations of the form
A, x,+h,, nel, 2.0

in a Banach space X are considered here. We assume that {4} is a family of linear
bounded operators in X, &, is a sequence of vectors from X . Some results both
on the dichotomy (splitting) of solutions to homogeneous (hn = 0) equation (2.1)
and on the existence and properties of bounded solutions to nonhomogeneous equa-
tion are given here. We mostly follow the arguments given in book [5] as well as
in paper [4] devoted to the finite-dimensional case.

Thus, let {A,: n € Z} be a sequence of linear bounded operators in a Banach
space X . Let us consider a homogeneous difference equation

= A x ned, 2.2)

n+1 nn>

L1 =

x
where J is anintervalin Z , i.e. a set of integers of the form

J={nel: m <n<my},
where m; and m, are given numbers, we allow the cases m; = —co and My = +00.
Evidently, any solution {xn: ned } to difference equation (2.2) possesses the pro-
perty
m=2n, m,ned,

369
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where ®(m, n)=A, _,-...-A, for m >n and ®(m, m)=1. The mapping
®(m, n) is called an evolutionary operator of problem (2.2).

Exercise 2.1 Provethatforall m > n > k we have
D(m, k)= D(m, n)D(n, k).

Exercise 22 Let{P : m e J} be afamily of projectors (i.e. Pn2 =P)inX
suchthat P, . A, =A P .Show that

P ®(m,n)=®(m,n)B, m=z2n, mmned,

i.e. the evolutionary operator ®(m2, n) maps P, X into P, X .

Exercise 28 Prove that solutions {xn} to nonhomogeneous difference
equation (2.1) possess the property
m—1
x,, = ®(m, n)xn+z<l>(m, k+1)h,, m>n.

k=mn

Let us give the following definition. A family of linear bounded operators {A,, }
is said to possess an exponential dichotomy over an interval J with constants
K >0 and 0 < g < 1 if there exists a family of projectors {Pn: n € J} such that

a) b, A, =AP, mn,ntled;
b) ||CD(m, n)Pn” < Kqgm=", mzn, m,mned;

c¢) for n > m the evolutionary operator @ (7, m) is a one-to-one mapping
of the subspace (1-F, )X onto (1-F,)X and the following estimate
holds:

”CD(n, m)_l(l—%)” < Kgt™, m<n, mmned.

If these conditions are fulfilled, then it is also said that difference equation (2.2) ad-
mits an exponential dichotomy over J . It should be noted that the cases J = Z and
J =17, are the most interesting for further considerations, where Z, (Z_) is
the set of all nonnegative (nonpositive) integers.

The simplest case when difference equation (2.2) admits an exponential dicho-
tomy is described in the following example.

Example 21 (autonomous case)

Assume that equation (2.2) is autonomous, i.e. A,, = A for all 7, and the spec-
trum G (A) does not intersect the unit circumference {¢ € C: |2|=1}. Linear
operators possessing this property are often called hyperbolic (with respect to
the fixed point x = 0). It is well-known (see, e.g., [8]) that in this case there
exists a projector P with the properties:
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a) AP=PA,ie. the subspaces PX and (1-P)X are invariant with re-
spectto A ;

b) the spectrum G (A|py) of the restriction of the operator A to PX lies
strictly inside of the unit disc;

c¢) the spectrum G(A|(17 P) x) of the restriction of A to the subspace
(1-P)X lies outside the unit disc.

Exercise 24 Let C be alinear bounded operator in a Banach space X and
let p = max{|z]: 2 € c(C)} be its spectral radius. Show that for
any g > p there exists a constant M/_ > 1 such that

ol < Myqn, m=0.1.2 ..

(Hint: use the formula p = lim ||C”||1/ " the proof of which can be
"N —> o0
found in [9], for example).

Applying the result of Exercise 2.4 to the restriction of the operator A to PX , we ob-
tain that there exist K > 0 and 0 < ¢ < 1 such that

lanp| < Kq®, n=>0. (2.3)
It is also evident that the restriction of the operator A to (1—P)X is invertible and
the spectrum of the inverse operator lies inside the unit disc. Therefore,
lara-p)| < Kq®, n=0, (2.4)
where the constants K >0 and 0 < g < 1 can be chosen the same as in (2.3). The
evolutionary operator ®(m, n) of the difference equation %, .1 =Ax, has the
form @ (m, n)=A""", m > n. Therefore, the equality AP = PA and estimates
(2.3) and (2.4) imply that the equation x,, , ; = Az, admits an exponential dicho-
tomy over Z , provided the spectrum of the operator A does not intersect the unit
circumference.

Exercise 25 Assume that for the operator A there exists a projector P
such that AP= PA and estimates (2.3) and (2.4) holdwith 0 <g<1.
Show that the spectrum of the operator A does not intersect the
unit circumference, i.e. A is hyperbolic.

Thus, the hyperbolicity of the linear operator A is equivalent to the exponential di-
chotomy over Z of the difference equation x,, 1= Ax, with the projectors P, in-
dependent of 7. Therefore, the dichotomy property of difference equation (2.2)
should be considered as an extension of the notion of hyperbolicity to the nonauto-
nomous case. The meaning of this notion is explained in the following two exercises.

Exercise 2.6 Let A beahyperbolic operator. Show that the space X can be
decomposed into a direct sum of stable X¥ and unstable X* sub-
spaces, i.e. X = X5 + X% therewith
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|larz| < Kqlxl, xeXS, m=0,
Az > k=Lg|2l, xeX*, nm=>0,

with some constants K >0 and 0 < g< 1.

Exercise 27 Let X=R2 be a plane and let A be an operator defined by
the formula

Ay, x9) = (22 + 295 2 +25), x = (25 @y) € R2 .

Show that the operator A is hyperbolic. Evaluate and display gra-
phically stable X* and unstable X% subspaces on the plane. Display
graphically the trajectory {A"x: n € /Z} of some point 2 that lies
neither in X%, norin X% .

The next assertion (its proof can be found in the book [5]) plays an important role in
the study of existence conditions of exponential dichotomy of a family of operators
{A,:mel}.

n:

Theorem 2.1.
Let {An: n e L} be a sequence of linear bounded operators in a Ba-
nach space X. Then the following assertions are equivalent:
(i) the sequence {An: ne Z} possesses an exponential dichotomy over
Z,
(i) for any bounded sequence {h,,: n € L} from X there exists a unique
bounded solution {x,: n e L} to the monhomogeneous difference
equation

Z, 1 =A%, th,, nel. (2.5)

In the case when the sequence {A,ﬂ} possesses an exponential dichotomy, solutions
to difference equation (2.5) can be constructed using the Green function:

d(n, m)P,,, nzm,
G(n, m)=
—[®(m, n)]7L(1-P,), n<m.

Exercise 28 Prove that |[G(n, m)| < Kqln—ml

Exercise 29 Prove that for any bounded sequence {h,,: 7 € Z} from X

"
a solution to equation (2.5) has the form
X, = ZG(n,m+1)h nel.

n m>
m el
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Moreover, the following estimate is valid:

1+q
ol = K=y sup|hy] -

sup ||x

n
The properties of the Green function enable us to prove the following assertion
on the uniqueness of the family of projectors {F), } .

Lemma 2.1.

Let a sequence {An} possess an exponential dichotomy over Z.. Then
the projectors {P,: m e L} are uniquely defined.

Proof.

Assume that there exist two collections of projectors {P,} and {Q, } for
which the sequence {A } possesses an exponential dichotomy. Let Gp(n, m)
and GQ(n, m) be Green functions constructed with the help of these collec-

tions. Then Theorem 2.1 enables us to state (see Exercise 2.9) that

Z Gp(n, m+1)h,, = Z Go(n, m+1)h,,

m el m e 7
for all n € 7 and for any bounded sequence { hn} < X . Assuming that #,, = 0
form # k—1 and h,, = h for m = k—1, we find that

Gp(n, k)h = Gy(n, k), heX, nkel, nzk.
This equality with 7 = k gives us that P, = @, h . Thus, the lemma is proved.

In particular, Theorem 2.1 implies that in order to prove the existence of an expo-
nential dichotomy it is sufficient to make sure that equation (2.5) is uniquely solv-
able for any bounded right-hand side. It is convenient to consider this difference
equation in the space Iy = [*(Z, X) of sequences &= {x,: n e Z} of elements of X
for which the norm

e =) =0l e 2] @0
is finite. Assume that the condition
sup {”Anu ne Z} < oo @2.7

is valid. Then for any x = {x,,} € l? the sequence {y,, =x,—A, _;, _;} liesin l;’ )
Consequently, equation

(L2), =2,=Ay 1%y,  Z={z,}ely 2.8)

defines a linear bounded operator acting in the space l;(o =1*(Z, X). Therewith as-
sertion (ii) of Theorem 2.1 is equivalent to the assertion on the invertibility of the
operator L given by equation (2.8).
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The assertion given below provides a sufficient condition of invertibility of the
operator L . Due to Theorem 2.1 this condition guarantees the existence of an expo-
nential dichotomy for the corresponding difference equation. This assertion will be
used in Section 4 in the proof of Anosov’s lemma. It is a slightly weakened variant
of a lemma proved in [6].

Theorem 2.2.

Assume that a sequence of operators {A
(2.7). Let there exist a family of projectors {Q

n: M€ L} satisfies condition

: m e L} such that

"

@] < & [1-@] < K, 2.9)

|Qns14,(1-Q,)] <6,  |(1-Q,41)A4,Q,] <9, (2.10)

Jor all n € L. We also assume that the operator (1-Q, |)A, 1is invertible
as a mapping from (1-Q,)X into (1-Q,,, ;)X and the estimates

[42@nl < 2, ”[(1_Qn+1)An:|7l(I_QnJrl)" <A (2.11)

are valid for every n e 1. If
sz%, Ss%, (2.12)

then the operator L acting in l;(o according to formula (2.8) is invertible
and L7 < 2K+1.

Proof.

Let us first prove the injectivity of the mapping L . Assume that there exists a
nonzero element = {x,, } l; suchthat Lx=0,ie xz,=A | forallneZ.
Let us prove that the sequence {x,ﬂ} possesses the property

n—1Yn—

||(1—Qn)xn|| < ||ann|| (2.13)
forall n € Z . Indeed, let there exist m e Z such that
||(1—Qm)xmu > ”mem” . (2.14)

It is evident that this equation is only possible when ||(l— Qm)xm” > 0. Let us con-
sider the value

Nm+1 = ||(1_Qm+1)xm+1” _||Qm+1xm+1” =
= ”(I_Qm+1)Amxm” - ”Qm+1Amxm” ‘ (2.15)
It is clear that
”(1_Qn+1)Anxn” 2 ||(1_Q72+1)A72(1_Qn)xn" - ||(1_Qn+l)Anann" :

Since

[(1_Q72+1)An:|71 (1_Qn+1)An(1_Qn) = (I_Qn)’
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it follows from (2.11) that
”(1_ Qn)xu < 7\‘”(1_ Qn+1)An(1_ Qn)x”
for every x € X and for all n € 7 . Therefore, we use estimates (2.10) to find that
||(1—Qn+1)Anxn|| > )F1||(1—Qn)xn|| — 8||xn|| . (2.16)
Then it is evident that

||Qn+1Anxn" = ||Qn+1Anann” + ||Qn+1An(1_Qn)xn" <

< ("QWHH A Q] + @14, (1= Qn)”) [l -
Therefore, estimates (2.9)—(2.11) imply that
|@Qn+1452,] < (KA+0)|2,
Thus, equations (2.15)—(2.17) lead us to the estimate
N > ?r1||(1—Qm)xm|| - (20 +Kl)||xm||

m+1

|, mnel. @2.17)

It follows from (2.14) that
||"”m|| < ”memn + ”(I_Qm)xmn < 2”(1_Qm)xmn'
Therefore,
N, > (k‘l —2K XL —49)
Hence, if conditions (2.12) hold, then
||(1_Qm+1)xm+1” - ||Qm+1 xm+1|| > 7”(1_Qm)xm” >0. (2.18)
When proving (2.18) we use the fact that
Al > 8K > 8|Q,| > 8.

(1_ Qm)xm” :

Thus, equation (2.18) follows from (2.14),i.e. N, > 0 implies N, . ; > 0. Hence,
||(1—Q,n)xn|| > ||an,n|| forall n > m.
Moreover, (2.18) gives us that
K- |zn| 2 [(A=Qp)2y| 2 777 |(1= Q) 7

Therefore, |x,,| = +c0 as 72— +oo . This contradicts the assumption £ = {x,, } € Iy’ .
Thus, for all n € 7 estimate (2.13) is valid. In particular it leads us to the inequality

[#] = (1= Q)| +[Qu | < 2]Qp 2] - (2.19)
Therefore, it follows from (2.17) that
||Qn+1 xn+1” = ”Qn+1Anxn” <2 (Kk + S)Hann"
for all m € Z . We use conditions (2.12) to find that

, nzm.

1
|90 +1%041] < gHQn%" nel. (2.20)
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If x = {x,}# 0, then inequality (2.19) gives us that there exists m e Z such that
||Qm xm” # 0. Therefore, it follows from (2.20) that

|90z = 277" | @] >0

for all » < m . We tend 1 — —oo to obtain that ||ann|| — +o00 which is impossible
due to (2.9) and the boundedness of the sequence {x,ﬂ} Therefore, there does not
exist a nonzero x € l;(o such that L& = 0. Thus, the mapping L is injective.

Let us now prove the surjectivity of L . Let us consider an operator F in the
space l;(o acting according to the formula

(Ry)n: Qnyn_Bn(l_QnJrl)ynJrl’ y:{yn} € l)O(O’

where the operator B, = [(1-Q,,,,)A,,] " acts from (1-Q,,, )X into (1-Q,)X
and is inverse to (1— Q,41)A . It follows from (2.9) and (2.11) that

”|(17QR)X
Ryl < (K+Mlgl., yeif. @21
It is evident that
(LRy)n_yn = _(I_Qn)yn_Bn(l_Qn+1)yn+1 -
- An—l Qn—lyn—l + An—an—l(l_Qn)yn :
Since
(1_Qn)An—1Bn—l(1_Qn) = I_Qn’
we have that
(LRy)n_yn = _Bn(l_QnJrl)yn-H _A'n—l Qn—lyn—1+
+ QnAn—l(I_Qn—l)Bn—l(l_Qn)yn :
Consequently,

[CRY) =y < 1Ba(1= Qe [ sa] 141 Qa0 i +

+ ”QnAn—l (1_ Qn—l)” ’ ||Bn—1(1_ Qn)” ’ || yn" :

Therefore, inequalities (2.10), (2.11), and (2.12) give us that

1
ILRY -yl < 2.2+ 8)lul, < Ll
ie. |LR —1] £ 1/2. That means that the operator LR is invertible and
lLr)y Y < (1-|Lr-1)) < 2. (2.22)

Let h = {h,,} be an arbitrary element of I . Then it is evident that the element y =
= R(LR)™'h is asolution to equation Ly = h . Moreover, it follows from (2.21) and
(2.22) that

Yl < 2(5+2)hl,...

Hence, L is surjective and ||L*1|| < 2K+1 . Theorem 2.2 is proved.
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§ 8 Hyperbolicity of Invariant Sets
Sfor Differentiable Mappings

Let us remind the definition of the differentiable mapping. Let X and Y be Banach
spaces and let % be an open set in X. The mapping f from % into Y is called
(Frechét) differentiable at the point x € %% if there exists a linear bounded ope-
rator Df(x) from X into Y such that

. 1 _ _ _
Hvlulgomﬂf(x—i-v) f(2)=Df(x)v|=0.

If the mapping f is differentiable at every point x € %, then the mapping Df:
2 — Df(x) acts from 2 into the Banach space $(X, Y) of all linear bounded oper-
ators from X into Y. If Df: % — $(X, Y) is continuous, then the mapping f is
said to be continuously differentiable (or C!-mapping) on 2. The notion of
the derivative of any order can also be introduced by means of induction. For example,
D?f(x) is the Frechét derivative of the mapping Df: % — B(X, Y).

Exercise 81 Let g and f be continuously differentiable mappings from
U < X into Y and from Y'Y into Z, respectively. Moreover, let
2 and W be open sets such that g(26) c W'. Prove that ( fo g)(x) =
= f(g9(x)) is a C! -mapping on % and obtain a chain rule for the
differentiation of a composed function

D(fog)(x) = Df(9(x))Dg(x), x € 2%.

Exercise 3.2 Let f be a continuously differentiable mapping from X into
X and let f™ be the 7-th degree of the mapping f,ie. f"(x)=
=f(f"Yx)), n=21, flYx)=f(x).Provethat /" isa Cl-map-
ping on X and

(Df™)(x) = Df(S" Nx))- DF(S™2(w))- ... -Df(x) . B.1)

Now we give the definition of a hyperbolic set. Assume that f is a continuously dif-
ferentiable mapping from a Banach space X into itself and A is a subsetin X which
is invariant with respect to f (f(A) < A). The set A is called hyperbolic (with
respect to f) if there exists a collection of projectors {P(x): « € A} such that
a) P(x) continuously depends on « € A with respect to the operator
norm,;
b) forevery x € A

Df(x)-P(x) = P(f(x)) - Df(x); (3.2)
¢) the mappings Df (x) are invertible for every & € A as linear operators
from (1-P(x))X into (I-P(f(x)))X;
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d) for every x € A the following equations hold:
[(Df")(x)P(x) < Kq", mn>0, (3.3)

[y (@) (=P (@) < Kg®, n=>0, (3.4)
with the constants K> 0 and 0 < ¢ < 1 independent of x € A . Here
S™ is the 7 -th degree of the mapping f (f"(x)=f(f""1(x)) for
n>1and fl(z) = f(2)).
It should be noted that properties (b) and (c) as well as formula (3.1) enable us
to state that (Df")(x) maps (1-P(x))X into (1-P(f"(x))) and is an invertible
operator. Therefore, the value in the left-hand side of inequality (3.4) exists.

Exercise 88 Let A ={xz,}, where 2, is a fixed point of a C!-mapping f,
ie. f(xo) = & . Then for the set A to be hyperbolic it is necessary
and sufficient that the spectrum of the linear operator Df(x) does
not intersect the unit circumference (Hint: see Example 2.1).

Let A be an invariant hyperbolic set of a Cl-mapping f and let Y= {xn: n e Z}

be a complete trajectory (in A) for f,ie. y= {x,ﬂ} is a sequence of points from A
such that f(x,) =, for all n € Z. Let us consider a difference equation ob-
tained as a result of linearization of the mapping f* along v:

u,,, = Df(x,)u,, nel. (3.5)

Exercise 34 Prove that the evolutionary operator CD(m, n) of difference
equation (3.5) has the form

®d(m, n)=(Df" ") (x,), m>n, m,nel.

Exercise 8.5 Prove that difference equation (3.5) admits an exponential di-
chotomy over Z with (i) the constants K and ¢ given by equations
(3.3) and (3.4) and (ii) the projectors P, = P(x,,) involved in the
definition of the hyperbolicity.

It should be noted that property (a) of uniform continuity implies that the projectors
P(x) are similar to one another, provided the values of x are close enough.
The proof of this fact is based on the following assertion.

Lemma 3.1.

Let P and @ be projectors in a Banach space X. Assume that
1
< — < — —
IPl <K, |1-Pl<K, [|P-@Q|< 5Kk (3.6)

Jfor some constant K > 1. Then the operator
J=PRQ+(1-P)1-Q) 3.7
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possesses the property PJ =JQ and is invertible, therewith

=1 < (1-2K-1P-QI)~". (3.8)

Proof.
Since P2 + (1—P)2 = 1, we have
J—1=J-P2—(1-P)* = P(Q—P) +(1-P)(P-Q).
It follows from (3.6) that
l/—1] < 2K|P-Q| < 1.

Hence, the operator J~1 can be defined as the following absolutely convergent
series

Jl= i(l—J)”.
n=0

This implies estimate (3.8). The permutability property PJ = J @ is evident.
Lemma 3.1 is proved.

Exercise 3.6 Let A beaconnected compact set andlet {P(x): x e A} be
a family of projectors for which condition (a) of the hyperbolicity de-
finition holds. Then all operators P(x) are similar to one another, i.e.
for any &, y € A there exists an invertible operator J = J. % y such
that P(x) = JP(y)J 1.

The following assertion contains a description of a situation when the hyperbolicity
of the invariant set is equivalent to the existence of an exponential dichotomy for dif-
ference equation (3.5) (cf. Exercise 3.5).

Theorem 3.1.

Let f(x) be a continuously differentiable mapping of the space X into
itself. Let x, be a hyperbolic fized point of f (f(x,)=x() and let {y,: n<c L}
be a homoclinic trajectory (not equal to x,) of the mapping f, i.e.

Sf,) =Y,11, mneL, Y, > %y, N —>to. (3.9

Then the set A = {x,}U{y,: n e L} is hyperbolic if and only if the diffe-
rence equaltion

Upi1= Df (W),  meZ, (3.10)

possesses an exponential dichotomy over 7..

Proof.

If A is hyperbolic, then (see Exercise 3.5) equation (3.10) possesses an expo-
nential dichotomy over 7 . Let us prove the converse assertion. Assume that equa-
tion (3.10) possesses an exponential dichotomy over Z with projectors {Pn: ne Z}
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and constants K and q . Let us denote the spectral projector of the operator D f (xo)
corresponding to the part of the spectrum inside the unit disc by P . Without loss
of generality we can assume that

|[Df(z)]"P| < Kq®,  n=0,

D)™ (1-P)| < K™,  nz0.

Thus, for every x € A the projector P(x) is defined: P(x,) =P, P(y,)=PF,.
The structure of the evolutionary operator of difference equation (3.10) (see Exer-
cise 3.4) enables us to verify properties (b)—(d) of the definition of a hyperbolic set.
In order to prove property (a) it is sufficient to verify that

||Pk—P||—>O as k—too. (3.11)
Since A is a compact set, then
M=sup{|Df(x)l: v € A} <oo. (3.12)
Let us consider the following difference equations
v, = Df(xy)v,, nel, (3.13)
and
wik) = Df(y,, )wl,  nei, (3.14)

where k is an integer. It is evident that equation (3.14) admits an exponential di-
chotomy over 7 with constants K and g and projectors quk) =bB, ., Let G(n, m)
and G(k)(n, m) be the Green functions (see Section 2) of difference equations
(3.13) and (3.14). We consider the sequence
z,=G(n,0)z-G¥)(n,0)z, zeX.
Since (see Exercise 2.8)
1G(n, 0)l < Kq"l,  |GgW®)(n, 0)] < Kql", (3.15)

we have that the sequence {xn} is bounded. Moreover, it is easy to prove (see Exer-
cise 2.9) that {x,,} is a solution to the difference equation

Ly 41 _Df(xo)xn = hn = [Df(xo) _Df(yn+k)] G(k)(n’ O)Z :
It follows from (3.12) and (3.15) that the sequence {hn} is bounded. Therefore,
(see Exercise 2.9),
G(n, 0)z —GK)(n, 0)z = x, = Z G(n, m+1)h,, .
m e 7

If we take 72 = 0 in this formula, then from the definition of the Green function we
obtain that

(P=P)2 = 3" GO, m+1)(Df () = DS (0, 1)) GH(m, 0).

me 7



Anosov’s Lemma on €-trajectories

Therefore, equation (3.15) implies that

(P=Pe] < K2 S [Df(g) =D Wy )] ™l

m e’
Consequently,
[P=F < K23 |DF(o) DS W i) a*" 7
mel
< K2 {lwgniiXN”Df(xO)_Df(yferk)"' > van qz"m"l},

m| < N m| >N

where N is an arbitrary natural number. Upon simple calculations we find that

2K2 2N+2
[P=pil = B (| max 105 = DAy )] + 200 )

for every N > 1. It follows that

Iim ”P_Pk” < qu\”l,

N=1,2, ...
k — +oo 1-¢q2

We assume that N — +o0o to obtain that
Tim ||P—Pk|| <0.
k — too

This implies equation (3.11). Therefore, Theorem 3.1 is proved.

It should be noted that in the case when the set A = {x,} U{y,,: n € Z} from The-
orem 3.1 is hyperbolic the elements y,, of the homoclinic trajectory y = {yn: nel}
are called transversal homoclinic points. The point is that in some cases (see,
e.g., [4]) it can be proved that the hyperbolicity of A is equivalent to the transversa-
lity property at every point y,, of the stable W*(x,) and unstable W*(x,) mani-
folds of a fixed point x, (roughly speaking, transversality means that the surfaces
Ws(x,) and W*(x,) intersect at the point y, ata nonzero angle). In this case the
trajectory v is often called a transversal homoclinic trajectory.

§4 Amnosov’s Lemma on E-trajectories

Let f be a Cl-mapping of a Banach space X into itself. A sequence { Y,: ne A
in X is called a 0 -pseudotrajectory (or O -pseudoorbit) of the mapping f if for
all n e 7 the equation

|90 01=S(9,)] <
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is valid. A sequence {xn: n e Z} is called an € -trajectory of the mapping f cor-
responding to a 0 -pseudotrajectory {y,: n € Z} if
@ f(x,)=w,,, forany neZ;

) ||x —yn” <¢g forall neZ.

It should be noted that condition (a) means that {z } is an orbit (complete tra-
jectory) of the mapping f. Moreover, if a pair of Cl-mappings f and g is given,
then the notion of the € -trajectory of the mapping g corresponding to a 0 -pseu-
doorbit of the mapping f can be introduced.

The following assertion is the main result of this section.

Theorem 4.1.

Let f be a Cl-mapping of a Banach space X into itself and let A be
a hyperbolic invariant (f(A) c A) set. Assume that there exists a A -vicini-
ty O of the set A such that f(x) and Df(x) are bounded and uniformly
continuous on the closure © of the set O. Then there exists €y > 0 posses-
sing the property that for every 0 < € < g, there exists 0=0(g) >0 such
that any O -pseudoorbit {y,n: n e L} lying in A has a unique € -trajectory

{x,: mel} corresponding to {y,,}.

As the following theorem shows, the property of the mapping f to have an € -trajec-
tory is rough, i.e. this property also remains true for mappings that are close to f.

Theorem 4.2.

Assume that the hypotheses of Theorem 4.1 hold for the mapping f.
Let O74/ (f) be a set of continuously differentiable mappings g of the space
X mto itself such that the following estimates hold on the closure G of the
A -vicinity O of the set A :

If(z)=g@)l <m,  |Df(x)-Dg(z)l <n. (4.1)
Then &y > 0 can be chosen to possess the property that for every € < (0, 80]
there exist 0 =0(g) >0 and N=n(e) >0 such that for any J-pseudotra-
Jectory {y,: n € L} (lying in A) of the mapping f and for any g < %fn( f)
there exists a unique trajectory {xn: n e Z} of the mapping g with the pro-
Dberty
|, =2, <€ forall nel.

It is clear that Theorem 4.1 is a corollary of Theorem 4.2 the proof of which is based
on the lemmata below.
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Lemma 4.1.

Let U be an open set in a Banach space X and let ¥: U — X be a con-
tinuously differentiable mapping. Assume that for some point y € U
there exist an operator [Dgf(y)]_1 and a number €y> 0 such that

IDF () -DF) < (2MpFI ) 4.2)

Jor all x with the property |x—yl < &,. Assume that for some € € (0, g]
the tmequality

-1 -1
17w)l < 7-¢(20DFW) ) 4.3)
is valid with 0 < g < 1. Then for any Cl-mapping §: U — X such that
-1
1) -F(@) < e(1-2)(2lpFw)] ) (4.4)
and
ID%(x)-DF) < L(2lpF(w)) ) 45)

Jor lx—yl < gy, the equation G(x)=0 has a unique solution x with
the property |x—y| < €.

Proof.
LetI'= (2||[D§7(y)]_1||)_1 and let
@) = F(@)-F(y)-DF(y)(r—-y) -

For x|, &g € Bso = {2: |z—yl < €,} we have that

N(y) =N (xg) = F(2y) = F(2g) = DF(y) (2 ~%5) =

(DF(2y + E(xg—27)) —DF(y)) (2= 25)dC .

O'——.»—A

Since

1
||r|(x1)— n(xz)” < J||D@(x1+ E(xg—2))) —D@(y)” dé ||x1—x2|| ,
0

it follows from (4.2) that
||n(x1) — n(xz)“ < F|| x— x2|| (4.6)

for all z; and x, from BSO . Now we rewrite the equation §(2) = 0 in the form

w=T(x) = y=[DF(y)] " () - F(x) + F(y) + n(x)) -
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Let us show that the mapping 7' has a unique fixed point in the ball B, = {x:
lo—yl < €}.1tis evident that

17(x) ol < IDF)]M(1%(@) -F@ ) +1F@) + In@) )
forany x € B, . Since n(y) = 0, we obtain from (4.6) that
In(@)l = In(z)—mw)l < Tle—yl < Te.
Therefore, estimates (4.3) and (4.4) imply that
|T(x)-yl <& for xe B,

i.e. T maps the ball B‘g into itself. This mapping is contractive in B8 . Indeed,

[T = T)] < (1960, 2] + () - 1)),
where
Fo(y, 25) = G(2)) = G(2g) = F(2)) + Flag) =
1
= J[D?(xl+§(xl—x2)) = DF (2 + &2~ 29))] dE (27— ) -

0
It follows from (4.5) that

1
[0y, 2)| < gL =y -
This equation and inequality (4.6) imply the estimate
3
|| T(xl)—T(x2)|| < Zl||x1—x2|| )
Therefore, the mapping 7" has a unique fixed point in the ball B, = {x:
lz—yl < €}. The lemma is proved.
Let the hypotheses of Theorems 4.1 and 4.2 hold. We assume that 1< 1 in (4.1).
Then for any element g € OWH( f) the following estimates hold:
lg(@)l <M, |Dgx)l<M, ze0, 4.7

where M >0 is a constant. In particular, these estimates are valid for the mapping f .

Lemma 4.2.

Let {yn: nel} bea O-pseudotrajectory of the mapping f lying in A.
Then for any k 2 1 the sequence {2, = y,,,: ne L} is a &-M, _,-pseu-
dotrajectory of the mapping f¥. Here M, has the form

My=1+M+.. +MK,  k>1, My=1, (4.8)

and M is a constant from (4.7).
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Proof.
Let us use induction to prove that
“ynk+i _fi(ynk)“ <O-M;_;, 1<i<k. (4.9

Since {yn} is a 0 -pseudotrajectory, then it is evident that for 2 = 1 inequality
(4.9) is valid. Assume that equation (4.9) is valid for some 7 > 1 and prove esti-
mate (4.9) for ¢+ 1:

Hynkﬂ'ﬂ _le(ymc)H S Nvnksiv1 =S Wagesi)| + Hf(ynk-m') _f(fi(ymc))” -
With the help of (4.7) we obtain that

||ynk+i+l_fi+l(ynk)” s 6+Muynk+z_fz(ynk)” < 0+ M- SMZ?I = 6MZ :
Thus, Lemma 4.2 is proved.

Lemma 4.3.

Let {y,} be a §-pseudoorbit of the mapping f lying in A. Let {x,} be
a trajectory of the mapping g € O74/]1( ) such that

||ynk—xnk|| <eg, nel, (4.10)
for some k> 1. If
max(e, 0+M)M, <A, (4.11)
then
||yn—x,n|| < max(g, 0+M)-M, , (4.12)

where M, has the form (4.8).

Proof.
We first note that

Yk+1=Znse1] = [Ynss1=9@00)| <
S ”ynk+1 _f(ynk)” + ”f(ynk) _g(ynk)” + ”g(ynk) _g(xnk)” :
Therefore, it is evident that

|Unk 41— Fnis1] S O+ N+M|y,,—2,,| < max(e, 6+n)(1+M). (4.13)

Here we use the estimate

1
lg(y)—g(x)l < JIIDg(y+é(x—y))||di-le—yll < Mz -yl
0

which follows from (4.7) and holds when the segment connecting the points x
and y lies in @. Condition (4.11) guarantees the fulfillment of this property
at each stage of reasoning. If we repeat the arguments from the proof of (4.13),
then it is easy to complete the proof of (4.12) using induction as in Lemma 4.2.
Lemma 4.3 is proved.
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Lemma 4.4.

Let y e A and |x—y| < €. Assume that

max (g, N)(1+... +MF-1) < A, (4.14)

Then the estimates
lriy) = fi@)l < Milo—yl,  IDfI@) < M7, (4.15)
|fi(y)—g?(z)| < max(e, n)(1+... + M), (4.16)
| fi(x) —gi(x)l < m(1+... +MI~1) (4.17)

are valid for =1, 2, ..., k and for every mapping g € %](f)

Proof.

As above, let us use induction. If 7 = 1, itis evident that equations (4.15)—
(4.17) hold. The transition from 7 to j+1 in (4.15) is evident. Let us consider
estimate (4.16):

S+ (y) —gi* (o) = (f(ff(y)) —f(gf(x)))+f(gj(x)) —9(g’(x)) . (4.18)

Condition (4.14) and the induction assumption give us that ¢/ (2) lies in the ball
with the centre at the point fj(y) e A lying in ©. Therefore, it follows from
(4.18) that

|7+ (y)—git Y 2)l < M| fi(y) —g?(x) +n < max(e, n)(1+... + MI*+1),

The transition from j to 7+1 in (4.17) can be made in a similar way. Lemma 4.4
is proved.

Lemma 4.5.

There exists A" < A such that the equations

sup{nfk(x)—gk(x)u: re @} < p() (419)

and
sup {”(ka)(x) —(Dgk)(2): x e @"} < pp(M) (4.20)

are wvalid in the A -vicinity @' of the set A for any function
g € Wy(f). Here py(n) >0 as n—0.

The proof follows from the definition of the class of functions (Wﬂ (f) and estimates
(4.7) and (4.17).
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Let us also introduce the values

o, (%) = sup {”ka(y) -Dfk@): ye A, -yl < %} 4.21)

and
o(%) = sup {HP(y)—P(x)H, x,y e, |[x—y| < x} (4.22)

The requirement of the uniform continuity of the derivative Df (x) (see the hypo-
theses of Theorem 4.1) and the projectors P(x) (see the hyperbolicity definition)
enables us to state that

(%) >0, o(x)—>0 as x—>0. (4.23)
Let {y,,} be a 0 -pseudotrajectory of the mapping f lying in A. Then due to
Lemma 4.2 the sequence {yn: Ypi: ME 1} is a 5Mk_1—pseudotraject0ry of the

mapping f¥. Let us consider the mappings %(x) and %(x) in the space
l;? = |™(Z, X) (for the definition see Section 2) given by the equalities

[F()], =1, +x, =G, _1+2,_1), (4.24)
[?('x)]n =Y, t 2, _gk(ynfl +xn71) ) (4.25)

where & = {x,,: n € Z} is an element from l}o . Thus, the construction of € -trajec-
tories of the mapping f* and g* corresponding to the sequence {gn} is reduced to
solving of the equations

Fx)=0 and G(x)=0
in the ball {x: || ;2 < €}. Let us show that for k large enough Lemma 4.1 can be
applied to the mappings &% and ¢. Let us start with the mapping %.

Lemma 4.6.

The function F is a Cl-smooth mapping in l; with the properties

1% (0)] < oM, _, , (4.26)

IDF(2) —DFO) < w,¢), ||x||l;; <e. 4.27)

Proof.
Estimate (4.26) follows from the fact that {%,,} is a 0 M, _, -pseudotrajec-
tory. Then it is evident that

[Dg(x)h’]n = hn _ka(ynfl +x%—l)h

n—1>

(4.28)

where x = {#,,: ne Z}and h={h,: ne L} lieinly . Therefore, simple cal-

culations and equation (4.21) give us (4.27).
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In order to deduce relations (4.2) and (4.3) from inequalities (4.26) and (4.27) for
y = 0, we use Theorem 2.2. Consider the operator L = D%(0). It is clear that

[Lh:ln:hn _ka(yn—l)hn—h h:{hn}

Let us show that equations (2.9)-(2.11) are valid for A = Df’f(ynfl) and @, =
=P (ynfl) and then estimate the corresponding constants. Property (2.9) follows
from the hyperbolicity definition. Equations (3.3) and (4.15) imply that

||An Qn" < Kgk and ||An|| < Mk,
Further, the permutability property (3.2) gives us that

Qn+1An(1_Qn) = [Qn+1An_AnQn](1_Qn) =

= Q1 ~PU@, 1)) 4,0-0,)
Hence (see (4.22)),
Q1 A4,(1=Q,)] < (M) |4, [1-Q,] = ©(8M,_ )Mk .
Similarly, we find that
(1-@u 1 1)4,Q,] < ©(8M, )M K|
The operator
Sy = Qi PUM(T, 1)) — (1= Q1) (1= P(S5(7,, 1))
is invertible if (see Lemma 3.1)
_ 1
1,1 —P(* (@, )| < ©@M,_) < 5F -
Moreover,
_ -1
|9Y < (1-2K0(8M,_)))™ < 2,
provided 2K co(6M e 1) < 1/2 . Due to the hyperbolicity of the set A , the operator
A,, is an invertible mapping from (1-@,,)X into (1-P(f*(7,,_,)))X . Therefore,

n
since

(1_Qn+1)An(1_Qn) = JnAn(l_Qn) )

the operator (1 -@Q,, , ;)A,,(1 —Q,,) is invertible as a mapping from (1-@,,)X into
(1-Q,,41)X . Moreover, by virtue of (3.4) we have that

”[(1_Qn+1)An]_l(1_Qn+1)” = ”[An(l_Qn)]_l ’ Jﬂrzl(l_Qn+1)H S 2K2qk :

Thus, under the conditions
4Kco(8Mk_1) <1, SKMkco(BMk_l) <1, 16K3qgk<1, (4.29)

Theorem 2.2 implies that the operator L = D%(0) is invertible and ||L_1|| <2K+1.
Let us fix some € > 0. If
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M, ;| < %(4K+2)_1~§, o, () < (4K+2)71, (4.30)

then by Lemma 4.6 relations (4.2) and (4.3) holdwith y =0, ¢ = €,andg = 1/2.If
pe(n) < min(e, 1)(aK+2)T, (4.31)

then equations (4.4) and (4.5) also hold with y =0, € =&, and § = 1/2. Hence,
under conditions (4.29)—(4.31) there exists a unique solution to equation §(x) = 0
possessing the property || ;o < €. This means that for any & -pseudoorbit {,,:
n €2} (lyingin A) of the mapping f there exists a unique trajectory {z,,: n e Z}
of the mapping g € %/n( f) such that

”an_ynk” <E, nel,
provided conditions (4.29)—(4.31) hold. Therefore, under the additional condition
(E+8+MmM, < A
and due to Lemma 4.3 we get
[0, =2, < E+3+MM,, nel.
These properties are sufficient for the completion of the proof of Theorem 4.2.

Let us fix & such that 16 K3g* < 1. We choose gy <A< A (A is defined
in Lemma 4.5) such that

&
o, (8) < (4K+2)1 forall E < -2-]‘—2;

Let us fix an arbitrary € € (0, ¢;] and take &= S[ZMk]fl. Now we choose

0 = 0(¢g) and N = n(&) such that the following conditions hold:
AKo(BM, |) <1, SKMFo(SM, ) <1,

SMy_y < JEEE+1)', p(n) < Lin(e, 12K+ 1)1, 2(8+mM, <e.

It is clear that under such a choice of & and 1 any 0 -pseudoorbit (from A) of the
mapping f has a unique € -trajectory of the mapping g . Thus, Theorem 4.2 is proved.

Exercise 4.1 Let the hypotheses of Theorem 4.1 hold. Show that there
exist A >0 and 6> 0 such that for any two trajectories {x,: n € Z}
and {y,,: n € Z} of a dynamical system (X, f) the conditions

dist(x,,, A) < A, dist(y,, A) < A, s%p"xn—yn" <d
imply that x,, = y,,, n € Z. . In other words, any two trajectories of

the system (X, f) that are close to a hyperbolic invariant set cannot
remain arbitrarily close to each other all the time.
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Exercise 4.2 Show that Theorem 4.1 admits the following strengthening:
if the hypotheses of Theorem 4.1 hold, then there exists €, > 0 such
that for every ¢ € (0, g;) there exists 6 = d(&) with the property
that for any o -pseudoorbit {y, } such that dist(y,,, A) < O there
exists a unique ¢ -trajectory.

Exercise 4.8 Prove the analogue of the assertion of Exercise 4.2 for Theo-
rem 4.2.

Exercise 44 Let A={x,: n e/} be a periodic orbit of the mapping f,
ie f¥x,) =, , =x, forallm e Z and for some k > 1. Assume
that the hypotheses of Theorem 4.2 hold. Then for 11 > 0 small
enough every mapping g € WU ( f ) possesses a periodic trajectory
of the period k .

§ &5 Birkhoff-Smale Theorem

One of the most interesting corollaries of Anosov’s lemma is the Birkhoff-Smale the-
orem that provides conditions under which the chaotic dynamics is observed in
a discrete dynamical system (X, f). We remind (see Section 1) that by definition
the possibility of chaotic dynamics means that there exists an invariant set Y in the
space X such that the restriction of some degree f* of the mapping f on Y is to-
pologically equivalent to the Bernoulli shift .S in the space %, of two-sided infinite
sequences of m symbols.

Theorem 5.1.

Let f be a continuously differentiable mapping of a Banach space X
into itself. Let v, € X be a hyperbolic fixed point of f and let {y,: n e L}
be a homoclinic tragjectory of the mapping [ that does mot coincide with
Xy, we.

f(xo):xo; f(yn):ynJrl’ Yp * X, nelr; Yp = Xy, T —>*0.
Assume that the trajectory {y17 n e L} is transversal, i.e. the set
A ={z}U{y,: ne)

1s hyperbolic with respect to f and there exists a vicinity @ of the set A
such that f(x) and Df(x) are bounded and uniformly continuous on the
closure ©. By OWn( f) we denote a set of continuously differentiable map-
pings g of the space X into itself such that

If(@)=g@) <n, [IDf(x)-Dg(x)l <n, xeO.
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Then there exists 1> 0 such that for any mapping g < %{1( f) and for any
m 2 2 there exist a natural number | and a continuous mapping ¢ of the
space X, into a compact subset Y = ¢(Z, ) in X such that
a) Y=o
b) if a=(..a_, ay a;,...)and a'=(...a’, aj, af, ...) are elements
of Z,, such that a; # a; forsome i >0, then ¢(a)= ¢(a’);
c) the restriction of g! on Y is topologically conjugate to the Bernoulli
shift S in X, ie.

gl (p(a))=o0(Sa), aelX,.

Moreover, if in addition we assume that for the mapping g there exists
€y> 0 such that for any two trajectories {x,: ne L} and {Z,: ne L}
(of the mapping g) lying in the &,-vicinity of the set A the condition
Ty = Ty, SJor some n € I implies that x, = T, for all n € /., then the map-

ping ¢ is a homeomorphism.

) s strictly invariant with respect to g', i.e. g/(Y)=Y;

The proof of this theorem is based on Anosov’s lemma and mostly follows the stan-
dard scheme (see, e.g., [4]) used in the finite-dimensional case. The only difficulty
arising in the infinite-dimensional case is the proof of the continuity of the mapping
@. It can be overcome with the help of the lemma presented below which is bor-
rowed from the thesis by Jiirgen Kalkbrenner (Augsburg, 1994) in fact.

It should also be noted that the condition under which ¢ is a homeomorphism
holds if the mapping g does not “glue” the points in some vicinity of the set A | i.e.
the equality g(x) = g(7) implies x = 7.

Lemma 5.1.
Let the hypotheses of Theorem 5.1 hold. Let us introduce the notation
Jy =dy(kg. W) =1{keL: |k—kj <pv},

where kye /. and W, veN. Let z={z,: ned,} be a segment (lying
i A) of a O-pseudoorbit of the mapping f:

z, €N, ||z,nJrl —f(z,n)" <9, n, n+led, . (GRY)
Assume that v = {x,: ned,} and T ={T,: neJ,} are segments of or-
bits of the mapping g € OIVn(f) :
9(x,)=2,,1, 9(T,) =71, n,n+led,, (5.2)
such that
|2,—2, < €, |2,—%,) < €. (5.3)

Then there exist 0, M, € >0, and Le N such that conditions (5.1)—
(6.3) imply the imequality

“‘”ko_”_”kou < al7vg | (5.4)
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Proof.
It follows from (5.2) that
Born™ Tegrn = (D) (g ) (@ =Ty )+ By (5.5)
where

Ry, = g (@) = g (T ) = (DSH) (25 ) (@, = T ) -

Since the set A is hyperbolic with respect to f , there exists a family of projec-
tors {P(x): x € A} for which equations (3.2)—(3.4) are valid. Therefore,

(1= PP () (@ = T 1) =
= (DF )R ) (1= P2y ) (g, =Ty ) + (1= P(fH (= ) By, -
It means that
(1=P (2 ) (@ =Ty ) =
1 —
=[O )] [1=PUH e DIy 0 ™ T rn— Fi
Consequently, equation (3.4) implies that
H(I_P(Zko))(xko_fko)” < Kq“(”xkow—fkown +HR1¢0“) :
Let us estimate the value Rko . It can be rewritten in the form
1
By, = [ (D) + (1-8)7 ) ~Dr*(ay, - (i, =T, )
0
It follows from (5.3) that éxko +(1—§)3_yko—zkou < €. Hence, using (4.20)
and (4.21), for € > 0 small enough we obtain that

].

0

HR’CO“ < (pu(n)-kw“(s))uxko—zko , (5.6)
where p, (1) > 0 as 1> 0 and (&) > 0 as & — 0. Therefore,
H(l_P(zko))(xko_‘Tko)” < Kq“(kaoﬂl_kawH +||xk0_jk0”) SN CRO)

provided py (1) +®y(g) < 1. Further, we substitute the value ky—p for ki
in (5.5) to obtain that

B = Ty = DI (2 ) (B - =Ty ) + By -
Therefore, using (3.2) we find that
P(f (=) (g, =T ) =

= Df M (g - ) P25 - ) @ = gy ) + PO (250 - ) B -
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Hence, equations (3.3) and (5.6) with kj — L instead of k give us that

Hp(f“(zko—p))(xko_zko)” <

< KlaH+(pu(m) + 0y (&)} % = T~y - (5.8)
Since
L O Z {fj(zkoj) _fj(f(zkojl))} )
Jj=0
it follows from (4.15) and (5.1) that
n-1

szo—f“(zko_m)u < 0> MJ <5 u(l+Mm)
i=0

for 6 small enough. Therefore,
|P(zy,) ~ PO, )] < 03w+ mm) = o, w),
where ®(&) —0 as E—>0 (cf. (4.22)). Consequently, estimate (5.8) implies that
e, |

< K{gh+py (1) + 0,() + K100, W, =T ] - 69

It is evident that estimates (5.7) and (5.9) enable us to choose the parameters
L, 1, €,and & such that

|y~ < § max{m =z ke (o, )
Using this inequality with & instead of k, we obtain that

[re =7 < Amax{|a,—7,|: n eyl 1)}

forall k € J)(k(, p). Therefore,

”%{ﬂﬂsimww%—%WHEQWWML

If we continue to argue like that, then we find that

kao—ikon < 27Vmax{|z,—7Z,|: ne (kg W)}

Since || x,= a_cn" < || x, zn" + || Z,—2,
Lemma 5.1 is proved.

| , this and estimate (5.3) imply (5.4).

Proof of Theorem 5. 1.

Let py, »y, ..., D,,_1 be distinct integers. Let us choose and fix the parame-
ters €, M, 0 > 0 and the integer 1 > 0 such that (i) Theorem 4.2 and Lemma 5.1
can be applied to the hyperbolic set A = {2} U {y,,: n € Z} and (ii)
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£ < %mm{‘ s =1 mel, iij}. (5.10)
Assume that N is such that

||yn—x0||< g for n=N+p,+1 and n=p,—N (5.11)

foralli =1, 2, ..., m—1.Let us consider the segments C; of the orbits of the map-

ping f of the form
C,= (ypr, s Yps s ypiJrN), i1=1,2, ..., m—1,

Cm: (xo, 960, cens xo)

The length of every such segmentis 2N +1.Leta = (... a_jaya,...) € X, .Letus
consider a sequence of elements y, made up of the segments C; by the formula

Yo =(Cy Cy Cyonr) (5.12)

ag -ap”
It is clear that v, € A and by virtue of (5.11) Y, isa 0 -pseudoorbit of the mapping

S . Therefore, due to Theorem 4.2 there exists a unique trajectory {w, = w,(a):
ne Z} of the mapping g such that

lwn, 4, 5y —2i5(@)] < &, (5.13)

where (N, 4, j) = N+(i—-1)@N+1)+j and z,;(a) is the j-th element of the
segment Caz_, iel, j=1,2, ..., 2N+1. Let us define the mapping ¢ from DI,
into X by the formula

P(a)=w, (5.14)
where w, is the zeroth element of the trajectory {w,, }. Since the trajectory {w,, }
possessing the property (5.13) is uniquely defined, equation (5.14) defines a map-
ping from X, into X .

If we substitute 7 +1 for 7 in (5.13) and use the equations

_ — ,2N+1
Wy (N, i+1, j) = Wn(N, 4, j)+2N+1 = 9 (wn(N, i,j))’
we obtain that

”g2N+l(wn(N, Z.,j))_z7;+1,j(a/)|| <&

forallie Z andj=1, 2, ..., 2N+1 . Therefore, the equality i1, J( )= zij(Sa)
with S being the Bernoulli shlft in X, leads us to the equation
2N+1
”g Wy, 4, ) ~ Ris, j(Sa)H <&
Consequently, the uniqueness property of the € -trajectory in Theorem 4.2 gives us
the equation

w,(Sa)=g*N*(w,(a)), nel.
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This implies that
o(Sa) = g?N*t(p(a)), aek,, (5.15)
i.e. property (c) is valid for [ = 2N+1 . It follows from (5.15) that
g#N*H(e(571a)) = ¢(a).
Therefore, the set Y = (p(Zm) is strictly invariant with respect to g2N +1 Thus, as-
sertion (a) is proved.

Let us prove the continuity of the mapping ¢ . Assume that the sequence of ele-
ments a(s) = (..., aﬁ‘c’l), a(()s), ags), ..)of X, tendstoa = (.., a_, ay @, ...) €
€ X, as s — +oo. This means (see Exercise 1.4) that for any M e N there exists
5o = So(M) such that

al®)=a;, for || <M, sz2s. (5.16)
Assume that y(s) = {zgf)} and y = {2, } are 0 -pseudoorbits in A constructed ac-
cording to (5.12) for the symbols a(s) and a , respectively. Equation (5.16) implies

that sz) =z, for |k| < M(2N+1). Let {w, } and {wgf)} be & -trajectories corres-
ponding to y and y(s) , respectively. Lemma 5.1 gives us that

[w§) —w,| < 21 Ve, (5.17)

provided M(2N+1) > v, ie. forany veN equations (5.17) is valid for s > s,(v, M) .
This means that

lo () —g(a)l = |wl)—wo| -0

as s = +oo. Thus, the mapping ¢ is continuous and Y = (p(Em) is a compact strict-
ly invariant set with respect to g2N+1.

Let us now prove nontriviality property (b) of the mapping ¢ . Let a, a’ Zm
be such that a; # a} for some ¢ > 0. Let {w, } and {w, } be ¢ -trajectories corres-
ponding to the symbols a and a’, respectively. Then

|0, i, 1) =Whv, o, Na)] 2 |20, ne1(@) =25 (@) =
— @, 4, N+1) ~ %, n+1(a)] _”w?,z(N, i, N+1) ~ %4, n+1(@) -
Therefore, it follows both from (5.13) and the definition of the elements z; j(a) that
[w@n+1)i —wieneyl] 2 H yqi_yqé“ —2¢,
where ¢, = p, and g} = p,. . We apply (5.10) to obtain that
7 7

lwen+t1)yi —wian+1)d > 0- (5.18)
Therefore, if 7 > 0, then

g(2N+1)i(wO) " g(2N+1)i(wb).

Hence, ¢(a) = w, # w(, = @(a’). This completes the proof of assertion (b).
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If the trajectories of the mapping g cannot be “glued” (see the hypotheses of
Theorem 5.1), then for some ¢ € Z equation (5.18) gives us that wy #= Wy, Le.
¢(a) # @(a') if a # a’. Thus, the mapping ¢ is injective in this case. Since X
is a compact metric space, then the injectivity and continuity of ¢ imply that ¢ is
a homeomorphism from X, onto ¢(Z,,) . Theorem 5.1 is proved.

It should be noted that equations (5.13) and (5.14) imply that the set ¥ = ¢(Z,))
lies in the ¢ -vicinity of the hyperbolic set A . Therewith, the values 1 and [ in-
volved in the statement of the theorem depend on ¢ and one can state that for any
vicinity 2 of the set A there exist 1 and ! such that the conclusions of Theo-
rem 5.1 are valid and ¢(Z,,) € 2. It is also clear that the set Y= ¢(Z,,) is not
uniquely determined.

Exercise 5.1 Assume that g = f in Theorem 5.1. Prove that the mapping ¢
can be constructed such that ¢(Z,,) o {z} U{y,,;: 7> 0}, where
{v,,: m e L} is a homoclinic orbit of the mapping f .

Exercise 5.2 Prove the Birkhoff theorem: if the hypotheses of Theorem 5.1
hold, then for any € > 0 small enough there exist 1 >0 and [ € N
such that for every mapping g € %fn (f) there exist periodic trajec-
tories of the mapping ¢! of any minimal period in the & -vicinity
of the set A .

Exercise 5.8 Use Theorem 1.1 to describe all the possible types of beha-
viour of the trajectories of the mapping g on a set

l
w= o o(,).
k=1

In conclusion, it should be noted that different infinite-dimensional versions of Ano-
sov’s lemma and the Birkhoff-Smale theorem have been considered by many authors
(see, e.g., [6],[10], [11], [12], and the references therein).

§ 6 Possibility of Chaos in the Problem
of Nonlinear Oscillations of a Plate

In this section the Birkhoff-Smale theorem is applied to prove the existence of chaotic
regimes in the problem of nonlinear plate oscillations subjected to a periodic load.
The results presented here are close to the assertions proved in [13]. However, the
methods used differ from those in [13].
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Let us remind the statement of the problem. We consider its abstract version
as in Chapter 4. Let H be a separable Hilbert space and let A be a positive operator
with discrete spectrum in H , i.e. there exists an orthonormalized basis {e, } in H
such that

Ae,=Ne,, 0< A <A<, lim A, =co.
1 — o0

The following problem is considered:

Ui +yu + A2+ (x| AV2u)2 —T)Au+Lu = heosot (6.1)

ul,_ =ty €y = D(A), a|,_,=u eH. 6.2)

0 t=0

Here vy, %, I', and ® are positive parameters, % is an element of the space H, L
is a linear operator in H subordinate to A , i.e.

ILul < K|Aul, (6.3)
where K is a constant. The problem of the form (6.1) and (6.2) was studied in Chap-
ter 4 in details (nonlinearity of a more general type was considered there). The re-

sults of Section 4.3 imply that problem (6.1) and (6.2) is uniquely solvable in the
class of functions

W, = C(R,, D(A)) N CY(R,, H). (6.4)

+

Moreover, one can prove (cf. Exercise 4.3.9) that Cauchy problem (6.1) and (6.2)
is uniquely solvable on the whole time axis, i.e. in the class

W = C(R, D(A)) N CY(R, H).

This fact as well as the continuous dependence of solutions on the initial conditions
(see (4.3.20)) enables us to state that the monodromy operator G acting in 6 =
= D(A) x H according to the formula

(g ) = (a(3F). () ©5)

is a homeomorphism of the space J# (see Exercise 4.3.11). Here u(t) is a solution
to problem (6.1) and (6.2)

The aim of this section is to prove the fact that under some conditions on L and
h chaotic dynamics is observed in the discrete dynamical system (%, G) for some
set of parameters v, %, I',and .

Lemma 6.1.

The mapping G defined by equality (6.5) is a diffeomorphism of the
space Jb=D(A) x H.

Proof.
We use the method applied to prove Lemma 4.7.3. Let ul(t) be a solution
to problem (6.1) and (6.2) with the initial conditions 7 = (u, u;) € ¥ and let
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uy(t) be a solution to it with the initial condions 7 +2& = (ug+2(, u;+2;)€ .
Let us consider a linearization of problem (6.1) and (6.2) along the solution ul(t) :

W (t)+ i (t) +A2w + (x| A2, ()P - T) Aw +
+2%(AY2u, (1), AV2w(t)) Auy(t)+Lw = 0, (6.6)
w|

i—0=%0 W[,_y=%- 6.7

As in the proof of Theorem 4.2.1, it is easy to find that problem (6.6) and (6.7) is
uniquely solvable in the class of functions (6.4). Let v(t) = uq(t) —u,(t) —w(t).
It is evident that v(¢) is a weak solution to problem

B+ y0(t) + A0(t) = F(t) = F(uy(t), uy(t), w(t)) (6.8)

v],_,=0, ¥|,_,=0, (6.9)

=0 =0

where

F(uy, uy, w) = —(% HA1/2u2H2 —F)Auz + (x”Al/Zu,lHZ —F)Aul +

+ (xHAl/ZuIH2 —F) Aw + 2% (Auy, w) Auy —L(ug—u; —w) .
A simple calculation shows that
Fluy, ug, w) = F(uy, ug, w) +Fy(uy, ug, w) = Fy + 5,
where

F = —(x“Al/zuzug —F)A?) —Lv —2%(Auy, v) Alu; +w),

Fy = —x|AV2 (ul—uZ)”2A(u1+ w) —2%(Auy, w)Aw.

We assume that |74 < R and 2] < 1. In this case (see Section 4.3) the esti-
mates

||Auj(t)|| < Crp 7,
[A(uy(2) —uy(t))] < Cg, rl2ls,
lAw(@)l < Cg 7l2ls%, (6.10)
are valid on any segment [0, 7'] . Here C R.T is a constant. Therefore,
[Fy] < GllAvl,  |Fy| < Cylal%,  te0, 7],
where C; and C, are constants depending on k and 7. Hence,

IR < Clav|®+Cylels,, ¢ e[0, T].
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Therefore, the energy equation
t

LI +140(0)?) + v Juo(r)nzdr - J-(F(r), Hr)de  (6.11)
0 0

for problem (6.8) and (6.9) leads us to the estimate
t
L) + 1Av(0)? < J'(clnA@(r)nz FOolelt)dr,  re[o, 7).
0
Using Gronwall’s lemma we find that

()7 +1Av(e)* < Clel*,  te0, T],

where the constant C depends on 7" and R . This estimate implies that the map-
ping

G': z = (2 zl)a(w(%z)—r); w(-z—og—-cD (6.12)

is a Frechét derivative of the mapping G defined by equality (6.5). Here w(t)
is a solution to problem (6.6) and (6.7). It follows from (6.10) and (6.6) that G’
is a continuous linear mapping of 76 into itself. Using (6.10) it is also easy to see
that G' = G'[u, u;] continuously depends on 7 = (u,; u;) with respect to
the operator norm. Lemma 6.1 is proved.

Further we will also need the following assertion.

Lemma 6.2.

Let G] be the monodromy operator of problem (6.1) and (6.2) with
L=Lj and h= hj, Jj=1,2. Assume that for L=Lj equation (6.3) is va-
lid and hj e H, j=1,2. Moreover, assume that

|;a ) < e, Inl<p i=12
Then the estimates
sup [Gy(0) = Go(w)] < O(J(Ly ~Lo) AN + oy~ o] 6.13)
Y eBR
and
sup |61 () ~Gy()] < O(|(Ly~Ly) A7 + |y ~ho)) (6.14)
Yy e BR

are valid. Here Bp is a ball of the radius R in b= DA)xH, R>0
is an arbitrary number while the constant C depends on R and p but
does not depend on the parameters ®, Y, x 20, and I' provided they
vary in bounded sets.
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E Proof.

Z Let uj(t) be a solution to problem (6.1) and (6.2) with L = Lj- and h = hj,
’ 7 =1, 2.Itis evident (see Section 4.3) that

r ”Auj(t)” <C=C(R,pT), te[0, T]. (6.15)
6 Therefore, it is easy to find that the difference u(t) = u(t) —uy(t) satisfies

the equation
U+yu+A%u = F(t, up, uy) ,

u|t=0:0, u|t=0=0 ,

where the function F(t, u,, u,) can be estimated as follows:
|7ty ug)] < ColAud + Co[(Ly ~Lo) A7 + |y~ ).

As in the proof of Lemma 6.1, we now use energy equality (6.11) and Gronwall’s
lemma to obtain the estimate

(O +14u(@* < O(|(Ly =LA P+ |y —nof?). (6.16)

This implies inequality (6.13). Estimate (6.14) can be obtained in a similar way.
In its proof equations (6.12), (6.15), and (6.16) are used. We suggest the reader
to carry out the corresponding reasonings himself/herself. Lemma 6.2 is proved.

Let us now prove that there exist an operator L. and a vector & such that the corres-
ponding mapping G possesses a hyperbolic homoclinic trajectory. To do that, we use
the following well-known result (see, e.g., [1], [13], as well as Section 7) related to the
Duffing equation.

Theorem 6.1.

Let g: R2 > R? be a monodromy operator corresponding to the Duffing
equation

& —Pr+axd=¢e(f cosot —0%), (6.17)

i.e. the mapping of the plane R? into itself acting according to the formula

ata ) = (23 )s (%)), .18

where x(t) is a solution to equation (6.17) such that x(0) =z, and 2(0) =
= x,. All the parameters contained in (6.17) are assumed to be positive.
Let us also assume that

2p3/2

=5 - cosh( T2 6.19
S > 1, T cos (ZJB) (6.19)
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Then there exists &, > 0 such that for every ¢ e (0, g,) the mapping g pos-
sesses a fixed point = and a homoclinic trajectory {yn: n e 1L} to it Y, * 2,
therewith the set {z}U{y,: n e L} is hyperbolic.

Let B, be the orthoprojector onto the one-dimensional subspace generated by the
eigenvector e, in . We consider problem (6.1) and (6.2) with L, = L(1-F,) in-
stead of L and h = h; -, , where h; is a positive number. Then it is evident that
every solution to problem (6.1) and (6.2) with the initial conditions u, = ¢,e; and
Uy = ¢; ¢;, has the form

u(t) = x2(t) e,
where 2(t) is a solution to the Duffing equation

F4+yd = (T=A )@+ %2223 = hy cosot (6.20)

with the initial conditions 2(0) = ¢, and #(0) = ¢, . In particular, this means that
the two-dimensional subspace %, = Lin{(e,; 0), (0; e,)} of the space F is strict-
ly invariant with respect to the corresponding monodromy operator G, while the re-
striction of G, to B ;. coincides with the monodromy operator corresponding to the
Duffing equation (6.20). Therefore, if /2, is small enough and the conditions

h 20, (T=2A

s 7k( k)(L —1)1/2 cosh——L2
Y Bw2% N 2 A (T—7y)
hold, then the mapping &, possesses a hyperbolic invariant set

A, = {ze } Uy, e nel}

consisting of the fixed point (ZO €15 ?1 ek) and its homoclinic trajectory

0< A, <T,

{(y,e,: mel}, where y,=(y); yl)eR2.

Thus, if ® > 0 and for some & the condition 0 < 7% < I" holds, then there exists an
open set & in the space of parameters {7, %, } such that for every (7, %) € % the mo-
nodromy operator G, corresponding to problem (6.1) and (6.2) with L, = L(1- Pk)
instead of L and i = h; e, possesses ahyperbolic set consisting of a fixed point and
a homoclinic trajectory. This fact as well as Lemmata 6.1 and 6.2 enables us to apply
the Birkhoff-Smale theorem and prove the following assertion.

Theorem 6.2.

Let ® >0 and let the condition 0 < A, < I' hold for some k. Then there
exist L > 0 and an open set P in the metric space R, x H such that if

-1
|Lew| 2 < 1, (v, h) e P,
then some degree G' of the monodromy operator G of problem (6.1) and

(6.2) possesses a compact strictly invariant set Y (Gl Y=Y) in the space F
in which the mapping G' is topologically conjugate to the Bernoulli shift of
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sequences of m symbols, i.e. there exists a homeomorphism ¢: X, — Y
such that

Glp(a)) = 0(Sa), aeX, .

~ 0 =T o

6 Exercise 6.1 Prove that if the hypotheses of Theorem 6.2 hold, then equa-
tion (6.1) possesses an infinite number of periodic solutions with pe-
riods multiple to ® .

Exercise 6.2 Apply Theorem 6.2 to the Berger approximation of the prob-
lem of nonlinear plate oscillations:

o%u ou 2, _ 24, _
a2 tYa T A=y [%J.Wu(x, )" dv F]Au +
Q

ou
tPay = h(z)coswt, x=(xy, 25) e Qc R, >0,

ou

=Au| =0, u|,_,=u(®), a0

=uy(x) .
t=0

U] 50

§ 7 On the Existence of Transversal
Homoclinic Trajectories

Undoubtedly, Theorem 6.1 on the existence of a transversal (hyperbolic) homoclinic
trajectory of the monodromy operator for the periodic perturbation of the Duffing
equation is the main fact which makes it possible to apply the Birkhoff-Smale
theorem and to prove the possibility of chaotic dynamics in the problem of plate
oscillations. In this connection, the question as to what kind of generic condition
guarantees the existence of a transversal homoclinic orbit of monodromy operators
generated by ordinary differential equations gains importance. Extensive literature
is devoted to this question (see, e.g., [1], [2] and the references therein). There are
several approaches to this problem. All of them enable us to construct systems with
transversal homoclinic trajectories as small perturbations of “simple” systems with
homoclinic (not transversal!) orbits. In some cases the corresponding conditions on
perturbations can be formulated in terms of the Melnikov function.

This section is devoted to the exposition and discussion of the results obtained
by K. Palmer [14]. These results help us to describe some classes of systems of ordi-
nary differential equations which generate dynamical systems with transversal ho-
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moclinic orbits. Such differential equations are obtained as periodic perturbations
of autonomous equations with homoclinic trajectories.
In the space R let us consider a system of equations

2(t) = g(x(t)), x(t) e R™, (7.1)
where g: R — R" is a twice continuously differentiable mapping. Assume that the
Cauchy problem for equation (7.1) is uniquely solvable for any initial condition
2(0) = 2. Let us also assume that there exist a fixed point 2, (g(2;)=0) and
a trajectory 2(t) # 2, homoclinic to 2, i.e. a solution to equation (7.1) such that
2(t) > 2, as t = *oo . Exercises 7.1 and 7.2 given below give us the examples of the
cases when these conditions hold. We remind that every second order equation & +
+V(2) =0 can be rewritten as a system of the form (7.1) if we take x; = x and
Zo=1.

Exercise 7.1 Consider the Duffing equation
F—-Br+ax®=0, o, p>0.

Prove that the curve 2(t) = (n(¢), N(¢)) € R? is an orbit of the corres-
ponding system (7.1) homoclinic to 0 . Here 1(¢) =42 B/a sech./Bt .

Exercise 7.2 Assume that for a function U(x) € C3(R) there exist a num-
ber £/ and a pair of points a < b such that

Ula)=U(b)=E; Ux)<E, zel(a b);
U(a)=0; U'(a)< 0; U)>0.
Then system (7.1) corresponding to & + U'(x) = 0 possesses an or-
bit homoclinic to (a, 0) that passes through the point (b, 0).

Unfortunately, as the cycle of Exercises 7.3-7.5 shows, the homoclinic orbit of au-
tonomous equation (7.1) cannot be used directly to construct a discrete dynamical
system with a transversal homoclinic trajectory.

Exercise 7.8 Forevery T > 0 define the mapping f: R”— R" by the for-
mula f(x,) = 2(7; 2,), where x(t; x) is a solution to equation
(7.1) with the initial condition x, . Show that f is a diffeomorphism
in R™ with a fixed point 2, and a family of homoclinic orbits
{y5: mell}, wherey, =z(s+nt), se[0,1).

Exercise 7.4 Prove that the derivative f’ of the mapping f constructed in
Exercise 7.3 can be evaluated using the formula f'(x,)w = (1, w),
where y(t, w) is a solution to problem

9(6) = g'@(0)y(t),  y(0)=wy.
Here x(t) = x(t; ) is a solution to equation (7.1) with the initial
condition %, .
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Exercise 7.5 Let f be the mapping constructed in Exercise 7.3 and let
{2(t): teZ} be a homoclinic orbit of equation (7.1). Show that
{w, = 2(n71): m e L} is abounded solution to the difference equa-
tion w,, , =f"(y,)w, , where y, =z(nt) (Hint: the function
w(t) = 2(t) satisfies the equation w = g'(2(t))w ).
Thus, due to Theorems 2.1 and 3.1 the result of Exercise 7.5 implies that the set
A = {2} U{z(nt): neZ}
cannot be hyperbolic with respect to the mapping f defined by the formula
Sf(xy) = 2(t; 2y), where 2(t; 2,) is a solution to equation (7.1) with the initial
condition x. Nevertheless we can indicate some quite simple conditions on the

class of perturbations {#(t, x, 1)} periodic with respect to ¢ under which the mo-
nodromy operator of the problem

2(t) = g(x(t))+uh(t, 2(t), n),  2(t) e R?, (7.2)

possesses a transversal (hyperbolic) homoclinic trajectory for pt small enough.

Further we will use the notion of exponential dichotomy for ordinary differential
equations (see [15], [16] as well as [5] and the references therein)

Let A(t) be a continuous and bounded 7 x 7 matrix function on the real axis.
We consider the problem

z(t)=A(t)x(t), teR, 2, _ =, (7.3)

in the space X = R™. It is easy to see that it is solvable for every initial condition.
Therefore, we can define the evolutionary operator @ (¢, s), ¢, s € R, by the for-
mula

D(t, s)vg=2(t) = 2(t, 55 7p), t, s e R,
where 2(t) is a solution to problem (7.3).
Exercise 7.6 Prove that
D(t,s) = D(t, 1)P(1,5), D, t)=1
forallt, s, T € R and the following matrix equations hold:

Qo s)= A0 Ot s), Lot s) = -D(t, 5)A(s). (T4

Exercise 7.7 Prove the inequality

t
[D(t, s)| < exp JIIA(I)IIdI . txs.
S
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Let 9 be some interval of the real axis. We say that equation (7.3) admits an expo-
nential dichotomy over the interval ¥ if there exist constants K, o > 0 and
a family of projectors {P(t): t € J} continuously depending on ¢ and such that

P(t)D(t, s) = D(t, s)P(s), t>s; (7.5)
|D(t, s)P(s)| < Ke®(=5) >, (7.6)
(¢, s)(I-P(s)| < Ke™®G~D p<s, (7.7)

for t,s € 9.

Exercise 7.8 Let A(t) = A be a constant matrix. Prove that equation (7.3)
admits an exponential dichotomy over R if and only if the eigenva-
lues on A do not lie on the imaginary axis.

The assertion contained in Exercise 7.8 as well as the following theorem on the
roughness enables us to construct examples of equations possessing an exponential
dichotomy.

Theorem 7.1.

Assume that problem (7.3) possesses an exponential dichotomy over
an interval 9. Then there exists € > 0 such that equation

2(t) = (A(t)+B(t)) x(t) (7.8)
possesses an exponential dichotomy over I, provided |B(l)| < € for t e J.

Moreover, the dimensions of the corresponding projectors for (7.3) and
(7.8) are the same.

The proof of this theorem can be found in [15] or [16], for example.

The exercises given below contain some simple facts on systems possessing an expo-
nential dichotomy. We will use them in our further considerations.

Exercise 7.9 Prove that equations (7.5)—(7.7) imply the estimates
D, )& = K1e®=9)|(1-P(s))E], t=s,
(1, )& = K-1e®G=D|P(s)E], t<s,
forany § e X = R™.

Exercise 7.10 Assume that equation (7.3) admits an exponential dichotomy
over R, = [0, +o0). Prove that P(0)X =V, , where

v, = {g eX =R supld(t, 0)E] < oo} (7.9)
t >

Hint: | (1, 0)E] > K-1e®![(1-P(0))&], > 0).
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Exercise 7.11 If equation (7.3) possesses an exponential dichotomy over
R_= (=00, 0], then (/-P(0))X = V_, where

V = {é e X =R": supO||(D(t, 0)&l < oo} (7.10)
t<

Hint: |D(¢, 0)E] = K-Le*|P(0)E], ¢ < 0).

Exercise 7.12 Assume that equation (7.3) possesses an exponential dicho-
tomy over R, (over R_, respectively). Show that any solution to
problem (7.3) bounded on R, (on R_, respectively) decreases
at exponential velocity as t — +oo (as t — —oo , respectively).

Exercise 7.13 Assume that equation (7.3) possesses an exponential dicho-
tomy over the half-interval [a, +oo) , Where a is a real number.
Prove that equation (7.3) possesses an exponential dichotomy over
any semiaxis of the form [b, + oo) .
(Hint: P(t) = @(t, a)P(a) D(a, t)).

Exercise 7.14 Prove the analogue of the assertion of Exercise 7.13 for the
semiaxis (—o0, a] .

Exercise 7.15 Prove that for problem (7.3) to possess an exponential dicho-
tomy over R it is necessary and sufficient that equation (7.3) pos-
sesses an exponential dichotomy both over R, and R_ and has no
nontrivial solutions bounded on the whole axis R .

Exercise 7.16 Prove that the spaces V, and V_ (see (7.9) and (7.10)) pos-
sess the properties

V.NV.={0}, V,+V.=X=Rn",

provided problem (7.3) possesses an exponential dichotomy over R .

Exercise 7.17 Consider the following equation adjoint to (7.3):

y(t) = =A(t)y(t), (7.11)
where A*(¢) is the transposed matrix. Prove that the evolutionary
operator ¥(¢, s) of problem (7.11) has the form (¢, s) = [®(s, ¢)]".

Exercise 7.18 Assume that problem (7.3) possesses an exponential dichoto-
my over an interval 9. Then equation (7.11) possesses exponential
dichotomy over ¥ with the same constants K, o > 0 and projectors

Q(t)=1-P(t)".

Exercise 7.19 Assume that problem (7.3) possesses an exponential dichoto-
my both over R, and R_. Let dimV, + dimV_= 7, where V, are
defined by equalities (7.9) and (7.10). Show that the dimensions of
the spaces of solutions to problems (7.3) and (7.11) bounded on the
whole axis are finite and coincide.
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Exercise 7.20 Assume that problem (7.3) possesses an exponential dichoto-
my over R. Then for any s € R and T > 0 the difference equation
xz, = (D(s +1n, s)xn_l possesses an exponential dichotomy over
Z. (for the definition see Section 2).

Let us now return to problem (7.1). Assume that 2, is a hyperbolic fixed point for
(7.1),i.e. the matrix g’(zo) does not have any eigenvalues on the imaginary axis. Let
z(t) be a trajectory homoclinic to 2. Using Theorem 7.1 on the roughness and the
results of Exercises 7.13 and 7.14 we can prove that the equation

y=9'(2(t)y (7.12)
possesses an exponential dichotomy over both semiaxes R, and R_. Moreover, the
dimensions of the corresponding projectors are the same and coincide with the di-
mension of the spectral subspace of the matrix g’(zo) corresponding to the spec-
trum in the left semiplane. Therewith it is easy to prove that dimV, + dimV_=n,
where V. have form (7.9) and (7.10). The result of Exercise 7.15 implies that equa-
tion (7.12) cannot possess an exponential dichotomy over R (y(¢) = 2(¢) is a solu-
tion to (7.12) bounded on R) while Exercise 7.19 gives that the number of linearly
independent bounded (on R) solutions to (7.12) and to the adjoint equation

v =9 ()] 'y (7.13)
is the same. These facts enable us to formulate Palmer’s theorem (see [14]) as fol-
lows.

Theorem 7.2.

Assume that g(x) is a twice continuously differentiable function from
R” into R" and equation
& =g(x)
possesses a fixed hyperbolic point z, and a trajectory {2(t): te R} homo-
clinic to z,. We also assume that y(t) = 2(t) is a unique (up to a scalar fac-
tor) solution to equation

y=9'(2()y (7.14)
bounded on R. Let h(t, x, l1) be a continuously differentiable vector func-
tion T-periodic with respect to t and defined for t € R, |x—=2(t) < A,
lul <oy, neR.If

'[ (w(t), t, 2(2), 0)),,di = 0, j (W(r). (e, 2(1), 0)), dr =0, (7.15)

where (1) is a bounded (unique up to a comstant factor) solution to
the equation adjoint to (7.14), then there exist A and G such that for
0 < |U| < © the perturbed equation

T =g(x)+ unh(t, x, p) (7.16)
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possesses the following properties:
(a) there exists a unique T-periodic solution C(t, 1) such that

|20—Co(t, W) < A, teR,

~ 0 =T o

and
sup |29 = ot W) >0, pH—>0;
teR

(b) there exists a solution &(t, 1) bounded on R and such that
[E(t, ) —2() <A, teR,
sup [S(2, ) —2(1)l = 0(p)
teR

and
lim [E(z, u) —=Ep(t, w)| = 05
t — too

(c) the linearized equation

y= {9'(11('5, W) + whi (e, (e, w), u)} Y, (7.17)

where N(t, ) s equal to either {(t, 1) or Ey(t, 1), possesses an ex-
ponential dichotomy over R.

This theorem immediately implies (see Exercise 7.20 and Theorem 3.1) that
under conditions (7.15) the monodromy operator for problem (7.16) has a hyperbo-
lic fixed point in a vicinity of the orbit {z(¢): ¢ € R} and a transversal trajectory ho-
moclinic to it.

We will not prove Theorem 7.2 here. Its proof can be found in paper [14]. We only
outline the scheme of reasoning which enables us to construct a homoclinic trajecto-
ry é(t, 0)) . Here we pay the main attention to the role of conditions (7.15). If we
change the variable x = 2(¢) + £ in equation (7.16), then we obtain the equation

C = g((t)+C) = g(2(1) + ph(t, 2(1)+C, u) .
We use this equation to construct a mapping ¥ from Cé(]R{, R™) x R into
CY (R, R™) acting according to the formula

(€)= F(Com) = E—{a(x(t) +0) ~g(=(0) + phlt, 2(0)+C. )} (718)
We remind that C;f (R, X) is the space of k times continuously differentiable bound-
ed functions from R into X with bounded derivatives with respect to ¢ up to the & -
th order, inclusive.

Thus, the existence of bounded solutions to problem (7.16) is equivalent to the
solvability of the equation ¥(C, 1) = 0. It is clear that %(0, 0) = 0. Therefore, in
order to construct solutions to equation %(C, ) = 0 we should apply an appropri-
ate version of the theorem on implicit functions. Its standard statement requires
that the operator L = Dg@’ (0, 0) be invertible. However, it is easy to check that the
operator L has the form
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(Ly)(t) = y(t)=g'(2(1) y(t) -
Therefore, it possesses a nonzero kernel (Lz' = 0) . Hence, we should use the modi-
fied (nonstandard) theorem on implicit functions (see Theorem 4.1 in [14]). Roughly
speaking, we should make one more change { = plw and consider the equation

F(pw, n)=0. (7.19)
If this equation is solvable and the solution w depends on t smoothly, then w sa-
tisfies the equation
Dgg(uw, u)[w+uwu] +DH9’(uw, pn) =0, (7.20)
where wy, is the derivative of w with respect to the parameter [t . This equation can
be obtained by differentiation of the identity %(pw (pt), p) = 0 with respect to .
Due to the smoothness properties of the mapping %, it follows from (7.20) the solva-
bility of the problem
DQPF(O, O)wO + DHPF(O, 0)=0, (7.21)
which is equivalent to the differential equation
wo = g'(2(t))wy+ h(t, 2(t), 0) (7.22)
in the class of bounded solutions. It is easy to prove that the first condition in (7.15)
is necessary for the solvability of (7.22) (it is also sufficient, as it is shown in [14]).
Further, the necessary condition of the dichotomicity of (7.17) for n(t, u) =

= &(t, pn) on R is the condition of the absence of nonzero solutions to equation
(7.17) bounded on R . However, this equation can be rewritten in the form

De F(nw, wy(u) =0, (7.23)

where w = w() is determined with (7.19). If we assume that equation (7.23) has
nonzero solutions, then we differentiate equation (7.23) with respect to u at zero,
as above, to obtain that

(Do F(0, 0wy + D F(0. 0) |y + D F(O0. 00y, =0, (7.24)

where w), is a solution to equation (7.21), ¥, =»(0), ¥, = D“y(O), and y(u) is
a solution to equation (7.23). Equation (7.17) transforms into (7.14) when u = 0.
Therefore, the condition of uniqueness of bounded solutions to (7.14) gives us that
Yo = coz'(t), therewith we can assume that ¢,= 1. Hence, equation (7.24) trans-
forms into an equation for y; of the form

1= 9'(2(t)y; = a(t), (7.25)

where
alt) = —([Dgggf(o, 0)wg + Dy, F(0, 0)}2')(5) -

= [y 9(&(0) wo(t) + D,h(t, 2(1), 0)]&(0)
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Here wo(t) is a solution to (7.22). A simple calculation shows that equation (7.25)
can be rewritten in the form

a%(yl(t) +ag(1)) = 9'(2(1) (y (1) +wo(t)) = hy(t, 2(2), 0).  (7.26)
The second condition in (7.15) means that equation (7.26) cannot have solutions
bounded on the whole axis. It follows that equation (7.23) has no nonzero solutions,
i.e. equation (7.17) is dichotomous for n(t, u) = &(¢, 1).

Thus, the first condition in (7.15) guarantees the existence of a homoclinic tra-
jectory é(t, u) while the second one guarantees the exponential dichotomicity of
the linearization of the equation along this trajectory.

As to the existence and properties of the periodic solution &(#, L), this situa-
tion is much easier since the point 2, is hyperbolic. The standard theorem on im-
plicit functions works here.

It should be noted that condition (7.15) can be modified a little. If we consider a
“shifted” homoclinic trajectory z(t) = 2(t—s) for s € R instead of 2(¢) in Theo-
rem 7.2, then the first condition in (7.15) can be rewritten in the form

[e o]
A(s) = J. (w(t—s), n(t, 2(t—s), O))Rndt =0.
If we change the variable ¢ — ¢ +s, then we obtain that

o0

A(s) = '[ (w(0), ne+s, 2(2), 0)) . (7.27)
It is evident that -
A(s) = J' (Wt =5), (1, 2(t=5), 0)) .

Therefore, the second condition in (7.15) leads us to the requirement A'(s) # 0.
Thus, if the function A(s) has a simple root s, (A(s,) =0, A'(sy) # 0), then the
assertions of Theorem 7.2 hold if we substitute the value 2(t —s) for 2(¢) in (b).
Performing the corresponding shift in the function &(¢, p), we obtain the asser-
tions of the theorem in the original form. Thus, condition (7.15) is equivalent to the
requirement

A(sg) =0, A(sy)#0 forsome s, e R, (7.28)
where A(s) has form (7.17).

In conclusion we apply Theorem 7.2 to prove Theorem 6.1. The unperturbed Duffing
equation can be rewritten in the form

X1 =Xo ,
{ o (7.29)
Zo = Pay—ox] .
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The equation linearized along the homoclinic orbit 2(t) = (n(¢), 1(¢)) (see Exer-
cise 7.1) has the form

{yl = yz )
. (7.30)
Yy = By —3an(t)*y; -

Let us show that system (7.30) has no solutions which are bounded on the axis and
not proportional to 2(t) . Indeed, if w(¢) = (v(¢), ¥(¢)) is another bounded solution,
then due to the fact that [N(¢)|+[7(¢)] > 0 as [t| & oo, the Wronskian W(t) =
= v(t)N(t) —v(¢)N(t) possesses the properties

gW(t) =0 and lim W(t)=0.

dt It = oo

This implies that W(¢) = 0 and therefore v(¢) is proportional to 1(¢).
Evidently, the equation adjoint to (7.30) has the form

{yl = —Byy+3an(t)2y, ,
yz = Y -

(7.31)

Since we have that
Yo —Byg + 30“1(’5)2342 =0,

a solution to (7.31) bounded on R has the form y(¢)=(—1(¢); 7(¢)). Let us now
consider the corresponding function A(s). Since in this case h(t, 2, 1) =
= (0; fcosmt —0x,), we have

A(s) = J R [feoso(t+s) - Sn()]de,

nt) = @sechﬂt = @(em“re_mt)_l.

Calculations (try to do them yourself) give us that

2 sinws
As) = 2f@£ e —%553/2.
cosh( B )
2./B
Therefore, equation A(s) = 0 has simple roots under condition (6.19). Thus, the as-
sertion of Theorem 6.1 follows from Theorem 7.2.

It should be noted that in this case the function A(s) coincides with the famous
Melnikov function arising in the geometric approach to the study of the transversali-
ty (see, e.g., [1], [2] and the references therein). Therewith conditions (7.28) trans-
form into the standard requirements on the Melnikov function which guarantee the
appearance of homoclinic chaos.

where
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Addition to the English translation:

The monographs by Piljugin [1*] and by Palmer [2*] have appeared after publication
of the Russian version of the book. Both monographs contain an extensive bibliogra-
phy and are closely related to the subject of Chapter 6.
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