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SOME CLASSIFICATION PROBLEM ON WEIL BUNDLES
ASSOCIATED TO MONOMIAL WEIL ALGEBRAS

JIRI TOMAS

ABSTRACT. A natural T-function on a natural bundle F' is a natural operator
transforming vector fields on a manifold M into functions on F'M. For a
monomial Weil algebra A satisfying dim M > width(A) 4+ 1 we determine all
natural T-functions on T* T4 M, the cotangent bundle to a Weil bundle T4 M.

1. The aim of this paper is the classification of all natural T-functions defined
on the cotangent bundle to a Weil bundle 7T corresponding to a monomial Weil
algebra A. Roughly speaking, the concept of a monomial Weil algebra denotes
an algebra of jets factorized by an ideal generated only by monomial elements.
Weil algebras of this kind form a significant class of themselves, since they cover
algebras of holonomic and non-holonomic velocities as well as quasivelocities, [11].
The starting point is a general result by Koléf,[4], [5], determining all natural
operators T — TT# transforming vector fields on manifolds to vector fields on a
Weil bundle 74. Further, partial results of our general problem are solved in [3]
and [9]. We follow the basic terminology from [5].

We start from the concept of a natural T-function. For a natural bundle F,
a natural T-function f is a natural operator fj; transforming vector fields on a
manifold M to functions on F'M. The naturality condition reads as follows. For a
local diffeomorphism ¢ : M — N between manifolds M, N and for vector fields X
on M and Y on N satisfying T o X =Y o ¢ it holds fx(Y)o Fp = fi(X). An
absolute natural operator of this kind, i.e. independent of the vector field is called
a natural function on F.

There is a related problem of the classification of all natural operators lifting
vector fields on m-dimensional manifolds to T7*T. The solution of the second
problem is given by the solution of the first one as follows ([10]). Natural operators
Ay : TM — TT*TAM are in the canonical bijection with natural T-functions
g 2 T*T*TAM — R linear on fibers of T*(T*TAM) — T*TAM. Using natural
equivalences s : TT* — T*T by Modugno-Stefani, [7] and t : TT* — T*T* by
Kolar-Radziszewski, [6], we obtain the identification of ga; with natural T-functions
far : T*TTAM — R given by far = garotpany 05;}‘1\4' Thus we investigate natural
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T-functions defined on T*TP®4 M to determine all natural operators T — TT*T4,
where DD denotes the algebra of dual numbers.

We remind the general result by Kolar, [4], [5]. For a Weil algebra A, the Lie
group AutA of all algebra automorphisms of A has a Lie algebra AutA identified
with Der A, the algebra of derivations of A. Thus every D € Der A determines a one
parameter subgroup d(t) and a vector field D, on T4 M tangent to (d(t))as. Hence
we have an absolute natural operator A\p : TM — TTAM defined by A\p X = Dy,
for any vector field X on M. For a natural bundle F', let F denote the correspond-
ing flow operator, [5]. Further, let Ly, : A x TTAM — TTAM denote the natural
affinor by Koszul, [4], [5]. Then the result by Kol4r reads

All natural operators T — TT# are of the form L(c)T* + \p for some ¢ € A
and D € Der A.

Let £ : M — T'M be a vector field. Kolaf in [3] defined an operation ~ transforming
a vector field on a manifold M onto a function on T*M by £(w) = < £(p(w)),w >,
where p is the cotangent bundle projection and w € T*M. One can immediately

verify, that for a natural bundle F' and a natural operator Ay, : TM — TFM we

have a natural 7-function ZM : T*FM — R defined by ZM(X) = m for any
vector field X : M — TM.

2. In this section, we find all natural T-functions fas : T*TAM — R for any
manifold M for m = dim M > width(A) + 1. For some cases of A, [11], all natural
T-functions in question are of the form

WL(TANp)) ceC, DeD

where C' is a basis of A, D is a basis of Der A and h is any smooth function
RdimA+dimDer4 R Tet D} denote the algebra of jets J§(R*,R). It can be also
considered as the algebra of polynomials of variables 7,...,7;. By [6], any Weil
algebra A is obtained as the factor of D}, by an ideal I of itself, i.e. A =D} /I.

The contravariant approach to the definition of a Weil bundle by Morimoto sets
M4 = Hom(C*(M,R), A) and was studied by many authors as Muriel, Munoz,
Rodriguez, Alonso,([1] [8]). The covariant approach (Kolé#, [3], [5]) defines T4M as
the space of A-velocities. Let ¢, : R¥ — M, (0) = 1/(0). Then ¢ and 1 are said
to be I-equivalent iff for any germ, f, f : M — R it holds germ(fop— fot)) € I.
Classes of such an equivalence j4¢ are said to be A-velocities. For a smooth map
g: M — N define T4g(j4¢) = 74(g o ¢). Since T4 preserves products, we have
TAR = A, TAR™ = A™. The identification F : M4 — TM between those two
approaches to the definition of Weil bundle is given by

(1) F(j*o)(f)=j4(fow)  forany fe C™(M,R)
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We are going to construct natural T-functions defined on T*T4 from natural op-
erators T — TTy, since there are some additional ones on T*T, which cannot be
constructed from natural operators T — TT4.

Let p : Dj, — A be the projection homomorphism of Weil algebra inducing the
natural transformation pys : T/ M — TAM. There is a linear map ¢ : A — Dj such
that pot = ids. By ¢ we construct an embedding TAM — Ty M. Consider any
4@ € TAM as an element of Hom(C> (M, R), A). Then domains of j4¢ € Tﬁ)M
can be replaced by J; (M,R). Indeed, for any f € C°°(M,R) it holds jto(f) =
GA(f o ) = [germy, f o germog]r, where 25 = ¢(1), 0 € R*. Since any ideal I in
the algebra E(k) of finite codimension contains the r-th power of the maximal ideal
of E(k), the last expression can be replaced by [j5(f o ¢)]s = jAgO(j;Of), where J
is an ideal of I}, corresponding to I.

Further, any element j; f € J; (M,R) can be decomposed onto f(xq)+jy, (t;(lxo)o

f) = f(xo) + j7, f, where t, : R — R denotes in general a translation mapping 0
onto y. The second expression is an element of the bundle of covelocities of type
(1,7), namely an element of (T"*),, M = (17*)z, M, the bundle of covelocities of
type (k,r) being defined as Ty *M = J"(M,R¥)o, [5] .

Select any minimal set of generators By, of the algebra T;*M. For any j; fe
By, define 1,, : TAM — (I7),, M by (i, (;49))(i5, f) = ((i4¢)(j5, /). In the
second step, 7 can be extended onto the homomorphism J; (M,R) — Dj.

We extend the map i,, to i : TAM — Ty M. For a general Weil algebra B
we show that any element j8¢ € TP M corresponds bijectively to some element
3P0 € TE M. Indeed, jP0(j3f) = jP(fop) = jP(f otz otz opo) = jP¢0 (s, fo)-
This general property extends i, onto i : TAM — Ty M. We proved the following
assertion

Proposition 1. Let A = D} /I be a Weil algebra, p : D}, — A the projection
homomorphism with its associated natural transformation p : T} — T4 and ¢ :
A — D a linear map satisfying p ot = ida. For a manifold M and o € M
let By, be a minimal set of generators of the algebra J; (M,R)g = T;*M. Then
there is an embedding i : TAM — TJ M satisfying ppr o i = idpay; such that
(TGAR) s J) = (A, /) for any j4¢ € TAM and ji, f € B,.

In the following investigations, we limit ourselves to monomial Weil algebras. A
Weil algebra A = D}, /I is said to be monomial if I is generated only by monomi-
als. We shall need the coordinate expression of some operators used later for the
construction of natural T-functions in question. Thus we introduce coordinates
on TAM and T*T“M. Consider the polynomial approach to the definition of Dy.
Then its elements are of the form iﬂfoﬂ'a, where 7, ..., 7, are variables and « are
multiindices satisfying 0 < |a| < r. Define a linear map ¢ : A — Dj as follows.
For 7, put ¢(p(7®)) = 0 if 7* € I and «(p(7*)) = 7* otherwise. As a matter of
fact, v : A — D} is a zero section. Similarly as p : D} — A, the map ¢ can be
extended to 7 : A™ — (D},)™ by components. Then it coincides with the map 7
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from Proposition 1, if we put M = R™, choose xg € R™ and substitute j;oxi for
the elements of B,,, where z* are canonical coordinates on R™. Further, define the
additional coordinates on T*TAM by p&dxi,.

Let us define operators T'— TT# by means of i and natural operators T' — TT}
as follows. Every natural operator A : T — T} defines an operator

(2) A:T—TT* by A=Tpoloi

which does not to have be natural and neither does the functions A : T*T4 —
R Consider a basis of natural operators 1" — T7T}. The non-absolute natural
operators A together with some of the absolute ones in this basis induce natural
operators A : T — TT#, while the others will be used for the construction of the
additional natural functions defined on T*T4.

By general theory, [5], searching for natural T-functions defined on T*T4, we are
going to investigate GT-F Zinvariant functions defined on (J"TT)oR™ x (T*T4)R™.
Therefore we state some assertions, concerning the action of G2 and some of its
subgroups on this space. It will be necessary to consider the coordinate expression
of this action as well as that of base operators A : T — TT% and their associated
functions A : T*T4 — R.

Denote by /\? a natural operator A p? associated to a derivation of I} defined

by 7 — 0778 for j € {1,...,k} and 1 < |B| < 7. Then we have coordinate forms
of )\? and /\§ , of the same form as those of A? and A? . We have

(3) A? = (o +|6)!xfx 7 0 ) X? - @ +| )!xgp?+6—{1}
al 6‘ma+ﬁ7{j} al
Let k£ be the width of a monomial Weil algebra A. For m > k, define an
immersion element i € Tg'R™ by x, = 0 whenever |a| > 2 and 2} = 6 for

j€{l,...,k}. For general 7, k, remind the jet group G}, = inv J§ (R* R¥)y, where
inv indicates the invertibility of maps in question. The multiplication in G}, is
defined by the jet composition. We give the coordinate form of the action of this
group on T*T4. Let afh___JQ denote the canonical coordinates on G, and &?1,---7111
indicate the inverse. Then the transformation law of the action of G¥, on T§R™
is of the form
—i j l l

(4) 7= af, 2l o,
for all admissible multiindices o and their decompositions as, ..., aq.

The jet group G, is identified with Aut D}, the group of automorphisms of the
algebra D}, as follows. For jjg € G}, and jj¢ € D, define
(5) Jog(iow) = jow o (jgg)
Let A be a monomial Weil algebra of width k£ and height » and p : D}, — A be the
projection homomorphism.

In what follows, we shall consider A as D, /(I U {7g+1,...,7m}) for s > r,
m > k with the properly modified projection p : D], — A. Consider a group
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Ga={jég € G:,;pojsg = p}, [1]. The following lemma characterizes G4 as the
stability subgroup of the immersion element 1.

Lemma 2. Let A =D? /I be a monomial Weil algebra of width k, height r and
St(i) C G2, be the stability subgroup of the immersion element i € T§'R™ under
the canonical left action of G%, on T{'R™. Then it holds G4 = St().

Proof. The formula (4) implies that every element of G, stabilizes ¢ if and only
if af = 6 for j € {1,...,k} and a!, = 0 whenever |a] > 2, 7* & I and 7 €<
Tlyeey Tk >

On the other hand, G4 = {jig € G:,;pojspo (j5g) ™t = pojie Vise € D}
In coordinates, we have

- <1 ~1
(6) Ta =1,.1,0q, - 0d,

where Z, indicates the transformed value of ji¢ (in coordinates x,) under an
automorphism j§g (with coordinates a?,. Substituting an i-th projection pr; for
¢, we obtain Z, = a’, and consequently dé = a§» = 5; for j € {1,...,k} and
ai, =a’, =0for|a| >2, 7¢I and 7* €< 7y...,7% >. Thus we have G4 C St(i).
The converse inclusion is immediately obtained from (6), taking into account the
coordinate form of i. It proves our claim. O

We remind the concept of a regular A-point of a Weil bundle M 4. An element
© € M, is said to be regular (a regular A-point) if and only if its image coincides
with A, [1]. Taking into account the identification (1), such a concept can be
extended to an A-velocity j4¢ € TAM. Clearly, it is regular if and only if ¢ is an
immersion in 0 € R*, where k is the width of A. Further, it must hold dim M > k.
In the case m = k the concept of regularity coincides with that of invertibility.
The map 7 from Proposition 1 preserves regularity and thus 7 : A¥ — RF can be
restricted to reg(N*) — G%, where N denotes the nilpotent ideal of A.

Alonso in [1] proved that there is a structure of a fiber bundle on reg T4M
with the standard fiber G},/Ga over a k-dimensional manifold M and therefore
reg T'R¥ is identified with G%/G4. The elements of reg(T4)oR* are left classes
jogGa. We extend this assertion of his to m-dimensional manifolds for m > k.
For 7: A™ — (D},)™ corresponding to a Weil algebra of width & we define a map
Z* . A’f?l s (Dz)m by

(7) i) =2l + 6P,  p>k+1

Then we have a lemma, giving the decomposition of any jgg € G, onto its projec-
tion from 7* o p(G7,) and the component in G 4.

Lemma 3. Let A = D} /I be a Weil algebra of width k and jjg € G.,, m > k.
There is an element jih € G4 such that

(8) Jog =T 0 p(jog) o joh
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Proof. The proof of the assertion is done in coordinates and it is based on the
iterated application of (4). We do it for only for k, since for m > k it is almost the
same. Let ¢/ denote the coordinates of jig, a’, the coordinates of 7 o p(jg) and
bZ the Coordlnates of jih to be found. Clearly, = ci7 whenever 77 ¢ I. In the
ﬁl"bt step suppose that « is a minimal multiindex 5uch that 7% € I. It follows from
(4), that ¢, = albl,, if we consider the conditions for jjh. The unique solution is
given by the invertibility of jjg. Suppose the assertion being proved for |a| < p.
We prove it for |a| = p+ 1. By (4) we have ¢}, = aj, bl bl 4 afbl, s > 2.
From the regularity of jjg we obtain again the unique solutlon ba, which proves
our claim. O

In the proof of the assertion giving the main result, we need to describe the
stability group of j5™( azf?b“ ). The transformation laws for the action of Gﬁfl
on (J"T1T)gR™ has the coordinate expression

. ol -
9) X = a’?’lefyz as
where X!, |a| < r + 1 denote the canonical coordinates of j”‘l(ﬁ). Further,
any multnndex v including the empty one is decomposed into 1, 72 and the no-

tation a? denotes the system of all all ...aks forly,...,l, forming the multiindex

Qg
~ and decompositions aq, .. ; Ot formlng Q. It follows that in coordinates any
element of G;jfl must satlsfy a; = = 6,41 and a’, = 0 whenever the multiindex o
formed by all 1,...,m+1 contamb any m+ 1 for |a] > 2. To describe the stability
group of jr+1(8wm+1) by terms of Lemma 2 and Lemma 3, denote A;, ,; the Weil
algebra of D /I for I =< 7,417 >, |a| > 1. Thus we have proved the following

lemma
Lemma 4. The stability group of ji ™ (5-2+) in GJ,2 is of the form i((A}12)™+?)
G;:fl Moreover, the stability group of j§+( M,anﬂ) and the immersion element

i € T{R™+ is of the form G a;my1 = Ga NI((ALFH)™ ).

Let us consider the base B of all T-functions A defined on T*T4 (not natural in
general ), constructed from the non-absolute natural operators L(7%)7 4 and from
the absolute operators AB with the coordinate expression given by (3). Let 81
denote the subbasis of B formed by natural operators 7' — TT4. It follows from
Lemma 3, that any element j4g € reg T4 M is identified with i*(j4g) € G:,;'Zrll, the
only representative of the left class j4¢gG 4 in the sense of Lemma 3. Therefore we
have

(10) i =1 (") i)

where [ is the symbol for the left action of G’;,jﬁrll on T{R™ ! to be used also for
the action of this group on (J™HT)oR™*! x (T*T4)gR™ L. Let us define a map
Imm : T*(reg T4)oR™ 1 — (TFT4)oR™+! as follows

(11) Imm(w) = (" (q(w))) ™", w),
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w € T*(reg T4)oR™*1.

Proposition 5. Let A be a monomial Weil algebra and (T*(reg T4))oR™+1 —
(reg T4)oR™ 1 be the restriction of the natural bundle T*TAR™1 — TAR™*!
to the opened submanifold (reg T4)oR™*! Then all operators from B — By are
G:,jfl -invariant in respect to the map Imm.

Proof. We prove the assertion from the transformation laws of the action of G:,jfl
on (J™HT)oR™ ! x (T*T#4)gR™ 1. We complete them for p¢'. Denote v = a—{j}

the multiindex from (3). Then we have

5 B+ 4 -1
(12) Pi = Byl et Gt e T - T3P
when the sum is made for all decompositions 71, ...,7s of multiindices v. The

formula is obtained from (3) and the standard combinatorics. To accent Imm(w)
as a transformed value for any w € T*(reg T4)oR™*! use p¢ for the additional
coordinates (obviously, the coordinates ', coincide with those of 7). Then we have
A (tmm(w)) = Af (@) 77V = pip] = p1UGERE p i we put y = a — {4},
which follows from (12). If we consider the coordinate expression of 7(A™*!) and
the formula (3), we obtain that the last expression coincides with 2 +‘”) 7pf V=

oy (a+ﬁ)'xipa+ﬂ Jj_ A(

a+8; o at’i

2t pd) = A(w). Tt proves our claim. O

The following lemma specifies a certain class of functions, among which all in-
vestigated ones must be contained.

Lemma 6. Let m > k. Then every natural T-function f : T*TAR™*+! — R is of
the form h(L(7%)T4, Kf) for some smooth function h of the suitable type.

Proof. By general theory, we are searching for all G, +1-1nvariant functions de-
fined on (J"HT)R™T! x (T*T4)gR™. Let w € (T*T4)oR™*! and z?, denote
the coordinates of q(w), ¢ : T*T4 — T4 being the cotangent bundle projec-
tion. By a general lemma from [5 ] Chapter VI, the natural T-function must
satisfy f(joT X, w) = h(X’]UZ7 apz) for any non-zero jit'X of a vector field
X on R™*!. The coordinates used in the recent identity coincide with those
deﬁricl_l)efore Lemma 2. The last expression can be considered in the form
h(L(Ta)TA,XZpZ,AB7 zip?) for |B] > 0, |y| > 1 and |(5| > 2. Identify ¢(w)
with j4g for any w € T*(reg T4)oR™ 1, ice. q(w) = I(i(j*g),i) and put jj*'Y =
Wi(G*9) ™45 T1Y). Then f(jg ™' X, w) = h(L(r*)T4, Y]], A], o,pn for 7] > 1
and i € {1,...,k}. Here ]5? indicate the transformed values of pi under the map
Imm. The last identity follows from Proposition 5. Further, there is j g e Guan
GA;jf such that I(jg g, 35“(61,2“)) = jo*Y. Then we have f(jo™ X, w) =
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h(L(TO‘)TA,O,TX?,O,p?) for i € {1,...,k}. The excessive coordinates p} are anni-
hilated by an element of Ker w71 N (A% )™*1), namely by an element satis-

fying in coordinates ai, = 0 except of a = (4,...,4) . Such an element stabilizes
———
(r+1)—times

jg“(ﬁ) as well as 4, which completes the proof. O

Searching for all natural T-functions T*TAR™*+! — R among those from Lemma
6, we state the basis B of functions defined on T;TAR™*! and identify it with B.
By general theory, [5], every natural T-function in question is determined by its

value over jg“(%) on (T*T4)oR™*!. Further, it follows from Lemma 4 and

the formula (11) that the map Imm stabilizes jg“(%) in the following sense.

For any w € T*(reg T4)oR™*! the action of i(g(w)) on (J"1T)eR™*! stabilizes
JoH (gmr)-
Set B the basis of functions defined on T;}TAR™*! obtained by the restriction

of B over jg“(ﬁ) onto T TAR™ 1. Conversely, B determines B by
S 9
(13) B(jstH( ST )W) = B o Tmm(w)

Analogously, we construct B; from Bi. Moreover, for any w € T} (reg T4)R™ 1,
the values formed by B(w) coincide with the coordinates pf of w defined before
(2) for 5 = 1,...,k except that of p? for the absolute functions and pwa for the
non-absolute ones. Thus any base T-function of B defined on T} (reg T4)oR™*+! cor-
responds to some projection pr? T (reg T4)gR™ ! — R. Tt follows from Lemma 4
and the fact that L(7%)7T 4 are natural that all natural 7-functions (T*T4)R™+!1 —
R from Lemma 6 are in the canonical bijection with G 4-invariant functions defined
on TFTAR™*! which are of the form h(L(T“)TA)([N\f) for Kjﬁ c TYTAR™H R,
Using coordinates, we find all G 4-invariants of p?, je{l,...,k}, |B| > 1. Then
we identify the functions h(L(Ta)TA)(pf) with h(L(TO‘)TA)(K?) and by (12), we
obtain all natural T-functions on T*TAR™ !,

This way we have deduced that our problem can be reduced to the problem
of searching for all G a-invariant functions defined on T;TAR™*! which can be
identified with a smooth function h» : RN — R for a suitable integer N. The

coordinate expression of the action of G4 on T} TAR™*! is induced by (12) and it
is of the form

(14) ;5]/?) :p]ﬁ» 7C(ﬁ+%/8)a§‘~,plﬁ’y for 7,77 €l and By g1

where C' indicates the multicombinatorial number. Clearly, T;TAR™*! is iden-
tified with the space RY endowed with the action (14) of G4. We are going to
investigate G4 N G7, -orbits on RY, since only p?— depend on B:n‘:_ll and they

can be annihilated by this subgroup. For those orbits, we construct all functions
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distinguishing them and then we express the corresponding invariants by terms of
elements from B.

The following assertion describes an important property of (G4 N Ker n%)-orbits
to bee necessary in the proof of the main result. Denote by Bs; C B the set of all
(G aNKer 7h)-invariants selected from B and denote by N the number of elements
in Bs. Clearly, By C By C --- C B,_1 C B,. Further, denote B = Bs; — B; and
N7 = Ng — N;. Then we have

Proposition 7. Let w € RY and Orbs(w) be its (Ga N Kern")-orbit. Then
BT (Orbg(w)) has the structure of an affine subspace of RN the modelling
vector space of which being determined by the formula (14) restricted to Bfn‘fl NG4.

Proof. is done directly applying the formula (14). Let w; and ws be elements
of BT (Orb(w)). Then w; can be achieved from w by the action of an element
of Bfntrll N Ga. The coordinate expression of such a transformation is given by
]5? = p? —C(B+, ﬁ)aévplﬁv. Analogously for w; and wy, we have ﬁf = f)f -C(p+
'y,ﬁ)bé-,yﬁlﬁ"’. Then ﬁf = pf - (aé,Y + bé,y)plm, which follows Wy = Ww +wiws. It
proves our claim. O

In what follows, we construct a basis D of natural functions from B. The con-
struction is given by a procedure, generating step by step a base of G 4-invariants
determining the base of natural functions. We start the procedure selecting el-
ements of By and put 51 = gl. For any w € TZ-*T’L‘R"L‘H7 consider its orbit
Orb(w) = Orby (w).

In the second step, consider BZ(Orb;(w)), which is by Proposition 7 a ko-
dimensional affine subspace of the affine space RN? for some ke < N?2. For al-
most every G 4-orbit in the sense of density, such an affine subspace contains a
unique point I¢? satisfying pr; (I C2) = 0 for j € Cy. The remaining components

of I¢2 determine G 4-invariants IIC 2 ,Ig%_ ks identified with natural functions
1

~Cz NCQ

I; ,...,Ile_kz.

In order to express them in formulas, we notice the following property of
BT (Orbg(w)) for any s = 1,...,7—1. Proposition 7 and its proof imply that if an
element of BST1(Orb,(w)) is stabilized by ji*'g € BSHY under the canonical left
action then the whole B3t (Orbs(w)) is stabilized. Denote Stzj;,}H C GanBith
the stability group of BT (Orbs(w)). One can easily deduce that St;“,}ir1 satisfies
the stability property of this kind for almost every w € RY. Clearly, St:’;,} L1isa
closed and normal subgroup of G4 N B, and thus ijmlﬂ =GanBL/ Stzjﬁﬂ
is a Lie group. It follows the existence of a section o 1;m+1 : HSS;LIH — GAQBZ;:_H.

Hence for any w € RN we have a unique j§h € oo;m+1(H7,,, 1) ~ H7,,,,, such

that B3 (1(jgh, w)) = I°*(w). Thus we have a map ac, : RN — H{, .. Therefore,
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any w € Ty TAR™*! is transformed onto
(15) lac, (w),w) = lag, (w) = (I]C2(w)), s=1,...N? —ky,j, & C,

Applying the identification (13), we obtain flcz, e ,TC and put Dy = DU

2
N2k,
7C3 7C3
(I, T3 )

In the (s + 1)-th step of the procedure we come out from the basis D, of natu-
ral functions and an element ws = lo,_ 0+ 0 lag, (w) € Orby(w) instead w from
the second step. By Proposition 7, BST1(Orbs(ws)) is an affine subspace of di-

s+1
mension ksyi of RN for some ksy1. Select Cyspq C {1,..., N1} For almost
every w, € TFTAR™*! there is a unique point 1+ (wg) = 19+ (BT (Orbg(ws))
such that pr; oI+ =0 for j € Cy;1. The remaining components of I+t deter-
mine analogously to the second step of the procedure G s-invariants and by (13)
natural functions Il(jil"”’cz for ls11 € Csy1. Analogously to the second step,
S
such that 1(j5T h, Bt (w,)) = I+ (w,). Hence we have a map ac, : RV —

Oertomst (o)) such that lac, ., (w,), w,) = 19 (w,) = lag, 0+ -0lag, (w) =

for any w under discussion there is a unique element jg“h € Ost1m+1(H S.J[nl 1)

s+1
ICs+1-C2 () taking into account the identification (13). Hence we obtained the
basis Dsy1 = Ds U {Ilfjl"”’C?;lsH ¢ Cs11}. We proved the main result, given by
the following Proposition

Proposition 8. Let A =D} /I be a monomial Weil algebra of width k, dim M =
m>k+1. Let i : TAM — T M be an embedding described in Proposition 1.
Consider a basis C' of A and a basis By of Der(D},). Further, let B be a basis
of functions defined on T*TAM constructed from operators Tp o Ap o i by the
operation ~ defined in the very end of Section 1, D € By. Then all natural T-
functions fas : T*TAM — R are of the form

h(Lar() T3 Iy I I )

where h is any smooth function of a suitable type, El are natural functions selected
directly from B and Il(js"“’(h (Is & C5) are obtained by the procedure.

I would like to express my gratitude to professor Kolafr for his precious advise
and comments.
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