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ABSTRACT. We describe two extensions of the notion of a self-dual connection
in a vector bundle over a manifold M from dim M=4 to higher dimensions.
The first extension, §2-self-duality, is based on the existence of an appropriate
4-form ) on the Riemannian manifold M and yields solutions of the Yang-Mills
equations. The second is the notion of half-flatness, which is defined for manifolds
with certain Grassmann structure T°M=>~FE ® H. In some cases, for example for
hyper-Kdhler manifolds M, half-flatness implies 2-self-duality. A construction
of half-flat connections inspired by the harmonic space approach is described.
Locally, any such connection can be obtained from a free prepotential by solving
a system of linear first order ODEs.

1. SELF-DUALITY AND HALF-FLATNESS

The Yang-Mills self-duality equations have played a very important role in field
theory and in differential geometry. This talk is about ongoing work on two gen-
eralisations of the notion of self-duality from four to higher dimensional manifolds

M. The first generalisation is the notion of
2-self-duality.

This is based on the existence of an appropriate 4-form €2 on a pseudo-Riemannian
manifold (M, g). For Q € Q*(M) we define a traceless symmetric endomorphism
field Bg : A2T*M — AN?T*M by

Bow = *(*Q Aw) , (1)

where w € N>T*M.
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Definition 1. A J-form Q € Q% M) on a pseudo-Riemannian manifold M
1s called appropriate if there exists a mon-zero real constant eigenvalue A of the

endomorphism field Bgq.

We note that on a Riemannian manifold the eigenvalues of Bq are real for any
4-form 2. We can now define a generalisation of the four dimensional notion of
self-duality thus:

Definition 2. Let Q) be an appropriate 4-form on a pseudo-Riemannian manifold
(M,g) and A # 0 € R. A connection V in a vector bundle v : W — M is

Q-self-dual if its curvature FV satisfies the linear algebraic system

BoFY = MFY (2)
(dx QD AFY = 0. (3)

It is easy to see that an 2-self-dual connection V is a Yang-Mills connection, i.e.
it satisfies the Yang-Mills equation:
dV*« FY =£5dV (*QAFY) = +5 (d« QA FY ++QAdYFY) =0

in virtue of eq. (3) and the Bianchi identity d¥FY = 0. This extension of self-
duality is based on early work of [CDFN] on gauge fields in flat spaces. Interesting
examples of manifolds with appropriate (and parallel) 4-forms are provided, for
instance by manifolds with special holonomy groups. So for gauge fields on these
manifolds, 2-self-duality may be defined. Various examples have been discussed in
the literature, e.g. in [CS, BKS, DT, T.

The second generalisation of self-duality is the notion of
Half-flatness.

This is defined for manifolds with certain Grassmann structure. In what follows M
denotes a complex manifold. A Grassmann structure on M is an isomorphism of the
(holomorphic) tangent bundle, TM = E® H, where E and H are two holomorphic
vector bundles over M. This is just a generalised spinor decomposition, allowing
representation of vector fields using two types of spinor indices, viz. X,, := €,Qhq,
where (e,) and (h,) are frames of E and H respectively. If M is four dimensional,
both £ and H have rank 2 and a,a are the familiar 2-spinor indices. Manifolds
with Grassmann structure provide interesting generalisations of four dimensional

manifolds. A Grassmann connection V is a linear connection which preserves the
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Grassmann structure:
Vie®h)=VPe@h+exV7h,

where VZ VH are connections in the bundles E, H and e, h are local sections
of F, H respectively. A Grassmann structure with Grassmann connection V is
called half-flat if the connection V¥ in H is flat. A manifold with such a half-flat
Grassmann structure is called a half-flat Grassmann manifold. Here we assume that
rank H = 2 and that a V#-parallel non-degenerate fibre-wise 2-form wy € T'(A2H*)
in the bundle H is fixed, so these manifolds are generalisations of hyper-Kahler

manifolds. The torsion of the Grassmann connection lives in the space
TMQNT*M = TM® (S°H* @ N’E* & N°H*® S°E*)

= EH (S’H* N E* ® wyS’E")

~ (S°H @ wgH)EN E* @ wyHES’E™,
where we omit the ®’s and we identify H* with H using wy. Notice that since
the bundle H has rank 2, the line bundle A2H is generated by the 2-form wpy.
(Choosing a frame (hq, he) for H, we may write wy(hq, hg) = €48, a skew matrix
with €19 = ]_)

We now consider gauge fields on these manifolds. Let V be a connection in a
holomorphic vector bundle v : W — M. (If v has structure group G, we may
choose a frame for it, in which the vector potential takes values in the gauge Lie
algebra g). The curvature of the connection V is a 2-form with values in the gauge

algebra, FV € A?T*M ® End W. Now, as above, in virtue of the Grassmann

structure the space of bivectors decomposes as
NTM =S’ EQNHONE®S’H = S’EQuwy ® N’E® S’H .
If e, e’ € I'(F), we have the decomposition

F(e® hq, € ® hg) = wi(ha, hg) FE) F([Zg)] ’

where F(¢¢) ig symmetric in e, e’ and F([;;;} is skew in e, e’ and symmetric in af.
In 4 dimensions both £ and H have rank 2, so this corresponds to the familiar
decomposition into self-dual and anti-self-dual parts of the curvature.
Definition 3. Let M be a manifold with Grassmann structure, not necessarily
half-flat. A connection V in a vector bundle W — M s called half-flat if its
curvature

FVe NHR S’ EQEnd W =wy ® SPEQEnd W .
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Quaternionic Kahler and hyper-Kéhler manifolds are special cases of manifolds
with (a locally defined) Grassmann structure, the Levi-Civita connection being
the canonical Grassmann connection. In the hyper-Kahler case the Grassmann
structure is half-flat. For these examples, half-flatness of a gauge connection implies
Q-self-duality with respect to the canonical parallel 4-form . In other words, a
half-flat curvature is one of the eigenstates of the endomorphism field Bq, as in
4 dimensions. Therefore, in these cases, the two generalisations of the idea of

self-duality mentioned above coincide.
There is an interesting special case of Grassmann structure, considered by [AG]:

Definition 4. A spin % Grassmann structure on a (complex) manifold M is
a holomorphic Grassmann structure of the form TM £ EQF = EQ S™H, with a
holomorphic Grassmann connection VIM = VP @ Id +Id ® V', where H is a rank
2 holomorphic vector bundle over M with symplectic form wg and holomorphic
symplectic connection V¥, and V¥ is the connection in F = S™H induced by V.

M s called half-flat spin %} Grassmann manifold if the connection V¥ is flat.

The bundle S™H is associated with the spin 7 representation of the group
Sp(1,C). Any frame (hy, he) for H defines a frame for S™H, (ha := ha,ha, - - - Payy )5
where the multi-index A := ajay...q,, , o = 1,2. The symplectic form wgy

induces a bilinear form wj} on F' = S™H given by

Wi (ha, hp) == 646 pwr (hay, h, )wr (hay, hg,) - - - Wi (hay,, Bg,,)

where &4 denotes the sum over all permutations of the a’s. This form is skew-
symmetric if m is odd and symmetric if m is even. To any section e € T'(FE)
and multi-index A we associate the vector field X4 := e ® hy on M and we put
Xoa = X

Let (M, V™) be a half-flat spin 2 Grassmann manifold and V a connection
in a holomorphic vector bundle W — M. The space of bivectors A2T'M has the
following decomposition into GL(FE) ® Sp(1, C)-submodules:

A2TM = A? <E ® SmH) —AN2E® S2S™H @ S?E @ A2S™H
where
SZSmH — S?mH D w%{st—ALH e B w?{[%}52m—4[%]ﬂ—

AN2S™"H = wpS*™2?H @ w3S™ He---@ wg%HlSzm—zx[%]_gH‘
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Here we use the convention that S'H = 0 if [ < 0. The corresponding decomposi-

tion of the curvature of V is:

F (X5, X5)
/2] o

= 61463 Z (wH(hOﬂ? h’ﬂl) U wH(hOQIc’ hﬂ?k) F ;§k+1...amﬂzk+1...ﬁm
k=0

(2641) (g1
+(“)H(ha1’ hﬁl) Tt wH(h’azkH’ h52k+1) F

a2k+2---04m/32k+2---,3m) ’
(2k) (2k+1)
where the tensors F € ['(A2E* @ S?™ 4 H*) and F € I'(S?E* @ S?m—*-2H*)

are the curvature components in irreducible GL(E)-Sp(1, C)-submodules.
For manifolds with spin 7+ Grassmann structure it is natural to define half-flat
connections as those satisfying

(21) .
F=0, forallzeN.

However, for these manifolds it is useful to consider a more refined notion:

Definition 5. (.)A connection V in the vector bundle v : W — M is called k-
partially flat if F’=0 for all i < 2k. Here 0 < k < [™f2].

Clearly, [mT“]—partially flat connections are simply flat connections. We note that
for m=1, O-partially flat connections are precisely half-flat connections. For general
odd m=2p+1, O-partially flat connections in a vector bundle v over flat spaces with
spin %3 Grassmann structure were considered in [W]. Some other k-partially flat
connections on flat spaces were considered in [DN].

The penultimate case k = [%] is particularly interesting for odd m.

Theorem 1. Let M be a half-flat spin 3 Grassmann manifold M. If m is odd and
the vector bundle E — M admits a V¥ -parallel symplectic form wg, then M has
canonical Sp(E)-Sp(H)—invariant metric ¢ = wp @ W} and 4-form Q # 0. If Q s
co-closed with respect to the metric g, then any mT_l—partially flat connection V in
a vector bundle W over M 1is Q-selfdual and hence it is a Yang-Mills connection,

i.e. it satisfies the Yang-Mills equation.

Sketch of proof: To describe (2 we use the following notation: e, is a basis of E,
he is a basis of H, h, is the corresponding basis of S™H and X,4 := e, ® h4 the
corresponding basis of TM = E @ S™H. With respect to these bases, the skew

symmetric forms wg, wy and wj; are represented by the matrices wgp, wap and wap
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respectively. We define €2 by
Q.= ZwabwcdechDX“A N XbB N XCC N XdD s

where X4 is the dual basis of the basis X,4. The connection V is mT’l-partially
flat if and only if its curvature F belongs to the space S?E* ® wi ® End (W).
Contracting a tensor S = Sywapete® ® hAAE in S2E* @ W with Q, after some
algebra, yields AS with A = —4(m+1) # 0. Hence any mT_l—partially flat connection

is Q-selfdual and is a Yang-Mills connection. O

2. CONSTRUCTION

We now briefly sketch a construction of half-flat connections on half-flat Grass-
mann manifolds using a variant of the harmonic space approach (c.f. [GIOS1]).
The method affords application to a construction of partially flat connections on
a half-flat spin 7 Grassmann manifold as well. Details and proofs will appear in
[ACD].

We denote by Sy the Sp(1, C)-principal holomorphic bundle over M consisting
of symplectic bases of H,, & C?>, m € M,

Sg={s=(hy,h ) |wy(hy,h )=1}.

The bundle Sy — M is called harmonic space. A fixed parallel symplectic frame
(h1, he) of H, such that m +— s, = (hi(m), ha(m)) € Sy yields a trivialisations
M x Sp(1,C) = Sy defined by

(m W) = spll = (hy = kot , o= Y hau? ), U= (“;* Z:) s detU=1.

Uy
This is precisely the harmonic space of [GIKOS, GIOS2]. The matrix coefficients
ug of Sp(1,C) are considered as holomorphic functions on Sy and together with
local coordinates of M, we obtain a system of local coordinates on Sy constrained
by the relation ulu? —ulu? = 1. We denote by d;4,0__,9, the fundamental
vector fields on Sy generated by the standard generators of Sp(1, C), satisfying the

relations
[044,0-_] =030, [00,044]=2041, [0, 0-_]=-20__.

For any section e € I'(E) we define vector fields X§ € X(Sg) by the formula

——

Xilhyhy =€e®hy
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where Y is the horizontal lift of a vector field Y on M. They satisfy the relations

[807Xi] = :I:Xj: ’ [a:t:taXi} =0 ) [aiiaXi] = X:T: )

Vi xe€ Vv xe' € ~ ,
e e’ A1 X3 e e
[xe,x¢] = X, - x,% - T(rn X, m XY,
Vﬂ*Xe e Vw*Xe_le

[Xi’Xi,] = X7 -X

— T(W*X_T_, W*Xfl) ,

—~———

where T is the torsion of the Grassmann connection, T(X,Y) := T(X,Y) denotes
the horizontal lift of the vector T(X,Y’) and we have used the abbreviation V ye :=
VE&e. We denote by D the distributions generated by vector fields of the form
X$,ee(E).

The holomorphic Grassmann structure is called admissible if the torsion of the
Grassmann connection V has no component in S?H ® E ® A2E*. This means, in
particular, that the torsion can be written as a sum of tensors linear in wy. Now, it
is not difficult to prove that if a Grassmann structure is admissible, the distribution

D, (associated to any parallel frame (hq, hy)) on Sy is integrable.

The basic idea of the harmonic space construction is to lift the geometric data
from M to Sy via the projection 7 : Sy — M. The pull back 7*V of a half-flat
connection V in the trivial vector bundle v : W = C" x M — M is a connection
in the vector bundle 7*v : 7*W — Sy which satisfies equations defining the notion
of a half-flat gauge connection on Sy. One can also define the weaker notion of an
almost half-flat connection in 7*v : 7*W — Sg by considering only the equations

on the curvature involving 0, 0,4 and X¢ in one of the arguments.
Now, the main result, for which the integrability of D, is crucial, can be stated:

Theorem 2. Let M be a manifold with a half-flat admissible Grassmann struc-
ture. Consider a matriz-valued function Ay, on Sy (the “analytic prepotential”),
constant along the leaves of D, with the homogeneity property OgA L = 2A,, ,
and an tnvertible matriz-valued solution of the system of first-order linear ODE’s,
049 =—-A 1P, 00® =0. The pair (Ayy, P) defines an almost half-flat con-
nection VA++2®) in the bundle m*v : ™W — Sy, which depends only on A, ., ®
and their first and second partial derivatives. The potential A(X¢) of this connec-
tion with respect to the frame e® = ei<1>j-, where e = (e;) is the standard frame of
W =C" x M, determines a half-flat connection in the bundle v : W — M. Con-

versely, any half-flat connection over M can be obtained using this construction.

The proof and further details may be found in [ACD].
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