Third International Conference on

Geometry, Integrability and Quantization

June 14-23, 2001, Varna, Bulgaria

Ivailo M. Mladenov and Gregory L. Naber, Editors
Coral Press, Sofia 2001, pp 196-208

SOLITARY SOLUTIONS OF COUPLED KdV AND
HIROTA-SATSUMA DIFFERENTIAL EQUATIONS

A. R. ESFANDYARI*" and M. A. JAFARIZADEH**

* Department of Theoretical Physics and Astrophysics, Tabriz University
51664 Tabriz, Iran

T Institute for Studies in Theoretical Physics and Mathematics
19395-1795 Tehran, Iran

! Research Institute for Fundamental Sciences, 51664 Tabriz, Iran

Abstract. By considering the set of coupled KdV differential equations
as a zero curvature representation of some fourth order linear differential
equation and factorizing the linear differential equation, the hierarchy of
solutions of the coupled KdV differential equations have been obtained
from the eigen spectrum of constant potentials.

1. Introduction

The cKdV (coupled Korteweg-de Vries) equation is a generic example
of N-component systems, energy dependent Schrédinger operators and bi-
Hamiltonian structures for multi-component systems [3,4]. Quasi-periodic and
soliton solution are studied in connection with Hamitonian systems on Rie-
mann surface in [1]. The soliton fission effect, kink to anti-kink transitions,
and multi-peaked solitons extend to equations that model physical phenomena.
The classical Boussinesq system and the equations governing second harmonic
generation (SHG) are each connected to the cKdV system through nonsin-
gular transformations [2]. Direct application of these transformations enables
solutions of cKdV system to be interpreted in the context of these related equa-
tions. A connection between the SHG system and the cKdV system has been
recently discussed [2, 14]. Therefore, in this work because of more importance
of cKdV systems, we consider two kind of integrable cKdV system [5, 10]
and solve them using the factorization method that it is somehow similar to
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the procedure of obtaining the solution of KdV equation from the free parti-
cle Schrodinger equation through the well known technique of supersymmetric
quantum mechanics [6, 11, 12].

This work is organized as follows. In Section 2 we consider factorizing the
fourth order linear differential equation and deform it through zero curvature
representation. Section 3 is devoted to determining the set of functions that
appear in the fourth order linear differential operators. In Section 4, we con-
sider the hierarchy of the fourth order linear differential operators. Finally in
Section 5, we obtain the hierarchy of the solutions of ¢cKdV and KdV [8, 15]
equations.

2. Factorization and Deformation of the Fourth Order Linear
Differential Equation

Let us consider the following eigenvalue equations
Ly = My, (1
where the fourth order linear differential operator L, is:
Ly =0"+X,0°+Y,0+ 7. 2)
The operator L; can be factorized as in [7]
Ly = (9 —94)(0 = 5)(9 — 92)(0 — ¢) + ¢, (3)
where ¢ is an arbitrary constant. Hence we will have
Ly, = AyAs A A + ey = MYy 1=1,...,4 4)

in which A; are obtained from periodic permutations of the functions g;, i =
1,...,4, that is

g1 gatr—=gst—gst— g, (5)
and
Vi = A,
P = Ay, (6)

AJ:f?—g], 321,’4

By defining
Fj = (¢j7 wjma wjxmv ¢jm:m:>—r 5 (7)
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we can write [9]

where
0 1 0 O
0 0 1 0
Ur = 0 0 0 1 ®)
AN—Z, =Y; =X, 0

It must to be mentioned that we have supposed the transformations (6) are
canonical ones. Now by taking derivative of the relations (6) with respect to =
and using the relations (8) we will have

Fj+1:Gij j:]_,...,?),

Fy = GuF, (19
where
G = 11

Now, taking derivative of both sides of (10) with respect to x and assuming
that the matrix (7, is invertible, we can write

Ujn1 = GG + GiUGHY, j=1,...,3 12
U1 - G4xG21 + G4U4G21 .

Here we have assumed that the vectors F; depend on another parameter such
as t, so that

F,, =V,F;, j=1,...,4. (13)

By taking derivative of both sides of (10) with respect to ¢ we conclude
Vipn = GyuGi ' + Gy V;G7 j=1,....3, (14
U1 = G4tGZI + G4‘/4Ggl .

The relations (12) and (14) are just gauge transformations which preserve the
zero curvature condition, 1. € we have



Solitary Solutions of Coupled KdV 199

Now by substituting the relations (9) and (11) in the transformations (12), we
obtain

X1 =X +4g1
)/H—l - YE + Xla: + 691:5:1: + 4glglw 3 (16)
Zivn =21+ 2X10191 + Yie + 40100 + G X1 + 6919102 1 4912911: ,

forl=1,...,3 and

Xl - X4 + 4943: ’
le - }/4 + X41: + 6943:1: + 49494:17 9 (17)
Zy = Zy 4+ 2X4040 + Yie + 4Gse + 95 Xuz + 6049420 + 4G5 Gz -

3. Determination of the Set of Functions g;, X, for Y; and Z,,
t =1, 2, 3,4 together with their Higher Step Generalization

If we can determine the set of functions Xy, Y; and Z,; by solving the eigenvalue
equation Ly, = Ay, then we can determine the set of functions X;, Y, and
Z;, i = 2,3,4 via the prescription of previous section, that is, by choosing
A = ¢ which yields

(0 0.)0(e) = 0= g, = ~-log(e). (18)

Obviously the eigenvalue equation L1, = Ay has four linearly independent
solutions, since it is fourth order linear differential equation. Hence we can
consider the set of functions 1 (¢), ¢1(c) and &;(c) as three linearly independent
solutions of eigenvalue equation L,v; = Ay, for A = ¢. Now, defining

0
91 = 5, logi(c), (19)

where the function 1, (c) can bee chosen as the ground state of the eigenvalue
equation L1(c) = Ap(c). Then we have

a(e) = (9 = g1)tbi (¢) = W (b1 (), dn (c)) - (20)
Therefore, the function g, can be written as

o W(i(e)n(o)
#= oz o8 Pi(c) .

1)
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Similarly we can write

W (¢1(c), 61(0),6(c))
W (¢1(c), 61(0))

bs(¢) = (9 = 92)(8 — g1)th (¢) = . (22

hence the function g3 take the following form

o, W(%(0).41(0,6()
g3 = ox log W<¢1 (c>’¢1 (C)) . (23)

Now, considering the relation
g1+ 92+ 935+ 9.=0, (24)

and using (19), (21) and (23) we obtain

g1 = — - og W (44(0), 61(). &) 25)

and consequently the ground state of the eigenvalue equation L,(c) = A(c)
corresponding to A = ¢ 1s

1
ba() = . (26)
O W@ 00 6)

Now, using the relations (16) and (17) we can determine the set of functions
X;, 1 =2,3,4 in terms of the functions X, 1. e.

82

Xy = X, +4@10g¢1(c), (27)
82

Xa =Xy + 42— log W (t1(c). 61(c)) (28)
82

Xy =Xy + 45— log W (41(c). 61(¢),1(c)) - (29)

Even though there are not the expressions like the above ones for the set of
functions Y; and 7;, i = 2, 3, 4, they can be determined in terms of the functions

g1, g2 and gs.
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4. Hierarchy of Fourth Order Operators

In this section we introduce the following hierarchy of fourth order linear dif-
ferential operators

Ly, Lg, Lo, Ly = Lis Ly, L3, Ly =Ly; ... Ly, Ly, Ly, Ly = Ly (30)

where, the set of operators L7, j =1,2,3,4 and i = 1,2,3,... can be factor-
1zed in the following form

L= A A3 A2AY 1o,
L2 = ALA A3 A2 1o,

31
L3 = BAMA e, D
Lf= ABAZAV A 4c
with
Al=0—g, r=1,....4. (32)

From the identity L} = L, we have
(0= 92)(0 = g2)(0 — g,)(0 — g,) + ca
= (0 - 9i+1)(a - 92+1)(8 - 9721+1)(a - 9711+1> + Cpp1- (33)

Now, using the prescription of previous section, the set of functions ¢°, i =
1,2,3 can be determined as

1 _ 8 1

g, = (9—33 1Og ¢n (Cn) 9 (34)
, 0 W(wken) oi(en)

9= 5 T , (35)

,_ 0, W) oo £(c))
9= 5r % T W@ie)one))

where the set of functions ¢} (¢,), ¢ (c,) and &} (¢,) are three linearly inde-
pendent solutions of the eigenvalue equation Ll«! = X! corresponding to
the eigenvalue A\ = ¢,,. Now, if we assume that the set of functions X/, Y,! and
Z; are arbitrary constants, then the eigen spectrum of the eigenvalue equation
Lyl = Xyl can be determined right away. Hence taking its three linearly

(36)
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independent eigen functions 1} (cg), ¢f(co) and €2 (cy) together, and using the
relations (34), (35) and (36), we get

1 _ 0 1
9o = 9 log 1, (CO) ) (37)
o W(¥h(eo) b(co))
%= g8 , (38)
W é 0 0 3
i oy @@W(M() )
ox

W(wo(co) (Co))
)

Similarly for A = ¢; from the set functions ¢(c1), ¢g(ci) and & (c1), we
obtain

Wm:(wm @) o)

¢c1J(Co>
. W (13 (o), Bh(co) v (er)) .
Yoler) = W(% (@) o) ) ; (41)
) W (3 (o), $A(co), €3 (er), i (e) )
o\C1) = . 42
et W (8 (ca), dhlco), € (er) -

Obviously the relations (40), (41) and (42) hold true for the set of functions
¢5(er) and &5(¢y), too, where all we need only is to replace the function 3 (¢;)
with ¢}(cy) and &} (ey), respectively. Now, for n = 1 using (42) and taking the
fact that H} = H{, we get

Lo W(viw)

g = L log 7¢é(cO),§5(c0),¢%(cl))
1™ Oy <¢ (co), dd(co), & (Co)> .

Indeed we choose the function 1 (c;) = 15(c1) as the ground state of eigen-
value equation Liv; = A}, Also

W (w3 (co): @b (eo), & (o), b (er), Bh(en)
W (14 (co), 8h(co) €4 (co). i (cr) )

(43)

Yi =0 —g1)d = ., (44

which leads to
W (8 (co), (o), b o), b (en), d(er))
W (o), 8b(co), E4(eo), h(er))

0
2 _
91 = O log (45)
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Finally, the function %3 (c;) can be written as

= (0 -91)(0 - n)&
W (b (en). aleo), 3 co) Baler), 0 (e1). &5 (e1)) (46)
W (3 (co), 98 (co), &3 (co) i (er), d(er))

Therefore, for the function g? we get the following expression

0o, W) difeo). &) vi(en). di(en) £ (er)
) W (4 (o), 6 (c0), & (o) v (1), B (1))

. A7)

Repeating the above procedure and using

W(¢17' . '7¢n7f)7W(¢17' . '7¢nag))
W(d)la "'a¢n>

(¢17"'7¢n7f7g)7 (48)

we can evaluate all g,,, and we have

9 = (%, log(€2;,). (49)
ol _ W(%(CO%%(CO),%(CO)»---
T W (o), @b (co), (o), -
ey B () Db (en), € (nmn) B () oY
b (enn), B4 (enn), €3 ()
9 = ail g(2) (51)
g = WlHae) i), Gi(en),
W (93 (co), dh(co). € (co) .

..,wa<cnf1>,qso(cnfl),fo(cnfl);¢s<cn>,¢a<cn>>
() B (enm ), € (Cumr), U ()

0
3 _ - 3
gn - 8%’ log(Qn>? (53)
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s _ W), g (o). G (eo).
T oW (), @), o), - 54
LR ¢é (Cn—l)a ¢(1)<Cn—1)7 g(‘lj (Cn—1>> ¢é (Cn)7 ¢(1)(Cn)7 g(l) (Cn>)
() b (Cumt), €3 (G ) W (), BB (en))
Now, using the identity L), ., = L2, we obtain
Xo =X, +4§(gn + g + 9n)
o W(yd(co), db(co), & (co),
=X,+4—lo
T80 % 1 (o), 0b(ca). (@) (59)
b (Camr), B (e ), €3 (Cumn ), 08 (), B (c )fé(cn))
a1 Bh(ea ), Eb(ea )
Repeating the relation (55) n times, we obtain
X2 =X!t 438—22 log 72, (56)
= W (3 (co) 9 (<o) &3 (co) -
(57)
s (1) B3 (Cn1)s € (enmn) B (en) )
X3 X1—|—4aa—2210g7' , (58)
= W<¢(1)(Co)a ¢o(ca): &o(co)s - - -
(59)
ces ¢é (Cn—1)7 qb(l) (Cn—l)v fé (Cn—l)a ¢é (Cn)> qbé(cn)) )
X', =X =X+ 488—2 log 74, (60)
= W(¢é(¢o)a ¢5(c0)s & (o) -
(61)

T ¢(1) (C’n71>7 Qs(l) (Cn71)7 6(1) (Cn71>7 ¢é (Cn>7 Qb(l)(cn), 6(1) (C’ﬂ)> :

5. Solitary Solutions of Coupled KdV Differential Equations

In this section using the results of previous section, we will obtain solutions of
KdV and Hirota- Satsuma differential equations. We choose the operators such
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that, they satisfy ¢g> + ¢> = 0 and g2 + ¢g* = 0. We can choose
1 1 2 1
9n = Uy, 9n = Up,
3 > PR (62)
9n Uy, 9n = Ups
and then we can write
Ly, = (0+v,)(9 =)0 —0,)(9 +v,) + cn,
Ly = (0+v,)(0—;)(0 —v,)(d+v,) + cn, (63)
Ly = (0= v,)(0+v,)(0 4 v2)(d — v;) + cn
Ly, = (8= 03)(9 = v,)(0 +v,) (0 +vy,) + ¢
By defining the functions [5]
1 1 2 1N\2 2\2
Pn = 5(?}77,;1: — Upe — (Un) o (Un> )7
1
ty = 5 (vh, + 2, — (01)° + (02)7), (¢4
fn = U}q + 11721 3 hn ,Ufrllwvix o lelw
they reduce to
L} = 0" + 21,0 + 2(Upy + Ppz)0 + 1>
- Qpi + Unzx + gpnxm + Cpn
+ hy + folne + B fro + Cn
J J 65)

L3 = 0% + 21, 0% + 2(Ung — 0py )0 + U2 — o2

n

+ Unze — Pnaz + Cn

In (65) the transformation ¢,, — —¢,, maps the first and third operators into
each other, while the transformations f, — —f, and h, — h, + f, map
the second operator to the fourth one. Since, we are interested in obtaining the
solitary solutions of coupled KdV differential equations, we choose the operator

M in the following form [5]

3
M} = 20° + 3u, 0 + 3 (up +2¢,) .

(66)
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The Lax’s equations associated with the pairs of operators M and L} lead to
Hirota- Satsuma equation

Upy = §unx:r:r + Suunx - 6¢n¢nw s

ant - _anxx:r + 3un¢nx )

(67)

which are invariant with respect to the transformation ¢ — —¢. Now, defining
the operator M? as [5]

3 3
then, the Lax’s equation associated with the pair of operators M? and L2 ( the

second operator in (65)) lead to coupled KdV equation

1

fnt — _5

(2fnswe + 3fufuwe + Fo = 3F 2 fue + o fre
+ 6 fuhne )

Pt = = (2P + 12+ 6F P+ 121, o

+ 18 shus — Ol foo + Bfussass + 3fafusae (70)

(69)

The equations (67) are invariant under the transformation ¢,, — ¢,,, while the
equations (69) and (70) are invariant under the transformations f, — —f, and
h, — h, + f,.. Also, through the above transformations in (66) and (68), the
Lax’s partners of the operators L? and L} take the following form

M? = 20° + 3u,,0 + g(un —2¢n), (71)

M =20° + ;(th + 3fpe — [0+ Z(%m + 3foze = fafux) . (72)

We should mention that if we consider &! (¢, ), ¢©L(c,) and ?.(c,) as three
linearly independent solutions of the eigenvalue equation Ll! = Al then
according to (62), we have

W (¢ha(cn), 61 (ca) ) = comst # 0, (73)

that is, in every step we should choose the linearly independent solutions ¢} (¢,,)
and ¥} (¢,) with a constant Wronskian. According to (65), the equality L? =
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L} ., implies that
Pn41 = const,

74

Hence the solutions of coupled KdV equation give the solution of KdV equation
via exploiting the relation (74). Now we consider an example. If the potentials
ugy and g are arbitrary constants, then the solutions of the eigenvalue equation
Lt = My for A = ¢, are

exp[tagx +m;] and exp[E+Six + ny (75)

where «;, and 3, are
1/271/2
akZPmm+@%+%—fﬁ } ,

1/271/2
5k={—uO—<¢3+CO—CQ } :

Since these solutions should satisfy the time evolution equation ¥}, (¢c;) =
Mgl (ep) too, they can be written in the form

(76)

ay explEay (x + (207 + 3ug)t] and by explEag(z + (267 + 3ug)t]  (77)

As an example for k = 0 and using (73) we choose '$(co), pi(co) and &3 (cp)
in the following form
P4 (co) = cosh(ag(z + (204 + 3ug)t),
b5 (co) = sinh(ag(z + (20 + 3up)t), (78)
£ (cp) = cosh(Bo(x + (232 + 3ug)t) .
By choosing Uy = —3 and ¢y, = 1, in the first step of factorization, using

the relations (64) and (74) we obtain the following results for the solutions of
coupled KdV equations and KdV itself

fo = —tanh[V2(—x + 5t)] — 2 tanh(—2x + 2t) (79)
4
COShQ(—QZC + 2t) ’ (80)

ho = —2v/2 tanh(—22 + 2t) tanh[V2(—z + 5¢t)] +

4

= —3+ .
' cosh?[V2(—z + 5t)]

(81)
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