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We define the notion ofircular words then consider on such words a constraint derived from the
Fibonacci condition. We give several results on the stmecti these circular words, then mention
possible applications to various situations: periodicaggion of numbers in numeration systems,
“gcd-property” of integer sequences, partition of the prefithe fixed point of the Fibonacci substi-
tution, spanning trees of a wheel. Eventually, we mentianesopen questions.

Letb > 1 be an integer. It is well-known that the expansion in basta numbeix is ultimately periodic
iff xis rational. Considex andx € Q, and writeW andW’ for their periodic part, assumingV| = |W/|
(this latter hypothesis can be fulfilled by considering ahié powers of the minimal period &fandx’).
There exists a simple way to get the periodic pant-¢fX: it consists in addingV andW’, with the only
difference from common addition that the possible carrhatiast digit on the left has to be reported on
the right of the period. This way of adding finite words on agohabet of numbers embedd the set of
finite words of lengthY with a group structure, the group ¢dunctured) circular word®f length/ on the
alphabet{0,...,b—1}. To distinguish circular words from standard words, we et for the former
ones. Formally, a circular word can be regarded as a biiafitrely periodic wor d with a pointer on
one of its letters, or as the ordered set defined by a finite Word wy...wy_1 and its circular shifts
o(W),...,a"" (W), wherea(wp...Wn_1) := Wn_1Wo. .. Wn_2.

To be able to properly define an addition on circular wordsingmortant point is that the circular

word O" (made ofn zeroes) has to be identified witb — 1) (made ofn times the digitb— 1). Forb
equal to ten, this corresponds to the classical identiéinati000... = 0.999. ... Hence, since the group

—_—

of circular words of lengtm is abelian, is generated 10)—11 and had" — 1 elements, it corresponds to
Z/(b"—=1)Z.

Now, consider the set of circular words of ordgr This also defines a finite abelian group, which
is the group of periods of all the rational numbers of the fquy (the identificatiolW™ = W for any
m > 1 ensure that all these periods can be supposed of equah)etigs easily seen that such a group
is isomorphic tdZ/gZ. One of its elements plays a particular role: the one coomdipg to the smallest
value (apart from the word containing only 0s). This one,ated by, has the particularity thatr?,
3n,. qI'I are computed by standard classical addition, that is: ny edrthe end of the calculation
has to be put in the beginning of the word. In other words, weia = il for anyi < g. For e@@le

in base ten, the grouﬁ/?Z of circular words of ordeq 7is made offl = 142857 71 = 285714,
3M = 428571 n= 571428 Bl = 714285, 61 = 857142 and M = 999999— 000000= 0.
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32 Circular words and applications

1 Admissiblecircular words

A first question about circular words is to ask how the presiobservations extend when considering
constraints on words derived from more general dynamicsiesys. We focus here on the Fibonacci
condition: a circular wordlV := wg ... W,_1 on the alphabef0, 1} will be said to beadmissibléff it does
not contains the factor 11, that is: for anyQ < n we havew;_;w; # 11, andw,_1wo # 11. (To be
more synthetic, the indices of the letters can be consideredulon, so the previous condition can be
rewritten asw;_1w; =~ 11 for anyi.) .

ForW =wp...Wn_1 andW’ = wj...w, ,, W-+W' is achieved by considering the word made of the
lettersw; +w, and by using as many times as needed the identities

.. -Xk—2110(k+2 e = . -Xk—ZOO]-Xk-i-Z -

(which corresponds to the equalfy_; + 2 = F, where(F) is the Fibonacci sequence wilg = 1
andF; = 2) and
c.. Xk730020(k+2 cee =L .&,3100kk+2 c..

(which corresponds to the equalitfae= F_2 + F-1, which is true for anyk > 2). Note that we write
from left to right and not from right to left.

The circular wordsN andW’ are equivalentiff they belong to the same orbit under the previous
transformations. It can be shown that, essentially, argutar wordW on the alphabelN possesses a
unique equivalent admissible circular word, denote(fbﬁl). The only exception concerns the orbit of

the circular wordl™. First, the orbit oft2‘+1 contains no admissible circular word. For this reason, én th
sequel, we consider only circular words of even lengthSecond, the circular wort¥ is equivalent to

—_~—

two admissible circular Words(?)\l)/’f and(10)‘. Assuming that these two words are equal is enough to
get the following group structure.

Theorem 1. For any/ > 1, define the se¥;" of circular admissible words of lengt/ that contains at

P

least onel. Assume the identificatiof01)’ = (10)‘. The set¥;" is an abelian group for the previous
addition. More precisely, we have

g ~ (Z/dZ) x (Z/d,Z)  for £ odd,;
¢ —{ (Z/50,Z) x (Z/d,Z) for ¢ even,

whered =F, >forevendandd =F,_1+F,_3forodd/ (recallthatih=1, F =2and k:=FR_1+F_2
for every k> 2).

(For a proof, as well as for proofs of the other results staere, see [3].)

The identity element of/;" is the elemen{01)’ = (10)‘. We could also identify it with0*, but
technical reasons show that it is better to avoid this latterd (hence the star in the notation). The
identity element can be seen as the (non-unique) admidsitsteof 12¢. This remark can be used to get
an algorithm that produces the opposite of a given eleménof g/ in W, replace each 0 by a 1 and
each 1 by a 0, then make admissible the obtained circular lypapplying the preceding process to get
an admissible circular word: this is the opposite\f

The sequence of cardinalities gf is the integer sequence A004146 [of [4]. Its first terms arg 1, 5
16, 45, 121, 320,... We will make use of this observation atisa[5.

As regards admissible circular words of ordgwe have the following result.
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Theorem 2. For q> 1, let 32; be the set of circular admissible worklé of even length, containing at

least onel, and satisfying W = (01)WI/2 (this latter being identified witl§10)W|/2). Assume also the
identificationsW = Wn for any n. The set”; equipped with the addition

WaoW =7 <Wm/|W +W’m/|W’> , where m= lcm(|W/|, W'|)

is an abelian group isomorphic t&/qZ) x (Z/qZ).
An explicit description of the se#’; is given by the following theorem. In the sequel, we denote by
N the application defined on words as well as circular wordBlbyo. .. Wy—1) := 5, WnFn.

Theorem 3. For any q> 2, the minimal value for which 9;; C ¢/ satisfies the formula

2¢ =min(n> 2, neven :(F, modq) = (F,-1 modq) =1).

Moreover, let := 1~ 71 (resp. [ := 13,...70,_,) be the circular word of lengt2/ such that
N(M) = (F,—1)/q (resp. NIM’) = (Fo_1 — 1)/q). We haves (") = M and, for anyl <i < g

i-N=in and i-NV/=iM.

The circular wordd1 and M’ are the only non-trivial elements of; satisfying this latter property.

2 Periodic expansions

Circular words are a natural tool for studying numbers wighigdic expansion in numeration systems.
The first motivation for their study was to give a descriptiminthe set of periodic#-adic numbers
which are the equivalent gf-adic numbers for the Fibonacci sequeriég),. More precisely, anz -
adic number is an infinite admissible woid = wow; ... associated with the divergent serigswnF.
Assuming the identificatiori01)® = (10)* and some other identifications derived from this one, the
set of #-adic numbers is an abelian group. Admissible circular wasdthen the basic tool to get the
following characterization of periodi¢--adic numbers.

Theorem 4. An.%-adic number X is ultimately periodic iff there exists irgegyp and q such that gx p.
Moreover, the integers p and g being given, the equatiocs gxadmits exactly q different roots (orgl
if g divides p).

The set of roots ofjx = p can be fully described with the help of Theorem 3.

3 gcdproperty of integer sequences

Let us say that an integer sequeriog),>1 has the gcegproperty whenever, for anyn andn, we have
gcd(Um, Un) = Ugeqmn)- It is well-known that the Fibonacci sequendg)n defined byf; := f, := 1 and
fn:= fo_1+ fn_o has the gcd-property (se€ [1]).

An immediate consequence of the definition of circular waadd of Theorenill is that, for any
integern, the applicatiory: ¥, — ¥, defined byg(W) =Wnis a injective morphism of groups. We
can easily deduced from this fact and from Theofém 1 that égeence(d,), has the gcd-property.
Sincedy = Fy_2 = fy, this provides a new partial proof that the Fibonacci seqeéf,), has the
gcd-property (limited to even indices).



34 Circular words and applications

4 Balanced partition of the beginning part of the Fibonacci word

TheFibonacci word M= abaababaabaah . is the fixed point of the substitution defined &y aband
b — a. It is well-known from the theory of sturmian words thHdthas thebalanced propertydenoting
by |W|a the number ofs in the wordW, we have, for any factod/ andW’ of M such thatwW| = |W/|,
the inequality

IWa—[Wa| < 1.

One may ask for factors dfl of the same length and with exactly the same numbem=sdand,
hence, the same numbershbsf. The following result gives a answer for factors in theibeimg of M.

Theorem 5. Forany/ > 2, let N, := bMg,, ,. (Here, we denote by Vthe prefix of W of length n.) Define
the words AY ..., AW by N = AW ... AMa and |AV| = d;, where k= Fx_2/d; (yes, k is an integer).
The valugAl) |, (and, hence, the valué)|,) does not depend orxi k.

Theorenib is a quite unexpected application of circular wpits proof involves an analysis of the
structure of the se&f;. LetX € {(01)¢, (10)%, (11)*}. For anyW € ¢/ different from the identity element,
we say thaW is of type Xwhenever we have the equality

N(W) +N(=W) = N(X).
Such a definition leads to a partition @f' into three subsetsk. (The identity element has to be
considered separately: we {0tl)" in 7oy and(10)" in 14y ; excluding(01)* and(10)* defines7;,
and ‘7&0)1: .) The partition can be describes in the following wey= Ty iff W admits @M1 as a prefix

and 0 as a suffidfV € F;q, iff W admits ™11 as a prefixW € F,, iff W admits ™1 as a prefix
and 1 as a suffix. This characterization shows gl = 0(Z10). Morevoer, the setBl(.7%) have
the following relevant properties:

N(T30¢) = {1+ 2Mila+ Mkl 0 <K < 2},
N(Z51)r) = {1+ 3[Mk|a+2[My|p, 0 <k < Fy_2},
N(ZL)[) = {For_1+3+5My|a+3|Mklp, 0 < k< Fop_5—1}.

Now, consider the circular Wordﬁfg/ndﬁ defined by Theorem 3, fay:= d,. It can be proved that,
for anyk < q, kI is of type (10)! andklT’ is of type (01)‘. We then finally get that, for any @ i < dy:

N(M) =iN (M) — (i = HN(I) = 2/AD [+ |AD |,
‘The balanced property d¥l, together with the fact that|&")|, 4 |Al)|, is constant, implies that
|AD |4 and|AD |, are constant.
5 Group structureon a set of spanning trees

A graphG being given, recall that spanning treef G is a subgraph o& without cycle and containing
all vertices ofG. For/ > 1, the/-wheel”; is the graph made of+ 1 vertices such that of them are
arranged in a cycle and such that the last vertexctmger is linked to all thel other ones by an edge.
The following result can be found ial[2]:



B. Rittaud & L. Vivier 35

Theorem 6. For any/ > 1, let ¢ be the number of spanning trees of thetheel#;. The sequence),
is the sequence A004146.

Of course, this strongly suggests a link with the gro#fis A way to make the link more explicit is
given by the following

Proposition 1. The wheel#; being given, let y be a vertex of its cycle. A sense of rotation being
chosen, write ¥, ..., v_; for the successive vertices of the cycle, and let ¢ be theeicehthe wheel.
Denote the edges o, by ry := cwp, S := VoVi, 1 :=Cv, § := V1Vp, and so on until il g = cvig
and s_1 :=Vy_1Vg. For any spanning treeZ of #;, define the circular wordV := Wp_..Wy_1 in the
following way:

w4 L ifrie 7; Woron 0 ifse7;
271 0 otherwise. 2+1-=9 1 otherwise.

The functionZ — Z(W) is one-to-one.

Hence, such a “taxonomy function” equip the set of spanmeestof#; with a group structure.
It is interesting to note that the circular words defined by the spanning trees @ are not nec-
essarily admissible, but are characterized by the follgwgroperty: they are exactly the circular words

of length 2 whose blocks of 0 are of even length (the circular wo#dbeing excluded). This gives an
alternative ve way of wrltlng the elements &f', which has the interesting property of unicity (the identit

eIemenl(Ol)f = (10) being now written in the unique form?f) In particular, this provides a convenient
way to generalize our group structure to circular words af lethgths.

6 Other questions

Here, admissibility was defined by the classical constrdémived from the greedy algorithm applied to
the numeration system in ba&k++/5) /2 (or the Zeckendorf numeration system of integers). A @étur
generalization consists in looking at other constrainténite type: Tribonacci condition (words without
the factor 111) or, more generallbonacci condition (words without the factof for some fixedk);
words on an alphabet with more than two letters (for exampierds on{0, 1,2} without two succes-
sive 2 - this corresponds to the algebraic equatign2X = X?), etc. It seems that Theordm 1 can be
generalized for many possible definitions of admissibiifyinite type (the remark at the end of section
also suggests a possible extension to sofic systems). Pleeted consequences concern the periodic
expansion of numbers in other numeration systems, as witleagcd-property for some classes of linear
recurring sequences, and balanced properties of fact@®iohian sequences and generalizations. As
regard spanning trees, the point is to find a convenient génation of wheels (and/or spanning trees).

Another question on circular words is about a multiplicatstructure. It is quite concievable that, if
a convenient multiplicative structure can be found for a#ible words, then things could be said about
the expansion of the” -adic root(s) oik? —x— 1= 0, since the definition of7 -adic numbers derive from
the Fibonacci sequence. One may wonder also whether the“gaibroots ofF,_1x = F, converge in
some sense to what would corresponds tcZaadic golden ratio.
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